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Abstract

Motivated by a problem in quantum field theory, we study the up and down
structure of circular and linear permutations. In particular, we count the length of
the (alternating) runs of permutations by representing them as monomials and find
that they can always be decomposed into so-called ‘atomic’ permutations introduced
in this work. This decomposition allows us to enumerate the (circular) permutations
of a subset of N by the length of their runs. Furthermore, we rederive, in an
elementary way and using the methods developed here, a result due to Kitaev on
the enumeration of valleys.

1 Introduction

Let us adopt the following notation for integer intervals: [a..b] = [a,b]ON = {a,a+1,...,b}
with the special case [n] = [1..n].

Let S C N contain n elements. A permutation of S is a linear ordering oy, 09, ...,0,
of the elements of S. We denote the set of all n! permutations of S by &g and by &, if
S = [n]. Almost all statements and proofs below are given for the special case S = [n]
and the obvious generalization to generic finite subsets of N is implicit. It is customary to
write the permutation as the word o = o105 - -+ 0, and we can identify the permutation o
with the bijection o (i) = o;.

Replacing the linear ordering by a circular one, we arrive at the notion of circular
permutations of S, i.e., the arrangements of the elements oy, 09,...,0, of S around an
oriented circle (turning the circle over generally produces a different permutation). In this
case one can always choose o7 to be the smallest element of S so that oy = 1 if S = [n].
It is clear that the set €g of all circular permutations of S contains (n — 1)! elements; if
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S = [n], we denote it by €,. Circular permutations may be written as words of the form
0 = 0109 - -+ 0, Where we emphasize the circular symmetry by a dot above outermost
characters of the word." Moreover, due to the circular symmetry we can define o(0) = o(n)
and o(n+1) = o(1).

Let us introduce yet another class of permutations. We denote by 2 C &g the rising
and falling ‘atomic’ permutations® of an n-element subset S C N. We define 2 as those
permutations that, when written as a word, begin with the smallest and end with the
largest element of S. The falling atomic permutations 2y are reversed rising atomic
permutations, i.e., they begin with the largest element of S and end with the smallest.
Naturally, the cardinality of 2% is (n — 2)!. If S = [n], we write 20* and see that it is the
set of permutations of the form 1 --- n (i.e., 0y =1land o, =n)orn --- 1 (i.e., 0y =n
and o, = 1) respectively.

We say that ¢ is a descent of o if o(i) > o(i + 1) and, conversely, that it is an ascent of
a (circular) permutation o if o(i) < o(i+1). For example, the permutation 52364178 has
the descents 1,4, 5 and the ascents 2,3, 6,7 whereas the circular permutation 14536782
has the descents 3,7,8 and the ascents 1,2,4,5,6. We can collect all the descents of a
(circular) permutation ¢ in the descent set

D(o) = {i | o(i) > o(i + 1)}.

It is an elementary exercise in enumerative combinatorics to count the number of permu-
tations of [n] whose descent set is given by a fixed S C [n — 1]. Let S = {s1,s9,...,S} be
an ordered subset of [n — 1], then

35) =t € &, Do) = 5| = X (-1 It

TCS 81,82 — 81,83 —

see, for example, [3, Theorem 1.4]. This result is easily adapted to circular permutations.

Related to the notions of ascents and descents are the concepts of peaks and valleys:
A peak occurs at position i if o(i — 1) < o(i) > o(i + 1), whereas a valley occurs in
the opposite situation (i — 1) > o(i) < (i + 1). The peaks and valleys of a (circular)
permutation o split it into runs, also called sequences or alternating runs.

Definition 1. A run r of a (linear or circular) permutation o is an interval [i. . j] such
that o(i) 2 o(i+1) = --- 2 o(j) is a monotone sequence, either increasing or decreasing,
and so that it cannot be extended in either direction; its length is defined to be j — . If
o is a permutation of an n-element set, the collection of the lengths of all runs gives a
partition p of n — 1 (linear permutations) or n (circular permutations). The partition p is
called the run structure of o.

It follows that a run starts and ends at peaks, valleys or at the outermost elements
of a permutation. For example, the permutation 52364178 has runs [1..2], [2..4],

IThis is in analogy with the notation for repeating decimals when representing rational numbers.
2The rationale for this naming should become clear later when we see that arbitrary permutations can
be decomposed into atomic permutations, but no further.
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Figure 1: The two directed graphs representing the runs of the permutation 52364178
(left) and the circular permutation 14536782 (right). Peaks and valleys are indicated by
boldface numbers.

