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Abstract

In this paper, we show that for given integers h and d with h > 1 and d > 3,
there exists a non-normal very ample integral convex polytope of dimension d which
has exactly h holes.

1 Introduction

The normality and the very ampleness of integral convex polytopes are of importance in
several points of view, e.g., not only combinatorics on convex polytopes but also toric
geometry and commutative algebra. In particular, normal or very ample integral convex
polytopes appearing in the context of toric geometry are well studied (cf. [1, 2, 3, 8,9, 10]).
To determine whether a given integral convex polytope is normal (very ample) or not is
a fascinating problem. (See [7, 11, 12].) In this paper, we will show the existence of
non-normal very ample integral convex polytopes with an additional property in any
dimension.

Let P C R be an integral convex polytope, which is a convex polytope all of whose
vertices are contained in Z¢, of dimension d. Define P C R4 to be the convex hull of
the points (o, 1) € R*™! with o € P and let Ap = P N Z3*L. We say that P is normal if
P satisfies

ReoAp N ZAp = Z=oAp.

Moreover, we say that P is very ample if the set

(Ro0Ap N ZAp) \ ZzoAp
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is finite and we call the elements of (R Ap NZAp) \ Z=oAp the holes of P. (In [1], holes
are called gaps.) In particular, when P is normal, P is very ample.

In addition, for a positive integer k, we say that P is k-normal if for eachn = k, k+1, ...
and for each a € nP N Z% where nP = {na : a € P}, there exist n integer points
ai, ..., ay, belonging to P N Z4 such that a = oy + - -+ + au,.

Let us assume

ZAp = 70

Then P is normal if and only if P is 1-normal. Moreover, P is very ample if and only if P
is k-normal for some sufficiently large positive integer k. A definition of very ampleness
described in [5, 6, 9] is equivalent to ours ([1, Proposition 2.1]).

The notions “normal” or “very ample” also arise naturally in the contex of toric
varieties. For an algebraically closed filed K and an integral convex polytope P, we write
K[Z=Ap] for the toric ring arising from P. Let Xp = Proj(K[ZsoAp]) C PY !, where N
is the number of integer points in P. Then P is normal if and only if the corresponding
projective variety Xp is projectively normal, i.e., its affine cone is normal. Moreovr, P is
very ample if and only if Xp is normal. For more detailed information, consult, e.g., [5,
Chapter 2] and [6, Chapter 2].

It often happens that for some class of integral convex polytopes, its normality is
equivalent to its very ampleness. For example, edge polytope is a typical example (cf
[11]). Thus, the following is a quite natural question:

Does there exist an integral convex polytope which is not normal but very ample ?

In [4, Example 5.1], Bruns and Gubeladze succeeded in giving the first example of
a non-normal very ample integral convex polytope, which is of dimension 5 and can be
obtained from a triangulation of a real projective plane. Recently, they provided the
second example in [5, Exercise 2.24], which is of dimension 3. Moreover, in [9, Section 2],
Ogata generalized the second example and established infinitely many non-normal very
ample integral convex polytopes of dimension 3.

In this paer, we present a non-normal very ample integral convex polytope in any
dimension having an additional property. The following is our main theorem of this

paper.

Theorem 1. Let h and d be integers with h > 1 and d > 3. Then there exists a 3-normal
but non-normal integral convex polytope of dimension d which has exactly h holes.

Remark 2. In the 3-dimensional case, the existence of non-normal very ample integral
convex polytopes having exactly h holes is known in [2, Example 15]. This example is
exhaustively analyzed in [1, Theorem 3.2].

Remark 3. Let P be an integral convex polytope which is not normal but very ample.
Then P x [0,1] is also very ample by [6, Theorem 2.4.7]. Moreover, P x [0, 1] is not
normal. Thus, P x [0, 1] is non-normal and very ample, in particular, P x [0, 1]" is a non-
normal very ample integral convex polytope of dimension dim P + n. Hence, we know
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the existence of non-normal very ample integral convex polytopes in any dimension at
least 3. However, we cannot show Theorem 1 by using this inductive construction. More
precisely, the number of holes of P x [0, 1] is not equal to that of P. In fact, one sees that
the number of holes of P x [0,1] is equal to »_,_,(k + 1)hy, where hy, is the number of
holes of P with degree k.

