Colour-blind can distinguish colour pallets
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Abstract

Let ¢c: B — {1,...,k} be an edge colouring of a connected graph G = (V, E).
Each vertex v is endowed with a naturally defined pallet under ¢, understood as the
multiset of colours incident with v. If §(G) > 2, we obviously (for k large enough)
may colour the edges of G so that adjacent vertices are distinguished by their pallets
of colours. Suppose then that our coloured graph is examined by a person who is
unable to name colours, but perceives if two object placed next to each other are
coloured differently. Can we colour G so that this individual can distinguish colour
pallets of adjacent vertices? It is proved that if 6(G) is large enough, then it is
possible using just colours 1, 2 and 3. This result is sharp and improves all earlier
ones. It also constitutes a strengthening of a result by Addario-Berry, Aldred, Dalal
and Reed (2005).
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1 Results

Consider a simple graph G = (V| E). Given vertex v € V', we denote by d(v) the degree
of v, and by N(v) the neighbourhood of v in G. To be precise, we shall also use the
notation dg(v) and Ng(v), resp., at times. A not necessarily proper edge colouring ¢ :
E — {1,2,...k} is called neighbour distinguishing (or vertex colouring, see e.g. [1]) if for
every edge uv € E, the multiset of colours incident with « is distinct from the multiset of
colours incident with v. The problem of finding minimum k& so that every graph without a
K5 component admits a neighbour distinguishing edge colouring with k& colours first arose
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in the paper of Karonski, Luczak and Thomason [6] as a tool developed for making some
progress concerning now well known 1-2-3 Conjecture, cf. [5] for the most recent result
regarding this. They proved that k£ < 183 always suffice, or even k£ < 30 if the minimum
degree 0 of G is at least 10%. This was then greatly improved by Addario-Berry et al. [1],
who showed that four colours are sufficient and provided the following refinement for
graphs of sufficiently large minimum degree.

Theorem 1. ([1]) Every graph of minimum degree 6 > 1000 and without a Ky component
admits a neighbour distinguishing colouring with 1, 2 and 3.

For every vertex v and a colouring ¢ : E — {1,2,...,k}, set ¢(v) = (ay, ..., ax), where
a; = [¢c71({i})| for i = 1,..., k. Thus c is neighbour distinguishing if ¢(u) and ¢(v) differ
in at least one coordinate for every edge uv € E. Let us strengthen this requirement
as follows: For every v, let us re-order ¢(v) non-decreasingly and denote the outcome
by ¢*(v) = (dy,...,dg), hence 0 < dy < dy < ... < dj and Y5 d; = d(v). We say
that a colour-blind person can distinguish neighbours under colouring c if for every edge
ww € E, c¢*(u) # ¢*(v) (hence also ¢(u) # ¢(v)). Here we consider a peculiar kind of
colour-blindness a person suffering from which cannot name colours, but is able to state
whether two objects (e.g. edges) placed next to each other are coloured the same or
differently. Therefore they are able to group and count subsets of monocoloured edges
incident with v, but cannot associate these quantities to the specific colours, and thus
c*(v) represents the most comprehensive information they can deliver on the frequencies
of colours surrounding v. The smallest integer k£ for which such colouring exists is called
the colour-blind index of G, and is denoted by dal(G). This notion refers to the English
chemist John Dalton, who in 1798 wrote the first paper on colour-blindness. In fact,
because of Dalton’s work, the condition is often called daltonism.

There are graphs for which this parameter is not defined. All known examples of such

graphs have minimum degree at most 3. It is thus believed that the following conjecture
should hold with 6y = 4.

Conjecture 2. ([4]/) There exists dy such that dal(G) is defined for every graph G with
I(G) = bo.

Moreover, it has been conjectured and proven the following.

Conjecture 3. ([4]) There exists a constant K such that dal(G) < K for every graph G
for which dal(G) exists.