[4..6], [6..8] with lengths 1,2, 2,2, whereas the circular permutation 14536782 has runs
[1..3], [3..4], [4..7], [7..9], of lengths 2, 1,3,2. Representing these runs by their image
under the permutation, they are more transparently written as 52, 236, 641, 178 and
145, 53, 3678, 821 respectively. The runs of (circular) permutations can also be neatly
represented as directed graphs as shown in Figure 1. In these graphs the peaks and valleys
correspond to double sinks and double sources.

Motivated by a problem in mathematical physics [5] (see also Section 6), we are
interested in the following issue, which we have not found discussed in the literature.
By definition, the run structure associates each permutation o € €, with a partition p
of n. For example, 14536782 and 13452786 both correspond to the same partition
1+ 242+ 3 of 8 Our interest is in the inverse problem: given a partition p of n, we ask
for the number Z¢(p) of circular permutations whose run structure is given by p. One
may consider similar questions for other classes of permutations, with slight changes; for
example, note that the run structure of a permutation o € G,, is a partition of n — 1.

The literature we have found focuses on issues such as the number of permutations
in which all runs have length one, e.g., André’s original study [2], or on the enumeration
question where the order of run lengths is preserved, so obtaining a map to compositions,
rather than partitions, of n. See, for example, [4], which studies this for the ordinary
(noncircular) permutations. In principle our question could be obtained by specialising
this more difficult problem, but here we take a direct approach. Another alternative
approach not followed here, would be to take (1) as a starting point and to sum over all
descent sets corresponding to a particular run structure. However, this would neither be
straightforward from the theoretical side, nor would it make for efficient computation. By
contrast, our direct method was designed to facilitate computation; for the application in
[5] calculations were taken up to n = 65 using exact integer arithmetic in Maple™ [8].

Sections 2, 3 and 4 deal, respectively, with the enumeration of the run structure
of atomic, circular and linear permutations. Using a suitable decomposition, this is
accomplished in each case by reducing the enumeration problem to that for atomic
permutations. In Section 5 we apply and extend the methods developed in the preceding
sections to enumerate the valleys of permutations, thereby reproducing a result of Kitaev [6].
Finally, in Section 6, we discuss the original motivation for our work and other applications.
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2 Atomic permutations

Let us first discuss the significance of the atomic permutations. We say that a permutation
o € Gg of S contains an atomic permutation w € ™Ap, T C S, if 7 can be considered a
subword of ¢. The atomic permutation 7 in o is called inextendible if o contains no other
atomic permutation «’ € g, T" C S, such that T C T".

In particular, any permutation o € &g of S with |S| > 2 contains an inextendible
atomic permutation m € & of a subset T' C S that contains both the smallest and the

largest element of S. That is, if S = [n] and we consider ¢ as a word, it contains a
subword 7 of the form 1 --- n or n --- 1. The permutation © will be called the principal
atom of o.

Proposition 2. Any permutation o € Gg of a finite set S C N can be uniquely decomposed
into a tuple (7', ... 7%) of inextendible atomic permutations 7 € ™Ar,, T; C S (non-empty)
such that 7T|Z'Ti‘ =7 for alli < k and U;T; = S. We call 7 the atoms of o.

Proof. FExistence: 1t is clear that any permutation of a set of 1 or 2 elements is an atomic
permutation. Suppose, for some n > 3, that all permutations of n — 1 elements or less
can be decomposed into inextendible atomic permutations. Without loss of generality, we
show that any non-atomic permutation ¢ € &,, also has a decomposition into inextendible
atomic permutations. Regarding ¢ as a word, we can write ¢ = a - n - w, where a and
w are non-empty subwords. Notice that the permutations « - n and n - w have a unique
decomposition by assumption. Since an atomic permutation begins or ends with the largest
element, we find that a decomposition of ¢ into inextendible atomic permutations is given
by the combination of the decompositions of o -n and n - w.

Uniqueness: This is clear from the definition of inextendibility. O

We now begin the enumeration of atomic permutations according to their run structure.
That is, for every partition p of n —1 we aim to find the number Zy(p) of atomic
permutations 2 of length n.

Observe that any o € 2 can be extended to a permutation in 2( ; by replacing n by
n + 1 and reinserting n in any position after the first and before the last. Thus, 13425
can be extended to 153426, 135426, 134526 or 134256. Every permutation in 21},
arises in this way, as can be seen by reversing the procedure. The effect on the run lengths
can be described as follows.

Case 1: The length of one of the runs can be increased by one by inserting n either at

1. the end of an increasing run if it does not end in n + 1, thereby increasing its length
(e.g., 13425 — 134526)

SO—O—+— 00— O—O——0—®—O-

2. the penultimate position of an increasing run, thereby increasing its own length if
it endsin n+1 (e.g., 13425 — 135426) or increasing the length of the following
decreasing run otherwise (e.g., 13425 — 134256)
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Case 2: Any run of length ¢ 4+ 7 > 2 becomes three run of lengths 1, ¢ and j if we insert
n either after

1. i elements of an increasing run (e.g., 13425 — 153426 exemplifies i =1, j = 1)

2. i+ 1 elements of a decreasing run (e.g., 14325 — 143526 fori =1, j =1)

An analogous argument can be made for the falling atomic permutations 2.

