Characterizations of regularity for certain
QQ-polynomial association schemes

Sho Suda

Department of Mathematics Education
Aichi University of Education
Kariya 448-8542, Japan

suda@auecc.aichi-edu.ac. jp

Submitted: Apr 2, 2013; Accepted: Jan 6, 2015; Published: Jan 20, 2015
Mathematics Subject Classifications: 05E30, 056B30

Abstract

It was shown that linked systems of symmetric designs with a] = 0 and mutually
unbiased bases (MUBs) are triply regular association schemes. In this paper, we
characterize triple regularity of linked systems of symmetric designs by its Krein
number. And we prove that a maximal set of MUBs carries a quadruply regu-
lar association scheme and characterize the quadruple regularity of MUBs by its
parameter.
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1 Introduction

@-polynomial association schemes are defined by Delsarte in [5] as a framework to study
design theory including such as combinatorial ¢-designs or orthogonal arrays. As a con-
tinuous analogue of designs in @)-polynomial association schemes, Delsarte, Goethals and
Seidel introduced the concept of spherical designs in [6]. Several combinatorial designs,
spherical designs and mutually unbiased bases, which is considered in quantum informa-
tion theory, have the structure of ()-polynomial association schemes of small class as fol-
lows: symmetric designs and linked systems of symmetric designs for 3 class ()-antipodal
case [4, 8, 11], certain equiangular line sets for 3 class Q-bipartite case [8, 11], real mutually
unbiased bases for 4 class, Q-antipodal and @Q-bipartite case [1, 7, 11]. Much recent effort
has focused on these imprimitive families and the research of imprimitive -polynomial
association schemes of small class is important for design theory.

It was shown in [11] that 3-class @Q-antipodal association schemes satisfying a} = 0 and
4-class association schemes which are both Q-antipodal and @-bipartite are triply regular.
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In this paper we characterize the triple regularity for 3-class ()-antipodal association
schemes and the quadruple regularity for 4-class association schemes which are both Q-
antipodal and @Q-bipartite.

The present paper is organized as follows. In Section 2, we prepare the notion and
lemmas on association schemes, spherical designs and triple and quadruple regularity for
association schemes needed later.

In Section 3, we consider linked systems of symmetric designs. Systems of projective
designs, that were defined by Cameron [3], are the combinatorial object of finite doubly
transitive groups which have more than two pairwise inequivalent permutation represen-
tations with the same permutation character. We call it linked systems of symmetric
designs, if symmetric designs appearing in systems of projective designs have all same
parameters. Noda [10] showed several inequalities concerning the parameters of linked
systems of symmetric designs and Mathon [9] showed every linked system of symmetric
designs carries a 3-class association scheme and calculated its eigenmatrices. It implies
that these association schemes are ()-polynomial with the @-antipodal property. Con-
versely van Dam [4] showed every 3-class Q-antipodal association scheme arises from a
linked system of symmetric designs. The author [11] proved that every linked system
of symmetric designs with a7 = 0 is a triply regular association scheme. In this section
we will show the converse proposition, that is, if a linked system of symmetric designs is
triply regular, then af = 0. This proof is essentially due to [10, Theorem 2].

In Section 4, we consider the real mutually unbiased bases (MUBs). One important
problem of real MUBs is to determine the maximal number of real MUBs in R?. It is well
known that its number is at most d/2 + 1. A set of real MUBs is said to be maximal if
equality holds. Recently Martin et al. [7] showed that there is a one-to-one correspondence
between real MUBs and 4-class association schemes which are both ()-bipartite and Q-
antipodal. Moreover Martin et al. [8] had shown that a 4-class association schemes which
are both Q)-bipartite and @)-antipodal is obtained by the extended ()-bipartite double of
a linked system of symmetric design with certain parameters. The author proved in [11]
that every set of MUBs carries a triply regular association scheme. The main theorem in
this section is that a set of MUBs carries a quadruply regular association scheme if and
only if a set of MUBs is maximal.

Finally, in Section 5, we discuss the quadruple regularity of linked systems of symmetric
designs.

2 Preliminaries

Let X be a finite set, we define diag(X x X) = {(z,z) | v € X}. Let {R;}ier be a set
of relations on X, we define R! = {(y,z) | (z,y) € R;}. A pair (X,{R;}ics) is a coherent
configuration if the following properties are satisfied:

1. {R;}ier is a partition of X x X

2. R! = Ry for some i* € I,
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3. R;Ndiag(X x X) # () implies R; C diag(X x X),

4. for i,j,k € I, the number [{z € X | (z,2) € R;,(2,y) € R;}| is independent of the
choice of (z,y) € Ry.

