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Abstract

A cube tiling of R? is a family of pairwise disjoint cubes [0,1)% + T = {[0,1)¢ +
t:t € T} such that U;ep([0,1)? + ¢) = R% Two cubes [0,1)4 +¢, [0,1)¢ + s are
called a twin pair if |t; — s;| = 1 for some j € [d] = {1,...,d} and t; = s; for
every i € [d]\ {j}. In 1930, Keller conjectured that in every cube tiling of R? there
is a twin pair. Keller’s conjecture is true for dimensions d < 6 and false for all
dimensions d > 8. For d = 7 the conjecture is still open. Let z € RY i € [d],
and let L(T,z,i) be the set of all ith coordinates t; of vectors ¢ € T such that
([0, )4+)N ([0, 1]4+2) # 0 and t; < ;. Let r~(T) = min,cga maxi<icq |L(T, z,1)]
and 77 (T) = max,cpa maxjci<q |L(T,x,7)|. It is known that if »—(T) < 2 or
r*(T) > 6, then Keller’s conjecture is true for d = 7. In the present paper we show
that it is also true for d = 7 if #¥(T) = 5. Thus, if [0,1)? + T is a counterexample
to Keller’s conjecture in dimension seven, then r~(T),r*(T) € {3,4}.

Key words: box; cube tiling; Keller’s conjecture; rigidity.

1 Introduction

A cube tiling of R? is a family of pairwise disjoint cubes [0, 1) +T = {[0, 1) +¢: t € T}
such that (J,.,([0,1) +¢) = R%. Two cubes [0,1)* + ¢, [0,1)? + s are called a twin pair
if |t; — s;| = 1 for some j € [d] = {1,...,d} and t; = s; for every i € [d] \ {j}. In 1907,
Minkowski [18] conjectured that in every lattice cube tiling of R?, that is, when T is a
lattice in RY, there is a twin pair, and in 1930, Keller [7] generalized this conjecture to
arbitrary cube tiling of RY. Minkowski’s conjecture was confirmed by Hajés [6] in 1941.
In 1940, Perron [19] proved that Keller’s conjecture is true for all dimensions d < 6 (see
also [15]).

In 1992, Lagarias and Shor [12], using ideas from Corradi’s and Szabd’s papers [3, 20],
constructed a cube tiling of R!® which does not contain a twin pair and thereby refuted
Keller’s cube tiling conjecture. In 2002, Mackey [17] gave a counterexample to Keller’s
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conjecture in dimension eight, which also shows that this conjecture is false in dimension
nine. For d = 7 Keller’s conjecture is still open.

Let [0,1)¢ + T be a cube tiling, * € R? and i € [d], and let L(T,x,7) be the set of all
ith coordinates t; of vectors ¢t € T such that ([0,1)% +¢) N ([0,1]% + z) # 0 and ¢; < z;
(Figure 1). For every z € R? and i € [d] the set L(T,z,i) contains at most 2971 elements.

2 a

(0,0) 1 1

Figure 1: A portion of a cube tiling [0, 1)?+7 of R?. The number of elements in L(T, x, )
depends on the position of x € R%. For z = (2, 3), we have L(T,x,1) = {3/2}(= {t1}) and
L(T,z,2) = {5/2,11/4}(= {ts,t,}), while for 2’ = (4,15/4), we have L(T,z',1) = {7/2}
and L(T,z',2) = {13/4}. This portion of the tiling [0,1)? + T shows that r~ (7)) = 1 and
rH(T) = 2.

Let

e : N :

r (T) = min gﬁg};\L(T,x,zﬂ and 7 (T) = max lnglzag)é]L(T,x,z)L (1.1)

In 2010, Debroni et al. [4] computed, using the supercomputer Cray XT5 Kraken,

that Keller’s conjecture is true for all cube tilings [0,1)" + T of R” such that 7' C (1/2)Z".

This result shows that Keller’s conjecture is true for cube tilings of R” with r—(7") < 2

([10]). In [10] we showed that Keller’s conjecture is true for cube tilings [0,1)” + T of R”
for which r*(T") > 6. In this paper we prove that

Theorem 1. Keller’s conjecture is true for all cube tilings [0,1)" + T of R” for which
rt(T) =5.

)" + T is a counterexample to Keller’s

It follows from the above results that if [0, 1
(T) € {3,4} (Corollary 30).

conjecture in dimension seven, then = (77), r"
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Keller’s cube tiling conjecture was not as clearly motivated as Minkowski’s conjecture
was. Recall that, the existence of a twin pair in a lattice tiling [0,1)? + T determines
the form of a basis for the lattice T. Keller’s conjecture was rather a generalization of
Minkowski’s conjecture. In our opinion the paper of Lagarias and Shor [13] presents the
problem of the existence of twin pairs in cube tilings of R? in an appropriate manner. In
this important work, roughly speaking, the authors measure distances between some of
the cubes in a tiling [0,1)? + 7. When the dimension of the space increases, the distances
between cubes can also increase. In [13] Lagarias and Shor gave an estimation of how fast
the distances between cubes increase. A twin pair is a pair of cubes with the minimal
possible distance in a cube tiling. It follows from Perron’s result that for d < 6 in an
arbitrary cube tiling of R? there are cubes which are closed (twin pairs). From Mackey’s
example [17] it is known that in dimension eight the process of cubes moving away in
cube tilings has started. Resolving Keller’s conjecture for d = 7 will answer the question
whether this process had already begun in dimension seven.

Working on Keller’s conjecture has, on the one hand, provided the opportunity of
answering an old query in tiling theory, and on the other hand is the beginning of a
much deeper and more interesting investigation into the structure of cube tilings of R? in
the spirit of Lagarias’s and Shor’s ideas contained the paper [13]. These investigations,
besides describing the structure of tilings, can provide new ideas in topics related to cube
tilings. For example, in [9] we showed how a cube tiling code designed in [13] can be
used to obtain an interesting partitions and matchings of a d-dimensional cube, and in
[16] a surprising structure of cube tilings of R? is described (see also [8]). Moreover, the
computations made by David Applegate (see Section 1 in [4]) prove that there is a twin
pair in every cube tiling [0,1) + T of R® with r=(7") < 2. On the other hand, Theorem
5.2 in [10] shows that there is a twin pair in every cube tiling [0,1)% + T of R® such that
r*(T) > 3. Thus, these two results give a new proof of Keller’s conjecture in dimensions
d < 6 ([10, Theorem 5.4]).

To make the paper self-contained we have collected the basic notions in Section 2. We
use a very abstract language, in the form of systems of abstract words, but in the long
run such an approach simplifies the reasoning. Therefore, Section 2 is very expanded.
It contains numerous examples and figures. We belive that it will help the reader in
understanding the basic concepts contained in the paper (Section 2 in the presented
paper is almost the same as Section 2 in [10].)

The proof of Theorem 1 is based on a structural result dealing with two systems of
abstract words having 12 words each (Theorem 27). It can be interpreted by means of
systems of cubes in the flat torus T¢ = {(z1,...,24)(mod2) : (z1,...,74) € R} as follows:
A set ' C T? is called a polycube if F has a tiling by translates of the unit cube, that is,
there is a family of pairwise disjoint translates of the unit cube .# = [0,1)? + T, T C T,
such that (J,c;[0,1)* +¢ = F. The question of how many tilings the polycube F has is a
basic in tiling theory. As we show in Sections 2 and 6 the case r™(T") = 5 is reduced to
the following task: For d € {4,5,6} determine all polycubes ' C T which have at least
two twin pair free cube tilings F and G such that F N9 =0 and |F| = |¥4| = 12. The
case r7(T') > 6 resolved in [10] relies on showing that no two different twin pair free cube
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tilings exist for a polycube F' with 11 cubes or less.

In graph theory knowing the structure of small graphs (graphs with a few vertices)
plays an important role. Similarly in cube tilings it is very useful to know the structures
of all tilings of polycubes with a few cubes. The essential in the paper small systems
of abstract words, which describe the structures of small polycubes, are given in Section
3. In Section 4 we establish necessary conditions that have to be fulfilled by the above
mentioned two systems of words. The results from this section allow us to make reductions
in the computations which are described in Section 5. The reductions are necessary to
make the computations in a reasonable time as the number of all cases that would have
to be considered by the computer program is more than (?;1) 3™. At the end of Section
5 based on the results of the computations we give the forms of two systems of abstract
words which describe the structures of two disjoint twin pair free cube tilings of a polycube
F with 12 cubes (Theorem 27). Finally, in Section 6 using Theorem 27 we prove Theorem
1.

2 Basic notions

In this section we present the basic notions on dichotomous boxes and words (details can
be found in [5, 11]). We start with systems of boxes.

In the whole paper, if 2" is a family of sets, then |J 2" = U .y A. Moreover, if YV’
is a set, then a partition of Y is a family % of its pairwise disjoint subsets such that

U =v.

2.1 Dichotomous boxes and polyboxes

Let X1, ..., Xy be non-empty sets with | X;| > 2 for every i € [d]. Theset X = X;x---xX,
is called a d-box. A non-empty set K C X is called a bor if K = K; x --- x K4 and
K; C X, for each i € [d]. By Box(X) we denote the set of all boxes in X.

