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Abstract

A tree is called a k-tree if its maximum degree is at most k. We prove the
following theorem. Let k£ > 2 be an integer, and G be a connected bipartite graph
with bipartition (A, B) such that |A| < |B] < (k — 1)|4| + 1. If 0x(G) > |B|,
then G has a spanning k-tree, where o;(G) denotes the minimum degree sum of k
independent vertices of G. Moreover, the condition on oy (G) is sharp. It was shown
by Win (Abh. Math. Sem. Univ. Hamburg, 43, 263-267, 1975) that if a connected
graph H satisfies o (H) > |H|—1, then H has a spanning k-tree. Thus our theorem
shows that the condition becomes much weaker if the graph is bipartite.
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1 Introduction

In this paper, we consider finite simple graphs, which have neither loops nor multiple
edges. Let G be a graph with vertex set V(G) and edge set E(G). We write |G| for the
order of G, that is, |G| = |[V(G)|. For a vertex v of G, let Ng(v) denote the neighborhood
of v in G, and denote the degree of v in G by deg(v), in particular, deg.(v) = |Ng(v)].
A set X of vertices of G is called an independent set if no two vertices of X are adjacent.
For two vertices x and y of (G, an edge joining them is denoted by zy or yz. For an integer
k > 2, a tree is called a k-tree if its maximum degree is at most k. Let a(G) denote the
independence number of G. The number o4 (G) is defined to be the minimum degree sum
of k independent vertices of G. Namely, for an integer k > 1 with «(G) > k, we define

or(G) = mSin {Z degs(x) : S is an independent set of size k}

TES

and o (G) := o0 if a(G) < k.

We begin with some known results on spanning k-trees related to our theorem, and
other results on a spanning k-tree can be found in the book [1], and papers [2], [3], [5]
and others. In particular, a survey article [6] contains many current results on spanning
trees including spanning k-trees.

The next theorem gives a sufficient condition using o4 (G) for a graph to have a span-
ning k-tree.

Theorem 1 (Win [7]). Let k > 2 be an integer and G be a connected graph. If or(G) >
|G| — 1, then G has a spanning k-tree.

Our main result of this paper is the following theorem, which shows that the condition
on 0%(G) in the above Theorem 1 can be relaxed a lot for bipartite graphs.

Theorem 2. Let k > 2 be an integer, and G be a connected bipartite graph with bipartition
(A, B) such that |A| < |B| < (k—1)|A| + 1. If

or(G) = |B],
then G has a spanning k-tree.

The above theorem with k& = 2 was obtained by Moon and Moser.

Theorem 3 (Moon and Moser [4]). Let G be a connected bipartite graph with bipartition
(A, B) such that |A| < |B| < |A| 4+ 1. If 05(G) > |B|, then then G has a Hamiltonian
path.

Note that the condition |B| < (k — 1)|A| 4+ 1 is necessary for the bipartite graph G
to have a spanning k-tree since if |B| > (k — 1)|A| + 1, then G cannot have a spanning
k-tree. The degree sum condition is sharp in the following sense. Let £ > 3 and s > 1 be
integers, and let Ay, Ay, By and By be disjoint sets of vertices such that |A;| = (k—2)s+1,
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|As] = s, |B1] = s, |Ba] = (k —1)s + 1. Then define a bipartite graph G with bipartition
(A1 U Ay, By U By) and edge set E(G) = {zy : © € A,y € Bj}U{zy : © € B,y €
AQ}U{ZL’y 1T E Az,y S Bg} Then ‘Al UAQ’ = (l{?— 1)S+ 1< ’Bl UBQ| = ]CS+1 and
0k(G) = ks = |ByU By| — 1. Moreover, G has no spanning k-tree. Therefore the condition
on 0%(G) in Theorem 2 is sharp.

2 Proof of Theorem 2

We begin with some notation. Let T" be a tree. We denote the set of leaves of T' by
Leaf(T). For two vertices u and v of T, there exists a unique path connecting u and v
in T, and it is denoted by Pr(u,v). Let T be a rooted tree with root w. For a vertex
v € V(T) — {w}, the vertex adjacent to v and lying on the path Pr(v,w) is called the
parent of v and denoted by v~. A vertex whose parent is v is called a child of v. In
particular, there are degy(v) — 1 children of v, and the set of children of v is denoted by
Child(v). We define the total excess te(G; k) from k of a graph G as

te(Gs k) = Z max{deg.(v) — k,0}.

veV(G)

Thus a tree T has te(T;k) = 0 if and only if T is a k-tree. We are ready to prove
Theorem 2.

