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Abstract

Several signed excedance-like statistics have nice formulae or generating func-
tions when summed over the symmetric group and over its subset of derangements.
We give counterparts of some of these results when we sum over the hyperoctahe-
dral group and its subset of derangements. Our results motivate us to define and
derive attractive bivariate formulae which generalise some of these results for the
symmetric group.
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1 Introduction

For a positive integer n, let [n] = {1,2,...,n} and let &,, be the set of permutations on
[n]. Let B, be the set of permutations o of {—n,—(n —1),...,—1,1,2,...n} satisfying
o(—i) = —o(i). Clearly any such o is well defined when given o(i) for i € [n|. B,
is referred to as the hyperoctahedral group or the group of signed permutations on [n],
though we do not need its group structure in this work. Clearly, |&,| = n! and |®B,,| =
2"n!. For o € B, from now on we denote (i) instead as ;. For 1 < k < n, we also
denote —k alternatively as k.

Let m = (7, ma, ..., m,) € &,. Define its excedance set, ExcSet(m) as {i € [n] : m; > i}
and its number of excedances as exc(m) = |ExcSet(rw)|. For 7 € &,,, define its number of
inversions as inva(m) = [{1 <4 < j < n:m > m;}| and its n-th position index pos_n(m)
as the index i € [n] such that m; = n.

For a positive integer n > 1, define the signed excedance enumerator as SgnExc,(q) =
> res, (—1)malmgee™ If @, is the set of derangements on [n], and if the number of

signed derangements is defined as SgnDer,, = > (—1)™a(™ " then it is known that
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SgnDer,, = (—1)""'(n — 1) (see Sivasubramanian [5, Remark 5]). We recall that for a
non-negative integer, 7, its g-analogue is defined as [i|, = 1+ ¢+ ¢*+ - -+ ¢!, where ¢ is
an indeterminate and [0], = 0. For n > 1, define DSgnExc, (q) = 3, o (—1)™amgee™
as the signed excedance enumerator over derangements.

In this work, we enumerate signed excedances in 28,,. Our motivation comes from the
following two beautiful results in G,,.

Theorem 1 (Mantaci [3]) Let n > 1 be a positive integer. Then
SgnExc,(q) = (1 —¢)"".
Theorem 2 (Mantaci and Rakotondrajao [4]) Letn > 1 be a positive integer. Then
DSgnExc,,(¢) = (=1)""'q- [n — 1],

The original proofs of both results used sign reversing involutions and both papers
prove more detailed results as well. An alternate proof of both these results was given by
Sivasubramanian in [5], where both SgnExc,(¢) and DSgnExc,(q) were found out to be
determinants of suitably defined n x n matrices. The connection between determinants
and signed excedance enumeration is a simple consequence of Leibniz’s formula for the
determinant. Further, in [5], several other known and new excedance type statistics in &,
were also enumerated with signs, by evaluating determinants of similar n x n matrices. In
this work, we give counterparts of some of the results of [5] in the case when enumeration
is done over ‘B,,, the set of signed permutations. Since we do not have a determinant-type
expansion involving a signed sum over elements of the hyperoctahedral group, our proofs
use sign-reversing involutions on ‘B,,.

It is easy to see that B, can be considered as a subgroup of &,,. Thus, it would
be very interesting if the results in this paper on 8, can be obtained by evaluating
the determinant of a 2n x 2n matrix, or even the determinant of a matrix with order
polynomial in n, as done in [5].

Our proof of these results motivate us to define bivariate signed excedance enumerators
in B,, and hence in G,, as well. Over &,,, these bivariate versions give a sharpening of
several known results including Theorem 1 and Theorem 2 (see Theorems 10 and 24
respectively).

Several definitions of excedance exist in B,, and we follow Brenti’s definition from [1],
which we recall. For o = (01,09,...,0,) € B, define ExcSet(c) = {i € [n] : 00, >
o} U{i € [n] : 0, = —i} and let exc(o) = |ExcSet(o)|. We next give the definition of
inversions in 9B,. For o € B, let NegSet(c) = {i € [n] : 0; < 0} be the set of indices
where o takes negative values and let nsum(0) = —(3_;cnegser(0) i) De the absolute value
of the sum of the negative components of . Define the number of type-A inversions
of o, as before as inva(o) = {1 < i < j < n:o; > o} Here, comparison is done
with respect to the standard order on Z. Define the number of inversions of o € B, as
invg(c) = nsum(c) + inva(o). This combinatorial definition of inversions in B, is also
due to Brenti (see [1, Proposition 3.1]). If o € B, define pos_n(c) as the index i € [n]
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such that |o;] = n and pos_1(o) as the index ¢ € [n] such that |o;] = 1. In some of our
proofs, we need the cycles of 0 € B,,. This is an alternate view of ¢ and one can go
from the one-line notation of o to its cycle notation and vice versa. We define the cycle
notation and give an example of it below. Given o € 98,,, we form a disjoint set of cycles
C, = {Cr}rep, where P, is some index set such that each o; for i € [n] is contained in
exactly one cycle C' € C,. Each C' is formed from the one-line notation of o as follows.
We write the elements of C' sequentially and if C' has elements (x1, 2, . .., z,), then in the
one-line notation, we must have had o,,] = x;41 where x,; = ;. For example, given the
one-line notation of o = (4,1, 3,6,2,5) € B, its cycle notation is C, = {(1,4,6,5,2); (3)}.
To get the one-line notation of o given C,, we need to get o; for each ¢ € [n]. For each
i € [n], either 7 or ¢ will be present in exactly one of the cycles C, € C,. Let i occur in
C, with sign € where e = £1. 0; is the element succeeding e: in C, with the sign of the
succeeding element taken into account. Though we write the elements of C). in a sequence,
as C,. is a cycle the first element of C). is the succeeding element of the last element of C;..