If moreover Ry = diag(X x X) and i* = i for all i« € I, then we call (X,{R;}icr) a
symmetric association scheme.

Let S9! denotes the unit sphere in R%. Let Xi,..., X, be finite subsets of S9!,
We denote by [];_, X; the disjoint union of Xj,...,X,,. We denote by (z,y) the inner
product of z,y € RY. We define the nontrivial angle set A(X;, X;) between X; and X; by

AX, X)) ={(z,y) |z € Xi,y € Xj,x # Ly},
and the angle set A'(X;, X;) between X; and X; by
AX, X)) ={{z,y) |z € Xs,y € Xj,x # y}.

If i = j, then A(X;, X;) (resp. A'(X;, X;)) is abbreviated A(X;) (resp. A'(X;)).
We define the intersection numbers on X; for z,y € S ! by

Php(t,y) = {z € X; [ (@, 2) = a, {y,2) = B},

For a positive integer ¢, a finite non-empty set X in the unit sphere S9! is called a
spherical t-design in S%! if the following condition is satisfied:

1 20 = gy [, St

for all polynomials f(z) = f(z1,...,z4) of degree not exceeding t. Here |S?"!| denotes
the volume of the sphere S4~1. When X is a t-design and not a (¢ + 1)-design, we call ¢
its strength.

We define the Gegenbauer polynomials {Qp(7)}22, on S¢°! by

Qo(z) =1, Q1(z) =dx,

k+1 d+k—3

d+ 2ka+1($) = $Qk($) - ka_l(x)

A criterion for t-designs using Gegenbauer polynomials is known [6, Theorem 5.3, 5.5].
Lemma 1. Let X be a finite set in STt. The following conditions are equivalent:

1. X 1s a t-design,

2. Y Qr({x,y)) =0 for any k € {1,...,t}.

z,yeX
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We define {fy;}, as the coefficients of Gegenbauer expansion of z* for any nonneg-
ative integers \, i.e., 2 = S0 fr,Qi(x), and let F) ,(z) = mm{’\’“} Faifu1@Qi(x), where
A, |4 are nonnegative integers.

Next, we consider triple or quadruple regularity of a symmetric association scheme.

Definition 2. Let (X, {R;}.,) be a symmetric association scheme. Then the association
scheme X is said to be triply regular if, for all 4,7, k,l,m,n € {0,1,...,d}, and for
all z,y,z € X such that (z,y) € R;,(y,2) € R;,(z,2) € Ry, the number pl’]k
|Rn(z) N Ru(y) N Ri(z)| depends only on i, j, k,1,m,n and not on z,y, 2. We call p;7,
triple intersection numbers.

,Jk

Definition 3. Let (X, {R;}L,) be a symmetric association scheme. Then the association
scheme X is said to be quadruply regular if, for all I = (iy,4y,i3,44) C {0,1,...,d}*%,
J = (Jas)ica<p<a € {0,1,...,d}% and z1,...,24 € X such that (xy, 1) € R;

i, fOT any
1 <k <1l<4, the number

| Ri, (1) N Ry (2) N Riy (23) N Ry, (24)]
depends only on I, J and not on xq,..., 4.

Let (X,{R;}{,) be a symmetric association scheme. We define the i-th subcon-
stituent with respect to z € X by Ri(z) == {y € X | (z,y) € R;} and the (7,7)-th
subconstituent with respect to (z1,22) € X x X by R;;(21,22) := Ri(z1) N Rj(23). We
denote by R%’zjl(zl,@) the restriction R, to R, j(z1,22) X Ry(21,22) for (z1,22) € R.
Quadruple regularity is characterized by the concept of coherent configuration. We omit
easy proof of the following lemma.

Lemma 4. A symmetric association scheme (X,{R;}%) is quadruply regular if and
only if (X,{R;}L,) is triply reqular and for all m € {1,....d} and 2,20 € X with
(ZIJ 22) € Rm;

d m,n .. lkn
(Ui,j=1 Ri,j(zla z2>7 {Ri,j,k,l('zla Z2) | 1 < 2R k7 lu n < 7,] m 7£ O})

s a coherent configuration whose parameters depend only on m, not on the choice of 21, z5
with (z1,22) € Rp,.