The box K is said to be proper if K; # X; for each ¢ € [d] (Figure 2).

" [=q L

L . b 1 1 N

1 A B A Cc F D E H

Figure 2: The box A C [0, 1]? is proper, and B is not. The boxes A and B are dichotomous,
while A and C' are not. The set F' C [0,1]? is a polybox, and .# = {D, E} is suit for it.
Moreover, F'is rigid. The set H is not a polybox.

Two boxes K and G in X are called dichotomous if there is i € [d] such that K; =
X; \ Gi. A suit is any collection of pairwise dichotomous boxes. A suit is proper if it
consists of proper boxes. A non-empty set F' C X is said to be a polybox if there is a suit
F for F, that is, if [J.# = F. In other words, F is a polybox if it has a partition into
pairwise dichotomous boxes. A polybox F' is rigid if it has exactly one suit, that is, if .#
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and ¢ are suits for a rigid polybox, then .# = ¢. (Figures 2¢ and 3d, e; the polyboxes
U238 and |J.Z#35" in Figure 5 are not rigid.)

R E|
L a b c d e
7 i

Figure 3:  Partition a is a minimal partition of [0,1]?, and Partition b is a minimal
partition which is at the same time a simple partition. Partition ¢ is a simple partition
which is not a minimal partition. The systems of boxes d, e are suits for rigid polyboxes
in the 3-box [0, 1]°.

The important property of proper suits is that, for every proper suits .# and ¢ for
a polybox F', we have |.Z| = |4| (see the suits #3F and Z#*P° in Figure 5). Thus, we
can define a box number | F'|y = the number of boxes in any proper suit for the polybox F’
(compare (2.4) and Theorem 2.4 in [11]). In Figure 5 we have ||J.Z# 35|y = 3. Obviously,
the above property is not true for suits which are not proper (compare suits in Figure 3a
and 3c). A proper suit for a d-box X is called a minimal partition of X (Figures 3 and
5). In [5] we showed that a suit .# is a minimal partition of a d-box X if and only if
7| = 2%

A family € C Box(X) is called a simple partition of X if for every K,G € ¢ and
every i € [d] we have K; = G, or, if G; # X;, K; = X; \ G; and ¥ is a suit for X (Figures
3b and 3c).

Two boxes K,G C X are said to be a twin pairif K; = X; \ G; for some j € [d] and
K; = G; for every i € [d] \ {j}. Alternatively, two dichotomous boxes K,G are a twin
pair if K UG is a box. (The suits in Figures 3a, b, ¢ contains twin pairs, while the suits
in Figures 3d, e do not contain a twin pair). Observe that the suit for a rigid polybox
cannot contain a twin pair.

2.2 The structure of minimal partitions

In order to sketch our approach to the problem of the existence of twin pairs in a cube
tiling of R? we describe the structure of a minimal partition. A graph-theoretic description
of this structure can be found in [2, 14] (see also [13]).

Let X be a d-box. A set l; = {z1} x -+ x {mi_1} x X; x {x;41} x -+ x {4}, where
x; € X, for j € [d]\{i}, is called a line in X. A set F' C X is called an i-cylinder (Figure
4) if for every line [; one has ; N F =1; or [;NF =0.

Let .% be a minimal partition, and let B C X; be a proper subset of X; set such that
there is a box K € .# with K; € {B, B}, where B = X, \ B. Let

FP={KeF:K;=B} and F"” ={KeZ:K, =B}
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Figure 4: The set on the left is a 3-cylinder in X = [0, 1]?, and the set on the right is not
because the line 3 = {x} x {y} x [0, 1] has a non-empty intersection with this set but I3
is not entire contained in it.

Since boxes in .Z are pairwise dichotomous, the set | J(.Z %P U.Z"5%) is an i-cylinder, and
the set of boxes Z"8 U .Z4B" is a suit for it (Figure 5). The partition .% is minimal,
and therefore |.%| = 2%. Thus, the boxes in .# can form at most 2971 pairwise disjoint

i-cylinders. More precisely, for every i € [d] there are sets B,..., B¥ C X; such that
B™ & {B™,(B™)} for every n,m € [k;|,n # m, and
F =FB Y FBY Y.y FhB Y B (2.1)

The boxes in .% are proper, and hence |#>5" U .Z4(B")°| > 2 for every n € [k;]. Thus,
ki < 2471 for every i € [d]. (That is why 1 < |L(T,z,4)| < 277! for every cube tiling
0,1)+ T, x € R and i € [d].)

If K is a box in X and ¢ is a family of boxes, then let

Kic:KlX"'XKZ',1XKZ‘+1X"'XKC[ and %F:{KZCKEg}

(In [11] the set Kjc is denoted by K;.) Moreover, let z;c = (21, ..., 21, Zit1,...,xq) for
reX.

Since [ J(.Z"B U.Z"5%) is an i-cylinder, we have | J.Z2" = J.Z2" . Moreover, the sets
of boxes F2P = (F1P)e and F27 = (F95),e are two suits for the polybox U
which is a polybox in the (d — 1)-box X (Figure 5). Note that as FLP and 7 J‘ZB are
proper suits for the polybox | J.Z2", we have |Z."| = |.Z:7"

If now K,G € .Z is a twin pair, then there is a suit #"? U .Z*B° C .Z for some
i-cylinder such that K,G € Z»8 U .Z%5°. Thus, K,G € Z"8 or K,G € %5 or
K € Z"P and G € Z%5° . In the third case K;c € Z:" N .77 where Kie = Gie. So,
if #7525 N7 4 0, then there is a twin pair in .%. (In [10, Section 2.2] we present a
comparison of the structure of a minimal partition and a graph-theoretic description of
this structure given in [2, 14].)

2.3 Cube tilings and dichotomous boxes

Every two cubes [0,1)? 4+ ¢ and [0,1)? 4 p in an arbitrary cube tiling [0,1)? + T of R?
satisfy Keller’s condition: There is ¢ € [d] such that t; — p; € Z \ {0} ([7]). For any
cube [0,1]¢ + z, where z € R, the family of boxes .Z, = {([0,1)? + ¢) N ([0,1]¢ + x) #
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U(F°% ) UCF™ 77%)

U

Figure 5: The minimal partition .# = .#>BU.Z38°U.Z3CU.Z3" of the 3-box X = [0, 1]?
(B =10,1/2), C =[0,3/4)). The set | J(F>B U.Z385%) is a 3-cylinder and 38 U &35
is a proper suit for it.

f): t € T} is a partition of the cube [0,1]¢ + x in which, because of Keller’s condition,
every two boxes K,G € %, are dichotomous: There is i € [d] such that K; and G; are
disjoint and K; U G; = [0,1] + x;. Moreover, since cubes in cube tilings are half-open,
every box in .%, is proper, and consequently the family .%, is a minimal partition. The
structure of the partition .Z, reflects the local structure of the cube tiling [0,1)? + T
Obviously, a cube tiling [0,1)¢ + T contains a twin pair if and only if the partition .7,
contains a twin pair for some x € R? ([14, 19]) (see Figure 1). Observe also that if
F, = FiB U FHE Y.y g g g e |L(T, 2,4)| = ki(z) (compare
(2.1)).

The idea to consider the cubes [0,1)?+¢,¢ € T, for which ([0, 1) +¢)N ([0, 1] +z) # 0
comes from Perron [19].

2.4 Key result in proving Theorem 1

Let [0,1)" + T be a cube tiling of R”, and let .%, be as defined in the previous section. If
r(T) =5, then

T = F Y FHE) gy By B
x
for some z € R and some i € [7].

Assume that there are no twin pairs in the tiling [0, 1) +7". Then .%, does not contain
a twin pair. It follows from [10, Corollary 4.6] (compare Theorem 15 in Section 3) that
|.Z 8" > 12 for every n € [5]. Thus, there is at least one n € [5] such that [#*F"| =12
because |.7,| = 128 and |F"P| = |Z5B)| for every j € [5]. The suits .Z.”" and

ic
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are disjoint and do not contain a twin pair (see the last part of Section 2.2).
The main effort in the paper will be rely on describing the forms of all disjoint and
twin pair free suits .Z;2” and ﬁfc’(Bn)C such that [ Z2""| = ]ﬁfc’(m)c] =12 and |J.Z."7" =
Uﬁfc’(m)c. In Theorem 27, which is our key result in proving Theorem 1, we give the
forms of the suits .Z2""

Jxs

and ﬁiic’(B")c. Having this, we will prove Theorem 1 quite easily.

2.5 Dichotomous words and polybox codes

The results in the present paper are formulated and proved in full generality. Suits have
the form of systems of abstract words. We collect below basic notions concerning words
(details can be found in [11]).

A set S of arbitrary objects will be called an alphabet, and the elements of .S will be
called letters. A permutation s — s’ of the alphabet S such that s = (') = sand & # s
is said to be a complementation. Each sequence of letters s ... s; from the set S is called
a word. The set of all words of length d is denoted by S¢. Two words v = u ... uy4 and
v =0;...vq are dichotomous if there is j € [d] such that u} = v;. If V' C S¢ consists of
pairwise dichotomous words, then we call it a polyboz code (or polyboz genome). (In the
next section we give examples of polybox codes and their relationships with suits.) Two
words u,v € S¢ form a twin pair if there is j € [d] such that u} = v; and u; = v; for
every i € [d] \ {j}.

