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Abstract

Generalized alcoved polytopes are polytopes whose facet normals are roots in a
given root system. We call a set of points in an alcoved polytope a generating set
if there does not exist a strictly smaller alcoved polytope containing it. The type
A alcoved polytopes are precisely the tropical polytopes that are also convex in the
usual sense. In this case the tropical generators form a generating set. We show
that for any root system other than Fj, every alcoved polytope invariant under the
natural Weyl group action has a generating set of cardinality equal to the Coxeter
number of the root system.

1 Introduction

In this paper we investigate alcoved polytopes which are symmetric under the action of
the Weyl group. For a root system ®, an alcoved polytope of type ® is a polytope de-
fined by inequalities of the form (a,z) < ¢ where a € ® and ¢ € Z. They are unions of
(faces of) alcoves in the affine Coxeter arrangement associated to ®. Their combinatorics
was studied by Lam and Postnikov [La-Pol, La-Po2|, and Payne [Pa] showed that al-
coved polytopes have a Koszul property. Alcoved polytopes include important families of
polytopes such as hypersimplices and generalized associahedra of Fomin and Zelevinsky
[Fo-Ze]. We consider them in a more general setting where we also allow non-integral
coefficients. Our main result clearly also holds for the original alcoved polytopes.

For type A root systems, alcoved polytopes are precisely the tropical polytopes that are
also convex in the usual sense. They are named polytropes by Joswig and Kulas [Jo-Ku].
Develin and Sturmfels showed that every tropical polytope has a natural polyhedral cell
decomposition into polytropes [De-St]. It was shown in [JSY] that tropical convexity is
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closely related to a notion of convexity in affine Bruhat—Tits buildings of type A. In
particular, the membranes in the building can be identified with tropical linear spaces,
which are tropically convex. It is natural to ask about the analogue of tropical convexity
for buildings of other classical groups. Although the right generalization of tropical con-
vexity to other types has not yet been discovered, we believe that the alcoved polytopes
and their generating sets will form important ingredients, as polytropes are the building
blocks of tropical polytopes in type A.

Any n-dimensional alcoved polytope of type A is the tropical convex hull of n + 1
vertices [Jo-Ku|. We are interested in generating sets for alcoved polytopes associated to
arbitrary root systems. Here a set of points in an alcoved polytope P is called a generating
set if P is the smallest alcoved polytope containing it. Our main result states that every
alcoved polytope for an irreducible and reduced root system ® not of type Fj that is
symmetric under the action of the Weyl group can be generated by h vertices, where h
is the Coxeter number of ®. We also discuss the case Fj, where a symmetric alcoved
polytope may need up to 24 generators while the Coxeter number is 12.

In the A,-case however, every alcoved polytope has a generating set of size n + 1,
which is the Coxeter number, regardless of symmetry. The symmetry assumption cannot
be dropped in general. We show in Example 3.7 that there exists a non-symmetric alcoved
polytope of type D, requiring eight generators, whereas the Coxeter number of Dy is six.

In Section 2, we review definitions of tropical convexity and alcoved polytopes and
establish their relationship in the type A case. In Section 3, we define generating sets and
give a short proof that every alcoved polytope of type A, has a generating set of n + 1
elements. Finally we prove our main result in Section 4.

2 Tropical convexity and alcoved polytopes

We begin by recalling some facts on tropical convexity. Let (R, ®,®) be the min-plus
tropical semiring. The space R" together with componentwise addition & is a semimodule
under the semiring (R, ®, ®), if we put a © (z1,...,2,) = (a +x1,...,a+ z,) for a € R
and (z1,...,1,) € R™

Definition 2.1 ([De-St]). A subset S of R™ is called tropically convez if for all z,y in S
and for all p,v € R the element (u ® x) ® (v ® y) is also contained in S. The tropical
convex hull of a subset V' in R" is the smallest tropically convex set containing V.

Note that any tropically convex subset of R” containing = also contains z+(r,...,r) =
r@x for all r € R. Therefore we project tropically convex subsets of R” to R"/R(1,...,1)
and call their image in R"/R(1,...,1) also tropically convex.

