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Abstract

The main purpose of this paper is to show that the multiplication of a Schubert
polynomial of finite type A by a Schur function, which we refer to as Schubert
vs. Schur problem, can be understood combinatorially from the multiplication in
the space of dual k-Schur functions. Using earlier work by the second author, we
encode both problems by means of quasisymmetric functions. On the Schubert vs.
Schur side, we study the poset given by the Bergeron-Sottile’s r-Bruhat order, along
with certain operators associated to this order. Then, we connect this poset with a
graph on dual k-Schur functions given by studying the affine grassmannian order of
Lam-Lapointe-Morse-Shimozono. Also, we define operators associated to the graph
on dual k-Schur functions which are analogous to the ones given for the Schubert
vs. Schur problem. This is the first step of our more general program of showing
combinatorially the positivity of the multiplication of a dual k-Schur function by a
Schur function.

Keywords: Bruhat order, Schubert polynomials, k-Schur functions, Hopf algebras.

1 Introduction

A fundamental problem in algebraic combinatorics is to find combinatorial rules for certain
properties of a given combinatorial Hopf algebra. The problem of providing a combina-
torial rule for the structure constants of a particular basis is an instance of this situation.
The classical example is the Littlewood-Richardson rule which describes the multiplica-
tion and comultiplication of Schur functions within the space of symmetric functions.
These constants are known to be positive from geometry since they describe intersections
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of grassmannian varieties, or from representation theory where they count the multiplic-
ity of irreducible characters in certain induced representations. Although this shows that,
in theory, these constants are non-negative integers, the theory is not enough to specify
whether they are non-zero, or how big they are. However, theLittlewood-Richarson rule
does [26, 17] and it describes each constant as the cardinality of a constructed set of
objects or points.

Providing a rule for this kind of problems is in general very hard and many such prob-
lems are still unsolved. In particular, this paper will consider two of these problems which
are closely related: the multiplication of Schubert polynomials, and the multiplication of
k-Schur functions and their duals. The product structure of both, Schubert and k-Schur,
contain as a particular case the so-called Gromov-Witten invariants. Let us give some
background about each one of these problems.

Schubert polynomials are known to multiply positively since their structure constants
enumerate flags in suitable triple intersections of Schubert varieties. However, there is no
positive combinatorial rule to construct these constants in general. Nevertheless, since
Schur polynomials correspond to grassmannian varieties which are a special class of flag
varieties, we have that the Littlewood-Richardson rule is a special case of this particular
problem. Even if we consider a slightly larger class of Schubert polynomials, namely,
multiplication of a Schubert polynomial by a Schur function, we find that for several years
there was no solution for finding a positive rule for these structure constants. Fortunately,
in [9] new identities were deduced, more tools were developed and the use of techniques
along the way of [11, 10, 12, 8, 2] gave as a result a combinatorial rule for this problem [3],
which we will refer later as Schubert vs. Schur. Also in [3], using the work of [15], we
deduce, independently of [14], a combinatorial proof that the Gromov-Witten invariants
are positive.

Let us turn our attention now to k-Schur functions and their duals. These functions
were first defined in citeLLMO3 in order to study Macdonald polynomials but they soon
turned out to be much more interesting due to their connection to different mathematical
constructions. There are at least six different definitions of k-Schur functions and it is
conjectural that they are equivalent. In [18], one definition is shown to be related to the
homology of the affine grassmannian of the affine Coxeter group A;_1. More precisely, the
k-Schur functions are shown to be the Schubert polynomials for the affine grassmannian
and, as such, the structure constants of their multiplication must be positive integers. The
space of k-Schur functions spans a graded Hopf algebra, and its graded dual describes the
cohomology of the affine grassmannian. Thus, the comultiplication structure is also given
by positive integer constants. Also, the structure constants of k-Schur functions include,
as a special case, the structure of the small quantum cohomology and in particular, as
mentioned above, the Gromov-Witten invariants [23].

In a series of two papers we plan to give a positive rule (along the lines of [3]) for the
multiplication of dual k-Schur with a Schur function and relate this to the Schubert vs
Schur problem. This is done by an in-depth study of the affine strong Bruhat graph. In
order to achieve this we need to adapt the tools we have in [11, 10, 12, 8, 3] and create
new ones. To give an outline of how this will be done, we set up some notation. Partitions
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will be denoted by A, u, v and w, v, w will denote affine grassmannian permutations. The
general plan is as follows.

(I) We study the strong Bruhat graph restricted to affine grassmannian permutations
(see [19]). Given two such permutations u,v let K, be the quasisymmetric function
associated to them, which is constructed following techniques in [8]. The coefficient d;, ,

of a Schur function Sy in K, ) is the same as the coefficient of the dual k-Schur Sy *)in the

product S ,\qu(k). In this way we recover certain structure constants of the multiplication
of dual k-Schur functions since when A C (¢") and ¢+ r = k 4+ 1 we have that S\ = SiR

for some w affine grassmannian.

(IT) We prove combinatorially that the expansion of KJ, ) in terms of Schur functions is
positive. This is done in analogy with [11, 2, 3].

In this paper we will cover part (I) together with some related work and a combi-
natorial explicit embedding of the Schubert vs. Schur problem into the dual k-Schur
problem. This is done by inclusion of the chains of the grassmannian-Bruhat order into
the affine strong Bruhat graph. Then a connected component from the first graph is
sent to a connected component in the second graph. This implies that the dual k-Schur
problem is at least as complex as the Schubert vs. Schur problem. From our point of
view, this is a very surprising fact. On the dual k-Schur function side, we are multiplying
affine grassmannians. In the non-affine case, this should correspond to multiplying Schur
functions. Here we show that an arbitrary Schubert multiplied by a Schur embeds in the
affine case. We remark that in [16], Knutson, Lam and Speyer show that the Schubert
vs. Schur problem reduces geometrically to the dual k-Schur problem. Here we focus on
the positive combinatorial aspect of the problems.

