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Abstract
In this paper we develop a general method to enumerate the congruences of finite

summations ZZ;(l) ~% (mod p) and Zﬁ;(l)_h a’]“v;i“ (mod p) for the infinite sequence
{an }n>0 with generating functions (1+xz f(z)) 2, where f(z) is an integer polynomial
and N is an odd integer with |[N| < p. We also enumerate the congruences of some

l—az—+/ 1—52;&+6)x+3a:2 and

similar finite summations involving generating functions

lfawf\/172aac+(a2 —48)x?
2Bz2 )

Introduction

Let p be an odd prime number and m be an integer with m # 0 (mod p). The initial
topic of this article is to enumerate

Y (mod p) )

=

e
I
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the congruence of the pth partial sum of the infinite sequence {a,}>°,. The study of
the congruence of a single term, a,, (mod p), has a long history extending form the most
famous and edge-old problem of Pascal’s fractal, which is originally formed by the parities
of binomial coefficients (Z) [5, 6, 13, 14, 15, 16, 19, 25], to the most recent works about
Apéry numbers [2, 4, 9, 11, 20], central Delannoy numbers [9], Catalan numbers [1, 7, 10,
17, 21], Motzkin numbers [7, 9, 18] and etc. [12].

This article focuses on the sequence {a,}>, with generating functions (GF’s) (1 +
zf(x))2, where f(x) is an integer polynomial and N is an odd integer with |[N| < p.
Neither a, nor % in (1) is necessarily an integer if we deal with the field of rational
numbers; therefore, we shall consider both a, and % the congruences in the modular

arithmetic field with modulus p. For instance, usually (1/ 2) is a fraction; however, in the
modular arithmetic field Z, = {0,1,...,p — 1} we have

1 p+l
(2)5(2) (mod p) for k=0,1,...,p—1, (2)

NN

which is always an integer. For example let p = 5, and then (
(mod 5) = (3).
Z.-W. Sun [24] applied (2) and some other tools to verify the equivalence

remst () e

p

)= (32 =3 =

where ¢ is the kth Catalan number and ( ) denotes the Legendre symbol defined by

0 ifpl|a
a
(—) =<1 if a is a quadratic residue modulo p;

—1 if a is a quadratic nonresidue modulo p.

One has the following well-known and useful congruence:

a

(_) =a¢"T (mod p), with (g) € {-1,0,1}. (4)

p

In [24], Sun also derived Y77~ <& (mod p) for a; being the kth central Delannoy number
or Schroder number respectlvely. The results by Sun initiate the motivation of our study.
In this article, we wish to provide a systematic method to deal with the problems of this
kind.

The article is organized as follows. In Section 2, we exam the problem in (1) by gen-
erating functions. As applications, similar problems of (1) involving generating functions
modified from /1 4+ Az + Bx? are given in Section 3. In Section 4, we focus on another
type of problem > ,_, Lk a’;tag,f (mod p). And then some applications are demonstrated
in Sections 5 and 6.
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2 GF’s of the form (1 + ch(a:))%

Let {ax}r=0 be the sequence associating with the generating function

vz

(1 +zf(z))>,

where f(z) is an integer polynomial and N is an odd integer with |N| < p. To formulate
P agm* (mod p) and SP_) Z& (mod p), which are same problem in different forms,
we need the following facts:

p+N

( z ) (mod p) for k=0,1,...,p—1;
p+N

—
—
=
—
ESIN]
~—
Il

(T)EO(mOdp) fork:’#,...,p—l;

—
=
=
—
ESIN]
~—
Il

N

iii) 2) = —27! (mod p); moreover ( 2, ) = —271 et (mod p) for k=0,1,...,p—1
p p+k k

The reason for (i) is trivial and the congruence 0 in (ii) is due to that 2% is an integer
and k > 25N The reason for the first equivalence in (iii) is because of the bijection
between {N,N —2 --- N —2p+ 2} and {0,1,...p — 1} under modulo p; however, the
element N — 27 such that N —2i = 0 (mod p) is —p, and additionally 277 = 27! (mod p).