In [De-St, Theorem 15] it is shown that the tropical convex hull of a finite subset of
R™/R(1,...,1) admits a polyhedral cell decomposition. These bounded cells are at the
same time tropically convex and convex in the ordinary sense. Such a set is also called a
polytrope; see [Jo-Ku].
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Tropical convexity is closely related to root systems of type A in the following way.
Let U be the subspace {(z1,...,2,) : Y, x; = 0} of R". The quotient map

U—R"/R(,...,1)

is an isomorphism of real vector spaces. Hence the restriction of the canonical scalar
product on R" to U induces a scalar product (, ) on R"/R(1,...,1). Consider the elements
a;; = e; —e; in R"/R(1,...,1), where e; denotes the canonical unit vectors. Then & =
{aij : 1 # j} is a root system of type A,,_; in R"/R(1,...,1).

Lemma 2.2. For any polytrope P in R"/R(1,...,1) there are non-negative real constants
cij such that

P=(WzeR"/R(L,...,1): (ay,7) < o5}

i#j
Proof. By [De-St, Lemma 10 and Proposition 18], polytropes are precisely the bounded
intersections of half-spaces of the form {z = (z1,...,z,) € R*/R(1,...,1) 1 x; —x; < ¢}
for 7 # j and ¢;; € R, which implies our claim. m

Hence polytropes look like alcoved polytopes of type A, as defined in [La-Pol, La-Po2].
To be precise, let V' be a real vector space endowed with a scalar product (, ), and let
® be any irreducible and reduced root system in V. By ¢t we denote the type of the
corresponding Dynkin diagram, i.e. t is equal to A, for n > 1, B,, C, for n > 2, D,, for
n > 4 or to Fg, Fr, Eg, Fy, or G3. Moreover, let W be the Weyl group of V, i.e. W is
the finite group of orthogonal endomorphisms of V' generated by the reflections at the
hyperplanes H, = {x € V : (a,x) = 0} perpendicular to the roots.

Definition 2.3. A generalized alcoved polytope of type t is a bounded intersection of root
halfspaces of the form

ﬂ{xe Vi{a,x) < cq},

acev

where W is a subset of a root system ® of type ¢t and ¢, € R.

Thus a generalized alcoved polytope is a bounded subset of V' defined as an intersection
of root halfspaces. Alternatively, we can describe it as a polytope whose set of facet normal
vectors is contained in ®. If the right hand side values ¢, are all integers, a generalized
alcoved polytope we defined is an alcoved polytope from [La-Pol, La-Po2]. For simplicity
we will refer to “generalized alcoved polytopes” simply as “alcoved polytopes”.

Some examples of alcoved polytopes include associahedra (see [Jo-Ku] and references
therein), cubes, cross polytopes, and the 24-cell as a degenerate Fj alcoved polytope.

3 Generating sets of alcoved polytopes

We will define generating sets of alcoved polytopes and prove results about their cardi-
nality for type A. Besides, we discuss an interesting example for type Dy.
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Definition 3.1. Let ® be a root system of type ¢ in V', and let P be an alcoved polytope
of type t in V. A subset ¥ C V is called a generating set of P if P is the smallest alcoved
polytope in V' containing X..

Let P be an alcoved polytope for the root system ® of type A,_; as in Lemma 2.2.
Since alcoved polytopes are tropically convex, every subset of P whose tropical convex
hull is P is a generating set. However not every set of generators of P in the sense
of Definition 3.1 is a set of tropical generators. The tropical convex hull of a generat-
ing set may be strictly smaller than P. For example, consider the square with vertices
(0,0,0),(0,0,1),(0,1,0),(0,1,1) in R*/R(1,1,1). The two vertices (0,0,1) and (0,1,0)
generate the square as an alcoved polytope, but their tropical convex hall is strictly
smaller. In fact, the square cannot be generated tropically by two points, as the tropical
convex hull of any two points is at most one dimensional in R"/R(1,...,1).

For any bounded S C V and a € & the smallest halfspace of the form {z € V :
(a,z) < c} that contains S is {x € V : (a,z) < sup,cg(a,s)}, so the alcoved polytope
generated by S is

ﬂ{x eV :{a,z) <sup(a,s)}.

acd ses
On the other hand, for an alcoved polytope P, a subset S C P is a generating set if and
only if for every a € ® we have

sup{a, z) = sup(a, x).
zeP €S
This can be rephrased as follows. Recall that a support hyperplane H of a polytope P is

a hyperplane containing P on one side and having non-empty intersection with P. The
intersection H N P is the face of P supported by H.