Part (IT) will appear in [6] after |2, 3] are published. This also depends on a study
of billions of cases currently running on computers. This is expected to take a few years.
Some more details about the method can be found in [5].

One final remark before we get started. The approach in [8] cannot be used directly
on the affine weak Bruhat order to understand the multiplication of k-Schur functions.
It was erroneously suggested in example 6.9 of [8] that Kf,,), defined on an interval
[u, w],, of the affine weak order expands positively in terms of fundamental quasisymmetric
functions using descent. The problem here is that the descent of a chain is not well
defined. Equation (6.1) of [8] is valid only if the descent set of a chain is a unique
coarsening of its possible decomposition into increasing components. This is not the
case in example 6.9 and going back to the original definition of K, ., is necessary. The
(symmetric) quasisymmetric function K7,,), obtained this way has been rediscovered
by Postnikov in [27]. They are not Schur positive in general, but when restricted to
the coefficient of a Schur function Sy where A is contained in a fixed rectangle R, then
the constant is positive and equals to the Gromov-Witten invariants. Also, K.y, is
not positive when expanded in terms of fundamental quasisymmetric functions and the
techniques of [2, 3] cannot be adapted. Nevertheless, here we show that the affine strong
Bruhat graph behaves well.

The paper is organized as follows. In Sections 2 and 3 we recall some background
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about Schubert polynomials and k-Schur functions, respectively. In Section 4 we study the
affine strong Bruhat graph and introduce the main relations satisfied by saturated chains
in this order. Also,we introduce the quasi-symmetric function K, ,). Finally, Section 5 is
dedicated to the inclusion of the chains of the grassmannian-Bruhat order.

2 Schubert Polynomials

One of our main goals is to show that the Schubert vs. Schur problem is combinatorially
embedded in the problem of multiplying dual k-Schur functions, as explained in the
introduction. We thus recall a few results from [11, 10, 12, 8|.

Let u € S = U@O S,, be an infinite permutation where all but a finite number
of positive integers are fixed. Non-affine Schubert polynomials &, are indexed by such
permutations [24, 25]. These polynomials form a homogeneous basis of the polynomial
ring Z[z1, g, .. .| in countably many variables. The coefficients ¢}/, in

6u6v = ZCZ),UGwa (1>
are known to be positive.

2.1 r-Bruhat order and Pieri operators

As shown in example 6.2 of [8] (see also [12]), we can encode some of the coefficients in
(1) with a quasisymmetric function as follows. Let ¢(w) be the length of a permutation
w € So. We define the r-Bruhat order <, by its covers. Given permutations u,w € S,
we say that u <, w if {(u) + 1 = (w) and v 'w = (i,7), where (i, j) is a reflection with
i <r <j. When u <, w we get {(w) — £(u) = 1, hence we write wu™' = (a,b) with a < b
and label the cover u <, w in the r-Bruhat order with the integer b.

We enumerate chains in the r-Bruhat order according to the descents in their sequence
of labels of the edges. More precisely, we use the descent Pieri operator

. Hy = Zend(w), (2)

where the sum is over all chains w of length £ in the r-Bruhat order starting at z € S,

b b b
Wwir x5 1 = end(w),

with no descents, that is by < by < -+ < by. Let (-, -) be the bilinear form on ZS,, induced
by the Kronecker delta function on the elements of S,,. Given u <, w, let n = {(w) —{(u)
be the rank of the interval [u, w], and let

K[u,w]r = Z<U'Ha1 <o Hakv U))Ma (3)
afFEn
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summing over all compositions a = (ay, ..., a) of n, where

— o1 Q2 Ok
M, = E Ty ;)

11 <ig<--<ip

is the monomial quasisymmetric function indexed by « (see [1, §]).

Now, given a saturated chain w in the interval [u,w], with labels by, b, ..., b,, we let
D(w) = (dy,ds,...,ds) denote the unique composition of n such that b; > b;;1 exactly
in position i € {dy,dy + da,...,dy +dy + -+ + ds_1}. The chain w contributes to the
coefficient of M, if and only if @ < D(w) under refinement. We thus have that if F,
denotes the fundamental quasisymmetric function for a composition o where

F,=Y Mg

azf

and o > f if « is coarser than 3, then

K, = Z Fpw).- (4)

weu,wl,

The descent Pieri operators on this labelled poset are symmetric as H,,, models the
action of the Schur polynomial h,,(x1,...,z,) on the basis of Schubert classes (indexed
by S ) in the cohomology of the flag manifold SL(n,C)/B. The quasisymetric function
Ky ), is then a symmetric function and we can expand it in terms of Schur functions Sj.

Proposition 1. /8, Ezamples 5.2, 6.2/

Kiuw), = ZCZ),()\,T) Sx (5)

A

where Cunr) 1 the coefficient of the Schubert polynomial &, iin the product

u,

Gu : S)\($1, . ,l‘r).

Geometry shows that these coefficients Cur (k) A€ non-negative. To our knowledge,
the work in [3] is the first combinatorial proof of this fact.
Let us recall the combinatorial analysis in [11] to study chains in the r-Bruhat order. By
definition, a saturated chain in [u, w], of the form

by b bn
W U=U — U — o — Uy =W,
is completely characterized by the sequence of transpositions (aq,by), (az,b2), ... (an, by)

where (a;, b;)u;—1 = u;. Let ug, denote the operator on ZS,, defined by
Ugp : ZSOO — ZSOO,
{ (@ b)u ifu<, (a,b)u, (6)
u —

0 otherwise.
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We have shown in [11] that these operators satisfy the following relations:

(1) UpeUegUge =  UpgUgpUpe, ifa<b<c<d,

(2) UgcUeqUpe = UpcUgpUpg, fa<b<e< d,

(3) UgpUeg = UegUgp, ifb<cora<c<d<b, (7)
(4) UgcUpg = UpgUyee = O, ifa<b<e<d,

(5) WelgpUpe = UgpUply = 0, ifa<b<ec

Notice that, by symmetry, this list of relations is complete. The 0 in relations (4) and (5)
means that no chain in any r-Bruhat order can contain such a sequence of transpositions.
On the other hand, relations (1), (2) and (3) are complete and transitively connect any
two chains in a given interval [u,w],. It is also important to notice that the relations
are independent of . This is a fact noticed in [9]: a nonempty interval [u,w], in the
r-Bruhat order is isomorphic to a nonempty interval [x,y],» in an r’-Bruhat order as long
as wu~! = yx~!. This implies several identities among the structure constants.

