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Abstract

We consider a special class of binomial sums involving harmonic numbers and
we prove three identities by using the elementary method of the partial fraction
decomposition. Some applications to infinite series and congruences are given.
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1 Introduction

The binomial transform of a sequence, {a, }n>0, is the sequence defined by

n kz;(—n’f(?;) .

This kind of transform has been widely studied, see for example the pioneering paper [2].
In it, the following integral representation (Norlund-Rice) is used:

> (-1 (Z)f(k) = (;Z)'n /C - 1)7-1-!- R

k=0

where f(z) is an analytic extension of the sequence f(k), and the curve C includes the
poles 0,1, ..., n and no others. Enlarging the contour of integration leads to an asymptotic
expansion, but often also to identities, in particular when f(z) is a rational function.
In this case the method is equivalent to considering the partial fraction expansion of

W'(z_n) f(2). This is also the point of view that we adopt in the sequel. Our terms
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f (k) are not exactly rational functions in k, but not too far away. We consider for example
harmonic numbers H,(s) with s € NT, which can be written as

z S (+-m5)

J=1

and for fixed 7, this is a rational function, leading to an identity, and these identities will
be summed over all j.
In this paper we are interested in a variation of the binomial transform, that is

R ()

in the special case where the generic term a,, involves harmonic numbers. As we will see
in a moment, these types of sums can be evaluated in terms of multiple harmonic sums
which are defined by

H,(s1,89,...,8)= Z H sgnsf

1<k <ko< - <ki<n i=1

for | € N*, s = (s1,8,...,85) € (Z*)". The integers I(s) := [ and |s| := S_\_, |s;| are called
the length (or depth) and the weight of a multiple harmonic sum. By {s1,s2,...,s;}™ we
denote the set formed by repeating m times (sy, Sa,. .., S;).

The following three identities appear in [6, Th. 1 and Th 2]: for any integers n,r > 0 and
d> 2,

S o () (T = o S 2O s

s=X({134-2,2)

SEU (Y - S e,

k=1 s=2({1}7)
where s < t = (t1,t2,...,ty) € (NT)™ means that the sums are taken over all the
compositions of t, i. e. any s = (s1,89,...,5;) such that s; = Zji—1<k<ji t;. for some

0=jo<j1<Ja<--+<ji=m. So, for example s < (1,1,1,2) if and only if
se{(1,1,1,2),(2,1,2),(1,2,2),(1,1,3),(2,3),(1,4),(3,2), (5) }.

Moreover, let

1
Sm,n(sla"'vsl) = Z kSt ks
1 r

m<k1 < <ki<n
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for s = (s1,82,...,5) € (N*)!, with the convention that S,(s) = Si,(s). The following
four identities appear in [4, Cor. 2.1 and Th. 2.3|: for any positive integers n, a, b,

59 (;;zlb)k (Z) (n . k) T s, (1)

3 C ) () e

2% (;gzlb) <Z> (n Z k) _ (He(2a+ 1) + Hi1(2a+ 1)) = =S,({2°4,3, {2 '}),  (2)

" 1 n\ [n-+k -t . -
22 L2b—1 (k:) < L ) (Hy(—2a) + Hp—1(—2a)) = =S, ({2°},1,{2"7'}).
k=1
Note that also in this case the right-hand side is a combination of multiple harmonic sums

because
Salt) = H,(s).

s=<t
In the next two sections we provide three new identities which extend the pattern. The
proofs are based on the elementary method of the partial fraction decomposition (see
[5] and [6] for more applications of this technique). In the final section we give some
applications to infinite series and to congruences. In particular we show the following
exotic sums:

Ro12)= Y = 2 - Lesye),

1<j1 <k1<ko Ji(2ky —1)k; 8 4
1 635 49 31
2,2) = =— — 4) + = 2
Re(22)= ), am—pm = S0+ e + T CB)K),
1<j1<ge<k1<ke
where
_ ({2} 2101 1
Rofa,b) = S 2u 1({21) Sk ({21777) _ 3

2k — 1) Ji a2k = Dk3 - kY

k=1 1< SJa<kr<-<kp<n

for positive integers a, b.

