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Abstract

Recent research on the algebra of non-commutative symmetric functions and the
dual algebra of quasi-symmetric functions has explored some natural analogues of
the Schur basis of the algebra of symmetric functions. We introduce a new basis
of the algebra of non-commutative symmetric functions using a right Pieri rule.
The commutative image of an element of this basis indexed by a partition equals the
element of the Schur basis indexed by the same partition and the commutative image
is 0 otherwise. We establish a rule for right-multiplying an arbitrary element of this
basis by an arbitrary element of the ribbon basis, and a Murnaghan-Nakayama-like
rule for this new basis. Elements of this new basis indexed by compositions of the
form (1™, m,1") are evaluated in terms of the complete homogeneous basis and the
elementary basis.

1 Introduction

The Hopf algebra Sym of symmetric functions is a subalgebra of QSym, the Hopf algebra
of quasi-symmetric functions. By duality there exists a projection map y : NSym — Sym,
where NSym denotes the Hopf algebra of non-commutative symmetric functions, which is
dual to QSym. The bases of NSym and QSym are indexed by the set of integer compositions
C and the bases of Sym are indexed by the set of integer partitions P. A natural question
to ask is whether there exists a basis of NSym which projects in a natural way onto the
Schur basis of Sym.

From the time of the introduction of QSym [Gessel, MR| and NSym [NCSF], it was gen-
erally accepted that the closest analogues of the Schur basis were the “fundamental” basis
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{F,}ace of QSym and (its dual) the “ribbon” basis { Ry }ace of NSym. The fundamental
basis has the property that
S\ = Z FD(U)

shape(P(0))=A
where the notation indicates that the sum is over all permutations such that the shape

of the P-tableaux (in the RSK correspondence) is equal to A and D(o) is the descent
composition of the permutation . The ribbon basis has the property that

X(Ra) - Su/ﬁ

where v /T is a skew partition representing a right alignment of the rows of the composition
a.

The position of the fundamental and ribbon bases as “the” Schur analogues of QSym
and NSym was called into question in the exploration of the quasi-symmetric function
expansion of Macdonald polynomials [HHL|. The quasi-symmetric expansion seemed to
lead to the definition of a quasi-symmetric basis, {S, }ace, that was a close analogue of the
Schur basis and so it was named “quasi-Schur” [HLMvW11al. It was noted that this basis
was very closely related to the Demazure atoms [LS] of Lascoux and Schiitzenberger and
the quasi-Schur basis of QSym was a natural analogue of the Schur symmetric functions
because:

S\ — Z Sa.

acC
sort(a)=A

The dual quasi-Schur basis {S’},ce of [BLvW] has the property that

X(S;) = Ssort(a)-

More recently, Berg et. al. [BBSSZ]| introduced a second analogue of the Schur func-
tions, which they dubbed the “immaculate” basis of NSym, {S,}.ce, as well as the dual-
immaculate basis of QSym {&7 },ce. The immaculate basis of NSym satisfies the following
analogue of the Jacobi-Trudi rule for the Schur basis:

Ga = E Slgn(a>Ha1+01—1,a2+02—2,...,o<g(a>+ag(a)—E(oz)-
G’GS@(Q)

Therefore,
X(6a) = det[ha,+j—ile()xe(a)

and in particular for a partition A\, x(&,) = s). The dual immaculate basis has the
property that

Sx = Z sign(0)63 iq—o
g
where the addition is coordinate-wise as vector entries, and id represents the identity
permutation and the sum is over permutations o of {1,2,...,¢(\)} such that A\ +id — o

is a composition.
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Computer explorations of NSym and QSym using the software Sage [sage| lead us to
consider other related possible bases of NSym and their dual bases of QSym. We are
ideally searching for a basis that simplifies proofs of Schur-positivity properties of quasi-
symmetric function expansions. A combinatorial algorithm of this type may or may not be
possible; however, there are reasons to believe that each of these bases of NSym and QSym
closely reflect different combinatorial aspects of compositions and composition tableaux
and their relationship to partitions and column strict tableaux.

In this paper, we introduce a basis {¥, }ace of NSym called the shin basis as another
analogue of the Schur basis, together with a dual basis {¥7, },ce of QSym. They are defined
so that they have the simplest combinatorial rule we could identify, with the property that

sy ifa=Xe?
v, = )
X (@) {0 otherwise

Dually, we have that for a partition A,
S\ — Wf\

This implies that &7 is a symmetric function if and only if « is a partition. We have
chosen to develop this basis of NSym because many of the algebraic properties that we
have discovered are more clearly stated on the basis &, than the basis @,.