Lemma 3.2. A set S C P is a generating set for P if and only if for any a € ® the
support hyperplane of P perpendicular to a contains at least one point from S.

It follows that there is a minimal cardinality generating set consisting of vertices of P
only. If a point in a generating set lies in the relative interior of a non-vertex face, then
the point can be replaced by a vertex of that face, as doing so only enlarges the set of
support hyperplanes containing the point.

Question 3.3. Our problem can be phrased as follows.

1. For each root system ®, find a number k such that every alcoved polytope of type ®
has a generating set of size at most k.

2. More generally, let P be a polytope and H be a set of support hyperplanes of P such
that all facets of P are contained in H. The containment may be strict. Find the
minimal cardinality of a set S C P such that every support hyperplane in H contains
at least one point from S.
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There is a nice solution for type A alcoved polytopes, as we will see in Proposition 3.6
below. The general problem seems computationally difficult, as it amounts to solving a
set covering problem, which is known to be NP-complete in general.

Remark 3.4. For every root system ® there exist alcoved polytopes which cannot be
generated with less than |®|/ dim(V') vertices. For a fixed set of facet normals, the condi-
tion on the coefficients for the perpendicular hyperplanes to meet at a point is described
by vanishing of certain determinants. Generic choices of coefficients would avoid this
determinantal locus and give polytopes that are simple, i.e. no more than dim(V') facets
can meet at one point. Therefore in this case we need at least |®|/dim(V') vertices to
support all facets.

Proposition 3.5. Let t be the type of a root system ® in a vector space of dimension 2.
Then every alcoved polytope of type t can be generated by |P|/2 many vertices.

Proof. Let us cyclically order the roots using their positions in the plane. For any two
support hyperplanes corresponding to two consecutive roots, there is a vertex supporting
them, so |®|/2 vertices are sufficient to support all root hyperplanes. ]

In [Jo-Ku, Theorem 12], it is shown that every alcoved polytope of type A, is a tropical
simplex, i.e. it has d + 1 tropical generators, where d is the dimension of the alcoved
polytope (which might be smaller than n if the polytope lies in a root hyperplane). In
particular it can be generated by n + 1 elements in the sense of Definition 3.1. The next
proposition provides an easy proof of this fact. This does not imply the Joswig-Kulas
result because the set of tropical generators may be strictly larger.

Proposition 3.6. Every alcoved polytope of type A, is generated by n + 1 elements.

Proof. Let P be a nonempty alcoved polytope of type A, defined by z; — z; < ¢;; for
some ¢;; € R where 0 < 7,5 < n and ¢ # j. By Lemma 3.2, we need to consider the
support hyperplanes of P normal to the roots, so we may assume that all inequalities are
tight, i.e. for each pair (7,7), there is a point p € P such that p; — p; = ¢;;. Then we
must have ¢;, — ¢ < ¢;; for any distinct 4, 7, k. Otherwise, for any p € P, p; — pr, =
(pi — p;) + (pj — i) < ¢ij + ¢jp < ci, contradicting our assumption that the inequality
r; — T < ¢ s tight for P.

For each 0 < k < n, let p® = (cop, ., Ch1.4s 0, Chrths - - -5 Cotr) € RPFL/R(1,...,1).
For any [ # k, the point p*) lies on the hyperplanes x; — z;, = cg,. Since P is non empty,

let p € P and we get —cg < pr — pr < cxe. Hence p,(ck) — pék) = —c¢y < . Moreover, for
any pair ¢ # j distinct from k, we have pgk) — p§-k) = ci1, — i < ¢j; using the inequality seen

above. Therefore the point p® lies in the polytope P. The n + 1 points p©@, p™®, ... p®
all lie in P and support all the root hyperplanes, so they form a generating set of size
n+1. O

Note that n + 1 is the Coxeter number of the root system of type A,. We will see
below in Theorem 4.3 that almost all Weyl group symmetric alcoved polytopes can be
generated by a set of vertices whose cardinality is the Coxeter number of the root system.
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However, for types of root systems other than A,, this is no longer true if we drop the
symmetry hypothesis, as seen in the following example.

Example 3.7. Consider the D, alcoved polytope in R* defined by the inequalities given
in the columns of the following matrix in homogeneous coordinates. For example, the
first column represents the inequality 100 + x1 + x5 > 0.

