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Abstract

For a k-uniform hypergraph H, we obtain some trace formulas for the Laplacian
tensor of H, which imply that > 7" d5 (s = 1,..., k) is determined by the Laplacian
spectrum of H, where d1,...,d, is the degree sequence of H. Using trace formulas
for the Laplacian tensor, we obtain expressions for some coefficients of the Laplacian
polynomial of a regular hypergraph. We give some spectral characterizations of odd-
bipartite hypergraphs, and give a partial answer to a question posed by Shao et al
(2014). We also give some spectral properties of power hypergraphs, and show that
a conjecture posed by Hu et al (2013) holds under certain conditons.

Keywords: Hypergraph eigenvalue; Adjacency tensor; Laplacian tensor; Signless
Laplacian tensor; Power hypergraph

1 Introduction

Recently, the research on spectral theory of hypergraphs has attracted extensive attention
[1,5-8,11,13,14,16-18]. We first introduce some necessary concepts and notations. For a

*Corresponding author.
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positive integer n, let [n] = {1,...,n}. An order k dimension n tensor A = (a;..;,) €
C™*" is a multidimensional array with n* entries, where i; € [n], j = 1,...,k. We
sometimes write a;,..;, as @; o, where o =iy ---iy. When k£ =1, A is a column vector of
dimension n. When k = 2, A is an n X n matrix. The unit tensor of order k > 2 and
dimension n is a diagonal tensor Z,, = (0;,4,...4;, ) such that 0; 4,..., = 1 if iy =9 = -+ =iy,
and 0;,;,..;, = 0 otherwise. In [15], Shao defined the following product of tensors, which
is a generalization of the matrix multiplication.

Definition 1. [15] Let A and B be order m > 2 and order k£ > 1, dimension n tensors,
respectively. The product AB is the following tensor C of order (m — 1)(k — 1) + 1 and
dimension n with entries

Cioy...aom—1 — Z aiig...imbizal e bimam,1 (Z € [n]7 A1y, 0p1 S [n]k_l)‘

iQ,...;imG[n]

Let A be an order k > 2 dimension n tensor, and let * = (z,...,2,)". From
Definition 1, the product Az is a vector in C" whose i-th component is (see Example 1.1
in [15])

12,...,i €[]

The concept of tensor eigenvalues was posed in [9, 12]. If there exists a nonzero vector
z € C" such that Az = Azl*~U, then ) is called an eigenvalue of A,  is an eigenvector
of A, where x*=1 = (281 2k1)T The determinant of A, denoted by det(A), is
the resultant of the system of polynomials f;(x1,...,z,) = (Az); (i = 1,...,n). The
characteristic polynomial of A is defined as ¢ 4(\) = det(M\Z,, — A), where Z, is the unit
tensor of order k and dimension n. It is known that eigenvalues of A are exactly roots of
®4(A) [12]. The multiset of roots of ¢ 4(A) (counting multiplicities) is the spectrum of A,
denoted by o(.A). The maximal modulus of eigenvalues of A is called the spectral radius
of A, denoted by p(A). More details on eigenvalues and characteristic polynomials of
tensors can be found in [4, 12].

A hypergraph H is called k-uniform if each edge of H contains exactly k distinct
vertices. Let V(H) and E(H) denote the vertex set and the edge set of H, respectively.
In [13], Qi defined the Laplacian and the signless Laplacian tensor of a uniform hypergraph
as follows.

Definition 2. [7, 13] The adjacency tensor of a k-uniform hypergraph H, denoted by
Ay, is an order k dimension |V (H)| tensor with entries

@ hieiee B,
e 0 otherwise.

Let Dy be an order k dimension |V (H)| diagonal tensor whose diagonal entries are vertex
degrees of H. The tensors Ly = Dy — Ay and Qp = Dy + Ay are the Laplacian
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tensor and the signless Laplacian tensor of H, respectively. Eigenvalues of Ay, Ly and
Qp are called eigenvalues, Laplacian eigenvalues and signless Laplacian eigenvalues of H,
respectively. Characteristic polynomials of L5 and Qp are called Laplacian polynomial
and signless Laplacian polynomial of H, respectively.