After a few preliminary definitions, we introduce a definition of the shin basis in
Section 3. In the next section, we prove a combinatorial formula for the product of an
element of the shin basis and an element of the ribbon basis, and in Section 5 we prove
a combinatorial formula for the product of an element of the shin basis and an element
U,,, which is an analogue of the power sum generator of degree n for NSym. In Section 6,
we give a formula for the shin function evaluated at compositions of the form (1™, m, 17).
We give an explicit definition of the graded dual of the shin basis, a basis of QSym. We
show the close relationship between the shin function and the Schur basis of Sym.
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2 Preliminaries

To establish some notation, we define a composition of a positive integer n as a tuple
a = (o, q9,...,04,) such that > o, =n and (ay, az, ..., an) € N™ for some m € N.
The notation o F n is used to indicate that « is a composition of n, and the length of
a, denoted ¢(a), is m. We adopt the convention whereby a; = 0 for all indices i > ¢(«).
A partition X = (A, A2, ..., Agn)) of a positive integer n is a composition satisfying the
additional property that Ay > Ay > ... > Ay). To indicate that X is a partition of n, we
write A F n.

C will be used to denote the set of all integer compositions together with the empty
composition (), writing () E 0 by convention, with € = {a : o F n where n € Z-¢}. C, is
the set of all compositions of a fixed n, with €, = {a : a F n}.

NSym may be defined as the free Q-algebra generated by {H;, Ha, ...}, where H,, is
defined to be of degree n € N and may be regarded as a primitive object. For arbitrary
a € Cwrite H, = H,, ... H, and write Hy = 1. H : € — NSym will be referred to as

. ae(a)7
the complete homogeneous function, and the complete homogeneous basis of NSym may

be defined to be imH.
Observe the following graded algebra structure of NSym, letting NSym, denote the
set of all homogeneous polynomials in NSym of degree r together with 0 for » > 0, with

NSym, = Q:

NSym = @ NSym, = @SpanQ(im(Hkr)) :

r=0 r=0
The algebra NSym also has a Q-coalgebra structure whereby the coproduct is given
by A(H;) =>"7_, H; ® H;_;. This coproduct is compatible with the product structure of
NSym |[NCSF| and hence:
A(H,) = A(Hy, )A(Hy,) - - A(Hal(a)).

Sym may be analogously defined as the free commutative Q-algebra with one generator
in each degree:

Sym = Q[hl, hQ, hg, .. ] .

The coproduct is similarly defined so that A(h;) = Zgzo h; ® hj_;. This coproduct is
compatible with the product structure of Sym and hence:

A(hy) = A(ha)A(y,) - Alhyy,,)-
NSym projects onto Sym with the map

X(Ho) = hashay - Py, (1)

This map commutes with the product and coproduct operation since it can be shown
on the generators of the algebra that

X(HoHg) = x(Ha)X(Hp)
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and
(x®x) o A(H,) = A(x(H,)) -

QSym may be defined as the Q-algebra spanned by elements M, for a € € where the
monomial basis { M, }ace of QSym is the dual basis to { H, }ace. The symmetric functions
are self-dual with respect to the pairing (-,-) : Sym x Sym — Q where (hy,m,) = ).
We note that there is a natural inclusion of Sym into QSym where

my = Z Ma (2)

sort(a)=A

where the sum is over all compositions « such that the weakly decreasing arrangement of
the parts of « is equal to the partition A. Alternatively, the inclusion of Sym to QSym is
the dual to the projection map x : NSym — Sym that was introduced in Equation (1).
This can be seen if we restate Equation (2) as

my = Z (coefficient of hy in y(H,)) M, .

«

and Equation (1) as

X(Hy) = Z(coeﬁcient of My in my)hy = hsore(a) -
A

Letting a be a composition, the descent set of o is D(«) = {1, 1 + ag, 0q + ag +
Qasz,...,01 +Qo+...+ Oég(a)_l} and this defines a bijection between the compositions of n
and the set of subsets of {1,2,3,...,n — 1}. The refinement order is the binary relation
~ defined on G, so that o = § iff D(a) C D(f). We will use the lexicographic order <,
on C when discussing the triangularity of bases. If a and § are elements of €, then o >, 8

if o > 51, or a; = 51 and (Oég, . ,Oég(a)) =y (527 . ,65(5)).

3 A New Basis of NSym

The immaculate basis of NSym was recently introduced in [BBSSZ]| as an analogue of the
Schur basis of Sym and the dual quasi-Schur basis was introduced in [BLvW, HLMvW11a,
HLMvW11b|. Both the immaculate basis and the dual quasi-Schur basis can be defined
using a multiplicity-free right Pieri rule and it is using this idea that we consider a third
analogue of the Schur basis inside of NSym.