1 -1 -
0 0 O
0 0 O

-1-111-1-11 0 0 0 0 0 0 0 O

1 1
o0 o0 O0O0O0OOO1-1-111-1-11

100 97 96 95 96 98 95 98 96 98 96 96 98 98 99 99 95 96 95 96 95 99 95 100

1 -11-11-11-100 0 0 1-11-1020 0000 0 O
1100001 -11-100001-11-1020 0 0
0 1 -11 —
0 1 -1 1

——

1

A computer check shows that this alcoved polytope requires eight generators, while the
Coxeter number of D, is six. The polytope is simple and has f-vector (96, 192,120,24,1).
The number of generators is equal to the cardinality of the smallest subset of vertices
that meets all the facets. We computed it as follows. Using the software polymake
[Ga-Jo| compute the set of vertices in every facet. With the software Macaulay2, we create
a polynomial ring with variables indexed by the vertices. To every facet, we associate a
monomial that is the product of variables corresponding to the vertices in the facet. These
monomials generate an ideal whose codimension is the quantity we want to compute.

4 Symmetric alcoved polytopes

In this section we define symmetric alcoved polytopes and prove our main result stating
that in all cases except Fj they can be generated by a set of cardinality equal to the
Coxeter number. Afterwards we discuss the case of Fj-alcoved polytopes.

Let @ be a root system contained in the Euclidean vector space (V, (, )) and let W be
the associated Weyl group.

Definition 4.1. We call an alcoved polytope in V' of type t symmetric if it is invariant
under the action of the Weyl group W.

Note that W acts on the faces of a symmetric alcoved polytope. Since every w in W
maps the support hyperplane with respect to the root a to the support hyperplane with
respect to the root w(a), we can write a symmetric alcoved polytope as

P = ﬂ{er:(a,x> < Cal,

acd

with ¢, = cy(q) for all w in W and for all a € .

Note that an alcoved polytope for a non-reduced root system ¢ is also an alcoved
polytope of the associated reduced root system ®°?. Moreover, alcoved polytopes for
reducible root systems are products of alcoved polytopes for the irreducible components.
Therefore we will from now on assume that & is irreducible and reduced.

Let us recall some basic facts about root systems from [Bou, Chapter VI]. For every
root a we denote by s, the corresponding reflection in V. Then for all roots b we have

{a, b)

sab) =a—n(a,b)b,  where n(a,b) = 250y
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is a number between —3 and 3 in the reduced case.

Fix a chamber with respect to the hyperplane arrangement in V' given by the hyper-
planes H, = {z € V : (a,x) = 0}. Let by,...,b, be the roots perpendicular to the facets
of the fixed chamber which lie on the same side as the chamber. They form a basis of ®
[Bou, VI, 1.5, Theorem 2]. Then the element

W= S8p ©...0 8,

of the Weyl group is called a Coxeter element. It depends up to conjugation on the choice
of the basis and on the choice of its ordering [Bou, V, 6.1, Proposition 1]. The order h of
w in the Weyl group is called the Cozeter number of . By [Bou, V, 6.2, Theorem 1], we
have

nh = |9|

where |®| is the number of roots.
After choosing a basis b,...,b, we also write s; = s5,. Let I' be the cyclic subgroup
of W generated by w=s10...05,. Foralli=1,...,n let

0; = 8,08,10...08.41(b;).

Proposition 4.2. [Bou, VI, 1.11, Proposition 33] With the notation above, the root
system ® is a disjoint union of the orbits I'0; fort=1,...n.

Our main result is as follows.

Theorem 4.3. Let P be a symmetric alcoved polytope of irreducible and reduced type
t # Fy. Then P can be generated by h vertices, where h is the Coxeter number of t.

Proof. If dim V' = 2, our claim follows from Lemma 3.5. The simply laced case is proved
below in Theorem 4.4. The case B,, and C,, will be shown in Theorem 4.5. ]

Symmetric alcoved polytopes of type Fj; may require up to 24 generators while the
Coxeter number is 12; see Theorem 4.6 for a detailed analysis.

Note that by Remark 3.4 the bound from Theorem 4.3 is the candidate for the best
possible result for general (not necessarily symmetric) alcoved polytopes, since h =
|®|/ dim (V). This works in the A, case, as explained above. However, in the case of
the root system D, there are exceptions of non-symmetric alcoved polytopes where more
generators are needed; see Example 3.7. It is an interesting question for which types of
root system the bound from Theorem 4.3 can be generalized to the non-symmetric case.