Let 0 € B, and 7 € &,,. We carefully distinguish between invg(c) and inva(7), but
make no such distinction between exc(o) and exc(7), or between pos_n(c) and pos_n(7),
though the definitions are different. This will not cause any problem.

Using Brenti’s definition of excedance, Chen, Tang and Zhao [2] show a binomial type
equation that the type-B Fulerian polynomial and the type-B derangement polynomial
enumerated by excedance satisfy, in the univariate unsigned case. In Subsection 5.1,
we show that a very similar binomial type equation is satisfied by our signed bivariate
analogue when the exponent of ¢ in the term corresponding to o is either pos_n(c) or
pos_1(o), see Corollaries 25 and 26.

2 The involution and a few lemmas

We begin by proving a few lemmas about a sign-reversing involution which we use fre-
quently. We first define the involution. Let o = (0y,09,...,0,) € B, and let r be an
index where 1 < r < n. We define an involution 7, : B,, — B,,. For ease of notation, we
write 7,.(0) = ¢ and ¢ = (¢1,9,...,1,). The involution is as follows: if o, = k > 0,
define ¢, = kand if o, = k < 0, let ¥, = k. For indices i # r, define ¢; = o;,. That is,
7, negates the content at index r and leaves the content at other indices unchanged. It is
evident that 7, is an involution for all 1 < r < n. We prove the following property of 7,.

Lemma 3 Foralll1 <r <n and o € B,, invg(c) # invg(7.(0)) (mod 2).

Proof:  Fix r and denote 7.(0) as ¢ = (¢1,%q,...,%,). We assume o, = k > 0
without loss of generality. Consider the set of indices S = {i : |o;| < k}. Clearly,
|S| = k — 1. Denote the indices with elements of S occuring before position r as Si. i.e.
Si={l1<i<r:—k<o; <k}. Similarly define Sy = {r <i<n:—k <o; <k}. Thus,
|S1| +|S2| = k—1. Recall invg(c) = nsum(c) +inva(o). To show that invg(o) and invg ()
have opposite parity, we count their differences. As o, > 0, there is no contribution to
nsum(o) and there are |S,| type-A inversions due to o,(= k). As ¢, = k < 0, we have k
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added to nsum(v) and there exist |S;| type-A inversions in ¢ that do not occur in o. As
these are the only differences, invg(o) —invg(y)) = |S2| — (k + |S1]) = —1 — 2|S;| which is
odd, completing the proof. [
Just as 7, negates index r, we need involutions 7g for S C [n], which simultaneously
negate all the indices in S and leave the contents indexed by [n] — S unchanged. By
iterating the above lemma, we get the following simple corollary whose proof we omit.

Corollary 4 Let o € B, and let S C [n]. Then, invg(ts(c)) = (=1)I¥! -invg(c) (mod 2).

We move to our next lemma about excedances. We need the following definitions
before we state the lemma. For o € B,, define ExcSeta(o) = {i € [n] : 0,4 >
o}, NegFixPtSet(o) = {i € [n| : 0, = —i} and FixPtSet(c) = {i € [n] : 0, = i}.
Let fix(c) = |FixPtSet(o)|. Clearly, ExcSet(oc) = ExcSeta(c) U NegFixPtSet(c) is the
set of indices where excedances occur in o and exc(o) = |ExcSet(o)|. For o € B,
define WkNonExcSet(c) = [n] — ExcSet(c), wknexc(o) = |WkNonExcSet(o)|. Define
NonExcSet(c) = WkNonExcSet(c) — FixPtSet(c) and nexc(o) = [NonExcSet(o)|.

~—

Lemma 5 Let 0 € B, and let C be a cycle of o with at least two elements in it. Let
m € C be the minimum element of C' in absolute value (i.e. among the elements x € C,
m has least |x| value). Let |o,| = |m| and let ¥ = 7,.(0) (i.e. 1 is the same as o except
for the sign of m). Then, ExcSet(¢)) = ExcSet(o) and thus exc(y)) = exc(o). Further,
wknexc(o) = wknexc(¢)) and nexc(o) = nexc(v)).

Proof: Assume that m occurs in o with positive sign (the other case is proved iden-
tically). Since m is not in a cycle of length one, it has both a successor succ(m) defined
as succ(m) = o, and a predecessor pred(m) defined as pred(m) = o~ (m) and for brevity
denote k = pred(m). Define ¢ = (o) (i.e. ® is identical to o with the sole difference
being that it has opposite sign for m). Clearly in both ¢ and v one of the possibilities for
a type-B excedance, namely an index i such that o; = —i will never occur at r (as o, =m
and v, = m). Since m is the absolute value-wise smallest element of C'in o, if there is an
excedance due to pred(m) and m in o, then there will be an excedance between pred(7m)
and m in 1 and vice versa. Likewise, there will be an excedance in o between m and
succ(m) iff there is an excedance between m and succ(m).

The argument above shows that ExcSeta (o) = ExcSeta(¢). Further, since the sign of m
is the only difference between o and 1, NegFixPtSet(o) = NegFixPtSet(z)). Thus we have
ExcSet(c) = ExcSet(¢)) and so exc(o) = exc(¢). This implies that WkNonExcSet(o) =
WkNonExcSet(1)). and thus wknexc(o) = wknexc(). It is also clear that FixPtSet(o) =
FixPtSet(¢)) and hence nexc(o) = nexc(v)), completing the proof. n

Let o € 9B, for n > 3 have r as a fixed point (i.e. o, =) for some 1 < r < n. Define
p € B, 1 as follows: delete the occurence of r in o and then replace i by ¢ — 1 for all
r+1 < i < n with signs preserved (i.e. (k+1) will get changed to k if k& > r). We
will use this operation later on and for brevity, say p is obtained from o by “shrinking
o on [r,n|”. Tt is clear that the cycles of p are identical to the cycles of o with just the
following changes: the fixed point r of ¢ is removed and for ¢ > r, all elements i + 1 get
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changed to ¢ at their respective places in the cycles of o with the i’s in p having the sign
of (i+1)’sin o.