We will define the shin function @ : € — NSym using a similar multiplicity-free right
Pieri rule, based upon the following analogue of horizontal strips for compositions:

Definition 1. Let a and § be compositions. Then £ differs from « by a shin-horizontal
strip of size r iff: for all i 8; > «; (“containment axiom”), |3| = |a| + r and for all indices
i €N, if 8; > ay, then for all j > i, 8; < a; (“overhang axiom”).
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Remark 2. We will henceforward use French notation for diagrams, tableaux, and skew-
tableaux. Using French notation, the first entry of a composition is at the bottom of the
diagram of the composition (see Example 4 and Example 5 below). The overhang axiom
says that 5/a has at most one cell per column and cells in 3/« should not be below (in
a row with a lower index) a row of a which is longer than (overhangs) the horizontal
coordinate of the cell.

Remark 3. Observe that the overhang axiom as formulated above holds for all indices
i € N. Recall that we are using the convention whereby for o € €, for all indices i > ¢(«)
we have a; = 0. See Example 5 below.

Example 4. Let o = (3,1,4,1,5) and 5 = (3,1,4,1,8,1). Then g differs from « by a
shin-horizontal strip of size 4.

[ ] u
diag(a) diag(3)

Example 5. If § = (3,1,4,1,8,1,1), then 8 does not differ from o = (3,1,4,1,5) by a
shin-horizontal strip because ag = 0 < 5 = 1 but it is not the case that 5; < ag and
hence the overhang axiom given in Definition 1 does not hold, as illustrated graphically
in the diagram below. If v = (3,2,4,1,5), then  does not differ from o = (3,1,4,1,5)
by a shin-horizontal strip because 75 = 2 > as = 1 but is is not the case that v3 < as
and hence the overhang axiom does not hold, as illustrated below.

I [ [ 1]
[ [ ] ﬁ

diag(3) diag(7)

Using Definition 1, we recursively define the shin function as follows:

Definition 6. The shin function & : ¢ — NSym maps an arbitrary composition « to
the unique non-commutative symmetric function &, satisfying &, H, = >_ 5 Ws, where the
sum is over all compositions § which differ from a by a shin-horizontal strip of size r.

Remark 7. The interested reader should consult [BBSSZ| and [BLvW] in order to make
a proper comparison between the shin basis and the immaculate and dual quasi-Schur
bases since they each satisfy a similar right Pieri rule.

THE ELECTRONIC JOURNAL OF COMBINATORICS 21(3) (2014), #P3.41 6



The Pieri rule for the immaculate basis satisfies the containment axiom and the con-
dition that ¢(8) < l(a) + 1

The Pieri rule for the dual quasi-Schur basis satisfies the containment axiom and the
rule that there is at most one cell per column such that if the cells of 3/« are ordered
from left to right then the sequence of indices of the rows is weakly decreasing and cells
can only be added on the topmost row of a given length.

A repeated application of the immaculate Pieri rule shows that the complete ho-
mogeneous function has a positive uni-triangular expansion in terms of the immaculate
function. This property is used to prove that the immaculate basis of NSym is indeed a
basis. This leads us to the following analogue of the notion of a column strict tableau,
which is very similar to the usual notion of column strict tableaux of partition shape.

Definition 8. Let o and 8 be compositions. A shin-tableau of shape a and content f is
a labelling of the boxes of the diagram of a by positive integers such that:

1. The number of boxes labeled by i is ;,
2. The sequence of entries in each row, from left to right, is weakly increasing,

3. The sequence of entries in each column, from lowest index to highest index, is strictly
increasing.

Example 9. Observe that when we consider tableaux to be chains of compositions ordered
by containment, the overhang axiom is what makes tableaux column-strict. There are 4
shin-tableaux of shape o = (5,3,1) and content g = (3,1,4,1):

4] 4] 3 3
3133 2133 2134 2133
Lj1]1]203] [1]1/1[313] |1]1]1[3]3] |1]1]1]3]4]
while there are 2 tableaux of shape (5,1, 3) and content (3,1,4,1):
3[3[4] 3/3]3]
2 2

1]1]1]3]3] [1]1]1][3]4]

Letting K, g denote the number of shin-tableaux of shape v and content 3, we arrive
at a combinatorial expansion of the complete homogeneous function in the shin basis.

Remark 10. We note that in particular, if A is a partition, then Ky 3 is equal to the number
of column-strict tableaux in the “usual” sense, i.e. K, is the Kostka number given by
shape A\ and content f3.

Theorem 11. The complete homogeneous function has a positive, uni-triangular expan-
sion in terms of the shin function. FExplicitly,

Hyg = Kozl

azf
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Proof. This theorem follows from a repeated application of the shin-Pieri rule given in
Definition 6 above.

Begin by observing that Hg, = Ws,, and thus Hg Hgs, = 27 Y., where the sum is over
all compositions v which differ from (;) by a shin-horizontal strip of size B5. Labelling
the cells of f; with 1’s and labelling the added cells with 2’s, the sum is over all expressions
of the form Wg,ape(7), where 7T is a shin-tableau with content (31, 32). Right-multiply by
Hpg, and label the added cells with 3’s, then right-multiply by Hp, and label the added
cells with 4’s, and so forth.