4.1 Simply laced case: types A, D, and FE.

As indicated before, we will prove Theorem 4.3 in several steps. We begin with the simply
laced case. Recall that a root system & is called simply laced if all roots have the same
length, i.e. if the number (a, a) is constant for all a € ®. The types of the simply laced
root systems are precisely the types A, D and F.
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Theorem 4.4. Let P be a symmetric alcoved polytope of type t, where t is irreducible,
reduced and simply laced, i.e. either A, forn > 1, D, forn >4 or Eg, E; or Eg. Then
P can be generated by h vertices.

Proof. We assume first that ¢ is not Fg. We choose a basis by, ...,b, of ® and look at the
corresponding Dynkin diagram. We number the basis elements in the following way:

O O . O O An
bl b2 bn—l bn
by

O O . Dy,
b'n, bn—l b3

b
O O O O O Eg
by bs by bs be

ba
O O O O O O Er
bl b3 b4 b5 b6 b?
by

Note that the numbering in the D,, case is opposite to the numbering often found in the
literature. Recall that every vertex in the Dynkin diagram represents a basis element b;
and that (b;,b;) is —(b;, b;) if the vertices for b; and b; are connected, and 0, if they are
not. Since the Dynkin diagram is a tree, for all ¢ and j there exists a geodesic [b;, ;]
connecting the vertices b; and b;. We first show the following claim.

Claim: Leti > 1, ift is A, and i > 2, if t is D,,, and 1 > 3, if t is Eg or E;. Then
for all j > i we have

J
§50...0 Si+1<bi) = Zby

Let us prove the claim by induction on j. If j is equal to ¢ there is nothing to prove.
Assume that the claim holds for some j > ¢ with 7 < n. Then we calculate

J
8j+108;0... siy1(bi) = 3j+1(z by)
v=i

Jj—1
= D bt siby)
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j—1

- Zby+bj+bj+1

v=1

j+1

= wa

which finishes the proof of the claim.
Recall that for all i = 1,...n we have

Qi =8,0...0 5i+1<bi>~
From the claim we deduce that 6; = ZZ:Z b,, which implies
qu[bi,bn]

except possibly in the cases t = D,, and i = 1 or t = Fg or E7 and ¢ = 1,2. It can easily
be checked directly that the statement (x) also holds in these remaining cases.
Since in all cases b, is a neighbor of b,_; in the Dynkin diagram, (x) implies that

0, = b, + Z b,.

bue[biybnfl]

In a simply laced root system, the Weyl group acts transitively on the set of roots, see
[Bou, VI, 1.3, Proposition 11]. Hence every symmetric alcoved polytope is of the form

P, = ﬂ{$ {a,x) < A}

acd
for some A > 0.
Since by, ...,b, is a basis of V, there is a unique point x € V such that
(b, ) = X\, (bp—1,2) = ... = (by,x) = (by,x) = 0.

We will show now that x is a vertex of Py.
Note that the highest root in @ is of the following form:

At it by

Dni b1+bg+263++26n_1+bn

Eg : by + 2by 4 3bs + 3bs + 205 + bg

E7Z 2()1+2b2+3b3+4b4+3b5+2b6+b7

Therefore for every positive root a € ® we find that (a,z) = 0 or (a,z) = (b,,z) = .
For the negative roots there is nothing to do, since they assume a non-positive value on
x. Hence we find that z lies in Py. Since 04, ...,6, are independent (see [Bou], VI, 1.11,
Proposition 33), and z lies in all hyperplanes {(0;, —) = A}, we find that z is a vertex.
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Since the Weyl group maps faces to faces, the elements w®z for k = 0,...,h — 1 are
also vertices of Py, where w = s;, 0...0s5, is the corresponding Coxeter element. Since x
satisfies (0;,z) = X for all i = 1,...,n, the vertex y = w*(x) satisfies (w*0;,y) = \ for all
i =1,...,n. Since every root is of the form w*@; for suitable i and k, every hyperplane
appearing at the boundary of Py contains one of the vertices w*z for k = 0,...,h — 1.
This implies our claim for all types except possibly Fs.