This paper is organized as follows. In Section 2, we give some trace formulas for the
Laplacian tensor of a uniform hypergraph, and obtain expressions for some coefficients
of the Laplacian polynomial of a regular hypergraph. In Section 3, we give some spec-
tral characterizations of odd-bipartite hypergraphs. In Section 4, we give some spectral
properties of power hypergraphs.

2 Laplacian spectra and degree sequence of hyper-
graphs

Traces of tensors are very useful in the study of spectral theory of tensors. The d-th order
trace of an order k > 2 dimension n tensor 7 = (¢;,..;,) is defined as [1, 4, 10]

d;

Tro(T)= (k-1 Y H 1)) >ty a tr(AYFD),

di+-+dn=d i=1 di( ye[n]k—1

where A = (a;;) is an n x n auxiliary matrix, and aly = 6(18“2 e 8a“k if y=riy9---1. The
codegree d coefficient of the characteristic polynomial of 7 can be expressed in terms of
Tri(T), ..., Tra(T) (see [4, Theorem 6.3]). It is also known that T'r(T) = 3,y A’ for
any t € [n(k—1)""!] (see [4, Theorem 6.10]). Hence Try(7) is an important invariant in
the spectral theory of tensors.

Shao et al [16] give a graph theoretical formula for Try4(7). In order to describe this

formula, we introduce some notations in [16]. For an integer d > 0, we define

Fa={(ihar, ... iga)|l <iy <+ <ig<ny au,...,aq4 € )71}

For F' = (iyou, ..., iq0q) € Fq and an order k > 2 dimension n tensor T = (ti;..;, )
we write 7p(7) = szl ti,a;- Let pi(F) be the total number of times that the index i
appears in F. If p;(F) is a multiple of k for any ¢ € [n], then F is called k-valent.

Definition 3. [16] Let F' = (ijay, ..., iqaq) € Fy, where i;o; € [n]*, j=1,...,d. Then
(1) Let E(F) = U;l:l E;(F), where E;(F) is the arc multi-set

Ei(F) = {(ij,v1),- .., (ij,vk-1)}

if oj = vy vp_.

(2) Let b(F') be the product of the factorials of the multiplicities of all the arcs of E(F).
(3) Let ¢(F') be the product of the factorials of the outdegrees of all the vertices in the
arc multi-set E(F).

(4) Let W(F') be the set of all closed walks W with the arc multi-set E(F).
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Shao et al give a graph theoretical formula for Tr4(7) as follows (see equation (3.5)
n [16]).

Lemma 4. [16] Let T = (T},...,) be an order k > 2 dimension n tensor. Then
_ b(F)
. n—1
Tro(T) = (k—1) Z ET"F(T)‘WUT)"
FeF,
where F, = {F|F € F4, F is k-valent}.

For a k-uniform hypergraph H, Cooper and Dutle [1] proved that Try(Ay) = 0 for
d € [k — 1]. We give some trace formulas for the Laplacian (signless Laplacian) tensor of
uniform hypergraphs as follows.

Theorem 5. Let H be a k-uniform hypergraph with degree sequence dy,...,d,. Then

Tri(Ly) = Tr(Qu) = (k—1)"" IZdt t=1,... k—1,
Tri(Lr) = (1)U k = 1" BE(H)| + )" lzd
Tri(Qu) = Kk —1)""E(H)|+ )" 1Zd’“

Proof. By Lemma 4, we have

TriCu) = (k=11 3 %mwww, 1)
FeF]

where F| = {F|F € F;, F isk-valent}. For F = (i1ovq,...,04a¢) € Fy, if mp(Ly) =
Ht \(LH)ija, # 0, then ijo; =iji;---i; € [n)* or i;a; € E(H) for any 1 < j <t
Let F' € F; satisfies np(Ly) # 0. If ¢ < k, then F is k-valent if and only if F =

(181 -+ i1, . ztzt @t) In this case, |W(F)| # 0 if and only if iy = --- = 4. Let
F,=(it--- i, ooy ti---i) € F) (t < k). From Eq. (1) and Definition 3, we have
—~ b(F)

Tri(lu) = (k=1)"" Y —mp (L) |W(E)|

22 (F)
(
(

= (k-1 Z —Ei z — mdg = (k—1)"" Z d;.

Similar with the above procedure, we can also get Tr(Qp) = (k — 1)" 'Y 0" | di, ¢ =
1,...,k—1.