Proof of Theorem 2. By Theorem 3, we may assume that & > 3 though most part of the
following proof holds even if £ = 2. Let GG be a connected bipartite graph with bipartition
(A, B) that satisfies the following two conditions instead of the conditions of Theorem 2.

max{|Al|,|B|} < (k—1)min{|A|,|B|} + 1, and (1)
o1(G) = max{|A],|B[}. (2)

Notice that the above two conditions and the conditions of Theorem 2 are essentially
equivalent, and by these new conditions, we can assume that w € A without loss of
generality, which will soon be apparent, and decrease the number of cases in case analysis.
Moreover, we do not use the sizes of two partite sets until the last stage of the proof.
Suppose that G has no spanning k-tree. Choose a spanning tree 1" of GG so that

(T1) te(T;k) is as small as possible,
(T2) |Leaf(T)| is as small as possible, subject to (T1) and,
(T3) Leaf(T)NA+# 0 and Leaf(T) N B # () if possible, subject to (T2).

Since G has no spanning k-tree, there exists a vertex w such that deg,(w) =1 > k+1.
Let Dy, Do, ..., D; be the components of T" — w. For every 1 < i < [, let v; denote the
vertex of D; adjacent to w in T'. For every 1 < i < k, let u; € V(D;) be a leaf of T', and
let U = {uy,...,u}.

Without loss of generality, we may assume that w € A as mentioned above. Assume
that u; € Afor 1 <7 < m, and u; € B for m + 1 < ¢ < k, where it might occur that
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m =0 or m = k. We regard D; as a rooted tree with root u; for 1 < i < k, and with root
v; for k+1 < i <1 (see Figure 1). For every 1 <t <[, let

Xy = U (Ne(uj) NV (Dy)),
1<j<m, j#t
o= |J  WNelwy)nV(Dy)),
m+1<j<k, j#t
Zi = (Nag(u) N V(D))\ Yy if m+1<t<Ek,
0 if k+1<t<l,

and

({z € Z, : a vertex of Pr(u,,27) is adjacent to some uj in G,

where 1 < j <m and j #t} if 1<t<m,

Z} =< {2 € Z, : avertex of Pr(us,2") is adjacent to some u; in G,
where m 4+ 1 < j <k and j # t} if m+1<t<Ek,

0 if k+1<t<l (seeFigure1).

vy Vk V]
uj 274 uj
oE4A Oc<B ec4UB Q@ arerootsof D;. — <ET) ---- €E(G)-E(T)

Figure 1: A spanning tree T of a bipartite graph G with bipartition A U B.

Then X; CBand Y, C Aforall 1 <:<l,and Z; C Bforl1 <i<mand Z; C A for
m+ 1 < i< k. We relabel indices 7 of D; and rechoose u; so that
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(Ul) UNA#0 and UN B #( if possible and,
(U2) X, # 0 if possible, subject to (U1).

Let X = Ui Xi, YV = Ui Yo and Z = U, Zi- Then the following claim
holds.

Claim 1. For every integer 1 <t <, let wy be any vertex of Dy such that degp(w;) < k—1
or wy = v;. Then for any two distinct integers i,j € {1,2,...,1}, the following three
statements hold.

(ii) If v € V(D) is adjacent to w; in G — E(T) and if v € Np(v) N Pr(v,w;), then
v'w; & E(G).

(iii) Assume that w; # v;, w; # v; and v € Ng(w;) NV (Dy,) for some h € {1,...,1} —
{i,7}. If v € Np(v), then v'w; & E(G).

Proof. (i). If wyw; € E(G) and w; # vj, then Ty = T — wv; + w;w; is a spanning tree of
G and te(1y; k) = te(T; k) — 1, which contradicts the choice (T1). If w; = v; and w; = vy,
then w;w; ¢ E(G) since v; and v; are both contained in B. Hence (i) holds.

(ii). If v'w; € E(G) and w; # v;, then Th =T — wv; — vv’ + w;v 4+ v'w; is a spanning
tree and te(Ty; k) = te(T;k) — 1, a contradiction. If v'w; € E(G) and w; # v;, then
Ty =T — wy; — vv' + wyv + v'w; is a spanning tree and te(Ty; k) = te(T:k) — 1, a
contradiction again. If w; = v; and w; = v;, then v'w; ¢ E(G) since all of v;,v" and v,
are contained in B. Thus (ii) holds.