Remark 5. For (21, 22) € R, with m = 0 namely 2; = 29,
’ e - b
(Ui,jzl R; (21, 22), {Riu}k,l(zh 2) | 1<, 5, k,1,m < phin 01
a k . i
= (Ui:1 Ri(z1), AR ;(z1) |1 <4,5 <d,0< k <d,p;; #0})

holds. The condition that (U” L Rij(z1, 2) AR (21, 22) [ 1 <d, g, by Lm < d pifz #
0}) is a coherent configuration whose parameters depend only on m, not on the choice of
21, 22 with (z1, 29) € R,, with m = 0 is equivalent that the association scheme is triply

regular.
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Let X be a finite subset in S?~! with degree s, and A(X) = {ay,...,a,}. For 21,29 €
X with (21, 29) = ap, # 1, X[ = X[(21, 22) will denote the orthogonal projection of
{y € X ’ <y7 21> = &y, (y,z2> = aj} to <Zla ZQ)L = {y € R ’ <y721> = <y721> = 0}7 rescaled
to lie in S473. If (x,21) = au, (@, 20) = ay, (y,21) = au, (Y, 22) = g and (x,y) = ,, then
the inner product of the orthogonal projections of z,y to (21, 22)* rescaled to lie in S¢—3
N —_— (an — i) (1 — a2) — (aj — o) (g — agay,)

Akl "= :
J \/(1 —af —of — a2 4 2040500 (1 — af — af — 2, + 20,0104,
B @y) = {2 € X[y | {w,2) = . (9,2) = B},

Lemma 6. Let X C S%! be a finite set and A'(X) = {a1,...,as}. Assume that
(X, {Rr}i_o) is a symmetric association scheme, where Ry, = {(x,y) € X x X | (z,y) =
ar} (0< k< s)and ag = 1. Then |{(i,5) € {1,...,s}*| X (21, 22) # 0} = {(i,5) €
{1,..., s> [ iy # 0} for (21, 22) = cum.

Proof. Immediate from definition. m

We denote p,,

The following theorem is used to prove Corollary 9.

Theorem 7 ([11, Theorem 2.6]). Let X; C S9! be a spherical t;-design fori € {1,...,n}.
Assume that X; N X; = 0 or X; = Xj, and X; N (=X;) =0 or X; = =X, fori,j €
{1,. .. ,’I’L}. Let Sij = |A(XZ7X]>|, S;j = |A/(XZ,XJ)| and A(XZ,X]) = {Oé,L-l’j, ce ,Oéisf]’-j 5
op; =1, when —1 € A'(X;, X;), we define &Zﬁj = —1. We define Rf; = {(x,y) € Xix X |
(z,y) = o ;}. If one of the following holds depending on the choice of i, j,k € {1,...,n}:

1. Sij -+ Sik — 2 < tj,

2. 8ij+sjr—3 =t; and for any vy € A(X;, Xy) there exist a € A(X;, Xj), B € A(X;, Xi)
such that the number p]a’ﬁ(x,y) is independent of the choice of x € X;,y € X with
v = (z,y),

3. 8ij+ ik —4=1t; and for any v € A(X;, Xy) there evist o, o’ € A(X;, X)), 8,5 €
A(Xj, Xi) such that a # o, B # B and the numbers p), 5(z,y), P, 5(2,y) and
pi/ﬁ(x, y) are independent of the choice of v € X;,y € Xy with v = (x,y),

then (117, Xi, {RF; | 1 <4,j <n,1—0dx,x, <k <s},}) is a coherent conﬁgumtzon The
parameters of this coherent conﬁgumtzon are determzned by A(Xy, X;), |Xil, ti, 0x,.x;,

0X,-X; and when s;; + sjx — 3 =1, (resp. s;j+ sk —4 =t;), the numbers piﬂx,y)
<(resp>. s y), Do 5(2,Y), Dl 5 (2, y)) which are assumed be independent of (v,y) with
,Y)="7-

The following lemma shows the antipodal double cover of coherent configurations
obtained from finite subsets in S9! are also coherent configurations.
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Lemma 8. Let X;", X;” C S be a finite subset such that X;" = =X, fori € {1,...,n}.
If {X;} '}, carries a coherent configuration, then {X;", X} | carries also a coherent
configuration.

Proof. We define X{(z,a) = {w € X{ | (z,w) = a}, and X{(z,;y,0) = X{(z,a) N
X¢£(y,B) for x € S471 ¢ = + or —. Then the following equalities hold:

L. X (z,—a) = X (~z,a),
2. X (z,0) = X (z,—a).

By (1), Xi" (z, 5y, 08) = X (-2, —a;y,8) = X, (v,0; —y,—F) holds. Then by (2),
Xz, o5y, 8) = —X; (z,—a;y,—B) holds. Therefore

‘Xj(.’]),a;y,ﬂ)l = |XZ-+(—SL’,—Oé;y,5)| = |Xl-+((13,04; —Y, _ﬁ)’ = |Xi7(‘r7 —Q3Y, _B>’

holds. This implies that intersection numbers on {X;', X; }7 ;| is determined by the
coherent configuration {X;"}7 ;. O

The following corollary gives a sufficient condition for association schemes obtained
from an antipodal finite subset of sphere to be quadruple regular of triply regular. Its
proof follows from the same argument of [11, Corollary 2.9].