Let A={i; <---<i,} C[d and A° = [d] \ A. Then ug = w;, ...u;, and Vy = {vy :
veVifor VC S Ifi€[d and A= {i}°, then we write u; and Vje instead of uge
and Ve, respectively. If V. C S% [ € S and i € [d], then V¥ = {v € V: v; = [}. The
representation

V=Vigvh g g vk g v (2.2)

where 1;, 1" € S and Vi UV #£ () for j € [k;], will be called a distribution of words in

VRRY

V. For every [ € S and i € [d] let Vz” = (V).

Let us discuss briefly a connection between dichotomous words and adjacent vertices
in a d-dimensional Keller graph ([3]), which is a graph on the vertex set {0,1,2,3}% in
which two vertices v,w € {0,1,2,3}¢ are adjacent if there are i, j € [d], i # j, such that
v; # w;,v; # w; and |v; — w;| = 2 or |v; — w;| = 2. Define a complementation on the
alphabet {0,1,2,3} by 0/ = 2 and 1’ = 3. Thus, two vertices v,w € {0,1,2,3}¢ are
adjacent in the Keller graph if and only if the words v, w are dichotomous and they do
not form a twin pair. In the paper we consider polybox codes V' whose words are written
down in an alphabet S which has more then four letters and therefore the elements of
V' cannot be considered as vertices of the Keller graph. But when V' C {a,d’,b,b'}4, the
reader who is familiar with the Keller graphs may assume that 0 = a,2 = a/,1 = b and
3=10.

2.6 Realizations of polybox codes

Let X = X; x -+ x X be a d-box. Suppose that for each ¢ € [d] a mapping f;: S —
Box(X;) \ {X;} is such that f;(s') = X;\ fi(s) for s € S. We define the mapping
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f: 84— Box(X) by
f(s1...84) = fi(s1) X -+ X fa(saq).

About such defined f we will say that it preserves dichotomies. If V' C S?, then the set
of boxes f(V) = {f(v): v € V} is said to be a realization of the set of words V. Figures
6 and 7 present realizations of polybox codes in various d-boxes X (see also Example 4).

Clearly, if V' is a polybox code, then f(V') is a suit for the polybox (J f(V). The
realization is said to be ezact if for each pair of words v,w € V, if v; € {w;,w;}, then
filvi) & { fi(wi), Xi \ fi(w:)} (Figure 6).

A polybox code V' C S%is called a partition code if any realization f(V) of V is a suit
for a d-box X. For example, V' = {aa,ad’,a’b,a’t'} is a partition code (Figure 6), while
the polybox codes V, W whose realizations are presented in Figure 7 are not partition
codes. Observe that, if V' C S? is a partition code, then f(V) is a minimal partition.
Indeed, for every v € V the box f(v) is proper and thus f(V') is a proper suit for X.
Moreover, if a partition code V' C S? has a distribution of words of the form (2.2), and
Z is an exact realization of V, then for every j € [k;] the set Z»P' U.Z%B)" is an exact
realization of the polybox code Vili UV where Z58 U.Z4B)° for j € [k;], are as in
(2.1).

A partition code C' C 5% is said to be simple if for every v,w € C and every i € [d] we
have v; = w; or v; = w;. For example, U = {ab,a’b, al/,a’t'}, where a,b € S, is a simple
partition code, while V' = {aa, ad’, a’b, a’b’} is not a simple partition code.

We will exploit some abstract but very useful realization of polybox codes. This sort of
realization was invented in [1], where it was the crucial tool in proving the main theorem
of that paper (compare [11, Section 2]).

Let S be an alphabet with a complementation, and let

ES={BCS:|{s,s'} N B| =1, whenever s € S},

Es={Be€ ES:se€ B}

Let V C S? be a polybox code, and let v € V. The equicomplementary realization of the
word v is the box

v=Fvy X X Euy
in the d-box (ES)? = ES x --- x ES. The equicomplementary realization of the code V
is the family

E(V)={v:veV}

If S is finite, s1,...,5, € S and s; € {s;, s} for every i # j, then
|[EsyN---N Es,| = (1/2")|ES]. (2.3)

In the paper we will assume that S is finite, unless it will be explicitly stated otherwise.

The value of the realization E(V'), where V' C S lies in the equality (2.3) (which does
not hold for translates of the unit interval [0,1) in T!). In particular, boxes in (V) are
of the same size: |Ev;| = (1/2)|ES| for every i € [d] and consequently |9] = (1/2¢)|ES|?
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for v € E(V). Thus, two boxes 0, C (ES)? are dichotomous if and only if o Nw = (.

The same is true for cubes in a cube tiling of a polycube F C T? and therefore working

with the boxes ¥,v € V, we can think of them as translates of the unit cube in T¢.
Moreover, from (2.3) we obtain the following important lemma ([10]).

Lemma 2. Let w,u,v € S, and let 2 be a simple partition of the d-box . If boxes N
and 1w N belong to 2, then there is a simple partition code C C S% such that u,v € C.
In particular, if w N u and W N0 form a twin pair, then v and v are a twin pair. O

In a general case the above lemma is not true; for a given three boxes K, G and H in
a d-box X such that K and G are dichotomous and K N H, G N H belong to a simple
partition of H, it can happen that K and G are not members of the same simple partition
of X. For example, let X = [0,4] x [0,4], K = [2,4] x [2,4], G = [2,3) x [0,2) and
H =[1,3) x[1,3). Then the boxes KNH = [2,3) x[2,3), GNH = [2,3) x[1,2) belong to
a simple partition ¢ = {[1,2) x [1,2),[1,2) x [2,3),[2,3) x [1,2),[2,3) x [2,3)} of H. But
K and G do not belong to the same simple partition of X because K; ¢ {G1, X1 \ G1}.

Let V C S? be a polybox code, and f(V) an exact realization of V. The set f(V) is
a suit (a set of pairwise dichotomous boxes), while V' describes the structure of it. The
code V has infinitely many exact realizations which may be very different from each other.
For example, the partitions in Figures 6a, b, ¢ are pairwise different but they are all the
exact realizations of the polybox code V' = {aa,ad’,a’b,a’t’}. The differences can even
be related to the number of dimensions of a specific partition; the sets in Partition 6¢
are 3-dimensional, but this partition can be regarded as 2-dimensional minimal partition
with the same structure as Partitions 6a and 60.

g G X,

1 a b

Figure 6: Partitions a—c are exact realization of the code V' = {aa, ad’, a’'b, a’t’}. Partition
d is also a realization of V' but not exact. Partition c is a minimal partition of the 2-box
X = X; x Xy, where X is the triangle AU B, and Xy = [0, 1]. The realizations a, b, d
are partitions of 2-box [0, 1]%; in the first realization we have f(a) = fa(a) = [0,1/2) and
f2(b) = [0,5/8); in the second one we have fi(a) = [1/8,3/8)U(5/8,7/8), fo(a) =[0,1/2)
and fo(b) = [1/8,3/8) U (5/8,7/8); in the third case fi(a) = A (and then fi(a’) = B) ,
fa(a) =10,1/2) and fo(b) = [0,5/8); in the last partition we have f;(a) = f;(b) = [0,1/2)
fori=1,2.

2.7 Equivalent and rigid polybox codes

Let V,WW C S? be polybox codes, and let v € S? We say that v is covered by W,
and write v & W, if f(v) C |Jf(W) for every mapping f that preserves dichotomies.
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For example, the word v = bb is not covered by the code W = {aa,a’b,a’t'} because
there is a realization f(W) such that f(bb) ¢ |Jf(W). For example, if X = [0,1]%
fila) = fa(a) = 0,1/2) and f1(b) = [1/3,2/3), fa(b) = [0,2/3), then f(bb) = [1/3,2/3) x
0,2/3) ¢ [0,1/2)>U[1/2,1] x [0, 1] (obviously, one can find a realization g(1¥) such that
g(v) C Jg(W)). It can be easily checked that for every [ € S the word w = la is covered
by W (see also Example 4).

If v C W for every v € V, then we write V C W.

Polybox codes V, W C S are said to be equivalent if V. C W and W C V (Figure 7).
Thus, V and W are equivalent if and only if | f(V) = J f(W) for every mapping f that
preserves dichotomies. Obviously, if V' and W are equivalent, then |V| = |W] (see also
comments below (2.6)).

%3

1

Figure 7: Realizations f(V), f(W) in the 3-box X = [0,1]* of equivalent polybox codes
V,W C {a,d’,b,V,c,d}?, where V = {aaa, aad’,aa’b, ba’t',b'a’b'} (on the left) and W =
{aac,ad’c,abd ,ab'd,a'a’t'} (on the right). In this example we have fi(a) = [0,1/2),
f1(0) = [0,7/8), fa(a) = [0,1/2), fo(b) = [0,1/4), fs(a) = [0,1/4), f3(b) = [0,1/2) and
f3(c) = 10,3/8).

A polybox code V C 5% is called rigid if there is no code W C S? which is equivalent
to V and V # W (Example 3). Thus, if polybox codes V, W are equivalent and one of
them is rigid, then V' = W. Observe that, rigid polybox codes cannot contain a twin pair.