Let h and d be integers with h > 1 and d > 3, and let

/

0, i=1,
€4, 1= 2,
e+ +eq, i =3,
h(ey+ -+ eq1 + eq), i =4,

oy (h—1)(es+---+eq_1) + heq =05,

' hiea+---+e41)+(h—1)eq, i=6,
e + 4ey, 1=1,
e; + Sey, 1 =28,
€ +e+ -+ eqy, i =9,
(e1tex+---+eq1+eq, 1 = 10,

v; = €, 1=2,...,d—1,

, .
v,=e +eq 1=2,...,d—1,

where 0 = (0,...,0) € RY and ey, ..., €4 are the unit coordinate vectors of R%. We define
the integral convex polytope Py 4 C R? by setting the convex hull of

{ug, ..., upo} U{vy, v} i =2,...,d—1}.

In this paer, we will show that P, 4 enjoys the required properties, i.e., this is a 3-
normal but non-normal integral convex polytope of dimension d which has exactly h holes.
It is immediate that Z(Pyq N Z%) = Z%. Thus dim(Ppq) = d and ZAp, , = Z*

The strategy of our proof is as follows. After calculating all the facets of Py, 4, we will
first prove that Py 4N {(z1,...,24) € R?: 21 = 0} is normal by using theory of Grobner
basis and the remaining facets of Py, 4 are also normal in Section 2. In Section 3, we will
analyze 2P, 4 N {(z1,...,24) € R? : 21 = 1} and find & holes of P}, 4. This implies that
Ph.q is not normal. At last, Section 4 is devoted to showing that there is no hole except
for such h holes, also forcing Py, 4 is very ample (3-normal).

2 Normality of facets of P, 4

In this section, we verify that the facets of P4 are all normal, which we shall use in
Section 4.

For a hyperplane H C R? defined by the equality a1z, + - - - + agzq = b, we write H(H)
(resp. H(7)) for the closed half space defined by the inequality a2, +- - -+ aqzq < b (resp.
a1z + -+ + agry > b). We define ten types of hyperplanes as follows:
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Ho: x1 =0,

Hi: xg=0,
Hoy: —x; =0,
Hai: —(d =42+ 0cica 1T — Ta =1,
Ha; o 4z — 4z, — 24 =0,

Hs, : —4xy —x; + 24 = 1,

)

H()"i X — (d - ?))ZEZ + zjyéz’,2<j<d—1 €Ty = 1,
Hrio (5h—=5)zy — ((d = 3)(5h — 1) —4)x;i + (Bh — 1) 3. i ocjca 1 T + Ta = 5h,
Hgi : (h - 5)1’1 - (d - 3)(h - 1)(131 + (h - ].) Zj;éi,nggd—l € + x4 = h,

)

Hoi: (h—1)xy — ((d—3)h — 1)z; + h2j¢i,2<j<d—1 zj = h,

where ¢ = 2,...,d — 1. Then each hyperplane above is a supporting hyperplane of Py, 4.
Moreover, some routine works unable us to show that there is no facet except for the
facets defined by the above (8(d — 2) + 2) supporting hyperplanes. Hence,

,Ph7d = H(()_) N 'Hg_) N ﬂ Hﬁj) . (1)

2<5<9,
2<i<d—1

Let Fo, F1,Fji, where j = 2,...,9and ¢ = 2,...,d — 1, be the facets of P}, 4 defined
by the corresponding hyperplanes Ho, H1 or H,;;.

We prove the normality of Fy. We employ some techniques using Grobner basis. We
refer the readers to [14] for fudamental materials on Grobner basis.

Let
(h—1—j)us + jug

Uz = — =(G+1)(ea+---+eq1)+jeq, j=0,1,...;h—1,
Ugj = (h_lziﬁffrﬁ% =jles+-+eq1)+(+1es j=01,....,h—1,
UL, = (h—j);lh + Juy (st -+ €as) + jea, i=0.1... .h

Then ug1,...,ugp—2,U21,...,Usp—2,U11,-..,U 1 are all the integer points contained in

Pr.a N Z* except for the vertices. Note that uzg = ug,uzp_1 = up, Ugg = U, Ugpp_1 =
Us, Ut = Uy and uy p = uy.
Let Ajq € ZP*2(@=2)+30+1) he an integer matrix of the form