Notice that partitions of positive integers can be represented by the monomials in the
ring of polynomials® Z[x, Zs, .. .] in infinitely many variables x1, s, ... and with integer
coefficients. That is, we express a partition p = p1 +p2 + -+ + Dm a8 Tp, Tp, -+ Tp, (€.,
the partition 14 2 + 2+ 3 of 8 is written as ziz3x3).

Now, let p be a partition of n — 1 and X the corresponding monomial. To this
permutation there correspond Zy(p) permutations in 24 which can be extended to
permutations in 2, ; in the manner described above. Introducing the (formally defined)
differential operator

oo
D= DO + D+ with DO = Z.Ti+1aa, D+ = Z xlxixji, (2)
i—1 L ij>1 O,
we can describe this extension in terms of the action of D on X. We say that D is the
degree-preserving part of D; it represents the case 1 of increasing the length of a run:
the differentiation 0/0z; removes one of the runs of length ¢ and replaces it by a run of
length ¢ + 1, keeping account of the number of ways in which this can be done. Similarly,
case 2 of splitting a run into 3 parts is represented by the degree-increasing part D,. For
example, each of the 7 atomic permutations corresponding to the partition 1+ 1 4 3 can
be extended as

2 2 4
Dxirs = 2217923 + 2174 + 2122,

i.e., each can be extended to two atomic permutations corresponding to the partitions
1+ 2+ 3, one corresponding to 1 +1+4and oneto 1 +1+ 1+ 1+ 2.

Therefore, starting from the trivial partition 1 of 1, represented as x1, we can construct
a recurrence relation for polynomials A, = A, (x1,xs, ..., x,) which, at every step n > 1,
encode the number of atomic permutations Zy(p) of length n + 1 with run structure

3If one wants to encode also the order of the run (e.g., to obtain a map from permutations of length n to
the compositions of n), one can exchange the polynomial ring with a noncommutative ring. Alternatively,
if one wants to encode the direction of a run, one could study instead the ring Z[z1, y1, 22, Y2, . . . ], where
x; denotes an increasing run of length ¢ and y; encodes a decreasing run of length j.
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given by a partition p of n as the coefficients of the corresponding monomial in A,,. The
polynomial A,,, accordingly defined by

=" Zalp) [T, (3)

pFn i=1

where the sum is over all partitions p of n and p(i) denotes the multiplicity of 7 in the
partition p, can thus be computed from the recurrence relation

Al = Zy, (4&)
A, =DA, ., (n>2) (4b)

We say that the polynomials A, enumerate the run structure of the atomic permutations.
We summarize these results in the following proposition:

Proposition 3. The number Zy(p) of rising or falling atomic permutations of length
n — 1 corresponding to a given run structure (i.e., a partition p of n), is determined by the
polynomial A,, via (3). The polynomials A, satisfy the recurrence relation (4).

Note that atomic permutations always contain an odd number of runs and thus Zy(p) is
zero for even partitions p.
It will prove useful to combine all generating functions A, into the formal series

Z An+1 Z pml ,
which can be expressed compactly as the exponential
A(X) = exp(AD)A;.
The first few A,, are given by

Ay = 29

Az = x5+ le"

Ay = x4+ 5x2x%

As = x5 + Trsat + 1ladx; + 5af

Ag = 26 + 9x4xf + 113:3 + 38x3x911 + 61x2x11.

For example, we can read off from Aj that there is 1 permutation in A corresponding to
the trivial partition 5 = 5, 7 corresponding to the partition 5 = 1+ 1+ 3, 11 corresponding
tob =142+ 2 and 5 corresponding to 5 =1+ 1+ 1+ 1+ 1. Asacheck, we note
that 1 + 7 + 11 + 5 = 24, which is the total number of elements of AF; similarly, the
coefficients in the expression for Ag sum to 120, the cardinality of A=. A direct check that
the coefficients in A,, sum to (n — 1)! for all n will be given in the last paragraph of section

5.
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We now consider what can be said concerning the degree k part, A%®), of the polynomials
A,. The ﬁrst degree term A1) of A, is z, as can be seen by a trivial induction using
AW = DoAY, which follows from the recurrence relation (4). Therefore Zy(n) = 1.