(iii). If v'w; € E(G), then T3 = T — wvy, — v’ + w;v + w;v’ is a spanning tree and
te(Ts; k) = te(T'; k) — 1, a contradiction. Therefore Claim 1 holds. O

By Claim 1 (i) and by choosing w; = u;, we have that U is an independent set of G.
Furthermore, by Claim 1 (i), we obtain the following claim.

Claim 2. For allve X UY, degy(v) > k.

Claim 3. For each 1 < i < [, the following statements hold.
(i) ({vi} U Leaf(Dy)) N (X;UY;) = 0.

(i) ({vi} U Leaf(D;)) N Z} = 0.

Proof. (i). The statement (i) follows immediately from Claim 1 (i).

(ii). Suppose that there exists a vertex v € ({v,} U Leaf(D,))NZ} for some 1 < p < L.
Since Z}! = () for each k +1 < i < I, we have p € {1,... k}. Assume p € {1,...,m}.
Then v € B, and there exist two vertices x € X, N V(Pr(up,v™)) and u, € U with
1 < ¢ # p < m that are adjacent in G. Let ' € Child(x) NV (Pr(u,,v~)). Then
Ty =T — wv, — 22’ + uyv + xu, is a spanning tree of G and te(T'; k) > te(11; k) since
v € {v,} ULeaf(D,). This contradicts (T1). We can similarly derive a contradiction in
the case p € {m+1,...,k}. Hence Claim 3 holds. [

THE ELECTRONIC JOURNAL OF COMBINATORICS 22(1) (2015), #P1.13 5



By Claim 2, it follows that |Child(v)| > k — 1 for all v € X UY. For each z € X,
choose a set C'hildy_1(x) of k — 1 children of z, and let

Q(x) :={z} U Child_(x).
Similarly, for each y € Y, we define

R(y) = {y} U Child,(y),
where Child,_1(y) is a set of k — 1 children of y. Then
Q)N A[=[R(y)n Bl =k -1 and |Q(z) N B|=[R(y) N Al =1 (3)

for every z € X and y € Y. By Claim 3 (ii), Child(z) # 0 for every z € Z} where
1 <i<k Forevery z € Z; with 1 <i <k, let 2*=2"if 2z € Z; — Zil; otherwise, let
z* € Child(z). Let

S(z) :={z2"} for every z € Z.

Claim 4. For every z € Z, degp(z7) < 2.

Proof. Suppose that there exists a vertex z € Z; such that deg,(z7) > 3 for some
i. Then Ty = T — zz= + zu; is a spanning tree of G and te(T;k) > te(1y;k) and
|Leaf(T)| > |Leaf(T1)|. This contradicts (T1) or (T2). Hence Claim 4 holds. [

Claim 5. For all x1,29 € X, y1,y2 € Y and z1, 2o € Z with 1 # Ta,y1 # Y2, 21 # 22, the
following holds.

(i) Q(z1) NQ(xe) =0, R(y1) N R(ya) =0 and S(z1) N S(z2) = 0.
(ll) Q(J?l) N R(yl) == (Z), Q(l’l) N S(Zl> = (Z) and R(yl) N S(Zl) == Q)

Proof. (i). Obviously, Q(z1) N Q(xzg) = 0 for all ; # 2 € X since x; and z are
not adjacent in 7. Similarly, R(y;) N R(ys) = 0 for each y; # y» € Y. Suppose that
S(z1) N S(z2) # 0 for some 2z, # zo € Z, which implies zf = z5. By the definition of Z;,
we have zq, 29 € Z), for some 1 < h < k. By the symmetry of z; and 25, we may assume
that (a) 21,20 € Z}, (b) 21 € Z} and 20 € Z), — Z}, or (¢) 21,20 € Zy, — Z}.

First, suppose that (a) holds. Then 2{ € Child(z) and 25 € Child(z;). Hence
27 # 23, a contradiction. Next, suppose that (b) holds. Then z; = z5 = 27 € Child(z),
and hence Pr(up,zy ) = Pr(up,21) + 2125 . Since a vertex of Pr(uy,z; ) is adjacent to
some u, in G, where p # h, it follows from the definition of Z} that 2z € Z;. This
contradicts zo € Z;, — Z}. Finally, suppose that (c) holds. Then z; = z;, which implies
degr(z;) = 3. This contradicts Claim 4.