The following result describes one of the most important property of polybox codes
([11, Theorem 10.6]).

If we S4and V C S%is a polybox code such that w C V,w € V, then there is a
simple partition code C' C S? and there are two words v,u € V N C such that

Hield:vi=u}|=1 (mod2). (2.4)

(see Examples 3 and 4). Observe that it follows from the above that if a polybox codes
V C 5% is not rigid (which in particular means that w C V and w ¢ V for some w € Sd),
then V' has to contain the words v and u such as in (2.4). This property is a starting
point in the computations in Section 5.

The definition of the relation C is rather cumbersome tool to decide whether w C V.
Below we give very useful and easy test, especially in the computations, to check whether
w C V ([11, Theorem 10.4]).
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Let g: S? x S — Z be defined by the formula

d

g(v,w) = [ @l = wi] + [w; & {vi,v1}]), (2:5)

i=1

where [p] = 1 if the sentence p is true and [p] = 0 if it is false.
Let w € S? and let V C S? be a polybox code. Then

zDQUE(V)@wE‘/@Zg(U,w):Qd. (2.6)
veV
It follows from the definition of equivalent polybox codes V, W C S¢ and (2.6) that
V and W are equivalent if and only if | E(V) = J E(W). Another characterization of
equivalent polybox codes V,WW C S¢ which stems from (2.6) is the following: Polybox
codes V,W C S are equivalent if and only if Y ovev 9V, w) = 2¢ for every w € W and
> wew g(w, v) =24 for every v € V.

Example 3. Let V = {aaaa,d'd'd'a,bad’a, a’baa, aa’ba,bbba’}. 1f | & {a,a’}, then

Yo gv,bbbl) = 1+142+2+2+8 =2 and if | = a, then Y, g(v,bbbl) =
24+ 2+4+4+4+0 = 2% Therefore, for every [ € S, by (2.6), bbbl C V. (Thus, V has to
contain two words v, u described in (2.4). These are aaaa and a’a’a’a.) In particular, for
every [ € S the twin pair bbbl, bbbl is covered by V. Obviously, again by (2.6), this means
that for every realization f(V') the boxes f(bbbl) and f(bbbl’') are contained in [ f(V). It
can be checked that Y-, i, g(v,w) < 2 for every w € S? such that w ¢ [ J,.s{bbbl, bbb’}
Thus, every such word w is not covered by V. Occasionally, we will denote this fact by

w [Z V. Moreover, it follows from the above that V' is rigid.

Let X = X x---x Xy be a d-box. For every i € [d] let S; be the set of all pairs (A4, 1),
where A is a proper subset of X;. With the set of all proper boxes in X we associate the
set of words S¢, where S = Ule S;. We define a complementation (A,i) — (A,7) on S
by the formula (A,4)" = (A% ), where A° = X; \ A. Obviously, if X; is infinite for some
i € [d], then S is infinite.

Observe now that if .%# is a proper suit for a polybox F' C X, then the set of words
V={A...Ay: Ay x - x Ag € F} C 8% where A; = (A;,7) for i € [d] is a polybox
code, and the suit .# is an exact realization of V. (Of course, this is one of the many
ways of receiving polybox codes for suits.)

2.8 Geometry of dichotomous boxes

In this section we describe the main techniques used in the paper. They are based on the
properties of the realization E(V).

Usually we will consider two disjoint sets V, W C S which form equivalent polybox
codes. Recall, that polybox codes V' and W are equivalent if and only if |JE(V) =
UEW), where  E(V) = Uyepv) 0 (compare the comment below (2.6)). Moreover, let

us recall that if i € [d] and v € S?, then v; denotes the letter standing in the word v at
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the ith position, while v;e € S?! is the word that arises from v by skipping the letter v;
in the word v. Moreover, Vie = {v,c : v € V'}.

Our goal is to reveal the structure of V' and W or estimate the cardinality of V'
(since V, W are equivalent, we have |V| = [W]). Below we describe the most important
techniques applied in the paper.

e The structure of V' from the suit for w. Let w C V. Then w C |JE(V) and the
set of boxes .Z = {wNv:v € V}isasuit for w. In Example 4 we show what kind of
information can be obtained from the structure of .7.

Example 4. In Figure 8 the five boxes on the left are a realization of the polybox code
V = {aaa,d'd'd';bad’, a’ba, aa’b}, and the box in the middle is a realization of the word
w = bbb. Since w C V| we have w C |J E(V). Thus, the 3-box w is divided into pairwise
dichotomous boxes of the form w N v for v € V, and the set J{wNv:ve Qu{wno:
v € P}), where P = {v € V3 : 0Nt # 0} and Q = {v € V3 : wNv # P}, is a 3-cylinder
in the box w. Therefore, J{(wN0)sc : v € Q} = J{(wND)3e : v € P}. Thus, the polybox
U{(0N)se : v € Q} is divided twice into pairwise dichotomous boxes without twin pairs
and |Q| = |P| = 2. In Lemma 14 we will show that these two information allow us to
predict the form of Q3c and Pse: Qzc = {ba,d’a’} and Pse = {aa,a'b}.

6. .

/

1593

Figure 8:  On the top: The light box (in the middle) is contained in the sum of five
pairwise dichotomous boxes (the boxes on the left). These boxes determine a partition
of the light box into pairwise dichotomous boxes (the partition on the right). On the
bottom: The boxes in this partition are arranged into 3-cylinders.

e The structure of W from the distribution of words in V. Below, in (P), (V), (C)
and (Co) we show how to use an information on a distribution of words in V' of the form
(2.2) to say something about the distribution of words in .

Let V,W,U C S? be polybox codes and assume that V and W are equivalent. Recall
that Vo' = (V) for every i € [d] and [ € S.

(P): Projections. Suppose that there is z € |JE(V#"') such that z;c ¢ |JE(ViE') (see
Figure 9A, where [ = a). Since |J E(V) = J E(W) and (2.3), the point x can be covered
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Ea'

| Eb
Eb' y

Figure 9: Figure 9: A scheme of realizations E(V) (A), E(W) (B) and E(U) (C), where
V=VieyVie' W =W Wit yWwet' and U = U U U UU U U . We assume
that the codes V' and W are equivalent, and thus |J E(V) = |J E(W).

only by a box 1w € E(W) such that w; = . Thus, W*" # ). In particular, if W = ()
and W' £ (), then W' C V¥ (compare Figures 9A and 9B).

(S): Slices. By (2.3), for every r € EIN Es, | ¢ {s,s'} the set 7/ = ES x --- x ES x
{r} x ES x --- x ES, where {r} stands at the ith position, slices the sets | J F(U*") and
U E(U**) simultaneously (Figure 9C, where r € {x,y, z,t}).

(V): Volumes. Let [V¥| =n and [V*'| = m, and let n < m. Since all boxes i, u € S?,
are of the same size and n < m, by (P), |[W*| > m — n (compare Figures 9A and 9B).
(C): Cylinders. Suppose that V' UV* = and W U W # () for some [ € S. Then
UEW:H =1 E(I/Viigl/), and hence the set |J E(W* UW?*") in an i-cylinder in the d-box
(ES)? (compare Figures 9A and 9B, where | = b). Indeed, if the set |JE(W?H U W)
is not an i-cylinder, then |J E(W:) # JEWEY). By (P), VAU V' £ (), which is not
true. Observe that, by (2.6), the codes W' and VVZC’Z, are equivalent.

(Co): Covers. Suppose that polybox codes V&' and WEUWL* U- - .UW 2™ are equivalent,
where s, & {l,l, s;, s’} for every n,j € [k],n # j. Then

s !
ZSk

(In Figures 9A and 9B the codes V;lca and ch’a UWE are equivalent, where a = [,b = s,

7

and W% = ). Indeed, since boxes in F(V) are pairwise dichotomous and, by (2.6),
wie € JE(VE) for every w € WH1U- - -UW** it follows that each point € w\|J E(V*)
has to be covered by the set |JE(V*'). Therefore, w,e C |JE(VE") for every w €
Wist U ... U W, and consequently, by (2.6), we T V&' for w € Wt U ... U Wik,
Thus, Wi U---UWS™* C Vl”l In the similar manner we show that V2! © Wi U ch’sll U
oUW,

For fixed z € ES and i € [d] let

. =ESx---xESx{r} xESx---xES,

where {z} stands at the ith position.
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e The structure of V. and W from slices of the sets |JE(V) and |JE(W) by a set
mi. Let VW C S? be equivalent polybox codes. Then, by (2.6), |JE(V) = |JE(W),
and therefore . N|JE(V) = 7. N|J E(W) for every z € ES. In the next lemma we
show that this last equality implies that the codes {v;c : v € V and 7/ N v # (0} and
{wic : w € W and 7’ N # 0} are equivalent. Moreover, we will pay attention whether
these codes are rigid (Figure 10) because their rigidity can help to estimate the number

of words in V and W.

n: —

14

1

Figure 10: The realizations f(V') and f(U) of two polybox codes V' = {v,u}, where
v = aaa (the light box) and u = a’ab (boxes on the left) and U = {v,w}, where w = a’bb
(boxes on the right) in the 3-box X = [0,1]* (X is not pictured). The polyboxes | f(V)
and |J f(U) are sliced by the set 72 = [0,1]*> x {x}, where = € f3(a) N f3(b). Below each
slice we have polyboxes in X;c = [0,1]? for i = 3, which are realizations of the codes
{vie,u;c} (on the left) and {v;e, w;c} (on the right). The polybox code {vie, w;} is rigid,
while {vje, u;e} is not because it is a twin pair.