When we write a sequence of operators [Ug,p,,---,Wagby, Uayh,] (Or shortly
Ug, b, * ** UagbyUayp, ), if nONZEro, it corresponds to a unique chain in some nonempty in-
terval [u, w], for some r and w™u = (a,,b,) - (as,b;). To compute the quasisymmetric
function K7, as in equation (4), it suffices to generate one chain in [u, w], and we can
obtain the other ones using relations (1), (2) and (3) above.

Given any ( € S, we produce a chain in a nonempty interval [u,w], as follows.
Let up(¢) = {a : ("*(a) < a}. This is a finite set and we can set r = |up({)|. To
construct w, we sort the elements in up({) = {i; < is < --- < i,} and its complement
up®(€) = Zso \ up(¢) = {j1 < jo < ...}. Next, we put w = [i1,42,...,0r, J1,J2,---] € Seo
and then we let v = (~'w. Notice that u,w and r constructed this way depend on (.
From [9, 11], we have that [u,w], is non-empty and now we want to construct a chain in
[u, w],. This is done recursively as follows: let

a; = u(iy) where i3 = max{i <r:u(i) <w()} and

by = u(j1) where j; = min{j > r : u(j) > u(iy) > w(j)}

then ug,p, * *  WagpyUayp, 1S @ chain in [u, w), for any chain u,,p, - - Wayp, in [(a1, by)u, w],.

Remark 2. Notice that the construction described above produces a minimal 7 such that
¢ = wu~! where [u,w], is nonempty. However, as noticed in [9], by adding fixed points
to up(¢) we obtain a nonempty interval [z,y|,» isomorphic to [u,w], such that ¢ = yz~!
and r < r'.

Example 3. Consider ¢ = [3,6,2,5,4,1,...] where all other values are fixed. We have
that up(¢) = {3,5,6} and up®(¢) = {1,2,4,...}. Inthis case, r = 3, w = [3,5,6,1,2,4, .. ]
andu = [1,4,2,6,3,5,...]. The recursive procedure above produces the chain ugzu;sugsugg
n [u,v]3. We get all other chains by using the relations (7):

Uo3U12U45U26, U23U12U26U45, U23Ug5U12U26, Ugs5U23U12U26, (8)
Uy5U13U36U23, U13Ug5U36U23, U13U36U45U23, U13U36U23U45.
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The interval obtained in this case is 356124

ll/ 1145\23

156324 346125 256134

A@- \45 Aa \%5\

153624 146325 246135 156234

uz6
u23 u4s5 Uuse uqs5
ui2

152634 143625 146235

M [

142635

Using the chains in (8) and equation (4) we can compute the quasisymmetric function
associated to this interval and we get

K142635,356124); = Fi3 + Fior + Foo + Frio + Fiog + F31 + Forn + Fao
= S31 + Sz + Sonr.

Notice that the functions Kp,,,, encode the nonzero connected components of the
given interval under the relations (7).

The combinatorial proof of the positivity of the ¢; , ) coefficients exposed in [3] uses
the techniques given in [2] in the sense that the construction of a weak dual graph on the
chains of [u,v]; is done by means of a refinement of the relations (7). In other words,
to go from equation (4) to equation (5) one needs to understand fully the combinatorics
of the chains in [u,w],, as we briefly reviewed here, and then define natural dual Knuth
operations on the chains, along the lines of [3].

In Section 5 we will show that the connected components of the chains for the r-Bruhat
order where r is arbitrary, embed as a connected component of the corresponding theory
for the 0-grassmannian in the affine strong Bruhat graph governing the multiplication of
dual k-Schur functions.

3 k-Schur Functions and affine Grassmannians

The k-Schur functions were originally defined combinatorially in terms of k-atoms, and
conjecturally provide a positive decomposition of the Macdonald polynomials [20]. These
functions have several definitions and it is conjectural that they are equivalent (see [19]).
In this paper we will adopt the definition given by the k-Pieri rule and k-tableaux (see
[22, 19]) since this gives us a relation with the homology and cohomology of the affine
grassmannians and therefore, we get positivity in their structure constants.

Different objects index k-Schur functions: 0-grassmannian permutations, k+1-cores, k-
bounded partitions. Originally (as in [20]), k-Schur functions were indexed by k-bounded
partitions A = (A1, Ag,..., \y) where A\; < k. These partitions are in bijection with & + 1-
cores (see [21]). By definition, k + 1-cores are integer partitions pu = (p1, 2, - - -, fm)
with no hook of length k£ + 1. Closing the loop, in [13] it is shown that k 4 1-cores are
in bijection with 0—grassmannian permutations in the affine symmetric group (see also

7, 19]).
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3.1 Affine Grassmannians and the affine weak order

The affine symmetric group W is generated by reflections s; for i € {0,1,...,k}, subject
to the relations:
57 =1; 8iSi418i = Si+18iSi+1; s5;8; = sj8; if i — j # %1,

where 7 — 7 and ¢ + 1 are understood to be taken modulo £+ 1. Let w € W and denote
its length by ¢(w), given by the minimal number of generators needed to write a reduced
expression for w. We let W, denote the parabolic subgroup obtained from W by removing
the generator so. This is naturally isomorphic to the symmetric group Sii1. For more
details on affine symmetric group see [13].