We can verify by induction against Definition 8 that if Hg is

HB = Z wshape(T)v
p

where the sum is over shin-tableaux of content 3, then HgH, is the sum over shin-tableaux
of content (5, ).

Note that because the tableaux are strictly increasing in each column and weakly
increasing in each row, the first column must be strictly increasing and consequently the
cells of label i must be in the first i rows. Hence if T is of content  then shape(T) >, 5.
Therefore, if a <, 3, then K, 5 = 0.

Also note that K, , = 1, as there is only one filling of the tableau of shape a and
content . 0

It follows from Theorem 11 that, for an arbitrary non-negative integer n, the transition
matrix from {¥, : o F n} to {H, : @ F n} is non-singular. We have as a consequence the
following corollary.

Corollary 12. im(®) is a basis of NSym.

Definition 13. Let o and 8 be compositions such that « is contained in 3. Let 8/«
denote the cells in [ that are not in a. A filling 7 of the cells of 3/« with natural
numbers is a skew shin-tableau if the following two conditions are satisfied:

1. If B; > «, then for all j > i, a; < o; (“overhang axiom”);
2. T is weakly increasing in the rows and strictly increasing in the columns.

We define the skew shape of T as /c«, the inner shape of T as «, and the shape of T
as 3.

Example 14. For example, letting o = (3,1,4, 1), and letting 5 = (3,1,4,6,3,1), the
filling of the cells of 5/« illustrated below is a skew shin-tableau:

3
2[2]3
1[1]1]1]2]
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On the other hand, letting § = (3,2,4,1), the filling of the cells of 8/« illustrated
below is not a skew shin-tableau, because the overhang axiom does not hold:

A repeated application of the shin-Pieri rule shows that

waHﬁ = Z wshape(T)a
T

where the sum is over all skew shin-tableaux with (5, ones, (5 twos, etc. Let a,3 € €
with « contained in 5. Let T be a filling of the skew diagram of §/« with positive integer
labels which are increasing in the columns, letting o!?) = o, and letting a(® denote the
underlying composition of the subtableau of £ as filled by 7 with the labels 1 through .
Then T is a skew shin-tableau if the filling of the cells of a”/a(=Y) is a shin-horizontal
strip for each i. For example, the filling of the skew diagram pictured below is a skew
shin-tableau:

»—1\300‘
[\

Definition 15. The shin basis of NSym is im ().

Let x : NSym — Sym denote the forgetful mapping whereby for arbitrary F' € NSym,
X(F) is the commutative image of F. The map is defined so that
X(Hy) = hayhay - - h

() -~

One reason that we focused on this definition of the & basis is that experiments by
Chris Berg |Berg| showed that the projection of a shin function was either a Schur function
or 0. In Section 7 we present the dual shin basis of the quasi-symmetric functions and
prove the projection formula

(W) = {sa if a is E'i partition
0  otherwise

using the duality of non-commutative symmetric functions with the quasi-symmetric func-
tions (see Theorem 28).
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4 A Formula for Multiplication by a Ribbon

We begin this section by defining two additional bases of NSym.

Definition 16. The elementary generator indexed by n is recursively defined as £y = H|,

and for n > 1,
n

B = YU B = (1) O

=1 BEn
For an arbitrary composition «, write E, = Eq, Eaq, ... Eq,,,. The elementary basis of
NSym is defined to be {E, : a € C}.

Definition 17. The ribbon function R : € — NSym is defined for a nonempty composition

« as follows:
R, = Z(_l)f(a)*f(ﬁ)HB _

Bra

It is also the case that H, =>4, Rs. See [NCSF| for an introduction to the ribbon
basis of NSym, and for properties such as Ry» = E,,, and the ribbon multiplication formula:

RoRg = Rap + Ray ... gy 81,8255 Bepy -

The following theorem uses the concept of skew shin-tableaux as defined in Definition
13. Letting 7 be a standard filling of a skew composition of shape §/«a, where « is
contained in 3, the descent set of T is D(T) = {i: i+ 1 lies above i}.

Theorem 18. For all o, B € C,

W.Rs= > > w,

yElal 8] T

where the inner sum is over all standard skew shin-tableaux T of skew shape /o such

that D(T) = D(B).

Proof. Letting a be an arbitrary composition and m be an arbitrary integer, we have
¥.R,, = ¥,H,,. By Definition 6, ¥,H,, = Zv ¥, where |7| = |a| +m, and ~ differs
from « by a shin-horizontal strip of size m. Filling the horizontal strip with content
{1,2,...,m} from left to right and from top to bottom, the above conditions hold.