Lemma 5. Let S = {ly,l},...,ln, 0L}, € € {0,1}™ and A, = {15, ..., 5™}, where [ =1,
and I} = 1j, for k € [m]. If V,W C S are equivalent polybox codes, then for every i € [d]
and € € {0,1}™ the polybox codes

Vil and Wi
Uv Uw

leA. leA:
are equivalent.

Proof. Since the polybox codes V' and W are equivalent, by (2.6), |JE(V) = JE(W).
Thus, 7N E(V) = 7,NJ E(W) for every i € [d] and 2 € ES. By (2.3), the set (., El
is non-empty. Let z € (4 Bl Since 7. NJE(V) =U{r.Nv: v € U, V*'} and 7L N
UEW) = U{rinw: w € e, WD, it follows that U E(Ucx. Vi) = U E(Uyen. W)
By (2.6), the codes | 4. Vi and Usea. Wi are equivalent. O

e The structure of V' from the equality Y-, o g(v,w) = 2% Let V,IW C S be disjoint
sets which are equivalent polybox codes. Then for every w € W we have w C V,w € V,
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and, by (2.6), >,y 9(v,w) = 24, where g(v,w) € {0,1,2,...,27} for every v € V.
Assume that w = b...b and let {v',...,v™} C V be such that w N & # () for every

i € [m] and w C {v',...,v™}. The solutions of the system of the equations S " 2,2" =
24, Z?:_Ol x; = m, where x; are non-negative integers for i € {0,1,...,d — 1}, show the
frequency of the letter b in the words from the set {v',... ,v™}. We explain this on

the following example. Recall first that g(v,w) = 2" if and only if v; = b for every
jelcCld,|I|=1iandv; & {b,b'} for j € [d]\ I. In the example we assume that d = 3,
w = bbb and m = 5. The above system has two solutions: zo = 2,21 = 3,22 = 0 and
o =4,21 = 0,15 = 1. Tt follows from the first solution that in the set {v!,... v5} there
are exactly three words such that each of them contains exactly one letter b and two words
which have no letter b or, by the second solution, in the set {v',... v} there is exactly
one word with two letters b and the rest four words have no letter b. This observation
is quite useful in the computations as it allows us to restrict the number of words which
have to be considered during the computations (see Section 5).

2.9 Graph of siblings on a polybox code

In the previous section we described slices of a polybox |J E(V) by the sets 7i. Observe
that if the set of boxes {v,e : v € V and 7L N ¥ # ()} contains a twin pair, say v, U,
and V' does not contain a twin pair, then v; & {u;, u.} (see Figure 10, the picture on the
left). As we will see the knowledge of the number of such pairs v, u in V' can help in the
estimation of the number of words in the polybox code V.

In [10] we defined a graph on a polybox code V. We now recall the definition of it.

Two words v, u € S? such that v; & {u;, u} for some i € [d], and v;e, ue is a twin pair
are called i-siblings (in Figure 10 the boxes on the left are a realization of i-siblings for
i=3).

Let V C S9be a polybox code. A graph of siblings on Vis a graph G = (V, &) in which
two vertices v,u € V are adjacent if they are i-siblings for some i € [d]. We colour each
edge in & with the colours from the set [d]: An edge (v,u) € & has a colour i € [d] if v,u
are i-siblings. The graph G is simple and, if V' does not contain a twin pair, d(v) < d for
every v € V, where d(v) denotes the number of neighbors of v. (To show that d(v) < d,
suppose on the contrary that it is not true. Then there are two vertices u and w which
are adjacent to v such that v} = u; and v; = w; for some j € [d]. Since v, u are k-siblings,
and v, w are n-siblings for some k,n € [d]\ {j}, we have vy & {ug, u}}, v, & {w,,w),} and
Vfk,j}e = Ufk,j}e, Unjle = W{nj}e. Lhe vertices u and w are dichotomous, and therefore it
must be uj, = w, and k = n. Thus, u, w are a twin pair, a contradiction.)

Observe that if v, u are i-siblings in a polybox code V such that v; = [ and u; = s,
[ € {s,s'}, then for every z € El N Es the set {vee : v € V and 7L N ¥ # 0} contains the
twin pair ve, u;e (see Figure 10).

In [10] we proved the following two lemmas.

Lemma 6. Let G = (V, &) be a graph of siblings on a polybox code V- C S, u and v be
adjacent vertices, and let d(u) = n and d(v) = m. If n +m = 2d, then there are i € [d]

THE ELECTRONIC JOURNAL OF COMBINATORICS 22(1) (2015), #P1.16 16



and l € S such that

VUV > 2d — 2, (2.7)

and if n +m < 2d — 1, then
VAUV > n+m—1 (2.8)
for some i € [d] and somel € S. O

By d(G) we denote the average degree of a graph G.

Lemma 7. Let G = (V, &) be a simple graph, and let
m = max{d(v) + d(u): v,u € V and v, u are adjacent}.
Then d(G) < m/2. O

Lemma 8. Let S = {a,d’,b,V'}, and let G = (V, &) be a graph of siblings on a polybox
code V . C S In every cycle in G the number of edges with a colour i € [d] is even. In
particular, there are no odd cycles in G.

Proof. Let v, (v',v?), 02, ..., 0", (v™, v'),v! be a cycle in V, i € [d], and let
R T N CTL A T A

be all edges in this cycle with the colour ¢, where 1 < ky < --- < k; < n and k; +1
is taken modulo n + 1. Assume that v} = a. It follows from the definition of i-siblings
that alternately v* € {a,a'} for every m € {1,....ki}, v/* € {b,b'} for every m €
{k1+1,... k}, v € {a,d'} for every m € {ky + 1,... k3},..., v/ € {b,0'} for every
m € {kj_1+1,...,k;}. Thus, j is even. O

3 Small polybox codes

In this section we collect basic results about polybox codes with a small number of words.
The proofs of the following two lemmas can be found in [10, Corollary 3.3 and 3.4].

Lemma 9. Let V C S? be a polybox code without twin pairs, and let w € S be a word
such that w TV and w ¢ V. Then the code V' contains at least five words. If the code V
has ezactly five words, then there are a set A = {iy < iy <z} C [d] and lettersly,ly,l3 € S
such that

VA = {l1l213, llll,zlé, Wi, lglé, l’lwi2l3, llléwB} and VAc = {U}Ac},

where I, & {w;, ,w; } for k =1,2,3. Moreover, the code V' is rigid, and for d = 3 the code
V' is the unique code without twin pair which can cover a word w € S\ V. (]
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Lemma 10. Let V C S? be a polybox code without twin pairs, and let w € S¢ be a word
such that w &V and wNv # () for every v € V. If the code V has exactly siz words, then
there are a set A = {i; < iy < i3 < iy} C[d| and letters ly,ls,13,l4 € S such that

VA = {l112l3l4, llllél,glzl, will2lél4, lllwi2lgl4, llléwi3l4, wilwizwiSZﬁl} and VAc = {U}Ac},
where Iy, & {w;,,w;, } for k=1,2,3,4. O

Lemma 11. Let V C S be a polybox code without twin pairs. If words w,u € S¢ are
dichotomous, do not form a twin pair and w,u &V but w,u &V, then |V| > 7.

Proof. Let W ={v e V:onNw # 0} and U = {v € V:vonNu # 0}. By Lemma 9,
|[W| > 5 and |U| = 5. We will consider two cases: The first is |[W| =5 and |U| = 5, and
the second is |[W| = 6.

Let [W| =5 and |U| = 5. By Lemma 9, there is a set A = {i; < iy < i3} C [d] and
letters Iy, 1y, I3 € S, [y & {w;,,wj, } for k =1,2,3, such that

WA = {lllQZg, llllélé, Wi, lzllg, lll’wiZlg, llllzwlg} and WAc = {U}Ac}.

Clearly, if |W N U| < 3, then |V| > 7. Therefore, we may assume that [W NU| =4 or
(W nU|=5.

Let |[W NU| = 4. Since w and u are dichotomous, there is ¢ € [d] such that w, = w;.
If i € A¢, then W N U = () because wae = vye for every v € W. Thus, i € A. Assume
without loss of generality that ¢« = i;. Since the form of U is such as described in Lemma
9, (W NU| =4 and w, = u;, it follows that

UA = {lllQZg,llllélé,w;llzllg,lllwi2lg,lll12wig} and UAc = {wAc}.

Hence, wgl = Wiy, Wiy = Uiy, Wiy = Uiy and wae = uge. Then w and v are a twin pair, a
contradiction.

If |WNU| =5, that is, W = U, then u = w, which contradicts the assumption.