Corollary 9. Let X C S be an antipodal finite subset and A'(X) = {c,...,as} with
a; > - > as = —1. Assume that (X, {Rx};_,) is a triply regular symmetric association
scheme, where Ry = {(z,y) € X x X | (x,y) = ax} (0 < k < s) and ag = 1. Then for
1 <45,k [,m < s —1 such that pi”; # 0 and p}’; # 0,

1. A(XT5 (21, 22), XF (21, 22)) = {75, [ 0 < n < s, phin L 0,077, # £1}.

(2% 1,7 i,5,m 1,7
2. XT%(21,22) = X}gfl(zl, zp) or X{%(21, 20) N Xy (21, 20) = 0, and similarly X% (21, 20) =
—X,?fl(zl,zg) or ng‘j(zl,zz) N —X]ZLZ(21722> =0 for any 21,22 € X with (z1,2) =
O AN 0X 7 (21,20), X7 (21,2) > OXP (21,20),~ Xy (1,20) @€ independent of 21,z € X with

O = (21, 29).
3. XT%(21,22) has the same strength for all 21,2, € X with ap, = (21, 22).

Moreover if the assumption (1), (2) or (3) of Theorem 7 is satisfied for {X[%(21,22) | 1 <
i< 51K < s Lpl # OFU{XT (21, 22) | 55 << 5,1 < <5, p7) # 0} withm #

0 or s, and when ((i,7), (k,1),(m,n)) satisfies (2) (resp. (3)) the numbers p((fém) (x,y)

(resp. p&kﬂlm) (x,y), pgf’l}m)(x,y), pgflﬁm) (x,y)) which are assumed to be independent of

(x,y) with v = (x,y) are independent of the choice of z1,ze with o, = (z1,2), then
(X, {Rr}i_o) is a quadruply regular association scheme.
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Proof. (1), (2), (3) follow from arguments similar to that in [11, Corollary 2.9].

Fix z1, 20 € X with o, = <Zl, ZQ).

If m =0 ors, then Jj,_, Ri(21) N Rj(22) = U;_, Ri(z1). The triple regularity of
(X, {Re}io) is equivalent that (J;,_, Ri(z1) N R;j(z2) is a coherent configuration whose
parameters are independent of 2y, zo with (z1, z5) = £1.

If 1 <m < s—1, then X[%(21,2) # 0 if and only if X[%(21,22) # 0 if and only if
i =s—m hold, and then X[ (z1,22) = {—21}, X", .(21,22) = {—22} hold. Moreover
X =—X{,,;hold for any 1 < 4,5 < s — 1. By Lemma 8, it is sufficient to show that
(X052, 22) | 1< <5551 <G <5 = Ly # 0 U{XTS (21, 2) | 557 < <51 <5 <
507y F 0} carries a coherent configuration whose parameters are independent of zy, zo
with a,, = (21, 22), and the rest of the proof follows from the similar argument of that in

[11, Corollary 2.9]. O

3 Linked systems of symmetric designs

In this section we characterize the triple regularity for association schemes obtained from
linked systems of symmetric designs in terms of one Krein parameter.

Definition 10. Let (X;, X;, I; ;) be an incidence structure satisfying X;NX; = 0, [;Z =1,
for any distinct integers 4,7 € {1,...,f}. We put X = U{Zl Xi, I = Uy, 1ij- The pair
(X, 1) is called a linked system of symmetric (v, k&, \) designs if the following conditions
hold:

1. for any distinct integers i, j € {1,..., f}, (Xi, Xj, I, ;) is a symmetric (v, k, X) design,

2. for any distinct integers 4, j,l € {1,..., f}, and for any x € X;,y € X, the number
of z € X incident with both x and y depends only on whether x and y are incident
or not, and does not depend on 1, 7, (.