Let w € W be an affine permutation. This permutation can be represented using
window notation. That is, u can be seen as a bijection from Z to 7Z, so that if u; is the
image of the integer ¢ under u, then it can be seen as a sequence:

u:"'|u_k"'U_1U0|U1U/2"'Uk+1|Uk+2Uk+3"'U/2k+2|"‘
N - 7
main window

Moreover, u satisfies the property that w;ixy1 = u; + k + 1 for all ¢, and the sum of the
entries in the main window u; + us + - -+ + ugyy = (k;rz) Notice that in view of the first
property, u is completely determined by the entries in the main window. In this notation,
the generator u = s; is the permutation such that w4 m@+1y = ¢ + 14+ m(k + 1) and
Uit1+m(k+1) = ¢ +m(k + 1) for all m, and u; = j for all other values. The multiplication
uw of permutations u,w in W is the usual composition given by (uw); = w,,. In view
of this, the parabolic subgroup W, corresponds to the ©v € W such that the numbers
{1,2,...,k+ 1} appear in the main window.

Now, let W denote the set of minimal length coset representatives of W/Wj. In this
paper we take right coset representatives, although left coset representatives could be
taken also. The set of permutations in W° are the affine grassmannian permutations of
W, or 0-grassmannians for short.

Definition 4. The affine 0-grassmannian W are the permutations u € W such that the
numbers 1,2,...,k + 1 appear from left to right in the sequence w.

Example 5. Let £ =4 and

w=--32151|23604/781159|- -
——

main window

where i stands for —i. By convention we say that 0 is negative. This permutation u
is O-grassmannian and it corresponds to the 5-core u = (4,1,1). The correspondence is
easy to see from the window notation. We just need to read the sequence of entries of
u, drawing a vertical step down for each negative entry, and an horizontal step right for
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each positive entry. The result is the diagram of p:

3.2 k-Schur functions

As previously mentioned, 0-grassmannian permutations index k-Schur functions, which
we will denote by S for some u € W°.

Given u € W, we say that u <, us; is a cover for the weak order if ¢(us;) = ¢(u) + 1
and we label this cover by i. The weak order on W is the transitive closure of these
covers. The Pieri rule for k-Schur functions is described by certain chains in the weak
order of W restricted to WY. This result is given in [22, 18, 19]. On the other hand, this
same rule is satisfied by representatives for the Schubert classes of the homology of affine
grassmannian [18].

Here, we describe the Pieri rule as follows. A saturated chain w of length m in the weak
order with end point end(w), gives us a sequence of labels (i1,4s,...,%,). We say that
the sequence (iy, s, ...,14,) is cyclically increasing if i, i, . . ., i, lies clockwise on a clock
with hours 0,1,...,%k and min {j 0< g <k gé {ir,ig,... ,zm}} lies between 4,, and
11. In particular we must have 1 < m < k. Now, to express the Pieri rule, we first
remark that for 1 < m < k, the homogeneous symmetric function h,, corresponds to the
k-Schur function Silz;)n y where v(m) is a 0-grassmannian whose main window is given by

2 - mOm+1 -+ k k+2|. Then, the multiplication of a k-Schur function S by a
homogeneous symmetric function h,, is given by

quk)hm = Z Séﬁgi(w)’ (9)

w cyclically increasing

where w has length exactly m.
Iterating equation (9) one can easily see that

ha= Y Ky.S¥ (10)

is a triangular relation [22]. One way to define k-Schur functions is to start with equa-
tion (9) as a rule, and define them as follows.

Definition 6. The k-Schur functions are the unique symmetric funtions S¥) obtained by
inverting the matrix [K, ,] obtained from (10) above.
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It is clear that we can define a Pieri operator like equation (2) using the notion of a
cyclically increasing chain. Using equation (3), this allows us to define a function K, ,
for any interval in the weak order of W.

Example 7. Let k¥ = 2 and u = |0 2 4|. We consider the interval [u,w], in the weak
order where w = |3 4 5|. This interval is a single chain

u=1024] - 204 = 1240 -% |345|=w.

In this case, we remark that (u.H;H1H;,w) = (u.HyH;, w) = (u.H;Hy,w) = 1 are the
only nonzero entries in (3) and we get

K, = Mg+ My + Mo
= Fio+ Fo — Fin
= So1 — St

This small example shows some of the behavior of the (quasi)symmetric function K,
for the weak order of W. In general, it is not F-positive nor Schur positive. Although,
these functions contain some information about the structure constants, it is not enough
to fully understand them combinatorially. In particular, these functions lack some of the
properties needed to use the theory developed in [2]. These functions were first defined
in [8] in terms of the M-basis, but the definition given there in terms of the F-basis is
wrong. Later on, Postnikov rediscovered them in [27] with more combinatorics involved,
even though their combinatorial expansion in terms of Schur functions is still open.

3.3 Dual k-Schur functions

Let A = Z[hy, hs, .. .] be the Hopf algebra of symmetric functions (see [26] for more details
on symmetric functions). The space of k-Schur functions A ;) can be seen as a subalgebra
of A spanned by Z[hy, hs, ..., hg]. In fact, it is a Hopf subalgebra whose comultiplication
defined in the homogeneous basis is given by

=0

and extended algebraically. The degree map is given by deg(h,,) = m. The space A is
a self dual Hopf algebra where the Schur functions S, form a self dual basis under the
pairing (hy,m,) = d,, where the m, denote the monomial symmetric functions.

Now, by the previous paragraph we have the inclusion Ay < A, which turns into a
projection A — A using duality, where A®) = A?k) is the graded dual of A,y. It can be
checked that the kernel of this projection is the linear span of {m, : A; > k}, hence

AW = A f(my s A > k).

The graded dual basis to S will be denoted here by S = S which are also known
as the affine Stanley symmetric functions. The multiplication of the dual k-Schur S is
described in terms of the affine Bruhat graph as we will see in the next section.
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4 Affine Bruhat Graph

4.1 Affine Bruhat order

Let t,p be the transposition in W such that for all m € Z, permutes a + m(k + 1)
and b + m(k + 1) where b — a < k. The affine Bruhat order is given by its covering
relation. Namely, for v € W, we have u < ut,; is a cover in the affine Bruhat order if
U(utyp) = £(u) + 1.

