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Abstract

The main purpose of this paper is to derive various Matiyasevich-Miki-Gessel
type convolution identities for Bernoulli and Genocchi polynomials and numbers by
applying some Euler type identities with two parameters.
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1 Introduction

The Bernoulli numbers B,, and polynomials B,,(z) appear in many areas of mathematics
and theoretical physics, most notably in number theory, the calculus of finite differences,
asymptotic analysis and quantum field theory. They can be defined by the generating
functions

t N
P(t) == = ZBHE (t| < 2n),
n=0 :
1.1
text e tn ( )
P(t,x) := i E Bn(x)ﬁ (t| < 2m),

0
respectively. As is easily shown, we see B,(0) = (=1)"B,(1) = B, and B,(1 — x) =
(—1)"B,(z) for n > 0.
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On the other hands, the Genocchi numbers G,, and polynomials G,,(x) are defined by
the generating functions

Q) = 5 =36 , (1] < ),
o =0 (1.2)
Qlt,r) == ——=3"G, —! (It < ),

et +1 —
respectively. It is easily seen that Gopy1 = 0, (=1)¥Gy, > 0 for k > 1 and G,(0) = G,,.
They can be expressed in terms of Bernoulli numbers and polynomials by G,, = 2(1-2")B,
and G, (r) = 2B,(z) — 2" B,(x/2). Further, we can express them in terms of Euler
numbers F,, and polynomials E,(z) defined by

R(t) = 5 n e—t Z —' (t| < ),
- (13)
zea:t tn
R(t,z) := => E, —l (Jt| < ),

t
et +1 ~

respectively. Indeed, we see that G, 1(x) = (n + 1)E,(x) (n > 0) and

n+1g=(n n—i
Gpy1 = on Z(z>(_1) E; (n>0).

=0

Concerning convolution identities for Bernoulli numbers, the most basic and remark-
able one is the following formula, which is usually attributed to Euler:

n

> (?) BiByi=—nByy—(n—1)B, (n>1).

=0

This identity was extended to Bernoulli polynomials and generalized in many directions
(see, e.g., [1, 2, 3,4, 5,7, 13]). For instance, we have, as a simple one,

Z (?) Bi(x)Bn_i(y) =n(x+y—1)B,1(x+y) — (n—1)B(x+y) (n>=1).

In 1978, a very different type of convolution identity for Bernoulli numbers was proved
by Miki [16] based on p-adic arguments:

n—2 n—2

BiBn—i Ban—z Bn
Yo TS <”)— L9l (n> ), (1.4)
- 1 n

— i(n—1i) 4 i(n—1)

where H,, is the nth harmonic number defined by

—_

1
Hyo= 1454+ (1.5)

3
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Subsequently, Matiyasevich [15] discovered a good companion identity to (1.6) with
the aid of the computer software system “Mathematica”. Rewriting his original identity
in an equivalent form,

ZB By 22 <”+ 1> BiBui _ntntl)p 5y (1.6)

1 —1 ) n+2

This identity was later proved and generalized by several authors (cf., e.g., [8, 10, 17]).
In 2005, Miki’s identity (1.6) was extended to Bernoulli polynomials by Gessel [12]
using the Stirling numbers of the second kind. Indeed, he proved that for n > 1,

n—1

Bz(ZE)B :E B g -1 n i ) Bn(ZL‘)

— Ci(n—i) n—i n

In this paper, we study the Matiyasevich-Miki-Gessel (we simply write as “M-M-G”)
type convolution identities for Bernoulli and Genocchi polynomials. In Section 2, we de-
duce some Euler type identities with two parameters for these polynomials by observing
certain functional equations related to the generating functions P(¢,z) and Q(t,z). Con-
sidering special cases of these Euler type identities, we derive in Section 3 various M-M-G
type identities for Bernoulli and Genocchi polynomials and numbers.