2 Results: first part

Hy(d) = — > 2 H,(s).

s2({134-2,3,{1}7 1)

" (=1)* /n n + <
Z ( kr> (k) ( k )Hk(l) - Z 2l( )Hn(_ShSQJ"'?Sl(S)))
k=1 s=(2,{1}71)
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Proof. For n,j > 1, let (factorials are defined via Gamma functions)

C+n)lz—n—1) 1 [1 1 ]

Je="0e o e G

and consider its partial fraction decomposition

-5 ()T )

k=1
Cr(”a])++cl(n73>+Dd(n7j) Dl(n7]>
2" 2 (z+7)4 Z+]

+

Multiply by z and let z — oo.

0~ () bl -] e e

k=1

where

N zEn)l(z-n-1)! 1 [1 1
i) = I s - )

T@+nwz—n—nﬂi 1 }

=[] 2l(z —1)! gt (24
LT (z+n)l(z—n—-1)!
=l | 2l(z = 1)! {w —Z—j:|
N )l z-—n-1! 1 1 1
Dyfng) = [+ e = L
e e
:_[ d—l}(w_j"i_n)!(w_.]_n_l)' 1
(w— )N (w—j7—1)! (w— )+t
_ [Zr”wdfl] (w _j_'_n)'(w —J—n-—- 1)' 1
(=l (w—-j-Dt 2= (w=j)
@ w—j—n- [ 11
e = ey e

Define S(n) via
[Z'][w'")S(n) = Y (Ci(n.j) + Di(n.j))

Jj=1

then by summing over 7 > 1, we obtain

it = S SR () (M)

k=1
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Now set

F(n,j)
:(_(z—i—n)!(z—n—l)!+(w—j+n)!(w—j—n_1)!){ 1 1

2z —1)! (w—)(w—j—1)! a

L

w—7 w—2z—]

and ‘ .
(w—j4+n+D(w—j7j—n—-1)"! 2z

(w— )N w — 7)! n+1

Then, as is easy to check,
(n+1=2)F(n+1,j) + (n+1+2)F(n,j) = G(n,j + 1) — G(n, j).

Summing over j > 1, we get

2z

n+1—-2)Sn+1)+(n+1+2)Sn)= le%loG(n,j +1)—G(n,1) = i G(n,1).
Let
7(n) = (1" 2L 5(n)
N (n+2)!
then, since ( o )
w+n)l(w—-—n-2) 2z
Gl = = )i =1 nt1
we have
B o (n—2)! 1 2z
T +1)=T(r)=(-1) (n+2)!(n+1+2) (n—i— 1 G(n,l))
_ (=1)"(n — 2)! (1 ~ (wH+n)l(w—n- 2)!) 2z
(n+1+2)! (w—1)Y(w —1)! n+1
Therefore
T(n) = (T(k) = T(k—1))
k=1
= DR E=1=2)! (w+k—1)N(w—Fk—1) 2z
T2 (ke (1 T o D)lw—1) ) T
and
_ (42 & (DR —1—2)! (w+k—1DNw—k—=1) 2z
(=075 = (n—2)! &= (k + 2)! (1_ (w—1)(w—1)! )?
oz otz ()P 1w Y ldw/
_2;(1—z/k)j:1111—z/j | ( = _ﬁ(l—w/k)]nll—w/j>'
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If d =1 then

is given by

k=1 k41 1=2/j
=2[z""!] U 1+iz—s ﬁ 1+2iz_3
k? ks ‘ js
k=1 s=1 j=k+1 s=1

- Z Ql(s)Hn(_Sh 8251 Si(s))-

If d > 2 then

is given by
™1V 15(n) = —2[" ! - z T L+2/j
sl = 20T Y = T 7257
1 w kill—l—w/j
'(E(1—w/k)£[11—w/j>

- _2[zr—1][wd‘2]§ (1 +§;Z—) Ii;[i <1+2§;?}_—:)
(OREE) (055

s=1 j=k+1 s=1 J

= — Z 2V [, (s).