Let F € Fy satisfies mp(Ly) # 0. Then F is k-valent and |W(F')| # 0 if and only if
F=(i---i,...,i---3i) or ' = (i11, . ..,1,04), where ijaq,. .., igax correspond to the
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same edge iyis---i € E(H). Let F; = (it---i,...,4---1) € F,. From Eq. (1) and
Definition 3, we have

TTk(EH) = (—1)kT'r’k(.AH) + (]C - 1)n_1 Z igg; WFl('CH)‘W<F%>|
= (=1)*Tr(Ay) + (k= 1" Z %df

T + (k- 1S

i=1

From the proof of [1, Theorem 3.15], we have Try(Ag) = k*"1(k — 1)"*|E(H)|. Hence
Tri(Ly) = (~D)FE (k= )" HEH)| + (k- 1)) db.
i=1

Similar with the above procedure, we can also get
Tre(Qu) =K' (k= V)" EH)| + (k= 1)" ) _d}.
i=1

]

Remark. Note that traces of a tensor are determined by its spectrum [3, Theorem 6.3].
For a k-uniform hypergraph H, by Theorem 5, we know that Y ., df (s = 1,...,k) is
determined by the Laplacian (signless Laplacian) spectrum of H, where dy, ..., d, is the

degree sequence of H.

Let p; (M) denote the codegree t coefficient of the characteristic polynomial of a tensor

M.

Lemma 6. Let M be an order k > 2 dimension n tensor. Then

—Try Triy Try -+ Tri
—TTt_l t—1 TTl e T?"t_g
thpy M) =det | =Tr—s 0 t—2 : ,
T 0 - 0 1
where Try = Try(M), t € [n(k —1)"1].
Proof. From [4, Theorem 6.10], we have
t Try Tro -+ Tri4 (M) —Tr,
0 t—=1 Tr - Trs pr—1(M) —T'ryy
o 0 t—2 " : : = :
: : R K21 p2(M) —T'ry
o 0 - 0 1 p1(M) ~Tr
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We can obtain the expression of t!p;(M) from Cramer’s rule. ]

A uniform hypergraph H is called d-regular if each vertex of H has degree d. The
following are some coefficients of the Laplacian (signless Laplacian) polynomial of regular
hypergraphs.

Theorem 7. Let H be a d-reqular k-uniform hypergraph with n vertices. Then
n(k— 1)1
p(Lr) = p(Qn) z(—l)tdt< ( ) ) t=1,...,k—1,

t

k
E—1)"t
p(Qn) = —K" (k= 1) nd + (—1)*d" <n< 2 | )
Proof. By Lemma 6, we have

—T'ry Try Try -+ Tri

_Trt—l t—1 Tfr’l e T’l"t_g

tp(Ly)=det | =Tryo 0 t—2 "-. : 7 2)

—T7’1 0 N 0 1

where Try = Tr(Ly). Since H is d-regular, by Theorem 5, we have Tr; = dT'r;_; =
n(k—1)" ', i=2,...,k—1. If t <k, then by Eq. (2), we have

0 TTl TTQ cee TTt—l
0 t—1 TT’l cee T’I“t_g
tpy(Ly) = det : 0 t—2 :
0 : ' Try
d— T’I“l 0 0 1
0 Tri—(t—=1)d 0 0
0 t—1 . . :
= det : 0 . Trp—2d 0
0 : 2 TTl
d— T7“1 0 0 1
t—1
= (=)' [(Tr, —id)
=0

Since Try = n(k — 1)"1d, we have

picw) = (et Z VT2 o gyepllicol® 2T 20

= (—1)d (”(k _tl)nl).
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Similar with the above procedure, we can also get

p(Qu) = (—1)'d" (”(k _tl)n_l), b=1,.. . k-1

Since H is d-regular, by Theorem 5, we have Ty, = (—1)*k*2(k — 1) *nd + dTry_,
and Tr; = dTr;_y =n(k—1)""d',i=2,...,k — 1. From Eq. (2), we have

(=D)MEF=2(k — 1) *nd  Try  Try - Tri,
0 k—1 TTl s TTk_Q
0 : o Ty
d—"Tr; 0 e 0 1
(=D)FEF=2(k — )" *nd Try—(k—1)d 0 e 0
0 E—1 . :
0 : 2 Try
d—"Tr; 0 e 0 1

= (DR — D)k — 1)Ind 4 (—1)*d" l_Il(n(kr — )"t —4).