For A% with k > 1 the effect of D, has to be taken into account as well, complicating
matters considerably. Nevertheless, the general procedure is clear: once A§§—2> is known
for all m < n, A can be obtained as

nl
m=k—1

Here one can make use of the following relation. Applying Dy repeatedly to any monomial

T Ty, - - T, of degree k yields, as a consequence of the Leibniz rule,

n
n _
DO LiyLig * * Ty, = Z ( .. . ) Lir+j1 Lig+ja **° Lig+i- (5)
51,525--50% =0 J1sJ2y -5 Jk

Jitjet-+jk=n

This observation provides the means to determine the third degree term A®). Applying
D, to any A =, with m > 2 produces 12pxy With p+¢q = m and p,q > 1. Moreover,
the repeated action of Dy on z1x,z, is described by (5) and thus

n—p—q-—1
AS’) = Z < p 4 ) T14rTp4sTg+t-

P50 RN
1+p+q+r+s+t=n

After some algebra this yields

Proposition 4. The third degree term A®) of the polynomial A,,n > 3, is given by

—q—1 n—q-—2

A6) — n—4 T 6

S S L "
z+j+kn

The equation (6) for the third degree term A®) can be rewritten into a formula for
Za(p1 + pa + p3), i.e., the number of permutations of [n + 1] that start with 1, end with
n + 1 and have three runs of lengths pq, ps2, p3, by changing the first sum to a sum over
i,7,k € {p1,p2, p3}. In particular, this gives rise to three integer series for the special cases

Zyn+n+n), Zy(l+n+n), Zy(l+1+n),

with n € N.
The first series

" 3n—q—1 g2
ZQ[(TL""R"‘TL):Z?M( =g >

e 2n —q n—1ln—1n—g¢q

= 1,11,181, 3499, 73501, 1623467,...  (n>1)
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gives the number of atomic permutations with three runs of equal length n. It does not
appear to be known in the literature nor can it be found in the OEIS [9] and the authors
were not able to express it in a closed form. For the second series, however, a simple closed
form can be found:

Zm(1+n+n)=§:1<<2:__1q>+<2nn_—ql_1>> +;<2:>

2
:2( ”) —1=11,39,139,503,1847,...,  (n>2)
n

is the number of atomic permutations in 23, 4o With two runs of length n. One may
understand this directly: there are (2:) permutations in which the length 1 run is between

the others and (27?) — 1 in which it is either first or last. The third series, Zg(1 4+ 1 + n),

i.e., the number of atomic permutations in AF 3 with two runs of length 1, is given by the
odd numbers bigger than 3:

Za(l+1+n)=2n+1=57,9,11,13,15,...,  (n>2).

Observe that terms of the form 27 in A,, encode alternating permutations, which were
already investigated by André in the 1880’s [1]. As a consequence of his results, we find
that the alternating atomic permutations are enumerated by the secant numbers S,,, the
coefficients of the Maclaurin series of secx = Sy + Sy2%/2! + Sox /4! + - -

2n+1
Zm< > 1) =S, =1,1,5,61,1385,50521,... (n > 0, OEIS series A000364).
=1

This is due to the fact that all alternating atomic permutations of [2n] can be understood
as the reverse alternating permutations of [2..2n — 1] with a prepended 1 and an appended
2n. Moreover, since any 22" can only be produced through an application of D on

xQx%(n—1)7 we also have Zy (2 + Z?g_l) 1) = S

3 Circular permutations

The methods developed in the last section to enumerate atomic permutations can also be
applied to find the number of circular permutations Zg(p) with a given run structure p.
Indeed, any circular permutation in €, ; can be extended to a permutation in &, by
inserting n at any position after the first (e.g., 14532 can be extended to 164532, 146532,
145632, 145362 or 145326). As in the case of atomic permutations, this extension either
increases the length of a run or splits a run into three runs. Namely, we can increase the
length of one run by inserting n at the end or the penultimate position of an increasing run
or we can split a run of length 7 + 7 > 2 into three runs of lengths ¢, 7 and 1 by inserting n
after ¢ elements of an increasing run or after ¢ 4+ 1 elements of a decreasing run.
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We introduce polynomials C), representing the run structures of all elements of &,,, by
analogy with the polynomials A,, in the previous section:

n

Co =3 Ze(p) [T 2" (7)

pkn 1=1

and we say that the polynomials C,, enumerate the run structure of the circular permuta-
tions. In the last paragraph we saw that we can use the differential operator D introduced
in (2) to find a recurrence relation similar to (4). Namely,

Cy = a7, (8a)
C, =DC,_y, (n >3) (8b)

giving in particular

C5 = 2x911

Cy = 23 + 2w371 + 227

Cs = 2x421 + 61370 + 1693?.:1:2

Cs = 2x521 + 8479 + 6x§ + 62x§x§ + 26x?x3 + 16x?

from which we can read off that there are 2 permutations in €5 corresponding to 5 =4+ 1,
6 corresponding to the partition 5 = 3 + 2 and 16 correspondingto 5 =2+1+1+1. Asa
check, we note that 6 + 16 + 2 = 24, which is the total number of elements of €5; similarly,
the coefficients in the expression for Cg sum to 120, the cardinality of €. More on this
can be found in the last paragraph of section 5.