Proposition 8 (see [13]). Foru e W and b—a < k, we have that u < ut,; is a cover in
the Bruhat order if and only if u(a) < u(b) and for all a < i < b we have u(i) < u(a) or
u(i) > u(b).

Notice that if @’ = a4+ m(k+ 1) and 0’ = b+ m(k + 1) then ¢,y = t,p, therefore, many
different choices of a and b give the same covering as long as they satisfy the conditions
of the proposition.

4.2 Affine 0-Bruhat graph

The affine 0-Bruhat order arises as a suborder of the Bruhat order. We define it by
its covers. For u € W, a covering u < ut,y is encoded by transposition ¢, satisfying
proposition 8 and also u(a) < 0 < u(b). As noticed before, a transposition ¢, satisfying
the same conditions as ¢, gives the same affine Bruhat covering relation as long as o’ = a,
b'=0bmodulo k+1and b —a’ = b—a < k. In view of this, we introduce a multigraph
instead of a graph for the affine 0-Bruhat order, since we want to keep track of the distinct
a, b such that u <o ut, is an affine 0-Bruhat covering for a given w.

We then define the following operators in a similar way to the ones defined in equa-
tion (6). For any b —a < k, let

ty: ZW —  ZW,
{ uter if u <utyy and u(a) <0 < u(b) (11)
U —

0 otherwise.

We will write these operators as acting on the right: ut.,. Remark now that if ut,, # 0,
then uty, = uty y # 0 for only finitely many values of m with ' = a + m(k + 1) and
b = b+ m(k+1). To see this, it is enough to notice that there exists m such that
u(a +m(k +1)) > 0 and similarly for b.

Definition 9. The affine 0-Bruhat graph is the directed multigraph with vertices W and

a labeled edge u LN utqy, for every ut,, # 0. We denote by [u, w] the set of paths from
u to w. Remark that all such paths will have the same length, namely ¢(w) — ¢(u).
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Example 10. We give below the interval [|6, 8, 3, 1, 4, 13|,|8, 6, 2, 9, 13, 1|] in the affine
0-Bruhat graph. For simplicity we removed the commas in the graph:

8634113 |6834131]

6831134 6821913|

~-81[1223727(6831413|014--
N——

|6834113|

main

In this example we see that there are three arrows from u = [68314 13| tow = [8631134|.
We have uts; = ut;s = utrg = w labeled by 4,2, 8, respectively. Also we have operators
that evaluate to 0, namely, ut{715 = 0.

Remark: Ignoring multiple edges, the shaded area in this graph represents the embed-
ding of the poset from Example 3 into a dual k-Schur graph, which is part of our main
result and that will be proved later.

When restricted to 0-grassmannian permutations, the affine 0-Bruhat graph behaves
well as shown in the next lemma whose proof (for left coset) can be consulted in [19, Prop.
2.6]. Therefore, we will restrict the affine 0-Bruhat graph to permutations in W?°.

Lemma 11. If ut,, = w and uw € W°, then we have that w € WP.

Remark that the converse to Lemma 11 is not true. Take u = [021| and w = |120).
We have that w € W° and w = uty3, but u & W0,

4.3 Multiplication dual k-Schur

For dual k-Schur functions &, the analogue of the Pieri formula (9) is given by

Shni= Y. G, (12)

ambm ’
ut‘llbl -~tambm7ﬁ0
by <bg<...<bm

where the sum is over all increasing paths by < by < --- < b, starting at u [19].

Since the Pieri formula is encoded by increasing chains in the affine 0-Bruhat graph
restricted to W9, we can define Pieri operators similar to equation (2) using increasing
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chains. This allows us to define the functions K, ,) for any interval in the affine 0-
Bruhat graph restricted to W°. In contrast with the weak order, where we had cyclically
increasing chains, any chain w € [u, w| has a well defined notion of descent. More precisely,
for w = ta,p,tagh, - * - ta,p,, Wwe have D(w) = (dy,ds, . .., ds) denotes the unique composition
of n such that b; > b;,; exactly in position i € {dy,d; +ds,...,d1 +dy+ -+ ds_1}. As
in equation (4) we have

Kiuw) = Z Fp) (13)

wE[u,v]

and in this case K, is F' positive.

Theorem 12.
Kpuw) = Y ¢35 (14)
A

where c,, , is the coefficient of the dual k-Schur function &% in the product e . Shi.

The proof of this theorem follows from symmetric Pieri operators as developed in [8].

Remark 13. The theory of Pieri operators gives us a combinatorial construction of the
expansion of the function Kj,,) in terms of the fundamental basis. Algebraically, it also
allows us to conclude that the coefficients in (14) correspond to multiplication of certain
dual k-Schur by a Schur, as stated in the Theorem. However, Pieri operators do not allow
us to conclude nonnegativity of these coefficients, neither a postive combinatorial rule to
construct them. Nonetheless, the nonnegativity of the coefficients ¢/, is shown indirectly
in [18], an thus part of our program will focus on finding a combinatorial rule for them.

Example 14. Considering the interval [u,w] = [|6831413|,|8629131|] we have in
example 10. The total number of chains is 240. In this case

K[%w] = 9F1111 + 30F112 + 51F121 + 30F13 + 30F211 + 51F22 + 30F31 + 91747
is symmetric and the expansion in term of Schur functions is positive
K[u,w} = 954 + 30531 + 21522 + 305211 + 951111 .

The reader can verify that the coefficients are indeed the structure constants as we claim
in Theorem 12 (for example using SAGE/Combinat computer software).