Lemma 6 Let o € B, have r as a fized point and let p € B,,_1 be obtained by deleting
o, and then shrinking o on [r,n]. Then, invg(c) = invg(p) (mod 2), exc(o) = exc(p),
wknexc(o) # wknexc(p) (mod 2) and nexc(c) = nexc(p).

Proof:  We first prove that invg(c) = invg(p) (mod 2). All elements to the left of r
(i.e. all oy, for k < r) that are larger than r will contribute to inva(o) but not to inva(p).
Similarly, all elements smaller than r to its right (i.e. all oy for & > r) will contribute to
inva(o) but not to inva(p). Likewise, if there are p negative elements o;,, 0,, ..., 0;, with
absolute value larger than r, they will contribute s = >°¥_, |0;,| to nsum(c). In p, they
will contribute s — p to nsum(p).

Let X = {j:j <rando; > r(=o0,)} be the set of indices smaller than r whose
image under ¢ is larger than r and let o = | X|. Similarly, let Y = {j: j > r and o; < r}
be the set of indices larger than r whose image under o is smaller than r and let 5 = |Y|.
Let Z={j:1<j<n:0;<0and |o;| >r}andlet v = |Z|.

From the argument in the first paragraph, the difference between invg(c) and invg(p)
is a« + f + 7. We show that a + 4+ v =0 (mod 2). To see this, let d be the number of
negative elements in 0. We first consider the case when d = 0. Recall o, = r. As there are
a elements to the left of index r that are larger, there are (r — 1 — «) elements to r’s left
that are smaller than r. Thus there are o elements to the right of r that are smaller than
r. Hence, = «. Since there are no negative elements, v =0. Thusa+ 8 +v=2a =0
(mod 2). We record this as follows:

when NegSet(c) = NegSet(p) = 0, invg(c) = invg(p) (mod 2) (1)

Hence, when ¢ has no negative elements and if o, = r, the p obtained by shrinking o
on [r,n] has the same sign as . Moving onto the general case, if o has d elements that
are negative, then let |o| € B, be the signed permutation obtained by replacing o; by |o;|
for all 4, and likewise obtain |p| from p. By Corollary 4, invg(c) = (—1)%invg(|o|) (mod
2) and invg(p) = (—1)%invg(|p|) (mod 2). Since both |o| and |p| have no zero elements,
by (1), we get invg(|o|) = invg(|p|) (mod 2). Thus, invg(c) = invg(p) (mod 2).

From the cycles of o and p, it is easy to see that exc(o) = exc(p) and since wknexc(o) =
n — exc(o) and wknexc(p) = n — 1 — exc(p), it is clear that they have opposite parities.
Since fix(o) = fix(p) + 1, we get nexc(o) = n — exc(o) — fix(c) — 1 = nexc(p), completing
the proof. [

Lemma 7 Let 0 € B, have 0, =T and let p € B,,_1 be obtained by deleting T and then
shrinking o on [r,n]. Then, invg(c) % invg(p) (mod 2). Further, exc(o) = exc(p) + 1,
wknexc(o) = wknexc(p) and nexc(o) = nexc(p) (mod 2).

Proof:  Obtain ¢ from ¢ by changing the sign of r (thus ¢, = r). By Lemma 3,
(—=1)mve®) £ (—1)"™e(@) (mod 2) and by Lemma 6 we get (—1)™8®) = (-1)"e) (mod
2). It is easy to see that exc(o) = exc(p) + 1 and wknexc(o) = wknexc(p). Moreover, as
fix(o) = fix(p), we get nexc(o) = nexc(p) (mod 2), completing the proof. n
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3 Signed excedance enumeration in 5,

Forn>1land1 <i<n,let BSgnExcfl(q, t) = Ege%n(—1)i“"B(")leC(")tp°sj(") be a bivariate
signed enumerator counting excedance and the index where ¢ up to sign occurs. Define
BSgnExcg(q, t) = 1. We begin with the following bivariate analogue of Theorem 1 to the
hyperoctahedral group.

Theorem 8 Forn > 1 and 1 <i < n, BSgnExc! (¢,t) = t'(1 — q)".

Proof: The result can be readily checked when n = 1,2 and so we assume n > 3.
Let X; = {o € B,, : pos.i(c) = i}. Consider the map 7 : (B, — X;) — (B, — X)
defined as follows: let o € B,, — X;. Since 7 is not in a cycle by itself, it is in a cycle
C of length at least two. Let m be the minimum element of C' in absolute value and let
lo(k)| = |m/|. Define ¢ = 74(0). Thus in ¢, m occurs with opposite sign as compared to
o. By Lemma 3, invg()) # invg(c) (mod 2) and by Lemma 5, exc(y)) = exc(o). Further,
pos_i(1h) = pos_i(c) and thus Y g _y (—1)nel@)gexcl@)gpesilo) —

Thus, BSgnExc), (¢, 1) = 3, cx,(—1)™el@)g=<(@)¢pesil®) - We can thus pull out ¢ from
each term in the summation. We will show that zani(—l)i”"B(")qexc(”) =(1—-¢q)™ Let
X ={0€X,:0,=+i}and X; = X; — X;'. For each 0 € X", deleting 7 and then
shrinking o on [i,n] to get p will clearly give us all p € B,,_;. An identical statement is
again true when we get p € B,,_; from o € X, by deleting o; and shrinking ¢ from [i, n].