In summary, we have a result analogous to Proposition 3:

Proposition 5. The number Zg¢(p) of circular permutations of length n corresponding to
a given run structure p is determined by the polynomial C,, via (7). The polynomials C,,
satisfy the recurrence relation (8).

Note that circular permutations, exactly opposite to atomic permutations, always contain
an even number of runs and thus Zg(p) is zero for odd partitions p.

The enumeration of circular and atomic permutations is closely related. In fact,
introducing a generating function C as the formal series

n

CA) =) Cn+2g => Dn02ﬁ = exp(A\D) (5,
n=0 : n=0 :

one can show the following:

Proposition 6. The formal power series C is the square of a formal series A; namely,
2
C(\) = AN)? = (exp(\D)4,), (9)
where A} = x;.
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Proof. This may be seen in various ways, but the most convenient is to study the first-order
partial differential equation (in infinitely many variables)

ac

——-DC=0, C((0)=C 10

= (0) = Cs (10)
satisfied by C.

We can now apply the method of characteristics to this problem. Since it has no
inhomogeneous part, the p.d.e. (10) asserts that C is constant along its characteristics. So,
given A and xy,zo, ..., let x1(p), x2(1), ... be solutions to the characteristic equations
with x,(A) = &, i.e., x1(p), x2(p), . .. are the characteristic curves which emanate from
the point (A, 1, Zs,...). Then,

C(\)

= = C(0)

w0 = C2(xa(0)) = x1(0)*.

Applying the same reasoning again to A, which obeys the same p.d.e. as C but with initial
condition A(0) = Ay,

AN

ee = A0)|u0) = A1 (x1(0)) = x1(0).
Therefore, Proposition 6 follows by patching these two equations together. O]

As a consequence also the polynomials A, and C,, are related via
n—1 n—2
TnZ:l (m - 1) (1)
It then follows that the second degree part of C),, is given by
n—1 )
0(2) = " mdn—m
S mzzjl I E
and, applying (6), that the fourth degree part can be written as
k
—l—q—-1( n—-2 n—0l—q—2
i7]'7§21 q; n—l—qg—j\n=-I01-1/\i—-1,7-1,k—gq /
i+j+k+l=m

Similar to the atomic permutations, we find that the alternating circular permutations
satisfy (cf. [2, §41])

2n
Z¢<Z 1) =T, =1,2,16,272,7936,353792,... (n =1, OEIS series A000182)

i=1
and also Z¢ (2 s 1) = T,, where T,, are the tangent numbers, the coefficients of the
Maclaurin series of tanx = Tyxy + Toxs/3! 4+ Tsx5/5! 4+ - - - . Furthermore, from (11) we
find the relation

" (2n
Tn—H - mzz:o <2m> SmSn—m7
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which can be traced back to tan’ z = sec? z.

To conclude this section, we note that the argument of Proposition 6 proves rather
more: namely, that exp(AD) defines a ring homomorphism from Clxy,zs,...] to the
ring of formal power series C[[z1,z2,...]]. This observation can be used to accelerate
computations: for example, the fact that As = z3 + 23 implies that

A"(A) = A(N)? + exp(AD)as,

which reduces computation of A, 3 = D"z, to the computation of D"z5. Once A is
obtained, we may of course determine C by squaring.

4 Linear permutations

In the last section we studied the run structures of circular permutations €,, and discovered
that their run structures can be enumerated by the polynomials A,,. One might ask, what
the underlying reason for this is. Circular permutations of [n] have the same run structure
as the linear permutations of the multiset {1,1,2,...,n} which begin and end with 1.
These permutations can then be split into two atomic permutations at the occurrence of
their maximal element. For example, the circular permutation 14532 can be split into the
two atomic permutations 145 of {1,4,5} and 5321 of {1,2,3,5}. This also gives us the
basis of a combinatorial argument for the fact that C = A2. Similarly it is in principle
possible to encode the run structures of any subset of permutations using the polynomials
A,. The goal of this section is to show how this may be accomplished for &g for any
S cN.
As in Sections 2 and 3, we want to find polynomials

L,=> Zs(p)]] A

pkn i=1

that enumerate the run structure of the permutations &,,;. This may be achieved
in a two step procedure. Since every permutation has a unique decomposition into
inextendible atomic permutations, we can enumerate the set of permutations according
to this decomposition. The enumeration of permutations by their run structure follows
because the enumeration of atomic permutations has already been achieved in Section 2.