To consider the case |W| = 6, let us assume on the contrary that |V| = 6. Then
V =W. By Lemma 10,

WA = {l11213l4, lil;lgh, wi112l§l4, lllwizlglgl, lll;wi314,wilwi2wi3l2} and WAc = {/LUAC}’

where A = {i; < iy <i3 <is} C[d] and [ & {w;,.wj } for k=1,2,3,4.

Let p € W be such that py = w; w;,w,ly. Since, by Lemma 9, p;e & (W \ {p})sc,
we have uge & (W \ {p})i. Indeed, if u;, & {l4, 13}, then ue = pie, for otherwise u is
not covered by W, which contradicts the assumption; if w;, = I}, then v = p which is
impossible; if u;, = Iy, then w & W\ {p}. Note that the form of the code (W \ {p}):
is as in Lemma 9. In particular, wse is one and only word which is covered by the set
(W \ {p})ic and does not belong to it. Hence, u;c = w;. Consequently, w and u are a
twin pair, a contradiction. Thus, |V| > 7. O
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Lemma 12. Let V C S% be a polybox code, and let w € S¢ be a word such that w T V.
Assume that there arei € [d] andl € S, | & {w;,w.}, such that the sets Q = {v € V¥ wN
040}, P={ve V¥ wnvo+#0} are non-empty. Then the set 0 N|JEVH UV is
an t-cylinder in the d-box w and consequently

(@ nd)e:ve @t = J{(wno)e: veP}
Moreover, if |P| =1 and 1 < |Q| < 4, then there is a twin pair in V.

Proof. The set wN|J E(V*UV™) is an i-cylinder in the d-box  because the set of boxes
F ={wNnov:veV}isasuit for w (compare Example 4). Therefore, (J{(w N 0);c: v €
Vily = {0 N d)e: v e VAL

The proof the second part of the lemma can be found in [10, Lemma 4.1]. 0

Lemma 13. Under the assumptions of Lemma 12, if the code V' does not contain a twin
pair and |P| =1, then |Q| = 5 and P C Q.

Proof. Let P = {u}. By Lemma 12, || > 5 and the set w Na U | J{wNv:v € Q} is
an i-cylinder in the box w. Then (w N ), = J{(0 N0);e: v € Q}. Thus, the family
G ={(wNv)e:v € Q}is asuit for the (d — 1)-box (w0 N @), and then Ew; N Ev; C
Ew;N Eu; for every j € [d] \ {i} and v € Q. Therefore, by (2.3), if w; # u;, then v; = u;
for every v € Q. Indeed, if on the contrary w; # u; and v; # u; for some j € [d] \ {i}
and some v € V, then, by (2.3), there is a point € Ew; N Ev; such that x € Fw; N Eu,,
and then Ew; N Ev; € Fw; N Eu;, a contradiction. Let D = {j € [d] \ {i}: w; = u;}
and D¢ = [d] \ (D U {i}). Since upc = vpe for every v € @ and tip C [, Up, and
consequently, by (2.6), up C Qp (because w; = u; for j € D and ¢ is a suit for (wN);e),
it follows that u;c C Qje. [

The last lemma of this section describes a general form of the configuration of four

words which appeared in Example 4. The proof of this lemma can be found in [10, Lemma
3.1].

Lemma 14. Under the assumptions of Lemma 12, if the code V' does not contain a twin
pair and |P| = |Q] = 2, then there are a set A = {iy < i} C [d]\{i} and lettersl;,ly € S
such that

PA = {U}illg, llll/z} and QA = {lllg, l’lwm},

where Iy, & {w;,,w;, } for k=1,2. Moreover, Pac = Qac = {pac} for some p € S?, where
AC: [d]\{l,Zl,Zz} |:|

4 The structure of equivalent polyboxes codes with 12 words:
Necessary conditions

To show that Keller’s conjecture is true in dimension seven for a cube tiling [0,1)" + T
for which r*(T") > 6, it was sufficient to prove the following theorem ([10]):
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Theorem 15. If V,W C S? are disjoint sets which are equivalent polybox codes without
twin pairs, then |V| > 12.

To show that the conjecture is true in dimension seven for a cube tiling [0,1)" + T
with »(T') = 5, we will describe the structure of all twin pair free disjoint and equivalent
polybox codes V' and W, with 12 words each, in dimensions four, five and six (compare
Section 2.4).

In this section we determine necessary conditions which have to be fulfilled by such
the codes V and W.

It was shown in [10] that a polybox code without twin pairs having at most seven
words is rigid. Now we need a slightly better rigidity result:

Lemma 16. Let S = {a,d’,b,b'}. If a polybox code V C S does not contain a twin pair
and |V| <9, then it is rigid.

Proof. We proceed by induction on d. By Lemma 9, for d < 3 every polybox code V' C S¢
without twin pairs is rigid. Thus, the lemma is true for d < 3. Let d > 4. Suppose on
the contrary that there is a polybox code V' C S¢ having at most nine words which is not
rigid. Thus, there is a polybox code W C S? which is equivalent to V and VN W = 0.
(It can happen that W contains a twin pair.) We will show first that V%! # ) for every
i€[d andl € S.

Suppose that this is not true. We may assume that V% £ () and V" = () for some
i € [d]. By Lemma 5, the polybox codes V,v* and Wi* UW;" are equivalent, and by the
inductive hypothesis the code Vv € S9! is rigid. Thus, V2* = W2*UW.". Since V and
W are disjoint, we have V2 = Wi, Then, by (Co) in Section 2.3, V2 € V>, and thus
Via' 2 (). In the same way we show that V;i’a, C V;»*. Consequently the codes V;i’a,, Ve
are equivalent. Since Vfc“ is rigid, these codes are equal. Then the set V¢ UV contains
a twin pair, which is impossible.

Thus, V4 # () for every i € [d] and [ € S.

We now show that for every [,s € S, [ € {s,s'}, the code V* U V% contains i-siblings.

To do this, let us suppose on the contrary that there are i € [d] and two letters in
S, say a and b, such that there are no i-siblings in V%@ U V*®_ that is, the polybox code
Vfca U V;lb does not contain a twin pair. This means, by the inductive hypothesis, that
the polybox code V2 U Vii" is rigid. Then, by Lemma 5, V2* U Vie? = Wi U W', Since
VAW =0, it follows that V> = WP and Vi2* = Wi By (Co), Vi* T V2 and
V;’Cb C V:ib, Note that V;an N V;i’a/ = () and V;Zpb N V;i’b/ = () because V does not contain
twin pairs. Therefore, by Lemma 9, [V| > [V 4 [V > 10, a contradiction.

Thus, we assume that for every I, s € {a,a’,b,b'}, | & {s,s'} there are i-siblings in
Vz',l U Vi,s‘

We now consider a graph G = (V, &) of siblings on V' (compare Section 2.9). Recall
that N(v) denotes the set of all neighbors of the vertex v € V.

It follows from the above assumption on i-siblings in V' that for every {l,s} € {{b,a},
{b,a'}, {0, a},{b/,a'}} and every i € [d] there is an edge (v,u) € & such that {v;,u;} =
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{l,s}. Thus, for every i € [d] there are at least 4 edges with the colour i, and therefore
|&] > 4d.
Let u°,v° € V be such that

d(v?) + d(u°) = max{d(v) + d(u): v,u € V and v, u are adjacent}.

We will consider three cases: d(u®) + d(v°) =9, d(u®) + d(v°) = 8 and finally d(u") +
d(v°) < 7.

Let d(u®) 4+ d(v°) = 9. By Lemma 6 (2.8), there are i € [d] and [ € S such that
(ViU VA > 8. Since V»* # () and V' # (), where s & {I,1'}, it follows that [V/| > 10,
a contradiction.

Let d(u") + d(v°) = 8. We first assume that d > 5.

We may assume without loss of generality that «° = aaa...a and v° = bd'a...a. If
there are i € [d] and [ € S such that |V U V| > 8, then|V| > 10 because |V"*| >
1 and |[V**'| > 1, where s ¢ {I,I'}, which is impossible. Thus, we may assume that
(VAU V'] < 7 for every i € [d] and | € S. Note that there are i,j € {2,...,d}, i # j,
such that [V U V| =7, |V732 U V5| =7 and the sets V>* U V> and V7 U V73 are
subsets of N(u") U N(v°). (To see this, observe first that for every v € N(u®) U N(v)
the word v has at most one letter from the set {b,0'} at the positions 2,...,d. Since
Vit u V| < 7 for every i € [d] and [ € S, it follows that for every i € [d] there
is at least one v € N(u®) U N(v°) with v; € {b,b'}. Therefore, there are at most two
positions n, k € {2,...,d} such that v, € {b,V'} for at least two words v € N(u’) U N(v?)
and vy, € {b,b'} for at least two words v € N(u’) U N(v?). Consequently, there are two
positions i, j € {2,...,d}\{n, k} such that u; € {b,V'} for precisely one u € N(u) UN (v°)
and w; € {b,b'} for precisely one w € N(u) U N(v°).)

Let {u} = (N(u®) UN@")\ (V**UV») and {w} = (N(@®) U N(0)\ (VU V).
We have u; € {b,V'}, u; € {a,d'} and w; € {b,0'}, w; € {a,a’}. Moreover, v;,v; € {b,b'},
where {v} = V' \ (N(u®) U N(v°)). Assume without loss of generality that u; = b and
w; = a. Since v;,v; € {a,a’} for every v € (N (u”)UN (v°))\ {u, w}, the only vertices from
the set N(u") U N(v°) which can be adjacent to the vertex v are u and w. This means
that, there are no two words p,q € V which are i-siblings such that p; = 0 and ¢; = d’.
A contradiction.