Theorem 4. ([4]) For every R > 1, there exists dy such that if G is any graph with
minimum degree 6(G) = 6o and mazimum degree A(G) < RO(G), then

dal(G) < 6.
Theorem 5. ([4]) For every d-reqular graph G of degree d > 2 - 107,

dal(G) < 6.
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Following the probabilistic approach from [4], Przybylo proved then that in the case
of regular graphs one may significantly reduce the threshold for d at the cost of a few
more colours.

Theorem 6. ([7]) For every d-regular graph G of degree d > 960,

dal(G) < 15.

In this note we shall prove the following improvement of Theorems 4, 5 and 6, which
is a strengthening of Theorem 1 as well. Note that this also proves Conjecture 2 to hold.

Theorem 7. For each graph G with §(G) > 3462,
dal(G) < 3.

Note that this upper bound is tight, since e.g. dal(K,) = 3 for every n > 7, see [4] for
details.

2 Proofs

We shall use the following theorem from [3], which develops similar ideas included in [1, 2].

Theorem 8. ([3]) Given a graph G = (V, E) and for every v € V, integers a, ,a; such

that a, < Ld(QU)J <af <d(v) and

J _
ajgmin{ijl,Zav—i-S}, (1)

there exists a spanning subgraph H of G such that dg(v) € {a,,a, + 1,a},al + 1} for
eachv € V.

Corollary 9. For each integer d, d > 60, there exist a list 1 of at least % consecutive

integers and a divisible by 7 integer hy, hq > |14|, such that for any graph G = (V, E) with
minimum degree § > 60 and any list of integers (a,)vev with a, € Iyw) for each v € V,
there exists a spanning subgraph H of G such that dg(v) € {av,a, + 1, ay + hag), av +
haw) + 1} for everyv € V.

Proof. We shall prove that the lists I := {[ﬂ +3,..., ng — 11}, where

()~ () 552

and hy defined as the least integer divisible by 7 not smaller than ’—fﬂ fulfill our require-
ments. It is then sufficient to prove that for a given vertex v with d(v) > 60, any pair of
integers a, € I4,) and al =a, + hg(wy comply with the requirements of Theorem 8.
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For any such a, and hg(,) note first that by definition,

20 gy < [21] 6,

Clearly a, < {@J and

{M

5 J < ay = ay; + hyw) < d(v),

hence it is enough to prove inequality (1) for our a; and a;. Note then that

aj:a;—l—hd(y)éa;—l—{@—‘+6:a;+([@—‘+3)+3<2a;+3
and analogously,
ay < %—'—%4—’7@—‘4-54-1
< Loy {@J_HJFV(UW% ISP Oy
2 4 2 2
thus (1) holds. O

Note that the elements of each set {a,, a,+1, ay+haw), @y +hqe) +1} from the corollary
above have only two (consecutive) remainders modulo 7.

Observation 10. For any c € Zz there exist a,b € Zy such that the sets A = {a,a+ 1},
B :={b,b+1} and C :=={c—x—y: 2z € A,y € B} (additions modulo 7) form a partition
Of Z7.

Proof. Note that C' = {c—a—b—2,c—a—b—1,c—a—>b}. Forevery c =3p+1,p € Z7, it
is thus sufficient to take a = p and b = p+ 2, since then A = {p,p+ 1}, B={p+2,p+3}
and C = {p+4,p+5,p+6} in Z;. O

Note also that the number 7 cannot be replaced by a smaller integer in the observation
above (if we require A, B and C to be disjoint).

Proof of Theorem 7. We shall colour our graph using the colours 1, 2 and 3. First we
shall choose edges to be coloured with 1. These will form a subgraph H; of G. Then we
shall choose some subgraph Hj of the graph G’ = (V, E \. E(H;)) obtained by removing
the edges of H; from G, and colour the edges of Hy with 2. The remaining edges will
receive colour 3.

Note that any two neighbours may not be distinguishable in the obtained colouring
only if they share the same degree. For a given degree d > 3462 with remainder ¢ modulo
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7, let Z7, = Ay U By U Cy be a partition guaranteed by Observation 10, and let I; be a
set of integers from Corollary 9, |I;| > %. We shall ensure that the subgraphs H; and
H, are chosen so that dy, (v) (mod 7) belongs to Agw, du,(v) (mod 7) belongs to By,
and hence d(v) —dg, (v) — du,(v) (mod 7) belongs to Cy.). Then two neighbours will not
be distinguishable for a colour-blind person only if they have exactly the same number of
incident edges in each of the colours.