The key to our procedure is to understand the factorisation of the run structure into
those of atomic permutations. Considering ¢ € &,, as a word, we can write it as the
concatenation o = « - 7 - w, where 7 is the principal atom of o (see beginning of Section 2)
and «,w are (possibly empty) subwords of . Since the decomposition of ¢ into its atoms
also decomposes its run structure, the complete runs of ¢ are determined by the runs of
a-1, mand n-w if 7 is rising, or of - n, m and 1 - w if 7 is falling.

Let S,, be the set of letters in w and define p : S, — S, to be the involution mapping
the ¢’th smallest element of S, to the i’th largest, for all 1 < i < |S,|. Then the run
structure of n - w is identical to that of 1- p(w), where p(w) is obtained by applying p
letterwise to w. Furthermore, in the case m = 1 --- n, the combined run structures of « - 1
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and n - w are precisely the run structure of a - 1 - p(w), while, if 7 =n --- 1, the combined
run structures of o-n and 1-w precisely form the run structure of o+ n - p(w). We refer to
a-1-p(w)ora-n-p(w) as the residual permutation.

Summarising, the run structure of ¢ may be partitioned into that of = and either
a-1-p(w) or a-n-p(w); accordingly, the monomial for o factorises into that for the principal
atom 7 and that for the residual permutation. Therefore, the polynomial enumerating
linear permutations by run structure can be given in terms of the those enumerating
atomic permutations of the same or shorter length and of linear permutations of strictly
shorter length.

This argument can be used to give a recursion relation for L,, which enumerates
permutations of [n+ 1] by their run structure. Taking into account that the principal atom
consists of m + 1 letters, where 1 < m < n, of which m — 1 may be chosen freely from the
set [2..n], and that it might be rising or falling, and that the residual permutation may be
any linear permutation on a set of cardinality n — m + 1, we obtain the recursion relation

" -1
Ly=2% <” )Aan_m, Lo=1.
m=1

m—1

Passing to the generating function,
L) => L,—,
— n!

we may deduce that

oL
o5 = 2ANLO). (12)

Our main result in this section is:

Proposition 7. The run structure of all permutations in &, is enumerated by

L, = 2" (n\ 1) A Lo =

n = , =1, 13
];L ordp \p z:l_[1 bi 0 (13)

where the sum is over all partitions p = p1 + pa + -+ of n, |p| is the number of parts of

partition, ord p is the symmetry order of the parts of p (e.g., forp=1+14+2+3+ 3 we
have ord p = 212!) and (Z) is the multinomial with respect to the parts of p. The generating
function for the L, is

L(N) = i Ln;\r; = exp (2 /0)\ A(p) d,u) : (14)

Proof. Equation (14) follows immediately from (12), as £(0) = 1, whereupon Faa di
Bruno’s formula [10, Eq. (1.4.13)] yields (13). O
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To conclude this section, we remark that the first few L,, are given by

Ly =24,

Ly = 4A% + 24,

Ly = 8A% + 12A, Ay + 24,

Ly = 16A7 + 48 A7 Ay + 12A5 + 16A; A3 + 24,

Ls = 3247 + 160A Ay + 1204, A3 + 80ATA3 + 40A2 A5 + 204, Ay + 245

Lg = 64A% + 480 A1 Ay + 32043 A3 + T20A3 A2 + 12043 Ay + 4804, Ay Az + 120 A3
+ 24 A, A5 + 60A3 A, + 40A2 4 2Ag.

Expanding the Ay and writing the L, instead in terms of z;, we obtain from these

Ly =21

Ly = 4x% + 2x9

Ly = 1023 + 122179 + 273

Ly = 3227 + 5823wy + 1223 + 163,23 + 214

Ly = 1222° + 30023y + 1421123 + 942223 + 402975 + 202124 + 275

L¢ = 54428 4 16821 1wy + 56823 x5 4+ 12842222 + 13822, + 5562 2925 + 14223
+ 24z 125 4+ 602074 + 4033% + 2xg,

which show no obvious structure, thereby making proposition 7 that much more remarkable.

5 Counting valleys

Instead of enumerating permutations by their run structure, we can count the number
of valleys of a given (circular) permutation. Taken together, the terms C,, involving a
product of 2k of the x; relate precisely to the circular permutations €, with k valleys.
Since any circular permutation in €, can be understood as a permutation of [3..n + 1]
with a prepended 1 and an appended 2 (¢f. beginning of Section 4), C,, may also be used
to enumerate the valleys of ordinary permutations of [n — 1]. Namely, terms of C,, 1 with
a product of 2(k + 1) variables x; relate to the permutations of &,, with k valleys (i.e.,
terms of L, 11 which are a product of 2k of the ;).