We define the integers o, 7 by

lf (I’,y) € Ii,jv

o
z e X X,z 6127 726[ =
2 € Xi (0:2) € L, (4:2) € I} { () & Ly

where 7,7,0 € {1,..., f} are distinct and = € X;, y € X;. Theorem 1 in [3] shows

0.1 = (025 vito - ), Sk 2 i) ).

where n = k — \. Considering complement designs (X;, X;, I; ;) for any distinct integers
i,j € {1,...,f}, we can assume either (o,7) = (2(k* — V/n(v — k)), 5(k 4+ /n)) or
(L2 + V(o — k), E(k = yi)).
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From a linked system of symmetric designs, we obtain a 3-class Q)-antipodal association

scheme (X, {R;}?_,) where

Ry ={(z,z) | z € X},

Ry ={(z,y) |z € X;,y € Xj,(z,y) € I; for some i# j},
Ry ={(x,y) | x,y € X;,x # y for some i},

Ry ={(z,y) |z € X;,y € Xj,(x,y) &€ 1;; for some i # j}.

Conversely every 3-class (Q-antipodal association scheme with equivalence relation RyU Rs
arises from a linked system of symmetric designs in [4, Theorem 5.8].

The following is the main result in this section. The implication (2) = (1) was shown
in [11].

Theorem 11. Let (X, {R;}3_,) be a Q-polynomial association scheme which is Q-antipodal
with equivalence relation Ry U Ry. Then the following are equivalent:

1. (X, {R;}2,) is triply regular,
2. a7 = 0.

Proof. (2)=-(1): See [11, Corollary 6.2].
(1)=(2):Let {Xj, ..., X} be asystem of imprimitivity with respect to the equivalence
relation Ry U Ry and (X, R;) a linked system of symmetric (v, k, A) designs. Assume that

o= (K~ Vi~ k), T="(k+VA)

()

By the assumption of triple regularity, the following number
|{U) €X | (wi)v <y7w)7 (Z,U)) € R1}|

for distinct points z,y, 2z € X7 does not depend on z,y, 2z € X;. This implies that a pair
(X1, UL, X;) is a 3-design, therefore equality holds in [10, Theorem 2] (see also Remark 12
below). It follows that
Fo1= (v—2)\/k(v—Ek)

 (w=2k)Vo—1"

This implies a} = 0 (See [11, p.14]). O

Remark 12. Mathon [9] pointed out that the inequality in [10, Theorem 2], which is
obtained by the counting argument,

<v—2>(<v— 1>(§) + @ - (k(g) ““"“)@))
- ne-2n(3) -2 ((3) +o-n(3))

is equivalent to aj > 0.
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4 Real mutually unbiased bases

In this section we characterize the quadruple regularity for association schemes obtained
from real MUBs in terms of its Krein parameter.

Definition 13. Let M = {M;}/_, be a collection of orthonormal bases of R% M is called
a set of real mutually unbiased bases (MUBs) if any two vectors z and y from different
bases satisfy (z,y) = +1/V/d.

Let M = {M;}]_, be a set of MUBs, and put X = M U (—M). The angle set of X is

1 1
= {7501k

1 1
Jd
and we define Ry = {(x,y) € X x X | (x,y) = as.}. Then (X, {Rx}1_,) is a Q-polynomial
association scheme which is both Q-antipodal and Q-bipartite [7, Theorem 4.1].
Conversely let (X, {Ry}i_,) be a Q-polynomial association scheme which is both Q-
antipodal and @-bipartite, then the image of the embedding into first eigenspace by
primitive idempotent E; is M U (—M), where M is a set of MUBs [7, Theorem 4.2].
Applying [2, Theorem 4.8] to the above scheme for i = j = 1 using the parameters in
|7, Appendix], we obtain the inequality f < g + 1. We call M a maximal set of MUBs if
this upper bound is attained.
We now show that every set of f MUBs gives rise to a linked system of symmetric
designs with f — 1 @-antipodal classes.

A'(X)

We set
ag=1, o =

Lemma 14. Let (X,{R;}},) be a Q-polynomial association scheme which is both Q-

antipodal and Q-bipartite with f Q-antipodal classes of size 2d. Assume f > 3. Then

for z € X and j = 1,3 (R;(2),{Ri N (R;(2) X R;j(2))}2_4}) is a Q-polynomial association
d

scheme which is Q-antipodal with (f — 1) Q-antipodal classes of size d and a} = 7 2.

Proof. Tt was shown in [11, Section 5] that (X,{R;}l,) is triply regular, in particular
R;(z) carries an association scheme for any z € X, j € {1,3}. Let X;(z) be a derived
design in S92 of X with respect to z,a;. We determine the intersection numbers of
X,(2). For z,y € X;(z), we set

pa,ﬂ(x7y) - |{w S XJ(Z) | <$,U}> = Q, <w7y> - 5}'

The angle set of X;(z) is

V-1 —1 —Vd—1
A(X](Z)) - {O{l = d_ 1 , Qg 1= ﬁ70{3 = ﬁ ,

X;(2) is a 3-distance set and a 2-design in S?72. So set the degree s = 3 and the strength
t = 2 and observe t = 2s — 4 here. And for any v = (x,y), the intersection numbers
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Pas.os (T, Y), Pas.ay (T,Y), Payas(2,y) are independent of the choice of z,y € X;(z) with
v = (z,y) as follows:

0 if (z,y) = a,
p027a2($7y) = d—2 if <$,y> = (o,
0 if (z,y) = as,
d+2\/a_]' if <I,y> = O,
Pagsar (T, ) = Pag,as(@,y) = € 0 if (z,y) = s,
‘”2\/& if (x,y) = as.