Let af = ZUGXJ(—l)i”"B(")leC@ and a, = ZUGX;(—1)i""3((’)qex°(”). We will show
that a;” + a,— = (1 — ¢)" by induction on n. The result is clear when n = 1,2 and so let
n > 2. Recall that p is obtained by shrinking o on [i,n]. By Lemma 6, invg(c) = invg(p)
and exc(c) = exc(p). Thus by induction, a7 = (1 — ¢)"~'. To evaluate a,, we get by
Lemma 7 that invg(c) # invg(p) (mod 2) and exc(o) = exc(p) + 1. Thus by induction,
a, = —q(1 — ¢)" . Adding the two completes the proof. ]

We state two corollaries of Theorem 8 when in the cases when t = 1 and ¢t = n
as we only state counterparts of these two when enumeration is done in the symmetric
group. For n > 1, let BSgnExc,(q,t) = > g (—1)me(@goel@)iposle) be a bivariate
signed enumerator where the exponent of ¢ in the term corresponding to o is pos_1(o)
and let BSgnExc)(q,t) = 3, cq, (—1)™e()g=x<(@)gposn(@) he a bivariate signed enumerator
where the exponent of ¢ in the term corresponding to o is pos_n(o).

Corollary 9 Forn > 1, BSgnExc)(q,t) = t(1 — ¢)™ and BSgnExc”(q,t) = t"(1 — q)".

Bivariate enumerators as in Corollary 9 are not known in &,,. This motivates us to
define a bivariate signed excedance enumerator for the permutation group &,,. Towards
finding such bivariate analogues of Theorem 1, we consider the following n x n matrices

1 qg ¢ qt t q q q

11 oo qt? 21
M, = q _ q‘ and M} = q ) q

111 -+ ¢t 11 -1
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i.e. if M, = (m; )1<ij<n, then m; ; is obtained by the following procedure: set m; ; = ¢
if i < j, and m;; = 1 otherwise. After this, if j = n, set m;; = m;; - t'. Likewise, if
M! = (mj;), then, set m; ; = ¢ if i < j and mj; = 1 otherwise. After this, if j = 1, set
m;; =mj; -t

Forn > 1, define SgnExcl(q,t) = 3, o, (—1)™a(mgec(mpesn(™) Thus, SgnExcy(q,t) =
t. We get the following bivariate generalization of Theorem 1.

Theorem 10 For n > 2, SgnExcl(q,t) = t""1(1 — ¢)"2(t — q).

Proof: Our proof is similar to the proof of Theorem 1 of [5]. Consider the matrix M,,.
Clearly, det(M,) = > . (=)™ [T min,. Foram e &, let Tp =[], min, be
up to sign, the term corresponding to m occuring in the determinant expansion. Since
m;; = q if ¢ < j and m;; = 1 otherwise, and since m;,, also contributes a factor of ', we
get Ty = ¢<(M¢Posn(m) - Thus, SgnExc,(q,t) = det(M,). Throughout this work, columns
of n X n matrices are numbered from 1...n and Col; refers to the i-th column. We induct
on n to show the result. The case when n = 2 is easy to check and thus assume n > 3.
By performing the elementary column operation Col; := Col; — Col, and then evaluating
det(M,,), it is easy to see that det(M,) = t""1(1 — q)"*(t — ¢), completing the proof. =

For n > 1, define SgnExc, (¢, t) = Y. o (—1)™a(™gexc(mpos1m) We get the following
different generalization of Theorem 1.

Theorem 11 Forn > 2, SgnExc) (q,t) = t(1 — ¢)" (1 — gt"}).

Proof:  Arguing as in the proof Theorem 10, we get SgnExc,.(q,t) = det(M}). Per-

forming the elementary row operation Row; := Row; — Rows, and then evaluating the
determinant makes it easy to see that det(M!) = ¢(1 — ¢q)"2(1 — qt"'), completing the
proof. [

3.1 Adding quantities to the sign

In this subsection, we enumerate similar signed excedance statistics. A difference here is
that the exponent of -1 is a sum of several statistics of . Forn > 1 and 1 < i < n, define
BSgnWkSkExc; (g, t) = Zae%n(—1)i"VB(U)+Wk"exc(")qexc(")tp“*i(") as the bivariate weak skew
signed excedance enumerator with the exponent of ¢t being the index in o where ¢ up to
sign occurs.

Theorem 12 Forn > 1 and 1 <i < n, BSgnWkKSKExc! (¢,t) = t'(—=1)"(1 + q)™.

Proof: This proof is very similar to the proof of Theorem 8. Let o = (01,09,...,0,) €
B,, and as before, let X; = {0 € B,, : pos_i(c) = i}. Consider the map 74 : (B, — X;) —
(%8,,—X;) defined as in the proof of Theorem 8 (i.e. change the sign of the smallest element
in absolute value in the cycle containing 7). Let ¢ = 7(0). Clearly, pos_i(c) = pos_i(¢)
and further, by Lemma 5, wknexc(o) = wknexc(¢). Thus, as before, we get

__1\invg(o)+wknexc(c) ,exc(o)pos_i(o) _
(—1) q t 0.
oc€BL—X;
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Hence,
BSgnSkExcn(q, t) _ Z (_l)ian(a)-i-wknexc(U) qexc(a)tpos,i(a)

oeX;

and thus, a factor of ¢ can be removed from all terms. We will show that if a, =
> ey, (—1)imvelo)twknexc(o) gec(o) “then q, = (—1)"(1+¢)". Again, we induct on n with the
base case when n = 1,2 being easy. Thus, assume n > 2 and define X;" = {0 € X, : 0; =
+i} and X; = X; — X;“.