4.4 Relations of the operators t,;,

The purpose of this section is to understand some of the relations satisfied by the t,
operators restricted to W°, similar to the work done with Schubert polynomials in [3, 11].
The main theorem of this section presents the needed relations among these operators.
These relations depend on the following data. For t,, we need to consider a,b,a’, v/
where a’ and b" are the residues modulo k+ 1 of a and b respectively. Remark that o’ # ¥/
since b —a < k+ 1. Let u € W° Lemma 11 implies that, if non-zero, uty, and utgpteq
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are both in W9, The different relations satisfied by the operators t,;, and t.q depend on
the relation among o', V', ¢, d’. For this reason it is useful to visualize these operators as
follows.

utabtcd y y >
I - —H- —Ha
utab t t >
nn H- H I H++++a11
U >
c d ~ ~~ d a b
main

Above the permutation u, the operator t,, is represented by drawing a bold line
connecting positions a,b and repeating this pattern to the left and to the right in all
positions congruent to a, b modulo £+ 1. Next, to the resulting permutation we apply t.4,
drawing a bold line connecting positions ¢, d and repeating that pattern modulo k + 1.
The importance of visualizing not only the bold line but also the dotted ones, relies on
the fact that even if in the diagram, the line representing t,, does not intersect the line
representing t.q, their “virtual” copies (or dotted copies) might intersect and this will
determine the commutation relation satisfied by these operators. Therefore, it will be
enough if we consider the pattern produced by these two operators in the main window.

With these definitions in mind we present some of the relations satisfied by the t
operators restricted to W9 (there are less relations if we consider all of V).

(A) tapted = teatan if a', b, c,d are distinct.
(B1) topteq = tegtay =0 if(a<c<b<d)or(b=candd—a>k+1).
(B2) typtea =0 if (" =c and b < d) or (V' =d' and ¢ < a).
(B3) typtea =0 if(=cord=d)andd—c+b—a>k+1).
There are more possible zeros than what we present in (B), but we will satisfy ourselves
with these ones for now. It will be more important to identify them in the second part
of this work. Now if the numbers a, b, ¢, d are not distinct, then we must have b = ¢ or
d=a. Ifb=c, then d—a < k+ 1 in view of (B). Similarly if d = a then b — ¢ < k + 1.
(Cl) tabtbd = tabtbfkfl,a ifd—a=k + 1,
(C2) twtes and tyata ifd—a<k+1.
In (C2) above, tqutyg is not related to other operator under the given condition. Similarly
for tbdtab-

Now we look at the cases t,,t.q where a, b, c,d are distinct but some equalities occur

between a’,b" and ¢, d’. By symmetry of the relation we will assume that b < d which
(excluding (B)) implies that a < b < ¢ < d.

(D) tabtcd = td—k—l,ctb—k—l,a if b/ = C/, d/ = (Zl and (b — (Z) -+ (d - C) =k -+ 1.
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Remark 15. All the relations above and the ones we care about in this paper are local.
This means that if tayteg = t it then |@ — al, |b — b|, |¢ — ¢| and |d — d| are strictly less
than k + 1. For example in (D) we have |(b—k — 1) —a|, |a —b|, |(d — k — 1) — ¢| and
|c — d| which are strictly less than k + 1. There are some relations that are not local:

tapted = ta—k—1p—k—1Ycd = Coprt1b+h+1bed; (15)

if c < a < b < d The full description of the relations of the operators t is rather
complicated and would take too much space here. It might be an interesting project in
the future but at this point we will be satisfied with the given subset. Also, in [4] it
is remarked that intervals [u,w], in the r-Bruhat order containing chains produced by
nested operators Uy, (i.e. where ¢ < a < b < d) are problematic. Schensted insertion
and jeu-de-taquin are well behaved as long as the intervals contain no nesting. In (15) we
see that nesting creates even more problems.

We now consider some more relations of length three:

(E].) tocteatac = toataptoe fa<b<e< d,
(EZ) tocteatve = toctaptod ifa<b<c<d.

also we have
(F) tpetaptpe = taptpctay = 0 ifa<b<candc—a<k+1.

Theorem 16. The relations (A)-(F) above describe relations between t-operators in the
Strong Bruhat graph.

Proof.

(A) This relation is clear as the corresponding affine transpositions commute tqpt.q =
teatayp. So if the result is non-zero, it will be non-zero on both sides and equal.

(B1) Let us first assume that @ < ¢ < b < d. We want to show that ut,t., = 0 for
all u € WO If uty, = 0, then we are done. We thus assume that w = uty, # 0. In
this case we must have that u(a) < 0 < u(b) and for all a < i < b we have u(i) < u(a)
or u(i) > wu(b). In particular, since a < ¢ < b then u(c) < u(a) or u(c) > u(b). If
wteqg # 0 then w(c) = u(c) < 0 and thus u(c) < u(a). But also, since ¢ < b < d and
since w(b) = u(a) (which is non positive) then w(b) < w(c), or equivalently, u(a) < u(c).
This is a contradiction, hence ut,t.q = 0. A similar argument allows us to conclude that
uteqtay = 0 in this case.
Ifb=candd—a>k+1,thena<d—-k—-1<b<a+k+1<d<b+k+1.
If utypteg # 0, then we must have u(a) < 0 < u(b) < u(b+ k+ 1) and 0 < wu(d).
We look at the sign of u(d — k —1). If 0 < u(d — k — 1), then since ut,, # 0 and
a <d—k—1<b, we must have u(d—k—1) > w(b). This gives u(d) > u(b+k+1). When
we perform w = uty, we have w(a+k+1) = u(b+k+1) and w(c) = w(b) = u(a). Hence
w(c) <0 <w(a+k+1) < w(d) acontradiction to wt.q # 0. Now if u(d—k—1) < 0, then
we must have u(d — k — 1) < u(a) < 0. This gives 0 < u(d) < u(a+k+1) < k+1 and
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this is a contradiction to v € WY since the entries 1,2, ...,k + 1 must appear from left to
right. Here we have u(a + k + 1) appearing before u(d). We must thus have ut,yt.g = 0
The case ut 4ty = 0 is similar.

(B2) If c=a+m(k+1)and b < d, then (a <b<c<dandm >0)ora=c<b<d.
Assume that w = uty # 0. We have u(a) < 0 < u(b) = w(a). But then w(c) =
w(a+m(k+1)) =w(a) +m(k+1) > 0. This implies that wt.q = 0. If b = d, then a = ¢
and clearly t,yt,, = 0. The case when d = b—m(k+1) and ¢ < a for m < 0 is analogous.