s2({134-2,3,{1}7 1)

| N

3 Results: second part

Theorem 2. Forn,a,b>1

5 kZ: # (Z) (” ' ’“) B (D" Hi1(20) ~ Hio(-20)) = Ryfab). (3
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Proof. Forn,7 > 1, let

i) = Az—n—-11 1 'F 1 ]

z+n)l(z=1) =z [jI  (z2+j)
Then its partial fraction decomposition is
RN (—1)n* 11 1 1
f(z)_z(nJrk;)!(n—k)!k;T A k+j)iz—k
= (—1)n* 1[1] 1
—1) —_|=
+(-1) 1 n— k) k| je| 2+ k
= n—k 1 1 1
o 3 i

k=1,k+#j (n+k)(n— k) kr —k+5) ] z+k
CT ! . C ’ D ) . D 5 '
JOlnd), Od) Danlng) ) Dalnd)
2" z (z+j)dF P

Multiply by 2z and let z — oo.

R S G VS O I S S
O_Z(n—l-k‘)!(n—k)!k:?" {jd (k‘+j)d}

k=1

R e
+= :gn+ku o )

n

Z n+k P k)!%[_ﬁ}

1,k#
+Cl(n7j) +D1(n7.]>

Moreover
. e a1y 2(z—n—1)! 1 1
) =N ey [ )
and
e aen (W =) w—j—n—1)! 1 1
R e e R |

Define S(n) via
[Z][w ]S (n) = (n1)* ) (Ci(n, j) + Di(n, )

=1
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then by summing over 7 > 1, we obtain

s = > G () () i

.
B ICORT
S EE IO e
-y ZZ 00 T
~ = iZ W (Z) (n : k) e
R S NIGURCTREIRD
Lo
Foud) = 0 (~ e e p ) 5 )
" s )

<1 — m) F(n+1,j)+F(n,j)=Gn,j+1) = G(n,j)

and by summing over 57 > 1, we get

(1 __Z ) S(n+1)+ S(n) = lim G(n,j +1) — G(n,1) = —G(n,1).

(n+1)2 j—o0
Let . ,
T(n) = (-1 [] <1 - %) - S(n)
then,

T(n+1)-T(n) =[] (1 - j;) (=1)"G(n, 1).

J=1
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G(n,1) = (n!)?

(w—mn—2)! <z—|—n+1_
(w+n)! 2

'(2(2k—1)k_@_@_(2k—1)k2_@)' 4)



If r=2b—1 and d = 2a then we obtain

SCEO (1) omen + s

k=1

Since
:1 ’fi‘l (Z) (n _l: k> (H(20) + Hy 2 (~20)
= [226-D)] %] ;}3 (1 — ;—z)_l . ]1:[1 (1 _ %;)_1 ‘ (_%)
and

(—1)*(Hi(2a) + Hp—1(2a)) — (Hp(—2a) + Hp—1(—2a)) = 2((—1)*He—1(2a) — Hy_1(—2a))

it follows that

2 kz: kzil (Z) (” Z k) 71((—1)%_1(2@) — Hy1(—2a))

= [ V][w™] iﬁ (1 - j—z>_1 ﬁ (1 - %2) - (Qk;l— 1)

k=1 j=k j=1
N S ({228 ({2107
= 2 2k 1) = R,(a,b).

Note that if r = 2b — 1 and d = 1 then (4) yields (1),

L) 6)
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Moreover, if r = 2b and d = 2a + 1 then (4) yields (2),

3 % (Z) (” ' k) (a4 1)+ (204 1)

eI 5) T(-%) ()

k=1 j=k j=1

= —25.((2)3,{2)

4 Two applications of identity (3)

Our first application involves infinite series. Evaluations for Euler sums of length two and
of odd weight m +n, Hy(m, —n) and Hy(—m,n) in terms of zeta values are well known
(see, for example, [1, Th. 7.2]):

2Hoo(m, —n) = C(m +n) — (1 = (=1)")¢(m)¢(n)

+2(=D)" ) <n2_7’1>2(2r+ )C(m +n —2r —1)
(mJ:rj—l)/2 o 3
== > (m_ Je@r+nimt+n—2r=1),  (5)

2H(—n,m) = —2H(m, —n;— 2¢(m)¢(n) + 2¢(m + n), (6)
where ((0) = 1/2, (1) = 1In(2), {(n) = (1 —2'"")((n), and ((n) = > oo, 1/k", for n > 1.