* I£3 * I£3 * * * * * *
(U27 Voot 3 Ug—1,Vg—1,Uz05 -+ y Uz p—1, U0y - - -y U2 p—1, U105+ - - aul,h)?
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where v* = e; + v for an integer point v € Z?. This is nothing but a configuration arising
from Fy. Let K[T] = K|[t1,1s,...,t4] be the polynomial ring in d variables over a field K.
Then the toric ring of Ay, 4 is the subalgebra K[A 4] of K[T| which is generated by the
monomials

tita, titata, .. tita 1, titaata,  titacctay tats oty jta, .. tath - th ot
titg,titg -ty qts, . tth et b bty ety ittty 2D
Let K[X,)Y,Z, W] = K[x1,...,Z24-4,Y1, -+, Y, 21 - - - y Zh, Wo, W1, - - ., wp] be the polyno-

mial ring in 2d 4+ 3h — 3 variables over K and define the surjective ring homomorphism
m: KXY, Z,W| — K[A} 4] by setting

’/T(Q?Qi_l) = tlti-i-la ’/T(xgi) = tlti+1td for 7 = 1, c. ,d — 2,
m(y;) = tath -t w(z) =ty for j=1,...,h,
m(wy) = tyth -tk ¢k for k=0,...,h.

The toric ideal I is the kernel of the map m. Let < be the lexicographic order on
K[X,Y,Z W] induced by the ordering

W< < Wy <2 << <Yy < <Y < Togoa < - < X1

Proposition 4. A Grobner basis of I with respect to < consists of the following sets
G1,...,Gg of the binomials:

G = {x9i—1%9j — Toigj—1 1 1 <1< j<d—2}

G ={yiyi — Yjyr, 221 — zjz 1 <i < j< k<I< hwithi+1=j+k};
Gs ={ww —wjw, :0< i< j<k<I<hwithi+ 1 =j+k};

Gy = {®2i-12j — ToiWj_1, Toiw; — Ty; 1 <i < d—2,1 <5< h};
Gs ={yizj —wiqw; : 1 < 0,5 < h};

G = {yiw; — yirrw;—1, zwj — zipqwj_1 : 1 <i < h—1,1 < j < h};
G7 = {zoi1yjwo — Tothyj—1 : 1 <1< d—2,2< j < h};

k d—2
Gs = {Hf’f?q—l IT 22— 2 Fwf™ c0<k<d - 4}
q=1

q=k+1
d—3 d—2
d-3 d-3
U T2d—4 Hqu—l — Wy Wy, H$2q—1 —Wy Y-

q=1 q=1

Proof. Let G = |JS_, G;. Let ino(G;) denote the set of the initial monomials of all the
binomials in G; with respect to < and in.(G) the ideal generated by all the monomials
in |J?_, in<(G;). Here the initial monomial of each binomial in G is the first monomial.
Since G C I, we have in.(G) C in< (/). Our goal is to show in. (/) C in.(G).
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Fix an irreducible non-zero binomial f = v —v € [ with v < u. Thus u € in.(I).
For monomials my,me € K[X,Y,Z, W], let my | my (resp. my { msy) denote that my is
divisible (resp. not divisible) by m;. Suppose that u € in.(G).

First, we assume that z; f u for any 1 < i < 2d — 4.

e Assume that y; { u for any 1 < j < h. Then, for any i, j, both z; { v and y; { v are
satisfied.

— When z; { u for any j, the variables appearing in u are only wy,0 < k < h,
and so is v. Since u — v € I, it must be u € in.(G3), a contradiction.

— When z; | u for some j, since u ¢ in.(G3), the variables among z; appearing
in w is either z; or z;z;1;. When the former case, i.e., when v = z]C-j [ ws, since
u & inc(Gg), we have j = h or [Jwy = wgl. If j = h, since f is irreducible,
only wy appears in v, which contradicts to f € I. Similarly, if [Jw; = wgl,
then it contradicts f € I. When the latter case, i.e., when u = z]c-j z;ff [T we,

similarly, it contradicts f € I.

e Assume that y; | u for some j. Since u € in.(G2) Uin.(G5) Uin.(Gg), u looks like
y;’j wi, y?j y?ﬂjllwgl or y" [Jwy. In these cases, similar discussions to the previous

case can be applied and lead a contradiction.
Next, we assume that xz; | u for some i.
e When only one variable z; appears in u, u looks like " [Tvy; [ 2 [T ws-

— When 17 is even, the variables appearing in v are chosen from x;,1,...,ZT24 4,
which obviously contradicts f € I.