The second equivalence in (iii) directly follows the first one. The advantage of (i) is that
p+N p+N p+N

(7) is a normal binomial coefficient; therefore, we can apply ( 2 ) = ( piN k).

In the following, the equivalence f(z) = g(x) (mod h(z)) means that f(x) and g(x)
share same residue with respect to divisor h(z). Moreover, f(z) = g(z) (mod z9,p)
indicates that the coefficients of f(x) and g(z) for the term %, with k = 0,1,...,¢ — 1,
are congruent modulo p.

Theorem 1. Given an odd prime p and an integer m with m # 0 (mod p). Let {ax}r=0

be a sequence of integers whose generating function is (1 + $f($))%, where f(x) is an
integer polynomial and N is an odd integer with |N| < p. We have

|2

(I+azf(x)? = (L+af(2)"s  (moda’,p), and (5)

p—1
E akmk
k=0

where E(x) is the polynomial consisting of each terms ' with t > p in the expansion of
p+N

(1+2f(@) 5",

Proof. Actually, (5) and (6) are equivalent. The following can prove both at the same
time.

(14 mf(m)) 5 (”mff(m))—m) (modp),  (6)

p—1

>amt = [(1+2f())

k=0

w2

(mod a:p)] (7)

r=m
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_ (i) (f(@) (mod :cp>] B
_ (%)(xf(x))’“ (mod 2, p)

L r=m

— B,

- u+mﬂmWT(£i%@@)—Emo(mwpy

Notice that the equivalence in (8) responses to modulus p by applying (i) and (ii), and the
equation in (9) yields by modulus 2 and that ]‘# is an exponent of positive integer. The
last equivalence is because of (4). Referring to (7) and (8) without substituting = = m,

we then verify (5).

[]

It takes time to enumerate F(z) unless f(z) is simple enough. In the rest of this
section we assume f(z) = A+ Bz. Let [2"]g(x) denote the coefficient of 2™ in the power

series g(z). We derive the following rules:

(rl) If B =0 (mod p) then E(x) =0 (mod p). Moreover, we have

t
1 (1

>t = (14 () (2 o ),
k=0 p

for t = 1#, p—“;”,.
(r2) If N < —1 then E(z) = 0 again.
(r3) If N > 1 and B # 0 (mod p), then E(z) # 0. Let

(14 Az + Ba®)"® = go+ @1z + - - + gpona®™.

For the precise value of g,,, we can simply apply the following formula:

[2°)(1 + ax + )M

..,p—1due to apiniz =+ = ap_1 =0 (mod p) by (ii).

:{ s PP Y [ if M >0 and e < 2MM;

ket (D Lt o) @™ 8F i M <0,
Therefore,

. N
min{m, 2L~} PN

= 2 AZk—m Bm—k‘ )
¢ 2 <ﬁﬂ—kﬂk—mmw%)

k=71 2
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Particularly, if N = 1 then E(z) = 5 (%) 2’ + B (%) 2P (mod p); if p > 3 and
N = 3 then

s = (o (2) g (2 ((2) 3o ()

B B
+§AB (—) Pt 4 B? (—) 2P (mod p).
2 p p

In case that E(z) = 0, we reach a particular case as follows.

Corollary 2. If f(x) is a constant function or f(x) = A+ Bx with N < —1, then we
have E(x) =0 and

p—1 9 N+1 9
ar (m*+Am+B\ > [(m "+ Am+ B
Zﬁ_ 2 D

k=0

) (mod p).

m

Here we recall some sequences as applications of the last corollary:

sequence name first few terms GF Sl <& (mod p)
central binomial coeff. 1,2,6,20,70,... 11_436 <m2;4m>
central trinomial coeff, 1,1,3,7,19,51,... | o= mQ_Em_;;)

central Delannoy numbers | 1,3,13,63,321, ... \/l—éx-l-xz (mQ’im“) (see [24])
A002457, in [22] 1,6,30,140,630,... | (1—4a)> | <m2f4m>
A002420, in [22] 1,-2,-2,—4,-10,... | V1—4x m? —dm <m2—4m>