The basic idea we will use in Section 3 is the following. Given two functions F(t) :=
Yoo o fut™/nl and G(t) := >~ ) got™/nl, suppose that we have an identity

Fut)G((1 — u)t Z P ( u € R.
Equating coefficients of ¢”/n! on both sides and integrating with respect to u from 0 to

1, one can deduce
1 !
E ek = hy, (w)du.
n+1 P Jegn-i /0 ()

Here we have used the beta integral fol uF(1—uw)"*du = k!(n—k)!/(n+1)! (Lemma 2-(i)
below). This is essentially the same idea used by Crabb in [6] to give another short and
intelligible proof of (1.7).

2 Euler type convolution identities

For arbitrary two sequences S = {S,}ns0 and T' = {7}, },,>0, we will use the following
umbral notation for simplification. For u,v € R, letting 0° = 1 by convention (in the case
of u =0 or v =0), we define the notation [uS + vT]" by

n

[uS +oT|" = Z (7;) u'v" ST, (n>0).

1=0
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We now establish some Euler type convolution identities with two parameters for
Bernoulli and Genocchi polynomials by observing certain functional equations satisfied
by the generating functions P(¢,z) and Q(¢,x) of these polynomials.

Theorem 1. Let u,v € R\{0} with u+ v # 0 and put W := (uzx + vy)/(u + v). For
n > 1, we have

(i) [uB(z) +vB(y)]" =uv(u +v)" *nB, (W) + [(u+ v)B(W) + uB]"

U+ v
[(u+v)B(W) +vB]",
2v
u—+v
[(u+v)B(W) 4+ vG]",

u—+v
(ii) [uG(z) + vG(Y)]" =duv(u +v)" *nB, (W) —
2u

U+ v

(iii) [uB(z) + vG(y)]" =uv(u +v)" *nG,_1 (W) + o

"t o) [(u+v)GW) +vG]".

[(w+ v)B(W) 4+ uG]"

[(u+v)GW) +uB]"

Proof. We will use the following rational function identities of X which can be easily
confirmed by direct calculations:

1 1 1 1 1
. — 1
A TR Xu+v—1( +X“—1+XU—1) (wo(u+v) £0)

(b) ! ! ! (1 ! ! ) (u+v#£0),

Xv+1 Xv+1 Xerv—1\" Xvil Xv+1

1 1 1 1 1
. — 1 — .
© o1 X X“+”+1( X Xv+1> (u#0)

Here we put X = e and multiply (a), (b) and (c) by s = wvt?e™ W 4k and 2k,
respectively. Then we can obtain the following functional equations:

P(ut,z)P(ut,y) :%t})((u o)t W) ULHP((U + o), W) P(ut)

P((u+v)t, W)P(vt),

u—+v
Qlut, 2)O(vt, y) ::‘“T”Uzsp((u b)) — ui“ P((u-+ )t W)Q(ut)
2u

= UP((u +0)t, W)Q(vt),

P(ut, x)Q(vt,y) :%tQ((u +o)t, W) + ULHQ((U +v)t, W) P(ut)

= m@((u +)t, W)Q(vt).
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Equating coefficients of t"/n! in the power series expansions on both sides of these equa-
tions, we can deduce the Euler type formulas as indicated. O

Many kinds of convolution identities for Bernoulli and Genocchi polynomials can be
obtained from Theorem 1 by taking various values of v and v. In particular, considering
the special case when v +v = 1 and = = y, we will derive M-M-G type convolution
identities for these polynomials and numbers in the next section.

3 M-M-G type convolution identities

We first present the following lemma which will be needed throughout in this section:

Lemma 2. Let H, be the nth harmonic number defined in (1.5). It follows that

() /01 W1 — )ty = B DR DE

1 11_ n+l _ 1— n+1 11_ n
(ii) —/ “ (1=u) du:/ “ du=H, (n=>=1).
2 Jo u(l — u) o 1—u

We do not give the proof of this lemma, but both formulas can be easily verified by
elementary calculations. Here note that (i) is the well-known beta integral and (ii) is
found in Crabb’s paper [6] (where it is used in exactly the same way).