For 0 < A<2,0< u<2and (\p) # (1,2),(2,1),(2,2), we obtain a system of 6 linear
equations

Y 0 B P (2,4) = | X;(2) | Fapu((z,9) = (2, 9)* = (2, 9)" — 030, o, (2. y)
1<i<3 X .
<m< A A

() #(33) 2,012 201 Pz (T:Y) = 102D, 0, (:Y):

where F) ,(t) is defined in [6, Section 7].

{Pasa, (2, y) [ 1<4,5 < 3,(6,7) # (2,2),(2,1), (1, 2)}

is uniquely determined by Theorem 7. The intersection matrices B; and the second
eigenmatrix () are as follows:

0 1 0 0
(f=2)(d+Vd) (f=3)(d+3Vd) d+2vd d+vd
B, = 2 4 4 4
1 0 d+vd—2 0 d+vd ’
2 2
0 (f=3)([d—Vd)  (f=2)d (f—3)(d+Vd)
4 4 4
0 0 1 0
d+vd—2 d+d
B, = 0 + 2 0 +2
d—1 0 d—2 0 ’
d—Vd d—/d—2
0 2 0 2
0 0 0 1
0 (f=3)(d—Vd) (f=2)d (f=3)(d+Vd)
Ba = 4 4 4
3 0 d—/d 0 d—\éE—Q )
2
(f=2)(d=Vd) (f=3)(d=Vd) (f=2)(d—2Vd) (f—3)(d—3Vd)
2 4 4 4
1 d—1 (f—=1d-1) f-1
0- 1 Vd—1 —Vd+1 ~1
|1 —1 —f+1 f—1\’
1

—Vd—1 Vid+1 1
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and hence the Krein matrix Bj is given as follows:

0 1 0 0
d _d_
B=|" (_flfz_>d2 =i |
0 1 1 —2 d-1
0 0 1 0
Therefore X (z) is a @-polynomial association scheme which is @-antipodal. O

The following theorem shows that for MUBs, quadruple regularity is equivalent to
their maximality.

Theorem 15. Suppose that (X,{R;}}_,) is a Q-polynomial association scheme which is
both Q-antipodal and Q-bipartite. Then the following conditions are equivalent:

1. (X, {R;},) is quadruply regular,
2. f=%+1

Proof. (1)=(2): Assume (X, {R;}{ ) is quadruply regular. Then X (z) is triply regular
for any z € X. By Lemma 14 and Theorem 11, — 2 =0. Therefore f =% —i— 1 holds.

(2)=(1): By [11, Corollary 5.3] it is sufﬁClent to show that the assumptlon of Corol-
lary 9 is satisfied.

(1) When (21, 25) = as, {(i§) | 1 <0 < 551 <7 < s—1pf% £ 0} U{(5) |
SLCi <=1 < <= ph # 0 is {(1,1),(1,3),(2,2)}. X2, = X2i(21,2) is a
3-design in Sd_3 for (i,7) € {(1 1) (1, 3), (2, )} Indeed X3, is a cross polytope in S43.
X2, =p2, = L, | X2, = p}s = & where p? | and p? , are the intersection numbers of X
in [1, 6 Appendlx]. And the angle sets A(X7,) = A(X73) = (¥ a2 =2 ﬁf} hold, so
Gegenbauer polynomial expansion of their annihilator polynomial F'(x) := [ . A(x2)

rT—Q
-«

is

therefore X7, and X7 4 are 3-designs in S by [6, Theorem 6.5]. We renumber as follows:
X1 =X3, Xy=X7,, Xs=Xis

We define s; ; = |A(X;, X;)|. Then the matrix (s; ;) is

1
2
2

W W N
W W N

If s, ;+ sjx — 2 < 3, that is, when one of the 4, j, k is equal to 1, then the assumption (1)
of Theorem 7 holds.
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If s;j +sjr — 3 =3, that is, when
(1,7, k) € {(l,m,n) | 2<1,m,n <3}, (1)

And X, U X3 carries a subconstituent association scheme R;(z1) of X whose parameters
are independent of z; by Lemma 14, therefore those for (2,3,3) (respectively (2,3,2),
(3,2,3)) are determined by those for (2,2,3) (respectively (2,2,2), (3,3,3)). The in-
tersection numbers {p), 5 | @ = of; or § = af,} for v € X;, y € X, and (4,5,k) €
{(2,2,2),(3,3,3),(2,2,3)} are given in Table 1. These numbers are independent of
21,22 € X with (21,29) = . Hence the assumption of (2) of Theorem 7 holds for
i,7,k (i,7,k) in (1).