Let us fix any ordering of the vertices of G into a sequence vy, vs, ..., v,. One after
another we shall choose a,, for every v; in order to apply Corollary 9. Suppose that v;
(1 <@ < n) has degree d, Aq = {a,a+ 1}, and we have already chosen a,, for each vertex
v; with j < i. We then choose a,, € I; greedily so that a,, = a (mod 7) and the number
of backward neighbours v; of v;, i.e. v; € N(v;) with j < ¢, of degree d and with Ay, = Qy,
is as small as possible. Denote this minimal subset of backward neighbours of v; by B(v;).
In particular we may have |B(v;)| = 0. Note that we have at least |Z| choices for a,, in
I such that a,, = a (mod 7). Moreover

I - - 2 — 2464
29{EJ>29V 57J>29(d o7 —7):d+1+d—6>d+1,

7 28 28 28 28
and thus by the pigeonhole principle, a,, can be chosen so that |B(v;) U{v;}| < 29, hence
|B(v;)| < 28. For ay,,...,a,, chosen in this manner, Corollary 9 guarantees the existence

of a subgraph H; of G such that dg, (v) € {ay, a, + 1, ay + haw), @y + haw) + 1} for each
v € V, where hg(,’s are the divisible by 7 constants from Corollary 9. Moreover, since for
each d we have hy > ||, then for a given vertex v and its backward neighbour w, both
of degree d, we may have dp, (v) = dg, (w) only if w € B(v).

Let us now consider the graph G’ that was left of G after removing the edges of H;.
We may assume that we have used I; and hy defined in the first three lines of the proof
of Corollary 9, hence for each v € V' of degree d in G,

d d d d 3 7
dHl(U) <av+hd(v)+1 < \‘§J — 11+ ’71—‘ +6+1= \‘ﬁJ + ’71—‘ —4 < Zd_i
Consequently,
1
5(C) > L-la(c:) + ﬂ > 860.

In order to again apply Corollary 9, this time to G’, one after another we choose b,, for
each vertex v; in the fixed ordering. Suppose that v; (1 < i < n) had degree d in G,
By = {b,b+ 1}, and we have already chosen b,, for each vertex v; with j < i. Denote
by B’(v;) the subset of those vertices w from B(v;) for which dg, (w) = dg, (v), hence
|B'(vi)| < |B(v;)| < 28. We then choose b,, € 4, greedily so that b,, = b (mod 7)
and by, # b, for each v; € B'(v;). Since |B'(v;)| < 28 and

> der(v;) — b7 > 869 — 57 _

4 4
such choice is always possible. Then, by Corollary 9, there exists a subgraph Hy of G’

with dp,(v) € {by, by + 1,0y + hag, ), by + ha,, @) + 1} for each vertex v € V. Note then
that for every v € V and w € B'(v), dg(v) = dg(w), and thus dg, (v) # dy,(w).

[ Lag, v 29-7,
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As mentioned, we colour each edge of H; with 1, each edge of Hs with 2, and the
remaining edges receive colour 3. Additionally, by our construction, for every vertex
v € V we have dg, (v) (mod 7) € Agey, di,(v) (mod 7) € By and d(v) —dg, (v) —dm, (v)
(mod 7) € Cy), where Agpy U By U Cy(y) constitutes a partition of Z;. For each edge
vju; € Ewith j <iand d(v;) = d(v;) =d, if v; ¢ B'(v;), then v; and v; are distinguishable
by colour 1, and in the remaining cases by colour 2. O]

3 Concluding Remarks

Intriguingly, there is still lack of complete characterization of the family of graphs with
well defined ‘dal” parameter. Thus in general it is not known if a finite bound for the graph
invariant in question exists for these graphs, cf. Conjecture 3. Surprisingly vertices with
‘smaller’ degree appear more difficult to handle, and seem to require a different approach.
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