— When ¢ is odd, since u ¢ in.(G4) Uin.(G7), u looks like either z" [[y; or
2%y wi'. When these cases, it contradicts f € I.

e When at least (d — 1) distinct z;’s appear in u, there is at least one 1 < ¢ < d — 2
such that xo,_179, | u, which contradicts f € I.

e When there are (d — 2) x;’s in u and there is no ¢ such that xe,_129, | u, one
has u € in.(Gsg), a contradiction. When there are distinct r x;’s in u, where
2 <r < d - 3, and there is no ¢ such that xe,_179, | u, since u ¢ in.(G), u looks
. i ip @204 — i . .
like 257" - -x;fllfvzjlfll_f w1y T 25 TTwk, where 1< iy < - < i, < d — 2.

This contradicts f € I.
Therefore, we conclude that u belongs to in.(G), as required. O

Corollary 5. The integral convex polytope Fo has a regular unimodular triangulation. In
particular, Fo is normal.

Proof. By Proposition 4, the toric ideal I has a squarefree initial ideal. This is equivalent
to what Fy has a regular unimodular triangulation. (Consult, e.g., [14, Corollary 8.9].)
In general, an integral convex polytope having a unimodular triangulation is normal. [J
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The remaining facets of Py, 4 are also normal.
Lemma 6. The facets Fy and Fj;, wherej =2,...,9 andi =2,...,d—1, are all normal.

Proof. First, let us discuss the facets Fy;, F7; and Fg;. Fix i = 2. Then the sets of
vertices of Fyo, Fro and Fgo are {uq, uz, g, Vs, ..., V4-1}, {us,us, uio, vs,...,v,_,} and
{ug, us, ug, v, ..., v, 1}, respectively. Each of the matrices whose column vectors are the
vertices of each facet can be transformed into the matrix (0, ey, ..., e;_1) by unimodular
transformations. Thus each facet Fj o, F7o or Fgo is unimodularly equivalent to a unit
simplex of dimension d — 1. Thus, in particular, F, 5, F72 and Fgo are normal. Similarly,
for any ¢, Fu;, F7; and Fg; are normal.
Next, let us investigate F1, Fa;, Fo,; and Fy,;. For Fs 4, the set of its vertices is

/ /
{ulu U2, U7, U8, V3, - - ., Ud—1,Vg;, - - - 7Ud—1}'
By unimodular transformations, the matrix whose column vector is the above vertices
can be transformed into the matrix
(0, —eg,e1,e1 —€eg,€3,...,€4 1,63 —€q,..., €45 1 — €g).

This is totally unimodular ([13, Chapter 19]). Thus, F5 > has a unimodular triangulation.
In particular, this is normal. Similarly, for any ¢, F»; is normal and so are F;, Fg,; and
fgyi.

Finally, let us consider the facets F3; and F5,;. Then one can see that each of them is
unimodularly equivalent to the simplex whose vertex set is {0,e1,...,e4-2,(h —1)eq_1}.
This is also normal, as desired. O

3 Holes of Py 4

In this section, we find A holes of P, 4. Let

/

1 .
U; = _<u1,j71 +U1,j—|—u8—|—u9) for y=1,...,h.

72
Then u; = e1+j(ez+- - -+eq_1)+(j+2)eq and each (v, 2) is contained in RxoAp, ,NZ.
On the other hand, since none of the points (u},2) — (u;,1), where i = 7,...,10, are

contained in Ap, ,, it must be (u},2) & Z-oAp, ,. Hence, the above h integer points are
holes of P, 4. In the rest of this section, we show that there is no more holes in

{z € RogAp, ,NZ™ : deg(z) = 2}. (2)
For nonnegative integers n and k, let
Pral(n, k) = nPraN{(z1,...,24) € R : 21 = k}.

For example, P, 4(1,0) = Fy and Pp4(1,1) = conv({ur, us, ug, uip}). Let Py = Pra(1,0)
and Pl = ’Phyd(l, 1).

For a hyperplane H defined by the equality ayx;+- - -+aq4x4 = b and a positive integer
m, we write mH ) (resp. mH()) for the closed half space defined by the inequality
a1z + -+ agrg < mb (resp. ayry + -+ + agrg = mb).
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Lemma 7. Let Q =Py 4(2,1). Then one has
QﬂZd:{ag—l—al GZdZai 6'PZ-ﬂZd,i=O,1}U{u'1,...,u'h}.