We conclude the proof by discussing the type Fs. Let

1/21-10 0 0 0 0 01000001
~1/21 1 =10 0 0 0 - 10000000
0010000 —1
-1/200 1 -1 0 0 0 1100000 -1 05900090
B— | 1200 0 1 -10 0 w=|0110000-1] g_ | 11110000
| 200 00 110 [ @7 p 00010001 T | 11111000
0000100 —1
~1/200 0 0 0 0 1 0000001 —1 11111111
/200 0 0 0 0 0
Then the columns by, bs, ..., bg of the matrix B are a basis for a root system of type Es.
It has the following Dynkin diagram
O O O O Es
b b i@l bs  be by by
by
The matrix w represents the Coxeter element associated to by, ..., bg, and the columns

of © are the roots §; = s, 0...05;.1(b;) expressed in the basis by, ..., bs. Let z = %(bg +b3)
in V. We verify by explicit calculation that the point x lies on the root hyperplanes
corresponding to w70y, w20y, w®0,, W0y, WO, WP0,, W04, W05, W05, W30, W20y,
wifs, w0, and wW?0s. Hence x touches all orbits of the root hyperplanes under the
Coxeter element w, so the orbit of z forms a 30-element generating set for the symmetric
alcoved polytope P; of Eg. Modulo scaling, there is only one symmetric alcoved polytope
of type Es, which has f-vector (19440, 207360, 483840, 483840, 241920, 60480, 6720, 240, 1),
computed using polymake. O

4.2 Types B and C

The C,, roots can be obtained by rescaling some of the B, roots, so the B, and C,
alcoved polytopes have the same facet directions. Moreover B, and C,, have the same
Weyl group. Therefore the symmetric alcoved polytopes of type C,, coincide with the
symmetric alcoved polytopes of type B, and it suffices to consider the B, case.

Here we may assume V = R" and ® = {£a, : i =1,...n}U{xa;+a; : 1 <i < j < n},
where a; is the canonical basis of V. The Coxeter number for types B, and C,, is 2n.

Theorem 4.5. Let P be a symmetric alcoved polytope of type B, or C,, forn > 2. Then
P can be generated by 2n wvertices.

Proof. We choose as a basis by = a; — ag,bp = ay — ag,...b,_1 = a,_1 —a, and b, = a,
of ®. The Dynkin diagram of type B, is the following:
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B, O O O O——0

bl b2 o bn—2 bn—l bn
We then calculate the roots 0, ...,0, as
0,=a,and 6; =a, +a; fort=1,...,n—1.

Recall that the union of the orbits of the 6; under the group I' generated by the Coxeter
element w = sy 0...0s, is the whole root system. Since Weyl group elements map long
roots to long roots and short roots to short roots, we deduce that the set of short roots
is equal to I'b,, and that the set of long roots is equal to I'by U ... UT'b,_;.

A type B, or C,, symmetric alcoved polytope P is of the form

Py, = m{x t(kag, @) < py 0o (s £ aj),2) <A}

1<j

for positive numbers A and p satisfying p < A < 2u. In the extreme cases = A\ and
A = 2u, only long or short root hyperplanes appear as facets, and the others support
lower dimensional faces. However, this would not affect our reasoning. Let x be the point
in V' defined by

(a1,2) = ... = (ap_1,2) = A — p and (a,,x) = p.

Then z is a point in Py, lying in the n independent hyperplanes {(#,, —) = p} and
{(6;,—) = A} fori =1,...,n—1. Therefore x is a vertex. As in the proof of Theorem 4.4,
the h vertices w*z for k = 0,...,h — 1 touch every boundary hyperplane. Hence they
form a generating set of cardinality h. O]

4.3 Type F}

Let V = R* with canonical basis a1, ...,as. Then
1
O ={taq;:i=1,...,4}U{ta; £a;: 1 <i<j <4}U{§(ia1:|:a2:|:a3:l:a4)}

is a root system of type Fy in V. It consists of 24 long roots (of the form +a; £ a;) and
24 short roots.
A symmetric alcoved polytope of type F} is of the form

P\, = ﬂ{(:l:ai,x) < p}N{{(£ay £ as £ aztaq),z) <2u}N ﬂ{((iai +aj),z) <A}

for positive numbers A and p satisfying u < A\ < 2u. This condition ensures that all root
hyperplanes are support hyperplanes. When p = X\ or A = 2pu, either only long roots or
only short roots appear as facet normals and the others support faces of lower dimension.
When p < A < 2u, all root hyperplanes support facets.
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The convex hull of short roots of Fj is a regular polytope called the 24-cell. The long
roots are the vertices of its dual. The 24-cell is combinatorially equivalent to P;;. The
root system of type F} is self-dual. By doubling the lengths of the short roots, and then
rescaling everything by \%, we get back F}, rotated, with the roles of long and short roots