Pu(La) = (“DFR (k- 1) Fnd o+ (~1)Fd (n(k _kl)m)

Similar with the above procedure, we can also get

3 Eigenvalues and odd-bipartite hypergraphs

A k-uniform hypergraph H is called odd-bipartite, if there exists a proper subset V) of
V(H) such that each edge of H contains exactly odd number of vertices in V; [6, 17].
Spectral characterizations of odd-bipartite hypergraphs will be investigated in this section.
We first give some auxiliary lemmas. The following lemma can be obtained from equation
(2.1) in [15].

Lemma 8. Let A = (a;,...,) be an order k > 2 dimension n tensor, and let P = (p;;),Q =
(¢ij) be n x n matrices. Then

(PAQ)ulk = Z gy 5 Pirjr gz~ * D -
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Lemma 9. [6] Let H be a connected k-uniform hypergraph. A nonzero vector x is an
eigenvector of Qg corresponds to the zero eigenvalue if and only if there exist nonzero
~v € C and integers «; such that x; = 'yexp(mT”r\/—l) for each i € V(H), and

Zozj:aek—i-g

j€Ee
for some integer o, associated with each e € E(H).

Weakly irreducible tensors are defined in [3]. It is known that a k-uniform hypergraph
H is connected if and only if Ap is weakly irreducible [11].

Lemma 10. [17, 19] Let A be an order k dimension n nonnegative weakly irreducible
tensor. If p(A)exp(6v/—1) is an eigenvalue of A, then there exists a diagonal matriz U
with unit diagonal entries such that

A = exp(—0v/-1) UV AU.

For a tensor T, let Ho(T) = {A\A € o(T), A has a real eigenvector}. For a connected
k-uniform hypergraph G, Shao et al [17] proved that

HU(ﬁg> = HO’(Qg) ESS U(ﬁ(;) = U(Qg).

Shao et al wish to know whether the reverse implication is true. We show that the reverse
is true when k is not divisible by 4.

Theorem 11. Let G be a connected k-uniform hypergraph, and k is not divisible by 4.
Then the following are equivalent:

(1) k is even and H is odd-bipartite.

(2) HO’(,CG) = HO'(Qg)

(3) 0(Le) = 7(Q).

(4) 0 is a signless Laplacian eigenvalue of G.

Proof. From [17, Theorem 2.2], we have (1) = (2) = (3). Since 0 is always an eigenvalue
of Lg (see [13]), we have (3) = (4). Next we prove that (4) = (1).

If 0 is an eigenvalue of Q¢, then by Lemma 9, there exists a vertex labeling f : V(G) —
[k] such that

Zf(z) = g (mod k)

i€e

for each e € E(G). Hence k is even. Since k is not divisible by 4, we know that £ is odd.
So > . f(i) is odd for each e € E(G). Let Vi = {ulu € V(G), f(u) is odd}. For any
e € E(G), since ) .. f(i) is odd, e contains exactly odd number of vertices in V. Hence
G is odd-bipartite. O
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When k£ = 2, Theorem 11 becomes a classic result in spectral graph theory, i.e., a
connected graph G is bipartite if and only if 0 is a signless Laplacian eigenvalue of G.
It is also well known that a connected graph G is bipartite if and only if —p(Ag) is an
eigenvalue of G. We generalize this result as follows.

Theorem 12. Let H be a connected k-uniform hypergraph, and k is not divisible by 4.
Then the following are equivalent:

(1) k is even and H is odd-bipartite.

(2) —p(Amn) is an eigenvalue of H.

Proof. From [17, Theorem 2.3], we have (1) = (2). If (2) holds, then by Lemma 10, there
exists a diagonal matrix U with unit diagonal entries such that Ay = —U~*"Y A5 U. By
Lemma 8, we have

_ —(k—1)
Aiyig-iy = — Qigigeig Uy, Ujg * * Wiy

where u;; is the diagonal entry of U corresponds to vertex i; (j =1,...,k). For any edge
e =1y -ix € E(H), we get

—(k-1) k
(o Uiy =+ Uiy, = — 1y Uy Uy - Ugy, = — U
Similarly, we have u; w;, - - - u;, = —ufl == —ufk. Since u;,, . .., u;, are unit complex
. . 2w . +0 X
J— J J—
number, there exist 6 and integers ay,,...,q; such that u; = exp(—5—+v/—1), j =

1,...,k. Then

kO + 2130 o)
k

o Sk ;.
exp(%w/—l) = —1.