Let CL:{ — deXi*( 1)|an(a)+Wknexc(0)qexc o) and a; = ZJG_X
We compute o first. Let 0 € X;" and let p € B, be obtained by deleting 7 and
shrinking o on [i,n]. By Lemma 6, invg(c) + wknexc(o) # invg(p) + wknexc(p) (mod 2)
while exc(c) = exc(p). Thus, by induction, a = —(1 + ¢)" '

We next compute a,. Let 0 € X, and p be obtained by deleting o; and shrinking
o on [i,n]. By Lemma 7, invg(c) + wknexc(c) # invg(p) + wknexc(p) (mod 2) while
exc(o) = exc(p) + 1. By induction, a, = —q- (1 + ¢)"'. Adding a,; and a, completes
the proof. [

We define similar bivariate generating functions for the permutation group &,,. For

> 1, define SgnWkSKExc (q,t) = > (—1)inva(m)-+wknexe(m) gexc(m) gpos- ”(”) Likewise, for
n > 1, define SgnWKSKExc) (g, 1) = S __o (—1)nva(m)+wknexe(rm) gexc(m)gpos-L(m) - Consider the
following n x n matrices.

(_1)|an(U)+Wknexc( )qexc( )

ﬂ'EGn

eSS,

_1 q q e qt2 _t2 q q e q
1 -1 - 2 .
ro=| 0T | aar - o !

1 —1 —1 - —gm -1 -1 - -1
If T,, = (ti;)1<ij<n, then t;; is obtained as follows: set t;; = ¢ if ¢ < j, and ¢;; = —1
otherwise. Then, if j = n, set t;; = t;;-t*. Similarly, if 7)) = (#] ;)1<i j<n, then ¢} ; obtained
as follows: set t; ; = ¢ if i < j, and ¢ ; = —1 otherwise. Then, if j =1, set #; ; = t;; -t
We get the following generalizations of Theorem 2 of [5].

Theorem 13 Forn > 2, SgnWKSKExc(q,t) = (—=1)"t" "Y1+ q)"2(t +q). Similarly, for
n > 2, SgnWkSKExc. (g, ) = (=1)"t(1+q)" 2(1 + qt" ).

Proof: Arguing as in the proof of Theorem 10, we get SgnWkSkKExc):(q,t) = det(T,,).
Performing the elementary column operation Col; := Col; — Col; and then evaluating
det(T},), it can be checked that det(T},) = (—1)"t""1(14¢)"2(t+¢q). Similarly, it is easy to
see that SgnWkSKExc) (¢, t) = det(7}). Evaluating the determinant after performing the
column operation Col,, := Col,, — Col,,_; shows that det(T}) = (—1)"t(1+¢q)"2(1 +qt" 1),
completing the proof. [

We next move on to type-B analogues of Theorem 5 of [5] For n>1and for 1 <i<n,
let BSgnSKExc),(q,t) = > g (—1)melo)tnexcmgexcl@)ipesi@) he g bivariate skew 51gned
enumerator counting excedance and the index where ¢ up to sign occurs.
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Theorem 14 Forn > 1 and 1 <14 < n, BSgnSkExc’, (q,t) = t'(1 — ¢)".

Proof: This proof is very similar to the proof of Theorem 12, and hence we just mention
the differences. As before, define X; = {o € B, : pos_i(0) = i}. It is easy to show that
Zae%ani (_1)ian(o)—i—nexc(o)qexc(o)tpos,i(o) = 0.

Hence, BSgnSKExc], (¢, 1) = 3¢y, (—1)me(@)nexc(@) geclo)gpesi@) and thus a factor of ¢!
can be removed from all terms. We will show that if a, = > . Xi(—1)‘”VB(U)+"6XC(U)QQXC("),
then a, = (1 — ¢)". Again, define X;" = {0 € X, : 0, = +i} and X; = X; — X;". Let
a;r — deX;r<_1)inVB(U)+nEXC(U)leC(U) and let a; = ZUEX;(_1)ian(a)+nexc(o)qexc(a)‘

Let o € 9B,, and p be obtained by deleting i and by shrinking o on [i,n]. By induction
and Lemma 6, as invg(c) + nexc(o) = invg(p) + nexc(p) and as exc(o) = exc(p), we get
al = a,_;. Similarly, using Lemma 7, we get a, = —qa,_1. Adding the two completes
the proof. [
We consider bivariate analogues of Theorem 14 when enumeration is done in &,,. For
n > 1, let SgnSkExc, (q,t) = > g (—1)malmtnexcm gexc(mgposn(m) e jts bivariate signed
skew excedance enumerator and let SgnSkExcy(g,t) = 1. Consider the following n x n
matrices

U, = ) . . .
R R

i.e. if U, = (u;;)1<ij<n, then u,; is obtained as follows: set w; ; = ¢ if ¢ < j, u;; =1
if i =j and u;; = —1 otherwise. After this, if j = n, set u;; = u;; - t".

We give the following bivariate analogue of Theorem 5 of [5]. First consider the
sequence of bivariate polynomials defined by the the following recurrence:

with do(gq,t) = 1 and dy(q,t) =t. A few initial d,(q,t)’s are given below.

do(q,t) = 1

di(q,t) = t

do(q,t) = t*+1q

ds(q,t) = 3+ q(t> + 12 +2t) — ¢*1?

dy(q,t) = t* 4+ q(at* + 1 4+ 26> + 4t) — ¢*(t* + 26° + 2t%) + ¢3¢
ds(g,t) = 0+ q(11° +t* + 28° + 4% + 8t) — ¢*(5¢° — 3t* — 4t® — 4¢?)

+@3 (17 + 3t + 2t3) — ¢*t!