We proceed by induction on the length of 5. Suppose that for some natural number
k and for any composition § such that ¢(5) < k, WoRg = > ¥, where the sum is over
all standard skew shin-tableaux 7 of inner shape v/a such that D(T) = D(f), where
v E |a| 4+ |8]. For ¢(8) = k + 1, by the ribbon multiplication rule, we have:

Wo R = Wa[R (s 5,
= wO‘R(/BIWBQ 77777 b’k)HﬂkH - waR(ﬁlﬁQ ----- Br+Br+1) -
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By our inductive hypothesis, we have:

waRB == (Z wshape(ﬂ)) Hﬁk+1 - Zwshape(ﬁ)- (3)

T T2
where the first sum is over standard fillings 7; with D(7;) = D(B1, Ba, - - ., Bx) and the sec-

ond sum is over standard fillings 75 with D(73) = D(B4, B2, - . ., Br + Bk+1). By Definition
6, we have:

(Z wshape('ﬁ)) H,Bk+1 = Z tz’shape('r) + Z wshape(’Tz) (4)
T1 T T2

where the first sum is over all standard fillings T with D(T) = D(54, B2, - - -, Bk, Br+1) and
the second sum over Ty is exactly the same as that which appears in Equation (3) with
D(Ts) = D(B1, Ba, ., Br + Br+1). From Equation (3) and (4) we have for ¢(8) = k + 1,
V. Rs = ZT Yhape(7), Where the sum is over all standard skew shin-tableaux 7 of inner
shape /a such that D(T) = D(5), where v F |of + |B]. O

The above multiplication rule allows us to evaluate shin functions of the form &, ;m)
in the ribbon and complete homogeneous basis.

Corollary 19. For an arbitrary composition of the form (n,1™),

Wiam) = Ramy = ) (=)™ H, (5)

aFn+m,a1>n

Proof. There is precisely one standard filling of the composition (n,1™) with D(T) =
(n,1™), namely, the one that has {1,2,...,n} in the first row and {n+1,n+2,... ,n+m}
in the first column, hence R R, 1m) = Wy 1m). O

In the next section we will extend this result further and give expansions for the shin
function indexed by compositions of the form (1™, m, 1").

We remark that Corollary 19 together with Theorem 18 allow us to evaluate expres-
sions of the form ¥, Ej in terms of the complete homogeneous basis (using what may be
regarded as “shin-vertical strips” by analogy with Definition 1). We will use the ribbon
multiplication rule to prove an analogue of the Murnaghan-Nakayama rule.

5 A Murnaghan-Nakayama-Like Rule

Definition 20. For n € N, let

i
L

U, =Y (=1)'Rini

i
o

and let ¥, = ¥, U, --- \I/w(a for a nonempty composition «, and write ¥y = 1. The
set {U, }ace is a basis of NSym [NCSF], referred to as the W-basis.
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Remark 21. The W-basis is one of the most common analogues of the power sum basis
{pPr}rep of Sym. Observe that x(V,) = p, for all n € N.

Definition 22. Let o and [ be compositions such that « is contained in 3, and if §; > «;
for arbitrary ¢, then for all j > i, 8; < «; (satisfies the overhang axiom). Let r be
one less than the number of non-empty rows occupied by [/a. Label the cells of 3/
a as follows: order the first cell of each row except the last row from bottom to top
with [(x1,11), (T2, 42), ..., (z,,y-)], and order the rest of the cells from left to right with
[(Zr11, Yra1)s (Trio, Yraa)s - - -y (X0, yn)]. The skew composition 8/« is called a shin-slinky
of size n and height r + 1 if and only if for all ¢ satisfying r+1 <¢ <n, y;+1 =y;1 and
Yr+1 S Yr S Y1 < Yn-

For a tableau, let c(,,) denote the label of the cell in the ™ row and 3™ column of
diag(B). Let T(8/a) be the filling of the skew diagram with the labels c(,, ,,) = 1.

Example 23. The skew compositions illustrated below are shin-slinkies, where the Young
tableaux to the right indicates the labelling of the skew diagram 7 (3/«) where § is the
shape and « is the inner shape:

i

|

1[6]

3[4]5]6
217]8]

1]

Example 24. The skew compositions illustrated below are not shin-slinkies, where the
Young tableau to the right indicates the labelling of the skew composition:

213]4]5]6]

' |

17

This skew composition is not a shin-slinky, since yg+1 > y7 for cells c(z4 ys) and c(z; yy)-

31415

2
16|

This skew composition is not a shin-slinky, since y5+1 < ys for cells ¢z, y) and c(zg yq)-
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Theorem 25. (A Murnaghan-Nakayama rule for the shin basis) Letting o € C andn € N
be arbitrary,

wa\I]n _ Z(_l)height(ﬁ/a)—lwﬁ’
B

where the sum is over all compositions 8 E |a| +n such that B/« is a shin-slinky. Fur-
thermore, if B/« is a shin-slinky, then there is a unique standard filling T of B/« such
that D(T) is one of: @, {1}, {1,2}, ..., or{1,2,...,n— 1}.