VD) = ik = —enp(8vD),

Uiy Wiy = = Uy, = eXp(

Hence Z?Zl o;, = £ (mod k), k is even. Since k is not divisible by 4, Z§:1 ;; is odd
for any edge e = iyis---ip € E(H). Let Vi = {u|lu € V(H),q, is odd}. For any
e =iyig--- i € E(H), since 2?21 @;; is odd, e contains exactly odd number of vertices

in V1. Hence H is odd-bipartite. O

Let H be a connected k-uniform hypergraph. If 0 is an eigenvalue of Qp, then by the
proof of Theorem 11, we know that there exists a vertex labeling f : V(H) — [k] such

that Y, , f(1) = £ (mod k) for each e € E(H). We pose the following conjecture.

Conjecture. Let H be a connected k-uniform hypergraph. Then the following are
equivalent:

(1) k is even and H is odd-bipartite.

(2) 0 is a signless Laplacian eigenvalue of H.

(3) —p(Ap) is an eigenvalue of H.

(4) There exists a vertex labeling f : V(H) — [k] such that >,__ f(i) = & (mod k) for
each e € E(H).
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4 Eigenvalues of power hypergraphs

A vertex with degree one is called a core vertex [7]. For a k-uniform hypergraph H, if
e € E(H) contains core vertices, then we use H —e to denote a k-uniform sub-hypergraph
of H obtained by deleting the edge e and all core vertices in e.

Theorem 13. Let H be a k-uniform hypergraph, and let e € E(H) be an edge contains
at least two core vertices. If A is an eigenvalue of H — e, then X is an eigenvalue of H.

Proof. Suppose that = is an eigenvector of the eigenvalue A of H —e. Let y be a column
vector of dimension |V (H)| such that y, = z, ifu € V(H —¢), and y, = 0if u € V(H) is
a core vertex in e. Since Ay_.x = Az, we have Ayy = Ayl*~1. So X is an eigenvalue
of H. O

In [7], Hu et al defined power hypergraphs as follows.

Definition 14. [7] Let G be an ordinary graph (i.e. 2-uniform hypergraph). For any
k > 3, the kth power of G, denoted by G¥, is a k-uniform hypergraph with edge set
E(G*) = {e U {ic1,... ick2}le € E(G)}, and vertex set V(GF) = V(G) U {i. le €
E(G),j €[k —2]}

Some examples of power hypergraphs are given in [7, Fig.1]. From Definition 14, we
know that each edge of a power hypergraph G* contains two adjacent vertices in V(G)
and k — 2 core vertices not in V(G).

If H is a connected k-uniform hypergraph, then Ay and Qp are both weakly irre-
ducible [13]. So we obtain the following lemma from [13, Theorem 2.2].

Lemma 15. Let H be a connected k-uniform hypergraph. If X is an eigenvalue of Ay
(Qu ) with a positive eigenvector, then X = p(Ay) (A = p(Qn)).

Theorem 16. If A\ # 0 is an eigenvalue of a graph G, then At is an eigenvalue of G*.
Moreover, p(Agr) = p(Ag)+ .

Proof. Suppose that x is an eigenvector of the eigenvalue A # 0 of graph G. Then
> jena(iy i = Az; for any @ € V(G), where Ng(i) is the set of all neighbors of ¢ in G.
Let y be a column vector of dimension |V (G¥)| such that y, = (2,)% if u € V(G), and
Yo = (AN layx)E if w e V(GF) \ V(G) is a core vertex in the edge contains two adjacent
vertices i, j € V(G). For any i € V(G), by >~ ey, () Tj = Axi, we have

(Al = D (W hay) T (a))F = M) 5 = M)

JENG(7)

For any u € V(G¥) \ V(G), we have

k-3

(Agry)u = A i) = ()

k—

(A Yagr) T = AF (g)F L

ESIN)

ESlIN)
SN

(zj)F = A

2 . . . .
Hence \* is an eigenvalue of G¥ with an eigenvector y.
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If G is connected and A\ = p(Ag), then we can choose z as a positive eigenvector of
p(Ag). In this case, y is a positive eigenvector of the eigenvalue p(Ag)% of G*. Lemma
15 implies that p(Agr) = p(Ag)* when G is connected.