(i1). By Claim 1 (iii), Q(z1) N R(y1) = 0 for each x; € X and y; € Y. Suppose that
Q(xz1) N S(21) # 0 for some x; € X and z; € Z. Since Z; = () for k + 1 < i < I, it follows
that 1 € X, and 2, € Z, for some 1 < h < k. If h € {1,...,m}, then both z; and z
are contained in B, and so zf = z; € Child(z;). But this implies that 2; € Z}, and so
27 € Child(z), a contradiction.
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Assume h € {m + 1,...,k}. Then z; € B and z; € A, and z; is adjacent to some
u, in G with 1 < p < m. By Claim 1 (ii), 2; # z;. Hence zy = zj € Child(z),
which implies z; € Z!. Then there exist two vertices y € V(Pr(up, 2, )) and u, with
m+ 1 < g # h < k which are adjacent in G. Choose y' € Child(y) NV (Pr(y, z1)). Then
Ty = T—wup—x121 — Yy +21up+up21 +u,y is a spanning tree of G and te(1'; k) > te(1s; k).
This contradicts (T1). Hence Q(z1) N S(z1) = 0 for each z; € X and z; € Z. Similarly,
we can show that R(y;)NS(z1) = () for each y; € Y and z; € Z. Hence Claim 5 is proved.
O

For every 1 < i <[, let Qi == U,cx, Q(@), Ri == U,ey, R(y), Si := U,cz, S(2) and
Oi = V(D,) — (Qi U Rz U Si) Let

Q=@ RrR=R, S=1[J5 and 0:= ] Ou

1<i<l 1<i<l 1<i<l 1<i<l
Claim 6. (i) If X; # 0 for some 1 <i<mork+1<i<lI, then O;NA#(.
(i) O;NB #0 for eachm+1<i <.
Proof. (i) Suppose that X; # () for some 1 <i < mor k+ 1 <i <I. Let r; be the root
of D;, that is, r; = u; for 1 < ¢ < m, and r; = v; for K+ 1 < i < [. Choose z; € X;
so that |Pr(r;, z;)| is as small as possible. Note that x; # r; by Claim 3 (i). Recall that
xz; € X; C B, and so z; € A. By Claim 1 (iii), we obtain z; ¢ R,;. By the minimality of
| Pr(r;, z;)|, we have x; ¢ @Q;US;. Thus we obtain that z; € O;NA, and hence O;NA # ().
(ii) First, assume ¢ € {k + 1,...,l}. By Claim 3 (i), we have v; € @;. Since v; is a
root of D;, we have v; € R;. Since Z; = (), it follows that v; € O; N B. Next, assume
i€ {m+1,...k}. IfY; # 0, then we can also prove the statement (ii) by a similar
argument as in the statement (i). Hence we may assume Y; = (). Thus Z! = (), and so
S(z) ={z,z"} for any z € Z;. Suppose that z= = v; for some z € Z;. Then dr(z7) > 3.
This contradicts Claim 4. Hence v; ¢ S;. On the other hand, by Claim 3 (i), we have
v; € ;. Thus we obtain v; € O;,N B. [

Claim 7. (i) |[A|= (k-1 X|+ Y|+ |Z|+]ONA|l+1
(ii) [B| = |X[+ (k= D[Y|+[Z] + 0N B
Proof. By (3) and Claim 5 (i), we have |QNA| = (k—1)|X|, |[RNA| = |Y | and |[SNA| = |Z].
By Claim 5 (ii), @, R, S, O and {w} are pairwise disjoint. Thus we deduce
Al = [QNA[+|RONA|+[SNA[+[ONA|+ [{w}
= (k=1 X|+|Y|+|Z]+]0NA|+1.

Similarly, we can obtain the desired equality (ii). O

We now prove the theorem by considering three cases.
Case 1. |X| > |Y|+ 1.

It follows that U N A # () since X # (). Moreover, the following claim holds in this
case.
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Claim 8. O N A # 0.

By the assumption of Case 1, we have X # (. If X; # ) for some 1 < 7 < m or
k+1 < i <, then Claim 6 (i) implies O N A # (). Therefore we may assume that
X;=0foralll <i<mandk+1<1i<I, and thus X;, # 0 for some m + 1 <
h < k. If Leaf(D;) N B # (), then, by exchanging the role of D), with w;, and D; with
w, € Leaf(D;) N B, we can obtain a contradiction to (U2). Thus we have Leaf(D;) C A.
It follows from Claim 3 (i) that Leaf(D;) NY; = 0, and since X; = () and Z; = () (by the
definition of 7)), we have Leaf(D;) C O N A, and hence O N A # ().