1100
switched. More concretely, the matrix A = 1 ((1) oo ) maps the long roots to short

00 1-1
roots and the doubled short roots to long roots. Then A~7 is a linear isomorphism from

Py, to Py, .z, so these two polytopes have exactly the same combinatorics, in particular,
the same number of generators.

Theorem 4.6. Let Py, be an alcoved polytope of type Fy, using the notation above.
1. If %u <A K %,u, then Py, is generated by 12 elements.
2. If u <A< g,u or %u <A< 2p, then Py, is generated by 24 elements.

In each of these cases, if the inequalities among the A and p are strict, then the numbers
of generators, 12 and 24 respectively, are minimum possible.

Proof. The Dynkin diagram of a root system of type Fj is the following:
O C)j() O Fy
bl 62 b3 b4

with the basis b1 = a9 — ag, bg = as — a4,b3 = Ay and b4 = %(al — Q9 — Az — (1,4) of . We

calculate the roots 0y, ..., 0, associated to the basis {by, by, b3, by}

01 = a1 —as

92 = a1 — Qg
1

(93 = 5(&1 — a9 —CL3—|—G4)
1

94 = 5(@1 — Q9 — a3 — CL4)

Case (1): The alcoved polytope is of the form P, , with g,u <A< %,u. Let x be the
element of V' given by

(a1, x) =2\ = 2u, (ag, ) = X — 24, {az, x) = X\ — 2u, (aq,x) = 0.
We check that z is a point in Py, as follows. Using p < A and 2\ < 3y, we find
—p<2A=2p < pand —p <A =2 < .
Hence z lies in (), {(£a;, z) < p}. Moreover, we have

+(2A —2p) £ (A —2u) £ (A —2p) <2XA —2p+2(2p — \) = 2p,
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so x lies in {((*ay £ as + a3 £ a4),z) < 2u}. Checking the long roots we find
+(2N = 2p) £ (A —2p) <2\ —2u+2u— A = A, and

“A<2 -2 < dand - A< A -2 <A

It remains to check
+(A—2p) £ (A —2u) <4p—2X < A,

which follows from the condition 4p < 3.

Then we calculate (01, x) = A, (05, 2) = A, (03, 2) = p, (04, ) = p. Hence x lies in four
linearly independent facets of P, ,, so it is a vertex. By the same argument as in the proof
of Theorem 4.4, the vertices w*z for k = 0,...,h — 1 generate P .

A computation using Gfan [Jen] shows that all values of A and p satisfying % <A<
%u give the same combinatorial type for P, ,. A polymake computation shows that the
polytope is simple in this case, i.e. each vertex lies in exactly 4 facets. Hence at least 12 ver-
tices are necessary to meet all 48 facets. The polytope has f-vector (288,576, 336,48, 1).

Case (2): The remaining cases are u < A < g,u and %,u < A < 2u. However, these two
cases are equivalent via the isomorphism of P, , and P, » seen above.

Let us consider the case %,u < A < 2u. The point x1 = (g, 0 — A, A — 2p,0) lies on
the facets perpendicular to 6o, 03, and 64, while the point x5 = (u, A\ — 2u, u — A, 0) lies
on the facets perpendicular to 0, 3, and 64. They also lie in the hyperplane defined by
(a1,x) = p, so they are vertices of the polytope. Since 1,z € Py, and together they
touch all hyperplanes perpendicular to #;’s, the union of the orbits of x; and x5 under the
group I' forms a generating set of size at most 24.

Computation by Gfan shows that all values of A and p satisfying % 1< A< 2u give the
same the combinatorial type for P, ,, which is simple and has f-vector (192,384, 240,48, 1).
The 192 vertices of Py, are obtained from z; (or equivalently x;) by permuting coordi-
nates in any of the 24 ways and changing signs in any of the 8 ways, for a total of 192
distinct combinations. It can then be seen directly that each vertex lies in exactly one
long-root facet and there are 24 long-root facets, so P, , needs at least 24 generators. [
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