Proof. Substituting ¥,, = anl(—l)"R(p’n,i) into ¥,V,,, we have

=0
n—1
w0, = Z(_l)iwaR(1i7n—i)7
=0
and by Theorem 18, we have
n—1 n—1
Z(_l)iwaR(li,nﬂ') = Z(—l)i (Z wshape(T)) ) (6)
=0 =0 T

where the inner sum is over all standard fillings 7 of inner shape « such that shape(7) F
la| +nand D(T) =@ ifi=0o0r D(T)={1,2,...,i} fori e [1,n—1].

Let 5 be the shape of T for some standard filling that appears in the right hand side of
(6). Order the cells of 5/« as follows: take the first cell of each row except the last row from
bottom to top by Ag = [(z1,y1), (¥2,¥2), ..., (2,,y,)] and then order the rest of the cells
from left to right and from top to bottom by Bg = [(Zr41, Yr+1), (Tri2, Yrs2)s -« s (Tn, Yn)]
where r is the number of rows occupied by the skew shape $/a minus 1. Since D(7T) =
{1,2,...,i} for some i, each of these labels {1,2,...,i + 1} must occur in different rows
and the rows that they occur in must increase, that is x,, < z,, < ... <z, , and hence
{(Tays Yar)s (Tags Yas)s - - 5 (Tay, Ya; )} € Agand i < r. Moreover the labels {i+1,i+2,...,n}
must not be descents and in particular,

{C($r+1vyr+1) < Caryayryz) < o0 < C(wn,yn)} - {Z +1i+2,... 7n}~

The cells in Bg are chosen so that yq < yay1 for 7 +2 < d < n. If yg = yar1, then the
column strict condition implies C(z, ) > Clegiiyar)- Lherefore, ya < yay1.

Now fix 8 and we will determine the number of fillings of that shape with descent set
{1,2,...,m}. Let Cs = {(xj,951), (;,¥j,),-- -, (z;,y;,)} be the set of cells in Az that do
not have a cell in Bz above. While it is possible that the set (s is empty, if there is a
r+1 < j < nsuch that y; +1 < y;11, then Cpg contains at least one cell in column y; + 1.
Also if y; > y,, then Cp will be non-empty.

Finally, we note that for the descent set {1,2,...,m}, there are (;L) ways of choosing
m of the cells to put the labels {1,2, ..., m} and the remaining labels m+ 1 through n are
uniquely filled into the cells such that they do not have a descent. For m € [0, s], there are
() such fillings for 8/a with D(T) = {1,2,...,m}. Since for s > 0, 3% _ (=1)"*!(*) =

m
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0 the coefficient of W5 will be 0 if Cs is non-empty. In particular if y; +1 < y;41 for some
Jwithr+1< 7 <n.

So the remaining terms all have Cg empty and y; +1 = y,4; forall v +1 < j < n. We
will have that r = |Ag| = height(8/a) —1 and D(T) = {1,2,...,r} and the coefficient of
W5 in W, 0, is (—1)heieht(3/@)-1, O

6 A Formula for the Shin Function Evaluated at a “Div-
ing Board” Composition

Definition 26. A diving board composition or diving board is a composition of the form
(1", m,1") for m > 1, as illustrated below:

diag(12,4,1%)

Theorem 27. Form > 1,
W 1nmry = (-\)YYE, ;H,H;E, (7)

Proof. We begin by examining the base case, where n = r = 0. In this case the right-hand
side of (7) may be simplified as follows, yielding @(in ,, 1ry:

0 0
SN ()Y EojHyiHjEo = (—1)°EgHy HoEy = Hyy = W,

i=0 j=0

Assume that for all compositions of the form (1",m’,1"), Equation (7) is true for all
n' <mn,orn =mn and r < r. Then there are two cases we must consider: where r = 0
and where r > 0.