(B3) We do here the case when & = ¢ as the other case is similar. This is one of
the only relations that requires that the operators are restricted to W° as (B3) is not
valid otherwise. Assume that w = ut,, # 0 and wt.y # 0. We have u(a) < 0 < u(b) and
w(c) <0 < w(d). Since ' = ¢ and b—a+d—c > k+1 we have that a < b—k—1+d—c < b.
Let d=b—k — 1+ d— c and suppose u(d) > 0. Remark that since ¥’ = ¢ we have that
d = d (mod k + 1). The hypothesis ut,;, # 0 implies that 0 < u(b) < u(d). But now, we
have

w(id—d+c)=wb—k—-1)=ula—k—1)=ua) —k—1<0<ud) <u(d) =w(d)

and this last inequalities contradict wt.q # 0. So we must have that w(d) = u(d) < 0.
Since w(d) > 0 we must have d = d — m(k + 1) for some m > 0. Now ut,, # 0 implies

that u(d) < u(a) < 0. We thus have
wd—k—1)<ula+(m—-1)(k+1)=wb+(m—-1)(k+1)) =w(c) <0

and
0 <w(d) =u(d) <ula+m(k+1)) <k+1.

This last inequality contradict the fact that wu is grassmannian in W° since
a+m(k+1) <d.

(Cl) Wehaveb—k—1<a<b<a+k+1=d Ifw=uty #0, thenw(b—-k—1)=
ula—k—1) =u(a) —k—1< 0 < ub) = w(a). Since wty_k_1, = wtpy, we have that
wtpg # 0 implies 0 # wty_g_1,, = wtpg. The reverse implication is similar.

(C2) Tt suffices to see that for u = - - |024] - - we have utistss # 0. On the other hand,
we can check that utiatez = utggtis but this is not a local move. Also, it is easy to check
that no other moves can be performed on u to obtain utistss.

(D) The conditions imply that ¢ = b+ m(k + 1) and d = a + (m + 1)(k + 1) for some
m>0. Wehave b—k—1<a<b<d—k—1<c¢<d Assume w = uty # 0 so
u(a) <0< u(b) <ulb+m(k+1)) <u(b+(m~+1)(k+1)) = w(d). For wt. # 0 as well we
need w(c) = u(d—k—1) < 0. We also have u(c) = u(b+m(k+1)) > 0. Hence if utypteq # 0,
then 0 # uty—g—1,. = w. Moreover w(b—k—1) =u(a—k—1) <0 < u(b) = w(a) and so
0 # wty_p_1,, = wteg. The argument for the converse is similar.

(E1) Assume utp.teqtq. # 0. Then the first condition is u(b) < 0 < u(c). After applying
utpetes = v we see that u(a) = v(a) < 0 < v(d) = u(c) and u(a) < u(c) < u(b). Since
u(c) > 0 then u(c) > u(b). Arguing as above, we get that 0 # utpgtaptpye = utpeteogtae.
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(E2) The argument is similar to (E1).

(F) If w = utpty # 0, then u(b) < 0 < u(c). But w(c) = u(b) < 0 which implies
wty. = 0. The other relation holds in the same way. O

Remark 17. If we consider a permutation u we can derive more relations of length 2. Let
r=(0b-a)+(d—c):

(X1) utapted = utgerrty—ra ifr<k+1, d=d, ulc) <0and u(d) <0,

(X2) utepted = uteato—rp ifr<k+1, d=da and u(d) >0,

(X3) utaptes = uty—ratap ifr<k+1, V= and u(a+r) <0,

(X4) utapteg = utyr oty opr ifr<k+1, 0=¢, ub)>0andu(a+r) >0,

(X5) utaupteq = uteatopic—d if=d, b—a>d—cand u(d—b+a) >0,

(X6) uteptes = utcg—piatap if ) =d, b—a<d—candu(a)<O0.

In the (X) relations, the conditions we impose on w are minimal to assure that both
sides of the equality are non-zero. These conditions are not given by the definition of the
operators tq,. For example in (X1), the left hand side is non-zero regardless of the value
of u(d) but to guarantee that the right hand side is non-zero, we must have u(d) < 0.
This shows that as operators tepteq # tacirts—rq. In the part (II) of our program we will
need to study all of the (X) relations. If one considers an interval [u,w] of rank 3 and
computes K[, ], then by Theorem 12 the coefficient of F5; and Fi2 must be the same in
Ky, This means that every time we have a descent followed by an ascent in a chain, we
must have another chain with an ascent followed by a descent. This should be reflected
by relations like (X) and could depend on u. The main work of [6] is first to build a full
set of relations of length 3 that pairs every ascent-descent type to a descent-ascent. This
cannot be done independently from u. The purpose of this will be to define Dual-Knuth
operations on the maximal chains in intervals [u, w] in order to construct dual graphs as
in [2].

5 Schubert vs Schur Imbedded Inside Dual k-Schur

When comparing the relations (7) and the ones given in Section 4.4 we see that it may be
possible to find a homomorphism from the Schubert vs Schur operators u,, to the Dual
k-Schur operators t,. Such a homomorphism vanishes on many chains and this is the
expected behavior. The main result of this section is that for any interval [z,y], in the
r-Bruhat order we can find a k and a homomorphism such that every chain of [z, y], maps
to a non-zero chain in an interval [u, v].

Example 18. If we compare Example 3 and Example 10, the map ug, — t,_35-3 is a
homomorphism that preserves all the chains from the first interval to the second one.
This implies that, coefficient-wise, the quasisymmetric function Kji42635,356124]; is smaller
than K7, ). This fact is also implied by noticing that a transposition t,; could be applied
to several windows in a given affine grassmannian permutation u, which is not the case,
in general, for permutations in the r-Bruhat order.
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Now, given a non-empty interval [z, y|, in the r-Bruhat order, we want to find integers
k, s and an explicit interval [u,v] in the strong 0-Bruhat graph such that the homomor-
phism ug, — t,_sp—s maps the non-zero chains of [x,y], to non-zero chains of [u,v]. In
fact, we only need to assume that we have a non-zero chain in [z, y], encoded as an op-
erator U,,p, - - - Ugq,p, and obtain the other ones using the corresponding relations. Then,
the interval [z, y], is isomorphic to the one described in Section 2.1.