Table 1: Some direct applications of Corollary 2

1 : . .
Let us take advance to enumerate > y_, % and Y 4 %, which will be used in the

nest section. We need to enumerate two additional terms, -2 and 2. Using (4), (i),
(ii) and (iii), we calculate a, and a,; as follows:

[P](1 + Az + BxQ))% = Z[mp] <5> (z(A+ Bx))*

pr k
_ _Ep: (%)w—k]m+3x)k

= (i) "7 J(A+ Ba)™5 + (%) [2°](A + Bz)? (mod p)

2

THE ELECTRONIC JOURNAL OF COMBINATORICS 21(2) (2014), #P2.45 5



Il
v e
VR
M3 S
w|+ M‘Jr
N———
7 N\
SAEY
N———
|
—_
N———
=
o
o,
=

27T (1 + Az + B2?))> = i:l (%) [P "1 (A + Bz)*
= (é) "5 ](A+ Bx)® + (%) [](A + Bx)?
+ (p _% 1) [2°](A + Bz)P*"  (mod p)

I% el L (25 1
= (zil) 2—|—O—§< i )Ap+ (mod p)

If B=0 (mod p) or N < —1, then >-b_; % and >_47) % are ready because we have
2 = —2A (mod p), 22t = —{‘YTAQQ (mod p), E(x) = 0 and referring (6). When B # 0
(mod p) and N > 1, then the larger N is, the more complicate E(z) is. However the two
summations for N = 1 are also ready as follows.

Corollary 3. Let {a,},>0 be the sequence whose generating function is /1 + Az + Bx?.
We have

"Lay  mP4+Am+B (m?*+ Am+ B A B (B

Dok = T , “om mEly ) (medp)
k=0

Ma,  mP+Am+DB (m*+Am+B\ A A2

ZW - m2 P C2m 4m? (mod p).

k=0

3 GF’s modified from /1 4+ Ax + Bx?2

Many well-known sequences are associated with generating functions modified from (1 +
Axr + Ba:2)%. In this section, we consider two types:

1 —az —+/1—-2(a+ B)x + Ba? 1 —az — /1 —2az + (a? — 48)2?
and .
B 222

l—az—+/1-2(a+B)z+Bx?

Let r be the generating function of the sequence {b,},>0, and let
A = —2(a + ) for convenience. For examples, («, 3, B) = (0,2,0) yields the Catalan
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number, (1,
tively, and (
A002212).

2,1) and (—1,4, 1) provide the large and the little Schroder numbers respec-
1,2,5) is associated with the number of restricted hexagonal polyominoes [22,

Theorem 4. We have

—1
by m?+ Am + B m2+ Am + B B B
S = e (- () s () 1) e

Proof. We still let {a,}n>0 associate with /1 + Az + Bxz?. Notice that by = —% for
k > 1. Also it is clear that ag = 1, a; = é and by = 1.

bk m b Qe
el D B

p—

1
k=0

528 5L
_ 1+m_i_A_m m2+Am+ B [(m?+ Am + B B A
28 B m? P om

m2—|—Am+B( (m2+Am+B>> B <(B) )
= 1+ 1— +—((=]-1).
pm p pm \\ p

In particular, the last term in the last theorem is zero if B = 0 (mod p) or <§> =

]

1.
This particular case happens for the Catalan numbers (see (3) and also [24, Lemma 2.1}),
the large Schroder numbers (see [24, Theorem 1.2]) and the little Schréder numbers.