(i) When (z1,25) = a1, {X%(z1,22) | 1 <@ < 55,1 < j < s—1,pf% # 0} U
{Xi5(21,22) | % S 1S %,1 S J < %719?:} # 0} is {X11,1aX11,2aX11,3>X21,1}- Xz{j =
X!;(21, 2) is a 2-design in S92 for (4, 5) € {(1,1),(1,2),(1,3),(2,1)}. Indeed X{,, X3},
are regular simplexes in S97?. And X{, and X, are subconstituents of X;(z) with
respect to z3 € Xi(21). Xi(z1) is a Q-polynomial association scheme by Theorem 14 with
aj =0, so [11, Lemma 4.2] implies that X, and X{ 5 are 2-designs in S%7%. We renumber
as follows:

Xi=X3,, Xo=Xi, X3=X{;, X,=X{,

We define s; ; = |A(X;, X;)|. Then the matrix (s; ;) is

NN
N =N
W W NN
W W NN

If s;; + s;% — 2 < 2, that is, when
(t,5,k) e {(m,n) | 1<m<2,1<,n<4dor3<m<4,1<1,n<2},

then the assumption (1) of Theorem 7 holds.
If s;j +sjr — 3 =2, that is, when

(1,7, k) e {(lm,n) |1 <1<2,3<mn<4or3<],m<4,1<n<2}, (2)

Y

orif s; ; + 55, —4 = 2, that is, when

we directly verify that the intersection numbers on X; for z € X;, y € X, are independent
of z,y and of 2,29 by using the triple regularity of subconstituents of X in stead of
showing that the (4, j, k) in (2) (respectively (3)) satisfy the assumption (2) (respectively
(3)) of Theorem 7. By Theorem 11, Lemma 14 and the assumption f = d/2+ 1, Ry(2)
is a triply regular association scheme and its parameters are independent of z;. Since

THE ELECTRONIC JOURNAL OF COMBINATORICS 22(1) (2015), #P1.12 12



X, X3 and X, are the subconstituents of R(z;) with respect to zo, XoUX3U X, carries a
coherent configuration with fibers X5, X5 and X;. Moreover the parameters of its coherent
configuration are independent of z; with (21, 29) = ;. Interchanging z; with z, and using
Xy = —Xg,, it holds that X; U X3 U Xy carries a coherent configuration with fibers
Xy, X3 and X, whose parameters are independent of z1, zo with (21, 29) = ;. Thus the
intersection numbers on X; for x € X;, y € X}, are independent of x,y and of z, 2, for

i, 7, k satisfying (2) or (3).

(iii) The case (z1, z2) = a3 is similar to the case (21, z2) = ;.
By Corollary 9, we obtain the desired result.

Table 1: the values of p”o'éﬁ(x,y), where z € X;(2), y € Xi(2)

(2,2,3)

(i7j7 k) (Oé,ﬁ) piﬁ(xay)
0 <$7 y> = O‘il,k
(a?,ja Oégz,k) %l -1 (z,y) = O‘%,k
0 (x,y) = ozik
((dt2Vd 1, — ol
(27 72) (azz '7Oél'k) 4 < ’y> ;k
7 5 O <I, y> =
(3,3,3) | (a};,a2,) ik
\ 4 ’ 7,
[ d=2Vd (z,y) = a‘lk
2 3 4 ) ,
(Oéi,j,&j,k) 0 <:E > - o2
(@, a?)) v Y i,k
0,30 2, d—2v/d
o \ ] i —1 <l’ y> - O‘?,k:
0 (x,y) = oz§73
(04%,2’ O‘%,?,) % —1 (v,y) = O‘%,:&
w (x,y) = 04%73
>
2 1 %l -1 (z,y)= O‘%,B
(04272, 042,3) 0 9
(039, 05 3) (,9) = 23
b I L % <l" = 0[373
( d+2Vd

(aé,za a%,s)

|7~

aQ O

W~
8
w

8
I
o

8

(a%?, 0‘%,3)

+
[\
5
N N N N N

8

8

Il
SO D12 O O

w

8
Il
w

L e vt et st gl g g
~ S~ ~— [~ ~— ~— [ ~ [~ Y~ >
I
NW NN NF|INW NN N
o

Il
Q
o

Remark 16. Let M be a maximal set of MUBs and X = M U (—M).
shown in [1, Theorem 5] that {z € X | (x,z) =
(21, 22) = 0 carries an association scheme.
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Remark 17. One might wonder if the integrality of intersection numbers of the above
quadruply regular association scheme implies new necessary condition for existing maxi-
mal mutually unbiased bases, but the conditions of the integrality show d = %, which is
already known.