Proof. Clearly, QNZ*> {ag+a; € Z%:a; € P,NZ%i=0,1}U{u},...,u),}. Thus it is
enough to show the other inclusion. We remark that from (1), one has

Qcon naHn| () 2HY

25559,
2<i<d—1

Let o = (1,29,...,24) € QN Z4.
The first step. Assume that ro = 3 = --- = x4_1. Since x € 27{;5) N 27{5(;5), one has
0 < 29 < h+ 1. On the other hand, since

xE m 2H )

Jye
Jj=3.4,5,7,8,
2<i<d—1

we have
max{zrys — 2, —4(z2 — 1)} < zg < min{zy + 6,5h + 5 — 4x9, h + 5}.

One can verify that all of these are contained in {ag +a; € Z? : a; € P, NZ%i =
0,1} U{u),... u)}.

The second step. Assume that x does not satisfy xo =23 =--- =x4_1. Let ay,...,a,, be
distinct m integers such that {ai,...,an} = {xe,..., 241}, where a1 > as > -+ > a,.
Then m > 2. By x € ﬂ?:_; 27—[5?, we have a,, > 0. Let p; be the number of a,’s among
T, ...,xg_1. Thus,p,>0and p1+---+p,=d—2. Ford =1,... . m—1,let by = a;— a,.
Then by > m — £. From z € N, 27—[&;), we have

—(d = 3)am + (pra1 + -+ + Pm—1am-1 + (P — 1))
= —(d=3)am + (p1(am +b1) + - - + Pm—1(m + 1) + (P — L)am)
= —(d—2)am + (pr+ -+ Pm)am +p1bi + - + P—1bym—1
=pibi+- -+ pp1bma < L.

Hence, we obtain m = 2 and p; = by = 1. Let, say, * = (L, am + 1, am, .., Qm, Tq)-
Moreover, from z € ﬂf:_; 27—[5;2), we have

—((d=3)h—1)am +h(aym + 1+ (d—4)ay,) =h+a, <h+1,
which implies that a,, = 0 or 1.

e When z = (1,1,0,...,0,24), since z € 27-[4(;3) N 27—[%), we have 4 < x4 < 6.

e When x = (1,2,1,...,1,x4), since z € 2H§_) N 27—[%), we have 0 < g < 2.
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All of these are contained in {ag +a; € Z? : a; € P;NZ%,i = 0,1}. Similarly, the integer
points x = (1,am, ..., am,Tq) + €, where a,, € {0,1} and j = 3,...,d — 1, are also
contained there, as required. O]

Now, Corollary 5 says that Py is normal. Moreover, since P; is of dimension 2, this is
also normal ([6, Corollary 2.2.13]). Thus, there is no hole in

{(Il, ey Tg, $d+1) € R)OA’Phd N Zd+1 X € {O, 2}, Tg+1 = 2}

Therefore, there exist exactly h holes contained in (2).

4 The 3-normality of P4

In this section, we claim that there is no other hole except for (u},2), j = 1,...,h. In
other words, we prove that Py, 4 is 3-normal.
Similar computations to Lemma 7 enable us to show the following

Lemma 8. One has
(8) Pra(3,1)NZ* = {ag+a¢ +ay € Z : ag,ay’ € Py NZ% a; € Py N Z%};
(b) Pra(3,2) NZ={ag+a;+a;’ € Z9: a9 € PyNZ% ay,a,’ € Py NZY};
(¢) Pra(4,1)NZ%={ag+ag +a¢” +a; € Z% : ag, a0, a0” € Py NZ% a; € Py NZY}.
Finally, we prove
Lemma 9. Letn > 3 and 0 < k < n. For each o € Py 4(n, k), we have
a=agM+--+a" M +a M4 a®, (3)

where ag®) € PyNZ4 fors=1,....,n—k and a1,V € P,NZ? fort=1,... k. That is to
say, Phpq 15 3-normal.