Let V' (n, k) count the number of permutations of n elements with k valleys. Then we
see that the generating function for V(n, k) for each fixed n > 1 is

Kulk) = WV ) =~ (VR VR)

k=1

and we define Ky(k) = 1. The first few K, are

Ki(k)=1
KQ(KJ) 2
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K3(k) =4+ 2k

Ky(k) =8+ 16k

K5(k) = 16 + 88k + 1657
Kg(k) = 32 + 416K + 27257,

which coincide with the results in [11]. In particular, the constants are clearly the powers
of 2, the coefficients of k give the sequence A000431 of the OEIS [9] and the coefficients
of k% are given by the sequence A000487. Likewise, the coefficients of k3 may be checked
against the sequence A000517. In fact, the same polynomials appear in André’s work, in
which he obtained a generating function closely related to (15) below; see [2, §158] (his
final formula contains a number of sign errors, and is given in a form in which all quantities
are real for k near 0; there is also an offset, because his polynomial A, (k) is our K,_1(k)).

Proposition 8. The bivariate generating function, i.e., the generating function for arbi-
trary n, s

00 L 1 v
K1) = 3 KalR) o = 1= [ Cllimpmmyi dp
=0 n! K Jo

and is given in closed form by

K(v,k)=1-— i +YET ! tan (V\//f — 1+ arctan(1l/vk — 1)) (15)

K

This result was found by Kitaev [6] and in the remainder of this section we will show how
it may be derived from the recurrence relation (8) of C,,.
To this end, we first note that (), satisfies the useful scaling relation

)\n+lcn+1(l'1, To, ... ,[L’n) = Cn+1()\$1, )\21'2, ey )\niL'n)
Setting x; = /A = /k for all 7, this implies
N C (Ve VE) = Cogr (@, Aoy A )

and we find, by inserting the recurrence relations (8) and applying the chain rule, that
with this choice of variables

1 el oC,  ,0C,
?C’nﬂ(m‘,)\:{;, Lo ATTE) = A pe +x 0 +2)0C,.
Hence, in turn, K, (k) = £ 'Cphy1(\/K, . .., /) satisfies the recurrence relation
Ko (k) = 26(1 = K)K 1 (5) + (24 (n — 2)r) Ky 1 (k) (16)

for n > 2. For the bivariate generating function K this, together with Ky = K; = 1,
implies the p.d.e.

oK oK
(1—VI€)67+2/£(/£—1)%+(I€—2)K:/€—1,
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which is to be solved subject to the initial condition IC(0, k) = 1.

The above equation may be solved as follows: first, we note that there is a particular
integral 1 — 1/k, so it remains to solve the homogeneous equation. In turn, using an
integrating factor, the latter may be rewritten as

Kol (17)

0
(1 —vK)— Py

ov+/k—1

for which the characteristics obey

i

dv.  1-vk
de  2xk(k—1)°
Solving this equation, we find that
1
vV k — 1+ arctan ———— = const

VE—1

along characteristics; as (17) asserts that x/KC/y/k — 1 is constant on characteristics, this
gives

K(v,r) =1- i +YET 1f(ux//i—1+arctan(1/\/m— 1))

K

for some function f. Imposing the condition K(0, k) = 1, it is plain that f = tan, and we
recover Kitaev’s generating function (15).

To close this section, we note that (16) has the consequence that K, (1) = nk, (1)
for all n > 2 and hence that C,,1(1,...,1) = K,(1) = n! for such n, and indeed all n > 1,
because Cs(1,1) = K;(1) = 1. The generating function obeys

CN)|ze=1 = i(nqt 1)!);: =(1— )2

for all non-negative A < 1 from which it also follows that
AN |aazr = (1 =) (18)

(as A;(1) = 1, we must take the positive square root) and hence A,|,,—1 = (n — 1)! for all
n > 1. This gives a consistency check on our results: the coefficients in the expression for
A,, sum to (n — 1)!, the cardinality of 2, ;, while those in C,, sum to the cardinality of
@,. Furthermore, inserting (18) into the generating function £(\) in (14), we find

[ee] )\TL
n=0 :

and thus L,.1(1,...,1) = n!, which is the cardinality of &,,.
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6 Other applications

The original motivation for this work arose in quantum field theory, in computations
related to the probability distribution of measurement outcomes for quantities such as
averaged energy densities [5]. One actually computes the cumulants x,, (n € N) of the
distribution: k; = 0, while for each n > 2, k,, is given as a sum indexed by circular
permutations ¢ of [n] such that o(1) = 1 and ¢(2) < g(n), in which each permutation
contributes a term that is a multiplicative function of its run structure:

Ky = Z d(0)

where ® (o) is a product over the runs of o, with each run of length r contributing a factor
Y. Owing to the restriction o(2) < o(n), precisely half of the circular permutations are
admitted, and so x, = 3C,(y1,Y2, -, Ys). Thus the cumulant generating function is

W(X) = innj: = ;/OA dp (A = 1)C (1) au=y.