5 Quadruple regularity of linked systems of symmetric designs

Finally we consider whether the linked of symmetric designs with aj = 0 could become
quadruply regular or not. We denote the collection of all k-subsets of €2 by (%) Let
(X, Xj, I; ;) be an incidence structure satisfying X; N X; = 0, I, = I, ; for any distinct

L9,
integers i,j € {1,...,f}. Weput X = UL, X;, I = U, Lij. Let (X,I) be a linked

system of symmetric designs with 1 < k < v—1. By [3, Theorem 1], n = k — X is a square
number. Since k < v — 1, we have n # 1. Hence n > 4 and we have v > 15. We define

Oé(S) = |R1(ZL’1) N Rl(l'g) N Rl(l'g) N R1(1'4)|,
for S = {x1, 29, 23,14} € ()il).

Counting in two ways the numbers of these sets

X
{(S,y) € ( 41> X Uj;z X | (z,y) € Ry for any x € S},

f .
{(S,T) € (iil) X (UZ:; XZ) | (x,y) € Ry for any x € S,y € T},

we have the following equalities:

> a9)=7-1o(}) o
> () =50 -0 (-2 + -0 () + e -20-0(7)) - ©

se(*)

Using Cauchy-Schwarts inequality with (4) and (5), we obtain

(k—DE*(v —k)?*(v—k—1)(v—2)
(v —2k)(v—1)%

If equality holds, then we have k(v—3)(v—k)(v—2k)++v/n(v—1)(v? — 6kv+v+6k*) = 0.
Multiplying k(v — 3)(v — k)(v — 2k) — v/n(v — 1)(v? — 6kv + v + 6k?) and dividing by
vk(k—1)(v —k —1)(v — k) # 0, we obtain

v(v+1)* +4k*(v + 3) — dkv(v + 3) = 0.

(k(v—3)(v—k)(v—2k)+v/n(v—1)(v*—6kv+v+6k*)) > 0.

Solving this quadratic equation by k, we obtain

v(v+3) £ /v(v—1)(v+3)
2(v + 3) '

k:
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Then it is a necessary condition that v(v—1)(v+3) is a square number. The elliptic curve
y? = v(v—1)(v+3) has rank 0 and only 6 integral points (v,y) = (=2,6), (—1,4), (3,36),
(0,0), (1,0), (=3,0). Tt contradicts v > 15. Therefore (X;,{J_, X;) does not become
a 4-design. Hence a linked system of symmetric designs does not carry a quadruply
regular association scheme and a maximal set of MUBs does not carry a quintuply regular
association scheme. However, let (X, {R;}._,) be the association scheme derived from a
maximal set of MUBs with d > 4, the numbers

| Ry (21) N Riy(02) N Rig(w3) N Ry, (24) N Ry (5)] (6)

for z;, € X; such that (xp,z) € Ry, i, € {1,3} and 1 < k,I;m < 5 are uniquely

determined as follows. Let M = {M;,..., My/211} be a maximal set of MUBs. Consider

the orthogonal transformation on M given by M; to the standard basis. Then the elements
d

U2+1X have form \}(:I:l .,£1) since M; and M; are mutually unbiased. The

binary code C is defined correspondlng to the elements of U ' X; as follows: ¢ = ( ¢)€eC

corresponds to © = (x;) € U Xl, then ¢; = 0,1 according to whether x; = 7&, _\/LE’

respectively. C is said to be a Kerdock like code in [1]. The weight enumerator of C is

We(z,y) =24 + (d 2) d+fyd v +2(d — 1)932y2 + (d 2) % fy‘Hf +y%. Then

dd=1)(d=2(d=4) 44,

WcL(ﬂJ,y)——Wc(x+y,x—y)=xd+ 260 Yot

d2

Hence C is an orthogonal array whose strength is 5 if d > 4. This implies that (6) are
uniquely determined for z;, € X7 such that (zy, ;) € Rs, iy € {1,3} and 1 < k,[,m < 5.
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