Put y = x and v = 1 —u (# 0) in Theorem 1. Then, since W = (zu+vy)/(u+v) = x,
we have the identities

[uB(x) + (1 —u)B(x)]" = u(l — u)nB,_1(z)

(1= ) [B(z) +uB]" +u[B(x) + (1 — u)B]", (3.1)
[uG(z) + (1 —u)G(2)]" = 4u(l — u)nB,_1(x) (32)
—2(1 —w) [B(z) + uG]" —2u[B(z) + (1 — w)G]", '
[uB(z) + (1 —u)G(x)]" = u(l — u)nG,_1(x)
(3.3)

+ (1= ) [G(2) + uB]" = 2 [G(x) + (1 - w)G]".

Applying above (3.1), we can deduce the following polynomial versions of Matiyase-
vich’s and Miki’s identities mentioned in Section 1.

Theorem 3. Forn > 1, we have

() ji;meBn_i(x) : fjl(”“)Bi(x)Bn_i

T + 2 — ?
- @Bn_l(x) + (n — 1) By (),
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(i) niBl(:ELB) —%ni() n_;”

=1

= By_1(z) + 2H,_, ”nx) ((1.7), Gessel).

Proof. We rewrite (3.1) gathering the terms involving B, (z) in one place as

il (?) (1 = w)" " Bi(x) By ()

—Z( ) (1 — ) + u(l — u)") Bi(x) By

u(l —u)nB,_1(x) + (1 —u" — (1 —w)")B,(z).

Integrating this between 0 and 1 with respect to u, we obtain using Lemma 2-(i),

(3.4)

1 & () Bp_si
n+1ZB( _2Z<>n+2—@)(n+1—i)
n—1
n+1

- %Bn_l(ac) + By (2).

Since m (") = m( 2 ), we know that this identity implies (i) multiplying

by n + 1. Next, we divide (3.4) by u(1 — u). Then we get

5 (1) mw e -5 () - B,
1‘2<;_“u; -

In the same way as above, integrating this identity between 0 and 1 with respect to u, we
obtain using both formulas in Lemma 2,

&

=nB, 1(x) + B, (z).

n—1 n—1
208 It g 2Pt _ g 9H, B, (z),
" ) ;) i) = Bea(@) £ 2H Bl
which gives (ii) dividing by n. This completes the proof. O

As an immediate consequence of Theorem 3, we can state the following

Corollary 4. Forn > 4, we have

n—2 n—2
] n+1\BiB,—; n(n+1) ) .
(i) E BiB,_; —2 E <z B 1> = a0 B, ((1.6), Matiyasevich),

=

n

(ii) ; BiBn-i Z( >BB” L= 2Hn% ((1.4), Miki).

TL—Z n—z
=2
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Proof. If n >

4 is odd, then both sides of (i) and (ii) entirely vanish. So it suffices to
consider the case when n > 4 is even. Taking z = 0 in Theorem 3-(i), we have, since
By=1and B,,_;1 =0

n—2 n—2

2 n -+ 2
EBz-Bn_i—— § BiBn_i + B, | = (n—1)B,,
- "+2(i2( z) + ) (n )

which gives (i) because ("1?)

= (") Similarly, taking « = 0 in Theorem 3-(ii), we
have , ,
\- BiBn—i 2 - Ban—z Bn Bn
-~ BB —-<z(@) . +—> o, B
— j(n—1i) mn \“ i) n—i n n
=2 1=2
Since 1 (1 + L) = 2(”—7? and % + 2H,_, = 2H,, we can deduce (ii) O
We note that some different proofs of Corollary 4 are already known using tools from
combinatorics, p-adic analysis, contour integrals and other areas (see [6, 8, 11, 14, 18]).
Let B, = (1 —2"1)B, for n > 0. Thus we see Boy; = 0 for all k¥ > 0 and
B, =1/2,B, = —1/6, B, = 7/30, B, =

—31/42, B{ = 127/30 and so on
Lemma 5. [t follows that

R
(ii) Go(1/2) =0, Gn(1/2) = —

on—1 Enfl

(n>1).
Proof This lemma can be easily shown from the facts
Q (2t,1/2) = 2tR(t).