For this purpose, let ¢ = (an,b,) - (a1,b1), up(¢) = {iy < iy < --- < i} and up®(() =
{j1 < j2 <---}, then r = |up(¢)|. As in Section 2.1 we have that [z, y], is nonempty for
y = [i1,i2, - 0r,J1,72,---] and x = (" ly.

Let k be such that a = z(a) = y(«) for all @« > k+1. Such a k exists since = and y have
finitely many non-fixed points. Put x, = z(«) and take the permutation [xy, 2, ..., Tx41].
Now, we consider the positions a; < -+ < ap < r < ff; < -+ < By < k + 1 for which
there are descents before and after r. In other words, where x,, > z,,,, and x5, > xg,
for1 <1< {¢—1and 1< 7 <t—1. This defines segments

L,2,...,aq0; -+ ap+ 1,000 r4+1,...,68; -+ Bi+1,. . k+ 1.

We want to construct a 0-grassmannian in the k + 1-affine permutation group W with
this information such that in some adjacent k + 1 positions we have a permutation that
has the same patterns as z=!. The reason we want to look at the inverse permutation z=!
is because the u operators act on the left whereas the t operators act on the right.

For this purpose, we first place the values 1,2,...,k + 1 on the Z-axis as follows.

1,2,...,k— B+ 1 inpositions wg,41 —t(k+1),..., 0641 —t(k+1)

k—pB1+2,...,k—r+1 inpositions x,41,...,2s
k—r+2,....k—ay+1 inpositions z4,1+ (k+1),...,2, + (k+1)

k—a1+2,...,k+1 inpositions x;+ ((+1)(k+1),..., 24, + ({+1)(k+1)

This construction places the values 1,2,...,k + 1 on the Z-axis from left to right in
distinct positions modulo k& + 1. We build a permutation u' of Z defining it with the
relation ;) = uj + m(k + 1). This may not be a permutation in W as the sum
uy + uy + -+ - + uy may not be (k;ﬂ), but a simple shift gives us the desired result, as
shown in the next lemma which will be followed by an example to make this construction

clearer.

Lemma 19. Any permutation v’ of Z such that uj, . .,y = u;+m(k+1) and the values

1,2,....k+1 are in distinct positions modulo k + 1 satisfies

k42
it b = (U3 < stk )

for some integer s.
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Proof. Let w=! = 4'. Since 1,2,...,k + 1 are in distinct positions in v’ modulo k + 1 we
have that wy +we + -+ wgy1 =1+2+ -+ (k+ 1)+ s(k+ 1) for some s € Z. The
result follows by inverting the permutation. O

Notice that each time we shift the values of «’ by 1, like v; = uj ; we get that

k42
v+ Ut = Uy u (1) = ( 5 )+(1—s)(k:+1).
Hence, if v’ is as above and if the entries 1,2,...,k + 1 appear from left to right in o/,

then by defining the permutation u by u; = uj, ,, we get a O-affine permutation in W?.

Example 20. Let us take the permutation from Example 3. Let ( = [3,6,2,5,4,1,.. ]
where all other values are fixed. We can choose k + 1 = 6. We have that up(¢) =
{3,5,6} and up°(¢) = {1,2,4,...}. In this case, r = 3, y = [3,5,6,1,2,4,...] and z =
[1,4,2,6,3,5,...]. The descents in the permutation = are in positions a« = 2 and = 4
so that / =t =1 and a < r < . With the procedure above, we get

x5 —6) = u./(—S), 2 =u'(xg —6) =u'(—1);

= u/(z1 + 12) = u/(13), 6 = u'(z2 + 12) = u/(16).

Once we determine the values in the positions above, all other values of u" are determined
as follows
' =---[138112231]727683|14130149|5101962015] - - -
————

main

the sum of the entries in the main window of «' is 3 = (}) — 3(6), hence s = 3. We see
that the entries of «’' in the main window [727683] are in the same relative order as
7! =[135264]. We also see that the smallest 7 = 3 entries of the main window of «’
are < 0 and the remaining ones are positive. Now we get u by shifting the positions of u’
by s:

u=---1381|122372716831413/014951019/620- - -
—
malin

We remark that by construction, the entries [uj_s, ug_g, ..., Ug11—s] are the same as
(W}, ub, ..., up, ;] which in turn are in the same relative order as in z™'. Therefore, from
the previous paragraph we see that the smallest r entries in [u;_g,us o, ..., Ugr1_y| are
< 0 and the other entries in that window are positive. This implies that if x is covered
by a non-zero permutation given by u,,x where xgl <r< azb_l, then we have ut,_sp—s is
a cover in the 0-Bruhat graph. Recursively, we get that

Theorem 21. Let [x,y], be a non-empty interval in the r-Bruhat order and let u and s
be as above. For any mazximal chain u,,p, -+ Uga,p, i the interval [z, y|,. we have that the
chain to, —sp—s - ta,—sb.—s 1S a non-zero mazimal chain in the 0-affine Bruhat graph in
[U, Utal—s,b1—s o tan—s,bn—s] .
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This theorem shows our main claim, namely the fact that the Schubert vs Schur
problem is imbedded in the dual k-Schur problem. In the second part of our program
[6] we will construct dual Knuth operators on the intervals [u, w]. Under the morphism
above, connected components of certain dual equivalent graphs obtained in [3] are mapped
to connected components of the dual equivalent graph of [u, w]. This shows in a stronger
sense the imbedding above and explains the difficulty of the two problems. This allows us
to conclude that solving the dual k-Schur problem is harder than the problem of Schubert
vs Schur.
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