If G has r > 2 components Gy, ..., G,, then

p(Age) = max{p(As), . p(Ace)} = max{p(Ac,)¥, . pAc, ) } = p(Ag)*.

EIN]

We can obtain the following result from Theorem 16.

Corollary 17. For any nontrivial graph G, we have limg_,o, p(Agr) = 1. Moreover,
{p(Agr)} is a strictly decreasing sequence if p(Ag) > 1.

The following corollary follows from Theorem 13 and 16.

Corollary 18. If X\ # 0 is an eigenvalue of any subgraph of a graph G, then AE s an
eigenvalue of G* for k > 4.

Let P, and S,, be the path and the star of order n, respectively. The following result
was proved by Li et al [8]. Here we give a different proof.

Corollary 19. Let T' be a tree with n vertices. Then
p(Apg) < plAr) < p(Asy),

where the left equality holds if and only if T' = P,, and the right equality holds if and only
if T'=.5,.

Proof. Among all trees with n vertices, P, is the unique tree with the smallest adjacency
spectral radius, and S, is the unique tree with the largest adjacency spectral radius [2].
By Theorem 16, we have

p(Apr) < p(Ark) < p(Agr),

where the left equality holds if and only if T = P,, and the right equality holds if and
only if T' = §5,,. O

Theorem 20. If a # 0 is an eigenvalue of a d-reqular graph G, then the roots of (x —
d)(z — 1) — a =0 are signless Laplacian eigenvalues of G*. Moreover, p(Qax) is the
largest real root of (x — d)(x — 1) —d = 0.

Proof. Suppose that x is an eigenvector of the eigenvalue o # 0 of graph G. Then
> jenatiy T = awx; for any i € V(G), where Ng (i) is the set of all neighbors of i in G. Let

A € C be any number such that (A — d)(A — 1)"2° = a, then A # 1. Let y be a column
1

vector of dimension |V (G*)| such that y, = (2,)* if u € V(G), and y, = (A— 1)_%(%%)%
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if u € V(G*)\V(G) is a core vertex in the edge contains two adjacent vertices i, j € V(G).
k—

For any ¢ € V(G), by > ;cng) 7 = o and (A — d)(A — 1)"2° = a, we have
2(k—1) k—2

(Qowy)i =d(z:) 7 + D (A=1)7% (zx)) © (2)

JENG(3)

2(k—1)

— @) = A

IS

For any u € V(G¥) \ V(G), we have

k-3

(Qary)y = (A—1)" 2<mg>k + (- 1>-¥<xixj>ﬂxi>
= AA = 17T (may) T = M)

ESIN)
ESI)

(z5)

Hence ) is a signless Laplacian eigenvalue of G* with an eigenvector y.

If G is connected and o = d = p(Ag), then we can choose z as a positive eigenvector
of p(Ag). In this case, y is a positive eigenvector of the signless Laplacian eigenvalue A
of G*. Lemma 15 implies that p(Qgx) is the largest real root of (z —d)(z — 1)z —d =0
when G is connected.

If G has r > 2 components G, ..., G,, then

p(Qqr) = maX{p<QG’f)v -5 p(Qar)}-

Since G4, . .., G, are connected d-regular graphs, we know that p(Qar) = p(Qen) =+ =
p(Qcr) is equal to the largest real root of (z — d)(x — 1)*2" —d=0. O

The following corollary follows from Theorem 20.

Corollary 21. For any d-regular graph G, we have limy_ o, p(Qgr) = d. Moreover,
p(Qar) is a strictly decreasing sequence if d > 1.

Remark. In [7, Conjecture 4.1, Hu et al conjectured that p(Qar) is a strictly decreasing
sequence for any graph G and even k. By Corollary 21, this conjecture holds when G is
regular of degree d > 1.

The proof of the following theorem is similar with that of Theorem 20. So we omit it.

Theorem 22. If a # 0 is an eigenvalue of a d-reqular graph G, then the roots of (d —
k—2 . .
r)(1—2x)2 —a=0 are Laplacian eigenvalues of G*.
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