Theorem 15 For n > 0, SgnSkExc,,(¢,t) = d,(q,1).
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Proof: Let U, be the matrix defined above. By using arguments as done before, we
see that det(U,,) = SgnSkExc,,(q,t). We claim that det(U,,) = d,(q,t). By performing the
elementary column operation Col; := Col; — Coly and then evaluating det U,,, we get the
following recurrence. We note that on setting ¢ = 1, we recover the recurrence given in
the proof of Theorem 5 of [5].

detU, = (3 —q)t -detU,_1 +2t*(q — 1) - det U,,_o + 2" 3qt(1 — t). (3)
where det Uy = 1,detU; = t and det U, = t? + tq are easy to observe. It is clear that
recurrence (3) is identical to the recurrence (2) which completes this proof. n

Remark 16 The coefficient of q in d,,(q,1) is the Eulerian number A, o (see the proof of
Theorem 5 of [5]). In the bivariate analogue obtained, when t is a variable, the coefficient
of q, gives a polynomial analogue of A, o in the variable t. The Online Encyclopedia of
Integer Sequences (see sequence id:A054123) mentions right Fibonacci row-sum arrays
where this polynomial refinement of A, occurs in even rows. This sequence thus has
occurred while enumerating a different problem and appears again here. We do not know
any connection between the two problems.

3.2 Adding quantities to g’s exponent as well

In this subsection, our generating function has a slightly modified exponent of ¢. For
n > 1, and for 1 <7 < n, define

BSganSkaEXCZ(q, t) _ Z (_1)ian(a)+wknexc(a)qwkexc(a)tpos,i(a)'

O’E%n

Thus the fixed points of o contribute to the exponents of both -1 and q.
Theorem 17 Forn > 1 and 1 <14 < n, BSgnWkSKWKExc!, (¢,t) = t*(—2q)".

Proof: This proof is very similar to earlier proofs and thus, we just mention the
differences. As before, we get Zae%n_xi(—1)i“"B("H‘”k”exc(”)quexc(")tp‘)SJ(") = 0 where X; =
{0 € B,, : pos_i(c) =i}.

Hence BSgnWkSkWkExc,,(q,t) = deXi(—1)““’B(")+Wk"exc(")q""kexc(")tp“*i(”) and thus a
factor of #' can be removed from all terms. If a, = Yy (—1)"ve(e)twknexc(o) gwkexc(o) thep
we need to show that a, = (—2¢)". We do this by induction on n. The base case when
n = 1,2 are easy. Thus, assume n > 2 and as in earlier proofs, define X and X, . Let

a:; — ZUEXT(_1)ian(U)+wknexc(a)qwkexc(a) and let a; = ZUEX; (_1)ian(a)—i-wknexc(a)qwkexc(a)'

For o0 € X", define p € B,,_; by deleting 7 and shrinking ¢ on [i,n]. By Lemma 6
as invg(o) + wknexc(o) # invg(p) + wknexc(p) and as the fixed point ¢ contributes 1 to
the exponent of ¢, we get af = —q(a,_,). For o € X, define p € B,,_; by deleting i
and shrinking o on [i,n]. By Lemma 7 as invg(c) + wknexc(o) # invg(p) + wknexc(p),
we get a negative sign, and as o; = i, we get wkexc(o) = wkexc(p) + 1 and so we get
a, = —q(a,—1). Adding a; and a; completes the proof. ]

n
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We derive similar bivariate results when enumeration is done in the symmetric group
S, Define SEnWKSKWKEXC, (g, 1) = 37, . (—1)mA(THknese(r) gukesc(n)05m) a5 the i
variate signed weak-skew weak-excedance enumerator. Let SgnWkSkWkExc,(q,t) = 1.
Consider the following n x n matrix.

_q q q DY qt

-1 —q q --- th
Fn - . . . . .

-1 -1 -1 --- —qt"

Likewise if F,, = (fi;)i<ij<n, then f;; is obtained as follows: set f;; = ¢ if i < j,
fi; =—qifi=jand f;; = —1 otherwise. Then, if j = n, set f;; = fi; - t". Consider the
sequence of bivariate polynomials defined as follows:

fo= Q1 =3t faor +2qt*(q = 1) fua + (=1)"(¢ = 1)" (gt — ¢t*) (4)
with fo(q,t) =1 and fi1(q,t) = —tq. We tabulate f,(g,t) for a few values of n below.

folg,t) = 1

filg,t) = —lq

folg,t) = tg+t°¢°

falq,t) = tq—( + 22 +1)¢* - t°¢°

falg,t) = tq— (t*+ 262 +2)* + (4" + 483 + 262 + )¢ + t*¢*
f5(g,t) = tq— (£ +2t> 4+ 3t)* + (5t° + 4° + 4t + 3t)¢°

—(11t* + 8t* + 483 + 122 + )¢t — ¢
Theorem 18 Forn > 0, BSgnWkSkWkExc,(q,t) = f.(t,q).

Proof: Consider the matrix F,, given above. We get BSgnWkSkWkExc,, (¢, t) = det(F},)
by arguing as done earlier. We claim that det(F,) = f.(g,t). Performing the column
operation Col; := Col; — Coly; and then evaluating the determinant gives us the following
recurrence:

det F, = (1 — 3q)t - det F,,_y + 2qt*(q — 1) det F,_o + (—1)"(q — 1)"2(qt — qt*)  (5)

We note that recurrence (5) is identical to recurrence (4). Since the initial values of
fn(g,t) and det F,, are identical and they satisfy the same recurrence, they are identical
for all n, completing the proof. [
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4 Enumerating excedance like statistics

For a o € B,,, define its excedance-sum as excsum(o) = > o) & For the next result

1€ExcSet(
which is an analogue of Theorem 8 of [5], we recall the following notation used in g-series

theory. Let ¢ be a variable and for a non negative integer n, define

1 ifn=20
(G q)n = { H?:1(1 _ qi) Fn>0 (6)

For a non-negative integer i, we also recall that [i], = 1+ ¢+¢*+---+ ¢!, and that
0], =0. For n > 1 and 1 < i < n, define the bivariate signed excedance-sum enumerator

to be BSgnExcSum’ (¢) = Zae%n(—1)i”"B(")qexcs“m(")tp“*i(").

Theorem 19 Forn > 1 and 1 < i < n, BSgnExcSum’ (¢) = t* - (¢; q)n.