1—az—y/1-2 2_48)42
Now let —= v Qﬁozfj(a e

For convenient, let A = —2a and B = a? — 483. Lots of famous sequences have GF’s
of this form. For examples, (a, ) = (1,1) yields the Motzkin number, and (3,9) as
well as (5,5) are associated with the numbers of Motzkin paths with multiple colors for
level steps. Also (a, ) = (2,1) creates a shifted Catalan number, (3,2) a shifted little
Schréder number [22, A001003], and (4, 1) the number of walks on cubic lattice starting
and finishing on the horizontal plane but never going below it [22, A005572]. For more
examples, please refer to [3]. The next result can be verified by a process similar to the
proof of the last theorem.

be the generating function of the sequence {d,},>o.

Theorem 5. We have

2 2
% m*+ Am + B | m-+ Am + B L9 (mod p)
«m" 2 p

[y

i

e
Il
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4 Enumerating > P~ 1" ‘z’;’ta]';;f (mod p)

Let {an}tnso still associate with a generating functions of form (1 + Az + Bz?)z. In
this and the next sections we assume B # 0 (mod p). Given nonnegative integer h with

h < p— 1, we are interested in two summations: (S1) S2P_0~" %%ih (mod p) and (S2)

Bk
Yo Lh a’“ag,f (mod p). For convenience, we use +B to denote B and — B simultaneously.

Let G(2) = ap + a1z + - - - ap_12P~1 = (1 + Az + Ba2)® (mod 2#) and Q(z) = (1 + Az +
Ba?)"s = qo+qa+-- + qp+pr+N. (See (r3) for the formula of ¢,,.) Now we apply
[z "G (2)G(L) to evaluate SP L agagy, and also use the fact G(z) = Q(z) (mod p, 2?)
(see Theorem 1).

N g el
c~ (£B)F +B’ x
- T 1 Qe+
= [z h]Q(g)Q(;) - Z (j:BJS’“ (mod p)
k>=p—h
h v e\ A B\ Ak Qh-+h
2 ]( +iB+B) ( +m+x2) &=, (EB)F
— B#[prrN—h} 1+ ﬁ + x_Q E 1 Az + w_2 = . Z Ak qk+h
a +B B B ' B (£B)*
k>p—h
Tk Qk+h PN Nen J (1 + 52+ fx )p+N for (S1);
= — +B p+ N 10
,; (£DB)* <o ]{(1+2B 224 Lah™ T for (S2). (10

The first common term ) koph %ffgg

(r3)). Now the result of (S2) is ready.

Theorem 6. The summation Y 0_h " a(’“a% (mod p) is equivalent to

1 (B 2B — A?
BNT+ (5) [{L‘p+N_h] (]. + Tl’ + —ZE ) — Z qu}c-i-h Od p)

k>p— h

can be avoided if and only if N < —1 (see (r2) and

Particularly, if h is odd then the first term is 0, and if N < —1 then the last term is 0.

Example 7. Let N = —1 and B = 1. For instances, \/:+ is the GF of the central De-
lannoy numbers, \/ﬁ is associated with the colored Delannoy paths, and ﬁ
is associated with the central coefficients of (1 4 7z + 122%). So Y2t (=1)*aarn = 0
(mod p) if 2 is odd; otherwise let p—h—1 = 2¢ and 2% = M, and then Zp M)k agag
(mod p) is equivalent to

e . M —e
@1+ (2 - Az + )V = Y (M_k oh e €_k>(2—A2>2’“ :
k=[£] ’ ’
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As for (S1), we continuously simplify the last term in (10) as

A 1 ,\Y A A1 ,\"
a0 (14 G o)+l (1 Foe ge?)
because (1+ 4z +£2?)P = 1+ 427+ L2 (mod p) in which 2% is ignored for its exponent

being too large.

Theorem 8. Let (1 + Az + Bx?)® = = 0 @z and (1 + Az + Ba? )z En ZZHS] "
Then Y 0_h~" % (1mod p) is equivalent to

Bk

B A 1 N\Y L (B A 1 N\Y
dkqk+h

k>=p—h

Particularly, only the first term remains when N < —1, the first term is zero when N > 1
and p > N + h, and the second term s zero when N < h.