Theorem 3. Let a,b positive integers with b > 1. Then

Re(a,b) = 4@21 ((%Qﬁ 2) _ (in 1)) (1 - %) Cr +1)T2(a+b—1—1))

Proof. By taking the limit n — oo in (3),
Roo(a,b) = 2Hoo(2a, —(2b — 1)) — 2H.o(—2a,2b — 1).
Then use (5) and (6). O

For the second application of (3), we first recall some congruences. Let m,n be positive
integers and let p be any prime p > w + 1 where w = m + n,
i) if w is even then ([7, Th. 3.2])

Hyeatmon) = (om0 = (M) <) B God ),

m n 2(w+1)
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ii) if m is even and n is even then ([4, Lemma 3.1])
(m—n)(1-2"")(w w 9

H, {(—m,—n) = — — | pBy_w— d p?).
po1(=m, =) (z(m+1)(n+1) m) " 2w 1)) PPt (mod 2

iii) if w is odd then ([3, Lemma 1])

Hyi(m,n) = ((—1)" (w) +2v — 2) BQ”ww (mod p),

m

iv) if m is even and n is odd then ([4, Lemma 3.2])

Hys(—m, —n) = (2% <w) + 1) "= DBrw nod p)

m w
Lemma 4. Let m,n,r be positive integers. If n + r is odd and m is even then for any

prime p > max(m,n) + 1,

p—1 Hi_1(m) — (=D *H_1(—m))(Hp(n) + Hp_1(n
Z( (m) = (=1) /E; ))(Hi(n) + Hg1(n))

=0 (mod p).
k=1
Proof. Let a be a positive integer or a negative even integer then, by Wolstenholme’s

theorem, for p > a + 1,
H, 1(a) =0 (mod p).

Thus
p—Fk p—1
S (sgn(@)y & (sen(a))
Hposle) = ~ g -
(e S (s8(@)
= (s 37
= (—1)sgn(a)(Hy1(a) — Hy_1(0))
= —(—1)"sgn(a)Hy—1(a) (mod p)
Hence
[ X (Hia(m) = (1) Hyi(=m)) (Hi(n) + Hya(n)
. =
k=1
s Hyia(m) = (=1 Hy s (=m)) (Hy 1(n) + Hy i 1()
p (p— k)
_ o (S Hi(m) + (= 1) Hy(=m)) (=1)"(— Hy,_1(n) — Hy(n))
N k=1 (=1)kr
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which implies that L =0 (mod p). O
Theorem 5. For any prime p > 2a + 2b — 1,

2(1 — 27 Ra#20=1)y /94 4+ 2 — 1

Rip-1)/2(a,b) = = 2a+2b—1 < 2a

2(@ —b+ 1)R(p_1)/2(a, b)
(2a+1)

)Bp—(2a+2b—1) (mod p),

Rp—l (a, b) =

(mod p).
Proof. Setting n = ’%1, we note that
(G R e [ B
= (-1 = = (—1)" (mod p).
() F G (5T

Therefore, by i) and ii),

S|
2 L2b—1
k=1
H(p_l)/2(2a, 2b — 1) — 2H(p_1)/2(—2a, —(26 — 1))

2(1 — 2-Cat2-1)) /94 4 9 — 1
2a +2b—1 %2, By (2a+26-1) (mod p).

Rip-1)2(a,b) (Hp-1(2a) — (—1)"Hy_1(—2a))

Il
[\

Now, setting n = p — 1 we have that

BIGOIE S (CHRICHE

= 0 (5= )+ Ha ) mod p)

and by the previous lemma, by iii) and iv), it follows that

R-yalat) =23 s (5 = (D) + Hia(1) ) (Hiea(2a) = (-1 i (-20)

" Hi 1(2a) — (=1)*Hyp_1(—2a
3 (2a) — (-1) (—2a)

k2b72

2
P

L, (Hp_l(Za, 2-2)  Hyy(~2a,—(2b— 2)))
p p
2(@ —b+ 1)R(p,1)/2(a, b)

= 2ot 1) (mod p).
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