Proof: Let X; = {0 € 9B, : pos.i(0) = i}. For o € B,, — X, the cycle C containing i
has length at least two. Let 74 : (%B,, — X;) — (B,, — X;) be the map which flips the sign
of the minimum element of C' in absolute value. Let ¢ = 7(0). Hence, for all indices
i # k, we have o; = v; while we have o, = i = —1;. Lemma 5 shows that ExcSet(c) =
ExcSet(¢)) which implies that excsum(o) = excsum(v). Further, pos_i(c) = pos_i(¢)) and
invg () # invg(1) (mod 2) by Lemma 3. Thus, Y 5 _y, (—1)"ne(@)gexcsumlo)gpos-it@) — .

Hence, only elements of X; contribute to the sum concerned. Since each ¢ € X; has
pos_i(o;) = i, we can pull out the term ¢* from the sum. Actually, the above argument
shows that whenever some o € B, has a cycle C' of length at least two, we can negate
its minimum element in absolute value to get 1 and cancel out terms arising from o by
assigning the 2" signs to o (as o and 1 will have opposite parity but have ExcSet(o) =

ExcSet(1))).
Thus, the only terms that survive the cancellations come from assigning signs to the
identity permutation e = 1,2,...,n. We are left with finding the signed excedance-sum

over the 2" signed permutations of e. Applying Corollary 4 to the identity permutation,
it is easy to see that invg(o) has the same parity as the number of negative entries in o
and excsum(o) is the sum of the negative entries in o. Thus, we get BSgnExcSum’ (q) =
ng[n}(—l)‘s‘qzzesx = [T, (1 = ¢") = (¢;q)». Multiplication by ¢ completes the proof.

]

We give a bivariate analogue of Theorem 8 of [5] below. Consider the following n x n
matrices

1 g e qt 1 ¢ ¢ -+ ¢
L1 ¢ - (qt) 11 ¢ ¢
1 1 - (qt)"! 111 - gt
11 1 - t" r1 1 - t"

ie. if P, = (pij)i<ij<n, then p;; is obtained by the following procedure: set p;; = ¢" if
i < jand p;; = 1 otherwise. Then, set p; ; = p; ;-t* if j = n. Similarly, if S,, = (s;;)1<ij<n,
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then s; ; is obtained as follows: set s;; = ¢/~"if ¢ < j and s;; = 1 otherwise. After this,
set s;; = s;;-t"if j =n.

For a m € G, define its excedance set as ExcSet(mw) = {i € [n] : m; > i}. Define
its excedance-sum as excsum(m) = 3, g, ser(m) ¢ and its excedance-length as Exclen(r) =
Y icExcset(n)(Ti—1). Forn > 1, let SgnExcSum, (¢, t) = Zﬂeen(—1)i""A(”)qexcsum(”)tp””(”) to
be the bivariate signed excedance-sum enumerator. Similarly, define SgnExclen, (¢,t) =
Zﬂeen(—1)i""A(”)qEXCLe“(“)tPW”(“) as the bivariate signed excedance-length enumerator.

Theorem 20 For integers n > 1, SgnExcSum, (q,t) = t"~1(t — ¢" ) [/ (1 — ¢*).

Proof: It is clear that SgnExcSum, (¢,t) = det(P,). Let Row; denote the i-th row of
any n X n matrix for 1 < i < n (the matrix will be clear from the context). Perform the
elementary row operation Row,, := Row,, — Row,,_; and then evaluate the determinant to
see that det(P,) = t"~'(t — ¢" ") [['=£(1 — ¢), completing the proof. u

Theorem 21 For integers n > 1, SgnExclLen,,(q,t) = t"1(t — q)(1 — ¢)" %

Proof: It is clear that SgnExclen, (¢,t) = det(S,) and performing as before the oper-
ation Row,, := Row,, — Row,,_; and then evaluating the determinant gives us det(S,) =
t" 1t — q)(1 — ¢)" 2, completing the proof. "

5 Signed excedance enumeration in 8%,

Let 289,, be the set of derangements of B,,. B9,, consists of the o € 9B,, such that o; #£ i
for all i € [n]. For n > 1 and 1 < i < n, define

BDSgnExcfl(q,t) — Z (_1)inVB(O')leC(cr)tpos,i(g-).
gEBD,,

Define BDSgnExc)(q,t) = 1 and BDSgnExc}(q,t) = t.
Theorem 22 Forn > 1 and 1 <i < n, BDSgnExc (¢,t) = t'(—q)"™.

Proof:  This proof is very similar to that of Theorem 8 and thus we only mention
the differences. Since o is a derangement, for all 1 < i < n, 0; # i. As before, let
X; = {0 € B, : 0, = —i}. Since for all ¢ € B,, — X; the element i is in a cycle C' of
length at least two, consider the involution on B, — X, defined by changing the sign of
the minimum element in absolute value of C. Let ¢ be the resulting signed permutation.
Clearly, v € B9,,. By similar arguments, Zae%n_xi(—1)i”"B(")tp°Sfi(”)qexc(”) = 0.

Thus, only derangements with o; = —¢ contribute to the sum. The argument actually
shows that if o € B,, has a cycle of length at least two, it will get cancelled. Thus we
see that the unique derangement which contributes to the sum has o(i) = —i for all
1 < i < n. Since pos.i(o) = i, exc(oc) = n and invg(c) = n?> = n (mod 2), we have
BDSgnExc! (¢,t) = t'(—q)", completing the proof. n
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We record two simple corollaries of Theorem 22 in the cases when ¢ = 1,n. We will use
them in the next subsection. Define BDSgnExc)(q,t) = ZUE%QH(_1)ian(a)qexc(g)tposfn(g)
and BDSgnExc}l(q, t) = ZUE‘BDn(_1)iHVB(U)leC(U)tPOSJ(U)-

Corollary 23 Forn > 1, BDSgnExc”(q,t) = (—qt)" and BDSgnExc}.(q,t) = t(—q)".