For the case where r = 0,

n—1 n—1
w(l",m) - EnHm - Z W(lk’m+1’1n7k71) - Z W(1k7m71n—k) (8)
k=0 k=0

For the case where r > 0, we will use the Pieri rule for ¥, F,, which says that:

W(1n7m71'r) == w(l”,m)ET' — W(1n7m+1’1r—1) (9)
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Before proceeding we will require the following calculation as a step in the proof and
so we note that if we start with

n—k—1 k n—k k
Z Z(_l)iJrjEkfme+i+1HjEn7kflfi + Z Z V) By jHp i Hy By,
=0 j=0 i=0 j=0

then we can substitute ¢ = ¢/ — 1. Therefore the sum is equal to:

n—k k n—k k
ZZ(_l)il+j71EkfmeJri’HjEnfkfi’ +ZZ V)Y Ey jHyio HiEy gy
=1 j=0 =0 j=0

Note that the two double sums have opposite signs; therefore the terms with ¢ > 1
cancel. Thus we are left with the following single sum:

k
> (~1Y By jH, HE, (10)

j=0

Case 1: v = 0. Our inductive hypothesis says that by Equation (7) and Equation (10),

n—1

W(ln’m) = ETLHT)’L — Z(w(1k7m+171n,—k—1) + w(lk,m,ln_k))
k=0

i=0 ;=0
n—1 k

=EH, - (Z(—l)jEk_meHjEn_k>
k=0 \j=0

We can extend the above double sum to an infinite sum by subtracting out the n'®
term (for £ > n + 1, all terms are zero).

= EpHy— > Y (-1 E jHoHE, i+ Y (—1YE,_;H,H,

k=0 j=>0 j=0

We now substitute & = k&’ + j and switch the order of the sums:

= E Hy— Y Y (-1 EyHyHiE, y—;+ Y (1Y E,_;H,H,

7=0 k'>0 j=0
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We can switch back the order of the sums and rewrite as follows:

=E.H, - > EgH,Y (-1VH;E,_y_;+» (-1)E, ;H,H,

k>0 Jj=0 j=0
The sum 3 (=1 H;E, p—j = 0 for k' # n; for K =n, 37 (1) H;E, ;= 1.
We then have:

Oinmy = Y (=1) Bnj HpHj

J=0
This equation is simply Equation (7) evaluated for r = 0.

Case 2: r > 0.

w(l",m,l") - W(lnm)E,, - W(1n7m+1717‘—1)

r—1 n
= <Z(—1)jEn_meHj> E, — Z z—i—JEn iHpyiHi By

j=0 Jj=

The first sum is the : = r term of the second sum; therefore we consolidate the two sums
to obtain the following;:

1" ,m,17) Z Z Z+jEnfme+iHjEr7i

=0 7=0

which shows that @Wn 1) satisfies Equation (7) for 7 > 0. Since @Wn 1) satisfies
Equation (7) for r > 0, therefore Equation (7) is true by induction. O

7 Relation with the Quasi-Symmetric Functions

With respect to the pairing (-, -) on NSym x QSym defined on the basis elements so that
(Hoy Mg) = 1if a =  and (H,, M) = 0 otherwise, the elements that are the graded

dual to the shin basis are
W= KasMg
B

because, as a consequence,

1 ifa=
(W, %) ZIC 'Ksr (H ZIC 1y, = {0 if o /3

otherwise

We noted in Remark 10 that for a partition A and a composition  of the same size
as A, Ks is equal to the number of column-strict tableaux (by the usual definition of
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column-strict tableaux) of shape A and content . It is well known that if 5 and 7 are
two compositions such that sort(5) = sort(r), then K, 3 = K, ;. Therefore,

i == Z’CABMB = ZKA#m# = S)-
B 1%

Since x is the map which is dual to the inclusion map from Sym in QSym, it follows
that

sy fa=Xxe?

0 otherwise

(@) = Z(coefﬁcient of W) in sy)s) = {
A

This means that the property that the shin basis projects onto either the Schur function
or is equal to 0 comes from the fact that the functions that form the graded dual are equal
to the Schur function when indexed by a partition. We conclude with a summary of this
argument.

Theorem 28. Let { Ay }ace be a basis of NSym and let { AL }orn be the set of dual elements
to {Au}arn such that { A% }oce is a basis of QSym. If it is the case that for every partition
A,

S\ = :a
then

X(4q) = Z(Coefﬁcient of AL In s3)sx =

{s,\ ifa=AeP
A

0 otherwise

In particular, this is true of the shin basis and this implies that

Sa if ais a partition
(@) = . .
0  otherwise

Moreover, this also implies that the product of two elements of the dual shin basis
indexed by partitions has a positive expansion in terms of elements of the dual shin basis
also indexed by partitions since all of these elements are in the Schur basis and so must
satisfy the Littlewood-Richardson rule. That is,

* * Y *
w/\wu o § : Eany
YA+l

where the coefficients CKM are the usual Littlewood-Richardson coefficients.

One might conjecture that the product of two elements of the dual shin basis has
a positive expansion in terms of the dual shin basis. Unfortunately this is not true in
general. The first example where this conjecture fails is in the following product (and all
other products whose degree is 5 or less have a non-negative expansion):

winS = _WTHQ + WTlQl - WTQQ + WTSI + WT4 + w;?; .
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The main appealing feature of the shin basis is the simple projection rule given above.
We see here that by duality, this implies that Sym is the subalgebra of shin functions
indexed by partitions.