Example 9. Again, let N = —1 and then > 7_, h—l 2R (mod p) is equivalent to

B A 1 - k

€l(1 2y—-1 _ § -1 k AZk;—eB—k

(p)[x]< +Bx+Bx) ( )<2k—e,e—k>
k=[51

where e =p —h — 1.

Since z/(1 4+ 4z + £a?) is the generating function of the Lucas sequence u, that
satisfies the second order recurrence relation

A 1
_un_ _— —
B "' B

Up = — Up—2,

with the initial vy = 0 and u; = 1, we also have
p—h—1
A Qkth B
Z Bk == (E) (mod p)

k=
s=a
a—pf p)’

[en]

where o and /3 are roots of 2% + %x + %.
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p— 2 hbkbk+ p— 3 hdkdk+h
5 Summations  ;_ EDF and ) ;" — i

1—az—\/1—2ax+{a2—4ﬁ)m2

We observe some applications here. Let be the generating function

28x2
of {d,}n=0. For convenience let A = —2a and B = o? — 40.
Since dy_» = — 5 (mod p) for k =2,3,...,p— 1, we have
3— ~1-h
P dyd k+h . B*’ A Qi h, d
Z (+B 432 +B)k (mod p)
k=0 —

Ak Akth
(£B)*

term El@pw Gkikth in hoth Theorems 6 and 8. With N = 1 we have Z@pfh Gelith —

Before we apply the formula of )~} _, L=h

given in the last section, let us recall the

(£B)* (£B)F
(ipé)hquh + %L;);{qffﬂ. Notice that, the coefficients of (1 + Az + Ba®)M = qo + quo + -+ - +
Grre®™ have a sort of symmetric property, i.e., BM*q, = qopr_i for k = 1,2,...,2M,
which can be easily proved by induction on M. Let M = p+1 and we get
PaM—k—hP2M—k (+ )hpk:pk+h
(£ B)2M—k~h (£B)*
A Ak+-h
= (+1)" d p). 11
(£1) P8 (amod p) (1)
Particularly, 5555 = (£1)"aoan (mod p) and 5% = (£1)" g5 (mod p). More-

over, for N =1 and h < p—3, the term B2 (%) [2P*N=h) (14 424+ L22)N in Theorem 8

must be 0. Now we derive conclusion and show some examples as follows.

Theorem 10. The congruence Y 05~ h dké’?h (mod p) is equivalent to

B? B A 1 2a1a
- A = 1—h 1 il 2 _2 o 181+h )
4ﬁ2( (p)[x }( ~|—B:U+Bx> apay, E

Corollary 11. Let 2 < h < p—3. We have

p—3—h
dkdk+h

Bk

132
= 3 (aoah + alC;Jrh) (mod p),

which is a fixed number modulo any prime p > 2.

k=0

A B A?

Example 12. Notice that ap = 1, ay = 5, aa = 5 — &, a3 = = B 4 ﬁ and ay =
—%2 + % — %. For h =0,1,2,3 and p > h + 3 we have following examples.
p—3
d;,? B B
= = 2A? — 4B — A? d
> % = 52 (2 (5) ) (mod )

THE ELECTRONIC JOURNAL OF COMBINATORICS 21(2) (2014), #P2.45 10



p—4
dpdik1  AB B )
Z BE = 3 8B 12B+ A (mod p),

k=0 p
= did B

kkt2 2 2 4
E = - 16B*> —8A°B + A*)  (mod p)

k ( ’

— B 6432
= dyd 5AB

kOk4+3 2 2 4

= 168> —84°B + A*)  (mod p)

> g (
"B 51252

Particularly, given (A, B,) = (—2,—3,1) (so we need p # 3) that yields the Motzkin
numbers, the four summations above are respectively equivalent to