We give a similar bivariate generalization of this result to &,,. Consider the following
matrices.

D= .. 0 7 DY, = R
111 - 0 tm 11 --- 0

We obtain Dy, = (d; j)1<i j<n by the following procedure. Set Dy, = M,,, where recall
that the matrix M, was defined in Section 3. After this, set d;; = 0 for all 1 < 7 < n.
Similarly, we get the entries of Dhn from M} by making a copy and then changing all
diagonal elements to zero.

Motivated by the above result, define DSgnExc)(q,t) = >~ o
as the bivariate signed excedance enumerator summed over derangements in &,,. Similarly,
define DSgnExcy,(q,t) = > cq (—1)Malmtposlmgexc(t) a5 the bivariate signed excedance
enumerator with respect to position of 1, summed over derangements. We recall that for
a positive integer i, [i]l,s = 1+ gt + (¢t)* + -+ + (¢t)""'. Define [0],, = 0. We show the
following bivariate generalizations of Theorem 2.

( -1 ) inva () $Pos-n (m) qexc(w)

n—1

Theorem 24 For all positive integers n > 1, DSgnExc(q,t) = (—1)
similarly, DSgnExc) (q,t) = (—=1)""'qt? - [n — 1] 4.

gt - [n — 1], and

Proof: It is clear that DSgnExc, (q,t) = det(Dy, ). Perform the row operation Row,, :=
Row,, — Row,,_; and then evaluate the determinant. It is easy by using induction on n
to see that det(Dyy,) = (—1)""'qt - [n — 1], Similarly, it is clear that DSgnExc)(q,t) =
det(DM}L). Performing the column operation Col,, := Col,, — Col,,_; and then evaluating
the determinant, it is easy to see that det(Dyn) = (—=1)""'qt*[n — 1]y, completing the
proof. [

5.1 A binomial type equation

Chen, Tang and Zhao in [2] considered the following polynomials B, (q) = Z ¢~ and
Ue%n
d2(q) = Z ¢®() where, they also use Brenti’s definition for excedance in %B,. They

oeBD,
showed (see Equation (3.6) of [2]) that

5 =3 (1) )
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Recall that BDSgnExc](q,t) = —qt in contrast to the &, case where there are no
derangements when n = 1. The following corollary follows immediately from Corollaries
9 and 23. Note that when ¢ = 1, Corollary 25 is identical to (7).

Corollary 25 BSgnExc(q,t) = Z (Z) t”_kBDSgnEch(q,t).
k=0

Recall BSgnExc}(q,t), the bivariate signed excedance enumerator in B, defined in
Section 3. Our next corollary is again immediate from Corollaries 9 and 23. Corollary 26
is identical to (7).

n

Corollary 26 BSgnExc,(q,t) = Z (Z) BDSgnExcy(q, ).

k=0

5.2 Signed Excedance Sum

In this last subsection, we give hyperoctahedral analogues of Theorem 19 of [5]. For n > 1
and 1 <i < n, define BDSgnExc),(¢,t) = 3, cpp (—1)Mel@) geesum(@)gposi(e),

Theorem 27 Forn > 1 and 1 <14 < n, BDSgnExc!,(q,t) = ti(—l)”q(ngl).

Proof: This proof is very similar to the proof of Theorem 24 and thus we only mention
the differences. Let X; = {0 € B9,, : 0; = —i}. Consider the involution 7 on BD,, — X;
defined in the proof of Theorem 19 (i.e. changing the sign of the minimum element in
absolute value in the cycle containing 7). The rest of the argument is similar and we omit

the details. By induction, the unique derangement that contributes has o(z) = —i for all
1 < < n. Since pos.i(o) = i, excsum(o) = Y1 i = ("}") and invg(c) = n? = n (mod
2), we have BDSgnExc (¢,t) = ti(—l)"q(nzl), completing the proof. ]

We give a similar bivariate generalization of this result to &,,. Consider the following
matrices.

Dp=| T D} = 1 .
11 1 -- 0 tm 1 1 --- 0

i.e. if Dp, = (pij)i<ij<n, then p; ; is obtained by the following procedure: set p; ; = q
if i <j,pi; =0if ¢ = j and p;; = 1 otherwise. After this, if j = n, set p;; = p;; - t".
Likewise, if Dp, = (pi;), then, set p"m =q'ifi < j, p;; = 0ifi=jand p; ; = 1 otherwise.
After this, if j =1, set p; ; = p; - 1.

Define DSgnExcSum;(g,t) = Y oo (—1)ma(mgexcsummposn(m) a5 the bivariate signed
excedance-sum enumerator over derangements in &,,. Likewise, define

DSgnExcSum, (¢,t) = Z (—1)inva(m)gpos-1(m) yexc(m)

7T€:Dn
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as the bivariate signed excedance enumerator with respect to position of 1, summed over
derangements. We show the following bivariate generalizations of Theorem 19 of [5].

i+1

Theorem 28 Let n > 2. Then, DSgnExcSum;(q,t) = (=)o tiq( 2 )) and simi-
larly, DSgnExcSum) (q,t) = (—=1)""}(>", tiq(;)),

Proof: It is clear that DSgnExcSum (q,t) = det(Dp,). After performing the row
operation Row, := Row, — Row,,_; and then evaluating the determinant, it is easy to

see by induction on n that det(Dp,) = (—1)" "1 (30 tiq@l)). Similarly, it is clear that
DSgnExcSum,, (¢, t) = det(Dp1). Performing the column operation Col,, := Col, — Col,_1
and then evaluating the determinant, it is easy to see that

det(Dpy) = (=1 3 #gla),
=2
completing the proof. n
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