The shin basis seems worth studying because the notion of shin-tableaux seems like
the natural analogue of standard tableaux and hence is likely to appear in other contexts.
Fillings of compositions with labels that increase strictly in the columns seem like simple
and intuitive combinatorial objects to define. By contrast, the composition tableaux that
appear with immaculate or dual quasi-Schur bases are not immediately clearly related to
the usual notion of column strict tableaux and are not the same as column strict tableaux
when the shape is a partition.

References

[Berg|] C. Berg, private communication, 2013.

[BBSSZ| C. Berg, N. Bergeron, F. Saliola, L. Serrano and M. Zabrocki. A lift of the
Schur and Hall-Littlewood bases to non-commutative symmetric functions. Canadian
Journal of Mathematics, 66(3):525-565, 2014. doi:10.4153/CIM-2013-013-0.

[BBSSZ2| C. Berg, N. Bergeron, F. Saliola, L. Serrano, M. Zabrocki. The immaculate
basis of the non-commutative symmetric functions, extended abstract. FPSAC 2013.
arXiv:1303.4801.

[BBSSZ3| C. Berg, N. Bergeron, F. Saliola, L. Serrano and M. Zabrocki. Indecompos-
able modules for the dual immaculate basis of quasi-symmetric functions, to appear.
Proc. AMS, 2013. arXiv:1304.1224.

[BBSSZ4| C. Berg, N. Bergeron, F. Saliola, L. Serrano and M. Zabrocki. Multiplicative
structures of the immaculate basis of non-commutative symmetric functions. 2013.
arXiv:1305.4700.

[BLvW| C. Bessenrodt, K. Luoto, and S. van Willigenburg. Skew quasisymmetric Schur
functions and noncommutative Schur functions. Adv. in Math., 226:4492-4532, 2011.
doi:10.1016/j.aim.2010.12.015.

[Gessel] 1. Gessel. Multipartite P-partitions and inner products of skew Schur functions,
combinatorics and algebra. Contemp. Math., 34:289-317, 1984.

[HLMvW11a] J. Haglund, K. Luoto, S. Mason, and S. van Willigenburg. Quasisymmetric
Schur functions. J. Combin. Theory Ser. A, 118(2):463-490, 2011.

[HLMvW11b| J. Haglund, K. Luoto, S. Mason, and S. van Willigenburg. Refinements of
the Littlewood-Richardson rule. Trans. Amer. Math. Soc., 363(3):1665-1686, 2011.
doi:10.1090/80002-9947-2010-05244-4.

[HHL| J. Haglund, M. Haiman and N. Loehr. A combinatorial formula for Macdonald
polynomials. J. Amer. Math. Soc., 8:735-761, 2005.

THE ELECTRONIC JOURNAL OF COMBINATORICS 21(3) (2014), #P3.41 18


http://dx.doi.org/10.4153/CJM-2013-013-0
http://arxiv.org/abs/1303.4801
http://arxiv.org/abs/1304.1224
http://arxiv.org/abs/1305.4700
http://dx.doi.org/10.1016/j.aim.2010.12.015
http://dx.doi.org/10.1090/S0002-9947-2010-05244-4

[LS] A. Lascoux and M.-P. Schiitzenberger. Keys and standard bases. Tableauz and
Invariant Theory, IMA Volumes in Mathematics and its Applications, vol. 19:125—
144, 1990.

[MR| C. Malvenuto and C. Reutenauer. Duality between quasi-symmetric functions and
the Solomon descent algebra. J. Algebra, 177:967-982, 1995.

[NCSF] I. M. Gelfand, D. Krob, A. Lascoux, B. Leclerc, V. S. Retakh, J. Y. Thi-
bon. Noncommutative symmetrical functions. Adv. in Math., 112(2):218-348, 1995.
doi:10.1006/aima.1995.1032.

[sage] W.A. Stein et al. Sage Mathematics Software (Version 4.3.3). The Sage Develop-
ment Team, 2010, http://www.sagemath.org.

[sage-combinat] The Sage-Combinat community. Sage-Combinat: enhancing Sage as
a toolbox for computer exploration in algebraic combinatorics. http://combinat.
sagemath.org, 2008.

THE ELECTRONIC JOURNAL OF COMBINATORICS 21(3) (2014), #P3.41 19


http://dx.doi.org/10.1006/aima.1995.1032
http://www.sagemath.org
http://combinat.sagemath.org
http://combinat.sagemath.org

	Introduction
	Preliminaries
	A New Basis of NSym
	A Formula for Multiplication by a Ribbon
	A Murnaghan-Nakayama-Like Rule
	A Formula for the Shin Function Evaluated at a ``Diving Board'' Composition
	Relation with the Quasi-Symmetric Functions