Let now d = 4 and assume that u° = aaaa and v° = ba’aa. By just considered case, we
assume that for every i,j € {2,3,4}, i # j, we have [VH*U V| <6 or |[VI*U V| < 6.
Thus, it suffices to consider three cases: ny = ng =ny = 2; no = 3,n3 = 2, ny = 1, and
ng =ng = 2, ngy = 1, where

i = |(V* UV 0 (N(u®) UN@Y))]

for i € {2,3,4).

Let {v!, ..., 0%} = (N(u®)UN(v?))\ {u®,v°}. Observe that in the first two cases, if two
vertices v™, v™ € {v',...,v%} are adjacent, then v, v™ € (VU V) N (N (u) U N(v?))
for some i € {2,3,4}. (Recall that, since u° = aaaa and v° = bd’aa, if v; € {b,0'} for
some v € N(v”) U N(u°) and i € {2,3,4}, then v; € {a,d'} for every j € {2,3,4} \ {i}.)
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Therefore, in these two cases the maximal number of edges with endpoints in N (u?)UN (v°)
is achieved if the vertices v, ..., v% are arranged as presented in Figure 11a and b for the
first and the second case, respectively (recall that, by Lemma 8, the graph G does not
contain triangles). Since d(v) < 4, where {0} =V \ (N (u°) U N(v")), we have |&| < 16,
which contradicts the assumption on the number of edges in G.

Figure 11: Subgraphs of G with the maximal numbers of edges with endpoints in the
set N(u®) U N(v°) in the first two cases. In the first case (a) we have v, v3 € {b,b'},
v3,vi € {b,V'} and v},v$ € {b,V'}. In the second case (b) we have vy, v3, v € {b,b'},
v3,v5 € {b,V'} and v§ € {b,V'}.

In the third case we assume that v{ € {a,d’,b,0'} and v} € {a,a’} for i € {2,3,4},
v3,vs € {b,V'}, vi,v3 € {b,b'} and vS € {b,b'}. Observe that now the vertices v?, ... v°
can be joined with v!, but similarly as above if v, v™ € {v?,...,v%} are adjacent, then
P o e (VR UVH )N (N (u)UN () for some i € {2,3,4}. Since d(v) < 4, the number
of edges with endpoints in the set N(u’) U N(v°) has to be at least 12 because |&| > 16.
This can be done only if v! 13 v®> € N(u") and v? v 0% € N(v%) or v, v? v* € N(v9)
and v3,0° 0% € N(u’). We will consider the first case (the second case is considered in
the same way.) To obtain 12 edges with endpoints in the set N (u®) U N (v°), which is the
maximal number of edges with endpoints in this set, the vertices v!,...,v% have to be

arranged as presented in Figure 12.

V1

Figure 12: Subgraph of G with the maximal number of edges with endpoints in the set
N(u®) U N(v°) in the third cases.

Since d(v) < 4 for every v € V and the graph G, by Lemma 8, does not contain
triangles, it must be d(v) < 4 and then |&| < 16, a contradiction. This completes the
proof of the lemma in the case d(u°) + d(v°) = 8.
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Finally, let d(v°) 4+ d(u®) < 7. Tt follows from Lemma 7 that

7
d(G) < -.
<!
Since d(G)|V| = 2|&| and 2|&| > 32, we have |V| > 9, a contradiction. O

In the next two lemmas we give forbidden distributions of words in the codes V' and
W under consideration.

Lemma 17. Let S = {a,d’,b,V'}, and let V,W C S% be disjoint sets which are equivalent
polyboz codes without twin pairs. If |V| = 12, then for every i € [d] and every l,s € S,
I & {s,s'}, the distribution

V=5, [V =1, V| =5, [V =1
18 1mpossible.

Proof. Recall that V2! = (Vi) for every [ € S and i € [d].

Assume on the contrary that there is ¢ € [d] such that |V?¢| = 5/|V#'| = 1 and
(V| =5, |V | = 1. Let {v} = V> and {u} = V**. Observe that there is w € W such
that @ N JE(V*) # 0 and @ N |JE(V*) # (), for otherwise, by (P) in Section 2.3,
Vie C W5 and V5 C W', Then, by Lemma 11 and 9, [W%| > 7 and |[W>*| > 5,
respectively. Hence, W U W4 = () which is impossible because, by (V) in Section 2.3,
[Wi| > 4. Similarly, @ N J E(V**) # 0 and w N |J E(V?Y) # 0 for some w € W.

Thus, by Lemma 13, v;e C VZ” and u;e C Vfcb

The proof splits into two parts. In the first part we assume that u and v are not
i-siblings. In the second, the words u, v are i-siblings.

Assume that w,v are not i-siblings. Then the polybox code {u;, v} is rigid (see
Figure 10, on the right). By Lemma 5, the polybox codes Vii’a/ U Vii’b/ and VVZC’G/ U W/;c’b/
are equivalent. Thus, {vje, u;e} = I/Vfc’al U W/Z-ic’b/. Since V. NW = (), it follows that

Vie = Wie and Uje = (e,

where {w} = W and {¢} = W'?. By (Co) in Section 2.3, we have v C Wi,
ue & Wi Thus, by Lemma 9, [W®| > 5 and |[W%?| > 5. Hence, the code W has
the same distribution of words as the code V: [W¥| = 5, [W"| = 1 and |[W"*| = 5,
Wt = 1.

Since v;e & W2 and v;e © Vi, the forms of W) and V;>* are as described in Lemma
9. Similarly, u;z & W2" and w;e C V2, and therefore the forms of W5 and V2" are also
as in Lemma 9.

Suppose that there is a point y € (ES)? such that y;c & ¥;c and ye € UE(VVfcb) N
U E(V2). Then, by (2.3), we can choose the point y such that y; € Eb\ Fa. Then, y €
UEW) and y ¢ |JE(V*®). Thus, y € JE(W) and y € |J E(V) because {v} = V&
A contradiction.
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Therefore, the sets J E(W2") and |J E(V;2*) cannot have a common point outside

the box @, and, for the same reason, the sets |J E(W2*) and |JE(V") cannot have a
common point outside the box @;c. Then, by (P) and (V), it must be

UEW)\ b = JEWV) \itie and | JEWE) \ te = | E(VE") \ B (41)

We now examine when the sets | J E(W2") and | J E(V,%") have a common point outside
the box v;c. Assume for simplicity that vzc =b...b. Slnce Vie £ Wicb, by Lemma 9, there
is aset A= {21 <y < 23} - [ ] \ {Z} such that (WZ b)A = {lllglg, I l/lé,blglé,l/ blg, l1l/ b}
where I, € {a,d'} for k = 1,2,3, and (W:")4e = {b...b} (here A° = [d] \ (AU {i})).
Similarly, since ve T Vio®, there is a set B = {j1 < jo < j3} C [d]\ {¢} such that
(Vi g = {51553, 55,54, bsysh, shbss, s1shb}, where s, € {a,a'} for k = 1,2,3, and
(Vi) ge = {b...b} (here B = [d]\ (BU{i})). We will show that if AN B # 0, then there
is a point y € (ES)? such that y. € JEWL") NJE(VE) and y;e & Ge. We consider
the case when A = B.

We may assume that l1lsl; = aaa. If s152s3 = aaa, then taking y;, € Fa \ Eb for
k=1,2,3 and y; € Eb for every j € A° we obtain the point y;c with the above mentioned
property. Indeed, y,e € pse N te, where the words p € Wi, t € Vi are such that
pa = ta = aaa. Moreover, y;c € U;c because y;, € Fa \ Eb for k= 1,2,3.

Let s15983 € {aaa,d’a’a’}. Since {s1s253, 815455} € {{d'aa,ad'a’},{ad'a,d'ad’}, {aad’,
a'a'a}}, we may assume that s;syss = a’aa. Then the set (V)4 (we have A = B)
contains one of the words aab or a’a’b; if it contains the word aab, we take y;, € Ea\ Eb
for k =1,2, y;, € EaN Eb and y; € Eb for every j € A¢ if it contains the word a’a’b,
we take y;, € Fa' \ Eb for k = 1,2, y;, € Ed’ ﬂ Eb and y; € Eb for every j € A€, Since
aaa,d'a'a € (W2 4, in both cases ye € |JEWE) N E(Vie®). Clearly, y;e & e because
vi, € Ebfor k=1,2.

The rest two cases |[AN B| =2 and |[AN B| = 1 are considered in the very similar way.

Thus, we assume that AN B = (). To finish this part of the proof we show that the
equalities (4.1) cannot hold simultaneously.

We still may assume that v;e = b...b. Since u;e and v;e do not form a twin pair, there
is j € [d] \ {i} such that u;j & {b,b'}. If j € A°, then Y E(W.)\ e # U EWVE)\ i
because all words in W have the letter b at the position j, Whlle by Lemma 9, there is a
word pie € V2¥ with p; = u; and pie \ @e # 0. To see that |J E(W2")\ o # U E( OV e
let us choose a point z € pie \ @ such that z; € Ep; \ Eb. Then zeJEWVY) \uZL and
2 & (JEWE)\ dye.