_ ; / A= AW,

and the moment generating function is exp W (\) in the usual way. This expression makes
sense a formal power series, but also as a convergent series within an appropriate radius of
convergence. The values of ¥, depend on the physical quantity involved and the way it is
averaged. In one case of interest

n—1
Yn = 8”/( . dk’l CU{JQ Tt dk’n klk’g Tt kn exp [—kl — (Z |k’z‘+1 — k?z|> — k};|
R i=1

2 24rp_1 24ron—1

SEAD VR RS o | (A

Tn—1=07r,_2=0 r1=0 k=1

— 2,24, 568,20256,966592,...  (n>1)

(the sums of products must be interpreted as an overall factor of unity in the case n = 1).
Numerical investigation leads to a remarkable identity

2

AN [e=ye = 1- 121

(conjectured)

with exact agreement for all terms so far computed (checked up to n = 65). We do not
have a proof for this statement, but the conjecture seems fairly secure. For example, we
have shown above that A5 = x5 + Txz2? + 11a5z, + 5x%; substituting for x,, the values of
Yn Obtained above, we find A5 = 995328 which coincides with the fourth order coefficient
in the expansion

2 3 4

A A A
=2+ 24X + 5765 + 207365 + 9953285 + O(N).

1—12)\
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In [5], this conjecture was used to deduce
exp (W(A)) — e M0(1 —12)) 7Y™ (conjectured),

which is the moment generating function of a shifted Gamma distribution. The other
generating functions of interest, with these values for the x; are

4
= L) |gamye = (1 —120)71/3 (conjectured).

C()‘) Te=Ye (1 _ 12)\)27

For example, we have C5 = 2x421 + 61329 + 16x:{’x2 = 165888 and Ly = 12296‘;’ + 300x:{’x2 +
142z 22 + 942223 + 40z913 + 200124 + 275 = 3727360, to be compared with the terms of
order A* and \°, respectively, in the expansions

74 =44 96\ 3456>\2 165888 ol 995328 A o\

(1 1oajz — 490+ 34565 + 16588857 + 995328 7 + OV,

1o IS S ¥ oo
(1—12)) =1+4)\+64 5 + 1792 a3 + 71680 1 + 3727360 =] +O(X\°).

A natural question is whether there are other sequences that can be substituted for
the x; to produce generating functions with simple closed forms. To close, we give three
further examples, with the corresponding generating functions computed. The first has
already been encountered in section 5 and corresponds to the case x;, = 1 for all k£ € N.

The second utilizes the alternating Catalan numbers: setting

(=DF

2k
k;—l—l( >7 (k> 0), zop =0, (k=>1)

k

L2k+1 =
and thus Ay, = 0, we obtain, again experimentally,
CA=AN =1, L) =¢e* (conjectured)

with exact agreement checked up to permutations of length n = 65. For example, one sees
easily that with z; = 1, x3 = —1, x5 = 2 and x93 = x4 = 0, the expressions Ay and C},
given in Sections 2 and 3 vanish for 2 < k¥ < 6, and have A; = C, = 1, likewise, L; = 2F
for 1 <k <6.

Third, André’s classical result on alternating permutations (cf. last and penultimate
paragraph of section 2 and 3 respectively) gives the following: setting

=1, r, =0, (k>2)
we have, using (9) and (14),
A(N) =sec), C(A) =sec®\, L(N) = (sec A + tan \)*.

It seems highly likely to us that many other examples can be extracted from the structures
we have described.
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Moreover, we remark that it is possible to implement a merge-type sorting algorithm,
called natural merge sort [7, Chap. 5.2.4], based upon splitting permutations of an ordered
set S into its runs, which are ordered (alternatingly in ascending and descending order)
sequences S; C S. Repeatedly merging these subsequences, one ultimately obtains an
ordered sequence. For example, first, we split the permutation 542368719 into 542,
368, 71 and 9. Then, we reverse every second sequence (depending on whether the first
or the second sequence is in ascending order): 542 +— 245 and 71 +— 17. Depending
on the implementation of the merging in the following step, this ‘reversal’ step can be
avoided. Last, we merge similarly to the standard merge sort: 245 V 368 — 234568,
17V 9+~ 179 and finally 234568 V 179 +— 123456789. Natural merge sort is a fast
sorting algorithm for data with preexisting order. Using the methods developed above to
enumerate permutations by their run structure, it is in principle possible to give average
(instead of best- and worst-case) complexity estimates for such an algorithm.
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