-3 9 (-3 15
3 2) -3, (22} 42 12 1 .
B(p) 3, 2(p>+2’ and 15 (mod p)

Theorem 13. The congruence Y _, aon dkdg;r,f (mod p) is equivalent to 0 if h is odd, and
equivalent to

p+1
B? B ion 2B — A? AN a1aiip
raz(B(E)[xp i+t ="t me')  —2ma—2=5= .

if h is even.

p+1

One can refer to (r3) for the precise value of [zPT17"] (1 + QBBQA %+ 5 x4) ’

Let l1—az—4/1 ( B)x+Bx?

be the generating function of the sequence {b,},>0, and

let A = —2(« 6) for convenience. Since by = 1 and by—; = —% (mod p) for k =
2.3,....p—1, we hav
p—2—h p—1-h
bibrtn +B Akt h,
= bobp + — d

B pLh ara aia
— 2 kQk+h _ Gdin )
R (kz_o (xB)F " T T1p

This is quick similar to (11), so we can directly get

Theorem 14. The congruence > b_o hWbiin (;mod p) is equivalent to

Bk
B B _ A 1 2a1a
bh + E (A (;) [Il h](l + E!L‘ + EQTQ) — 2&06Lh — 1Bl+h) .
The congruence » y_q 2=h b’“bg)r,’j (mod p) is equivalent to by, if h is odd, and equivalent

to

p+1
B B 2B — A? 1 R aa
+1—h 2 4 141+h

if h is even.
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6 More applications

Let a, = (2:) be the central binomial coefficient whose generating function is G(z) =
1

Wi We have
p—1—h
> 16fapap, = 4"27MG(@/H)G(1/4x)
k=0

(2 -0 (od

v (;) B M=) (mod p)
o(?)

Almost same procedure can be applied on the problem Yo 1=h g-2k aragsp for some other

a, whose generating function is G(z) = (1 — Az)* for odd integer N with |[N| < p.
In the following final example, we show an application involving two different sequences
by the same technique.

Lemma 15. Given integers 7 = |P3 ], 252, B3t and 0 < h < [*52] = 2, we have
Ck,‘-i—h = -1 p+1 3 1
=i 241 () (p_f_ah) (mod ) i ”T ch<rt

Proof. The sequence of the central binomial coefficients (%) (k > 0) has GF that

k
comes from the identity (2:):4’“(72/2). Givent:pgl,’%l
L2k o =172\
Z<k>4_k - Z( k )

( 1/2

x
k=0
B )x (mod p)
- x)’% (mod z?)
-z

\/7

,...,p— 1, we have

>
=
(

"B??‘
D—‘O

)172;1 (mod 2P, p) or (mod xp’l,p),

where the equivalence on the second line dues to (ii) in Section 1. By the same reason,
we can write (mod P!, p) additionally on the last line. And then we get

1%]

2 /4K 2k 1 -

EE: o - 2 p} p—1
— (2I<:) 165 — 2 ((1 m) +(1+ x) ) (mod 2P~ p).
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For convenience, let ¢t = 2 in the rest of the proof.

On the other hand, the sequence of the Catalan numbers ¢, has GF C(z) = =122,

Again, ¢z =0 (mod p) for k = 25, p — 2 by (ii). So we have
p—1
7 2k p—2 -
S ol = Sal
k=0 =0
_ -1
= (4x2> (mod zP7)
2 p+1

= — 2~ (22 — )%,

Given 0 < h < [22H] —2 (for |21 | +h < p—2 by considering the term cy4y,), finally we
derive that

125

Z % : iiiz = |27 — 2 D(g? — 1)1171 ((1 — x)%l +(1+ x)%) (mod p)
k=0
= [P (‘71) (1-a)% ((1-2)"" +(1+2)")  (modp)
I (%) (@ +2) B @ —ap + 1+ ap(-a)T)
= @ (2) (40T 4 0-0F) oy
0 if0<h<B2or B0 < hg |22 -2
B { 2(2) () <a<s
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