P(2t,1/2) = 2P(t) — P(2t) and
O
Corollary 6. Forn >4, we have
n—2
1 n+ 2 n—1 on-t
i BB . ——— 2" BB, _; = B! B,,
Q) ZMZHQ.(Z) 1B+
n—2

n+2
B!B! 1 2""'B!B B, 2"
.o 7 n—1 - n—i . H -_n Bn‘
(i) ;z(n—z) n;(z) n—1i *
Proof. We may assume that n >

n?

4 is even by the same reason as mentioned in the proof
of Corollary 4. Taking = 1/2 in Theorem 3-(i), we obtain from Lemma 5, noticing that
B,1=B,_,=0,

1 n—2

n—2
2 n+ 2\ BB, _; n—1
E BB . — E P B, | = ——B
2n—2 — 17" n—1 n -+ 2 <i2 < . ) + )

7 2i—1 on—1 —n’
which yields (i) multiplying by 2"72. Similarly, taking z = 1/2 in Theorem 3-(ii)

n—2 n—2
1 BB, . 2 n\ B!B.,.: B, B
e i 2 (S (1) e+ 2) -

o 2-1n—1i) n
Multiplying this by 2772 and replacing H,_; by

—1 27’1—2n .

— L we get (ii) as desired.
n
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We note that Corollary 6-(ii) is equivalent to the following identity discovered by Faber
and Pandharipande in [9] with a proof by Zagier in an appendix:

nilEE - BlETL*Z En
S () e

=1

where B; := ((1 —2"71)/2""1)B; (i > 0). Indeed, we easily know that B; = B}/2""! and
B, = B,_; = 0 for an even n > 4. Concerning this and other Miki type convolution
identities, see also Dunne and Schubert [8], in which they presented a new and interesting
approach using some tools from perturbative quantum field theory and string theory.
Similarly to Theorem 3, we can deduce the following identities using identity (3.2):

Theorem 7. Forn > 2, we have

() ZGA G () + — n:<”+2)Bi<x>Gn_i=o,

n -+ 2 7

1=

(i) Z —Gi(;(:;GjZ) G % ni (n) Cooi g,

=1 i=

Proof. Since Gy(x) = Gy = 0, identity (3.2) can be written as

i (?) u' (1 —u)"'Gi(2)Gpi(z) = 4u(l — u)nB,_1(x)
= (3.5)

_9 i <”) @ (1 — ) + u(l — w)" ) Bi() Gs.

- 1
=0

Integrating (3.5) between 0 and 1 with respect to u, we obtain using Lemma 2-(i), since
_ 1 1 n\ __ 1 ny __ 1 n+2
Gr=1land (i3 — i) () = (n+1—3) (n+2—7) (7) = (n+1)(n+2)( ),

1 = 2n = n B,(ZL’)Gn_l
712 Cie)Cile) = T Buca(w) 4 <@) n+l-i)(n+2—1i)

T (n+ 1;4(71 +2) ”Z_: (n er 2) Bi(2)Gn-ss

which yields (i) multiplying by n+ 1. For identity (ii), dividing (3.5) by u(1 —u), we have

S (1) e )

=1

— 4B, (z) — 2 ni <”) (W1 (1 — )" Bi(2) G
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Similarly to the above, integrating this between 0 and 1 with respect to u, we obtain using
Lemma 2-(i),

n—1 n—2
: i(n —1) ; i n—1
=1 i=0
and so (ii) follows dividing by n. O

As a consequence of Theorem 7, we will now derive two corollaries related to convolu-
tion identities for Genocchi and Euler numbers.