Proof. Fix a = (ay,...,aq) € Pra(n, k), where ay = k. Since Py and P, are normal, we
may assume that 1 < k& < n—1. Moreover, thanks to Lemma 8, we may also assume that
n>4,k>2orn>>5k=1. In addition, by Lemma 6, we may also assume that

(0% ¢ ’rl]:o U ’fl]:1 U U nﬂ7i

2<J<9,
2<i<d—1

We will proceed our discussions by induction on n.
The first step. Suppose that « satisfies the following (d — 1) inequalities:
ag =5 and — (d—4)o; + Z aj—ag<n—=06 for i=2...,d—1. (4
J#1,2<j<d~1

Let 8 =a—ug = (a; —1,q9,...,aq-1,04—5). Then we have 3 € Pj,q(n—1,k—1)NZ"%.
In fact, one can easily see that for : =2,...,d — 1, we have
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ea —1=k—-1>0;

e ag—52>0by (4);

e a; > 0;

o —(d—4)ai+ i siscjcq 1 —(@a—5)<n—6+5=n—1by (4);
o 4(a; — 1) —4o; — (a—5) < —1—4+45=0since o & nFy;;

o dlg—1)—a;+ag—5<n—1;

o ar—1—(d=3)ai+ i 0cica 1 Sn—1;

o (5h =5)(an — 1) = ((d = 3)(5h — 1) = d)a; + (5h — 1) >0 i hcicq 1@ + @ — 5 <
S5hn — (5h —5) — 5 = 5h(n — 1);

o (h=5)(a1—=1)—=(d=3)(h—1)ai+(h—=1) > iocjca 1@t aa—5 < hn—(h—5)=5=
h(n —1);

o (h—1)(a1=1)=((d=3)h—Nai+hd i ocjcar1® <hn—1—(h—1)=h(n—1)
since a & nFy;.

The above estimations imply that 3 € (n — 1)Py 4N Z? because of (1). By the hypothesis
of induction, we obtain the required expression on « like (3).
The second step. Suppose that « satisfies either

og <4 or (d—4)a; + Z aj—ag=z2n—>5fori=2,...,d—-1 (5)
2<]<d 1
Then we obtain the new inequalities
—4dag —a; +ag <n—06, (6)
(h=5)n — (d=3)(h—Da; + (h—1) > aj+ag<hn—5

J#1,2<j<d—1
fori=2,...,d — 1 as follows.

(i) First, suppose that « satisfies the left-hand condition of (5). Since o & nFs;, one
has a; > 1 > 10 — 4k — n from our assumption n > 4,k > 2 or n > 5,k = 1. Thus
we obtain

Aoy —o; +oag < —4k—104+4k+n+4=n—06.

Moreover, since o € nFg,;, one has a; — (d — 3)a; + Zj;ﬁz’,2<j<d—1 a; <n—k—1.
Hence (h—1)(a1 — (d = 3)ai + 3" iocicq 1 @) < (R —=1)(n—1) + 4k +h+n— 10.
Remark that A~ > 1. Thus we also obtain

(h—5)ar — (d=3)(h—1)a; + (h— 1) a; +aqg
—4a1+(h—1)(n—1)+4k;+h+n—10+4:hn—5.
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(ii) Second, suppose that o satisfies the right-hand condition of (5). Since o & nFs,,
one has —4a; — (d—3)a; +> a; <n—5k—1<n—-5k—1+n+5k—10=2n—11.
Thus we obtain

—4041—Oéi+0éd:—40(1—(d—S)Ozi+ZOéj—(—(d—4)01i+206j—04d>
<2n—11—n+5=n—06.

Moreover, since o € nFy;, one has (h—1)a; — ((d—3)h—1)a;+h > a; < hn—1 <
hn —1+4k+n—9 = hn + 4k +n — 10. Thus we obtain

(h—5)a; — (d=3)(h—Da; + (h—1) Y a; + aqg

= —day+ (h— Doy — (d = 3)h — Doy + b _a; — (—(d =i + > a; — ag)
< —4dk+mm+4k+n—10—n+5=hn—>5.

Let 5’ = a — ug. If we assume that « satisfies (5) then similar to the first step, we can
verify that 8/ € (n — 1)Pj,q N Z%. Here we use (6) and the normality of some facets of
Pr.q in the same way as the first step.

The third step. Suppose that « satisfies neither (4) nor (5). When this is the case, one
has d > 4 and there exist £ and ¢ with 2 < £ # ¢’ < d — 1 such that the inequalities

—(d—4)ag+Zaj—ad<n—6 and —(d—4)a4/+2aj—ad>n—5

are satisfied. It then follows that (d —3)(ay —ap) > 1, i.e., ap—ap > 1. Let " = a—v,.
Then, similarly, we can verify that 3” € (n — 1)P,4 N Z¢ by using oy — ap > 1 and the
normality of some facets of P, 4, as desired. O
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