Assume first m < k — 1. By the assumption of Case 1 and Claims 7 (i) and 8, we
obtain

A

(k=D X|+ Y|+ |Z|+|0NnAl+1
m|X| 4+ (k—m —1)|X|+|Y|+|Z] + 0N A| +1

> m|X|+(k—m—1D(Y|+1)+|V|+]|Z]+2
= m|X|+ Fk-—m)|Y|+|Z|+ (k—m)+1
> > [Ne(uw)NX[+ > |Ne(u)nY]
1<i<m m+1<i<k
+ ) INe(w)NZl+ > [Ne(uw)n{w}| +1
1<i<k m+1<i<k
= Z dege(u;) + 1
1<i<k

Hence 04(G) < |A| — 1 < max{|A|,|B|} — 1. By (2), this is a contradiction.

Next assume m = k. By (Ul), we have Leaf(T) C A. Since | X| > |Y| + 1, it follows
that X, # 0 for some 1 < p < I. Let x € X,. Then, there exists an integer ¢ with
1 < ¢ < k and g # p such that © € Ng(uy). Since Ty = T — wv, + zu, is a spanning tree
of G with te(T; k) > te(T1; k), it follows from (T2) that |Leaf(T)| = |Leaf(T1)], that is,
v, is a leaf of T}. Therefore Leaf(Ty) N A # () and Leaf(T1) N B # (. This contradicts
(T3).

Case 2. |X| < |Y]and m > 1.

By Claim 6 (ii), we have |O N B| > k —m + 1. By the assumption of Case 2 and

Claim 7 (ii), we obtain

Bl = |[X|+(k-1DY|+|Z]+]0N B|

I X+ (k=m)|[Y|+ (m—1D|Y|+|Z]+]|0nN B

| X|+ (k—m)|[Y]|+ (m—1)|X|+|Z]| + |0 N B]
m|X|+ (E—m)|Y|+|Z]|+k—m+1

> INeuw)n [ VD)I+ D INa(u) n{w}| +1

1<i<k 1<l mA1<i<k

\VARR\VAR\V}

WV
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Hence 04 (G) < |B| — 1 < max{|A|,|B|} — 1, a contradiction.
Case 3. m = 0.

By (U1), Leaf(D;) C B for all 1 < i < I. Note that X = {) since m = 0, and hence
we can ignore condition (U2) and use a symmetry among X;’s. Since deg,(w) > k + 1,
if degy(a) = k for all @ € A — {w} then |B| > (k — 1)|A| + 2, a contradiction. Hence we
may assume that there exists a vertex a, € V(Dy) N A such that degp(ap) < k — 1 for
some 1 < h < [. Without loss of generality, we may assume that h = 1. By Claim 1 (i),
{a1,us, ..., u;} is an independent set of G.

We regard D; as a rooted tree with root a;, and change the definitions of Y; (1 < i <)
and O; (2 <1 <) as follows;

Yii= |J (Neluy)nV(Dy), O;:=V(D;)— (Nalar) UR; U S)).
2<j<k,j#i

Following the above change of Y;, we also change the definition of R; (2 < < ).
We first consider D;. By Claim 1 (ii), (Ng(a1) NV(Dy)) N (R1 N B) = Therefore

[Ne(a) NV(D1)|+ Y [Na(uw) N V(D)

2<i<k
< [Na(a) nV(Dy)| + (k= 1) Y3
= |Ng(a;) NV (Dy)| + |Ry N B|
< |V(Dy) N Bj.
We next consider Dy, ..., D;. By Claim 1 (iii), we have (Ng(a1)NV (D;))N(R;:NB) = 0.
In the same proof as Claim 5 (ii), we can prove that (Ng(ai;) N V(D;)) N (S;NB) = for
each 2 <i <.
Using the same argument in the proof of Claim 6 (ii), we can prove that O; N B # ()
for each 2 < i < [, and hence,

INa(a) NV(D)| + Y INa(uy) N V(D)

2< <k

< [Ne(a) N V(Di)| + (k= DIYi| + | Zi]
|Ne(ar) NV (D;)| +|R; N Bl + |S; N B

= [V(Di) N B|—|0:N B

< |V(D;)NnB|—1.

By summing above two inequalities, we deduce

(G) < Y (INala) nV(D)+ Y INo(w) N V(D))

1<i<l 2<j<k
+ ) INa(uy) N {w}|
2<<k
< D IWV(D)NB| = (—1)+ (k—1)
1<kl
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a contradiction. Consequently the proof is complete.
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