Corollary 8. Forn > 4, we have

() ZGGn 1+4Z<"“)BG" -——a,

o Bl () - e,

1=2

Proof. Set x = 0 in Theorem 7-(i). Noting that G; = By = 1 and B; = —1/2, we have

= [n+2
ZGGM+W;( Z )BGW

n—2 n—2
4 n -+ 2
= G,G,_; +2G,,_ —_— . B Gpi + ——G 4B,G
2 + 1+n+2;( ; ) () +n + 45,
n—2 n—2
n+ 2\ Bi(z)G,—; 4
— Gan—z . : = 07
P * Z; (z — 1) ? * n+2

and therefore (i) was shown. Similarly, to get identity (ii) we set = 0 in Theorem 7-(ii).
Then, since G; = By = 1 and B; = —1/2, we get

n—1 n—2
GiGni 4 n\ BiGn—i
Zi(n—i) +Eg (z) n—i

=1 =0
2 Ganfz 2Gn,1 4 2 n Ban,l 4Gn 4B1Gn,1
—~ jin—1i) n—1  nH4 i) n—i n? n—1
1=2 )
n—2 n—2
GiG; n—1\ B:G,—; 4G,
- 1y ( | ) i A0
— i(n—1) — \i—1/)in—14) n
which gives (ii) as desired. O
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Corollary 9. Forn > 4, we have

n—1
1 B! 2"
(i) Zz(n—z) ZlEnlz+Z(n+ )n—‘rlz an:_ G,

— 7 —1 ) n+2

B!G 2"
.. n 1—3 n—i
(i ZE, 1E,m+z(z_1) e 26,

Proof. The above identities clearly follow if n > 4 is odd, and so we assume that n > 4 is
even. Taking x = 1/2 in Theorem 7-(i), we obtain from Lemma 5 that, since By(1/2) =1

and G,,_1 =0,
! 4 (/2 1
z En —1 S . Ban G
- oot +2<2;( i )2@1 * )

n—1
= _— EZ ETL —1 4 Z- . G’ﬂ = 07
53 Zle(n D)Ei 1 En1-i + Z (Z -~ 1) i1, 1o )

which yields (i) multiplying by 2"~2. Similarly to the above, taking = 1/2 in Theorem 7-
(i), we get, since By(1/2) =1 and G,,_1 =0,

n—1 n—2
1 4 n\ 1 BG,;, G
Ei 1By i+ — )
2"_2,Z Hn +n<z(z)22—1 n—1 N n)

=2
n—1\ 1 BG,; 4G
E, B, _;+4 i n 'z no_ 0.
QnQZ 11— Z<2_1> z(n—z)+n2
Multiplying this identity by 272, we can deduce (ii). O

Applying identity (3.3), we can prove the following theorem:

Theorem 10. Forn > 2, we have

(i i Bi(@)Go () — - (n + 1) 2”72Gi<$)Bn—i _n- 1Gn(x),

— ‘ 1—1 1 2
. 2 Bi(2)Goi(z) 2 n—1\ 2" Gy(2) B Go()
(ii) —— = . . =Hpy :
, i(n—1) , i—1 i(n —1) n
=1 1=1

Proof. Since Gy = Go(x) = 0, identity (3.3) can be written as

jz:_; (7;) wi(1 = w)" By(2) Gs(z) = u(l — u)nGo_i(z)

n

+a-wd (?) WGy (2) By — g 2 (TZ) (1 — u)" " Gi(2)Gs.

=1
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Gathering the terms involving G, (z) in one place, we have, since By = By(z) = 1,

n—1

— ( ) (1= )" By(2)Gni(x)

=u(l —u)nGp_1(z) + (1 —u) — (1 —uw)")Gp(x) (3.6)

+(1—u) nz_ll CL) W G(2) B — g nz_l (”> (1 — )" "Gy (2) G,

- 2
=1

Integrating (3.6) between 0 and 1 with respect to u, we obtain using Lemma 2, since
Gn—i = 2(1 — 2n7i)Bn_i and By — %Gl = —

-3

1 n—1 n n—1
w1 2 P0Goei(0) = 5O0) & gy o
2 /n) Gi(z) (Bpoi — 3Gny) n O\ Gooal Bl 2G1)
+;<i)(n+l—z)(n+2—l ( 1)

n—1 1=z

B n+ 1\ 2"'G;(z)B,
2(n+1)Gn(x)+n+1Z<z—1> i ’

which leads to (i) multiplying by n + 1. Next, dividing (3.6) by u(1 — u), we have

i (?) W1 = ) B (2) G i(2) = nGhy () + 1-(d-w™ G()

u
n—1 n—1
n n—1—1 1 n n—1—1
+) (Z)u iGy(2) By — 52 (i)u —u)" G () G
=1 =1

Similarly to the above, integrating this from 0 to 1 with respect to u, we obtain using
again Lemma 2,

n—1

~

n w =nGp_1(x) + H,-1G,(2)

—~ i(n—1)
-2

— (1 Gi(2)(Bni — 3Gn ) 1
" i—1 (Z> n—i +nGpi () (Bl — §G1>

n—2
GAD)B..
= H,_,Gy(z) + (”) 271—2%.”17
1 1 n—1

1=

which gives (ii) dividing by n. O
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Corollary 11. Forn > 4, we have

(i) ZBGM—Z(Z,_J z = ——Gn,

=2
n—2 ;
.. Ban—z n—1 2n_ZGiBn_i o Gn
(i) ;i(n—z’) 2;<z—1> im—d) "
Proof. Both identities immediately follow from Theorem 10 putting x = 0, because
B,_-1 =G,_1 =0 for an even n > 4. O

Corollary 12. Forn > 3, we have

n—1 n—2
, n+1 a_ n(n —1)
—i)BlE,_1_; — 2n=)-lp. B, .= —~——"FE,
W i=2 = - 221 (l - 1) 1 4 :
n—l
.. n 1—3 n—1 22(n R 1E7, an 7 1
— =-H, FE,_;.
(i) Z (2 — 1) n-—1 2 Hnet

=2 =1

Proof. 1f n > 3 is even, then the above identities are trivial because both sides of (i) and
(ii) entirely vanish. Hence we assume that n > 3 is odd. Taking # = 1/2 in Theorem 10-
(i), we obtain from Lemma 5 that

1 1 -1
(Tl - Z-)B/'Enflfi - Z (n * >2n+1 QlEz 1Bn i = %Eﬂl'

Multiplying this by 2”72 and noting B] = 0, we can deduce (i). In the same way as above,
taking © = 1/2 in Theorem 10-(ii), we have

n—1 n—2
1 B En 1—i Z (n — ].) 2n+1 QZEZ 1Bn i 1
- = anlEnfh

on—2 - 1—1 n—1 on—1
1=

which gives (ii) multiplying by 2"~2. ]

4 Additional remarks

In the above arguments, we did not ostensibly treat the M-M-G type convolution identities

for Euler polynomials. To discuss and deduce them, we may apply the following functional
equation satisfied by the generating function R(t, x) of E,(x) given in (1.3): letting u, v €
R\{0} with v+ v # 0 and W be as in Theorem 1,

tR(ut, z)R(vt,y) =

P((u+v)t, W) —

U+ v uU-+v

P((u+v)t, W)R(vt).

P((u+v)t, W)R(ut)

U+ v
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However, since Q(t,z) = tR(t,x), we know G,,(x) = nE,_1(x) (n > 1) and this fact tells
that Genocchi polynomials can be expressed in terms of Euler polynomials and vice versa.
In conclusion, it suffices to deal with either Genocchi or Euler polynomials, and therefore,
we chose and discussed the former polynomials in this paper.
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