Similarly, | E(W2") \ tie # J E(Vie") \ G when j € B¢, Since AN B = (), we have
[d]\ {i} = A°U B, and thus one of the equalities (4.1) does not hold. A contradiction.

This finishes the proof of the lemma in the case when u and v are not -siblings

Let now v and v be ¢-siblings. Then v;c and u;e are a twin pair. We can assume without
loss of generality that vie = b...b. It was shown at the beginning of the proof, that
ve © Ve, Thus, by Lemma 9, (Vo) 4 = {lilals, U151, bloly, 1bls, 1,15}, where I; € {a,d’}

for i =1,2,3, and A = {i; < iy < iz} C [d]\ {i¢}. Observe that, since the words vje, u;
form a twin pair, the polybox code Vio* U Vfcb, where V" = {u}, does not contain a
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twin pair. Indeed, every word in V2" contains at least two letters from the set {a,a’},
while u; € {b,'} for all j € [d] \ {i}. Hence, by Lemma 16, the polybox code V2* U vy
is rigid. Thus, by Lemma 5, V2 U VA" = Wi* U Wi, Since the codes V and W are
disjoint, we have V2 = Wi, By (Co) in Section 2.3, V- C Vix” | and then, by Lemma
9, |V#'| > 5, a contradiction. O

Lemma 18. Let V,W C S be disjoint sets which are equivalent polybox codes without
twin pairs. If there are i € [d] and 1,5 € S, 1 € {s,8'}, such that V3| = |[V¥'| =1 and
(Vis| £ Vo' or [VH| =1 and 2 < |[VHY| < 4, then |V| > 12.

Proof. By Theorem 15, |V| > 12.

Let V¥ = |V¥'| = 1. By Lemma 12, V* C W% and V¥ C W' and thus, by
Lemma 9, [W¥| > 5 and |[W"'| > 5.

Since [V # |V**'|, we may assume, by (V) in Section 2.3, that W # ). Conse-
quently, we may assume that |W%!| = 5. Observe that, by Lemma 9, the code W is
rigid.

Suppose now that for every r € S, r & {I,I'}, we have W*" = () or W*"" = (). Then,
by Lemma 5, there are s1,...,s, € S, s, & {,l', 5,5, } for every n,m € [k],n # m,
such that W5 and Vo' U V2 U~~~ U Vo™ are equivalent. Since W' is rigid, we have
Wit = VEUVET UL U VL™, Then VA N W £ (), which is a contradiction.

Therefore, there is r € S, r ¢ {l,I'} such that the sets W% and W™ are non-empty.
Clearly, it is enough to consider the case when r = s because W* # (), [W¥!| = 5 and
[W#'| > 5. Suppose that |V| = 12. Then [W"*| = [W¥| = 1 and |[W"| = |[W¥'| = 5.
Observe that, by Lemma 12, W% C V% and W% C V» which, by Lemma 9, implies
that [V > 5, |[V®'| > 5. Since |V**| # |[V¥|, we have V¥ = () or V' = 0, a
contradiction. Thus, |V| > 12.

Let now |[V#| = 1 and 2 < |V*'| < 4. Obviously, V#*UV® # ) for some s € S\ {l,1'}
because |V| > 12. If the codes V;v* and V;QS, are equivalent, then, by Theorem 15,
V| > [Vis| 4 [V | > 24. Assume that V2* and V,2*" are not equivalent. Then, by (P) in
Section 2.3, W UW?*" £ (). Since |V¥!| = 1 and 2 < |[V*"| < 4, by Lemma 12, V& T T/
and V¥ C W', Then, by Lemma 9 and 11, |[W%| > 5 and |[W*"| > 7, respectively.
Thus, |V| = |[W| > [WH| + W] + [WH U W'| > 12 because W U W' 2 (). O

The following lemma will play an important role in determining the structure of the
polybox codes V' and W.

Lemma 19. Let S = {a,d’,b,b'}, and let V,W C S? be disjoint sets which are equivalent
polyboz codes without twin pairs. Assume that there are i € [d] and l,p € S,l # p, such
that the sets V' and VP are non-empty. If there are letters ly,ly € S, Iy &€ {l2, 15}, such
that the polybox code V¥ U V™2 does not contain i-siblings, then |V| > 12.

Proof. By Theorem 15, |V| > 12. In the first part of the proof we show that the theorem
is valid if V»* = () for at least one s € S. We will consider three cases.

In the first case we assume that V* =0 or Vi’sl = () for every s € S. Assume that
V% = (). Then, by Lemma 5, the codes V2" and W2'UW* are equivalent, where s & {I,1'}.

7
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Note that W&* = (), for otherwise, by (Co) in Section 2.3, W2° C Ve and thus Vo' £ (),

which is a contradiction because V¥ # (). Hence, the codes V;” and VVZC’Z are equivalent.
Similarly, V¥ and W5 are equivalent. By Theorem 15, [V/| > [V¥| 4 [ViP| > 24

In the second case we assume that p = I’ and V = VUV If W = Wi UW?H | then
the polybox codes Vi and W are equivalent and similarly, V% and W*! are equivalent.
Then, by Theorem 15, [V| = [V¥| + [V*| > 24.

If Wos £ (), where s & {I,I'}, then, by (C) in Section 2.3, the set | J E(W» UW") is
an i-cylinder because V' UV = (). Thus, the codes Wi and WS are equivalent. By
Theorem 15, [W| > |[W| 4+ |[W®*'| > 24, and hence |V| > 12.

In the third case we assume that there is exactly one letter s € S such that V% = ().
Thus, we may assume that V@ # (), V4 = () and V¥ # (), V3 = (. Then, by Lemma
5, the polybox codes V2" and W2 U Wiic’b, are equivalent. Similarly, Vii’a/ and I/V;c’a/ U W/;c’b/
are equivalent.

If V@ is not rigid, then, by Lemma 16, |[V*%| > 10. Thus, only the case |V = 10,
V| = 1 and |[V**| = 1 has to be considered. Since V¥ = (), by (P), V** C W’ and
consequently, by Lemma 9, |W| > 5. Note that, by (V), [IW"¢| > 9 because |V?| = 10
and [V| = 1. Therefore, [W| > |[W"*| + [W| > 14, which contradicts the assumption
that |V| = 12. Thus, |V| > 12.

If the codes V@ and V@' are rigid, then V2 = Wi UWEY and Vi = Wi Uwi?
Since VN W = (), the set W U W"* is empty. Then, by (C) in Section 2.3, the set
UE(V** U V™) is an i-cylinder. Consequently, the codes V2 and Vii’a/ are equivalent,
and since they are rigid, we have Vo = Vii’a’/. Hence, the set V5 U V% contains a twin
pair, which is a contradiction. This completes the first part of the proof.

In the second part of the proof we assume that V% # () for every s € S.

Suppose that the set Ve Vi does not contain i-siblings (we assume that [; = a and
I, = b). Then V2* U V2" does not contain a twin pair.

If [V&@ U V| > 10, then assume that [V U V| = 10 and |[V>*| = VY| = 1. By
Lemma 18, |V%?| = 5, |V¥| = 1 and |V*’| = 5, V| = 1, which is, by Lemma 17,
impossible. Thus, |V| > 12.

If [VEeu Vit < 9 then, by Lemma 16, the polybox code V;i’aUVii’b is rigid. By Lemma
5, the codes V2 U V" and W2 U W' are equivalent. Thus, V2 U VP = Wh* U WP

Consequently, V2% = Wi and Vfb = nga because V and W are disjoint. Therefore, by

¢ A

(Co) in Section 2.3, VA C Vi and Vi’ C V¥, By Lemma 9, [Vi'| > 5, |[Vi¥'| > 5.
Since the sets V% and V" are non-empty and the distribution [V**'| = 5, [V*¢| = 1 and
VY| =5, |Vt = 1is, by Lemma 17, impossible, it follows that |V| > 12. O

From Lemmas 18 and 19 we obtain the following corollary which will be used in the
computations.

Corollary 20. Let S = {a,d’,b,t'}, V,W C S? be disjoint sets which are equivalent
polybox codes without twin pairs, and let

Rk ={(6,5),(6,6),(7,2),(7,3),(7,4),(7,5),(8,0),(8,1),(8,2),(8,3), (8,4),
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(9,0),(9,1), (9, 2), (9,3), (10,0), (10, 1), (10, 2), (11,0), (11, 1)}.
Suppose that there are i € [d] and s € S such that (|V**|,|[V>'|) € R. Then |V| > 12.

Proof. By Theorem 15, |[V| > 12. Thus, by the assumption on V** and V' there are
two letters I,p € S such that V¥ and V%" are non-empty sets. Suppose that there is
a letter in the set S, say it is the letter a, such that V%® = (). Then there are no two
words v,u € V which are i-siblings such that {v;,u;} € {{a,b},{a,b'}}. By Lemma 19,
V] > 12.

Assume now that all sets Vi Vi@ Vb and V' are non-empty and suppose on the
contrary that |V| = 12. Assume that s = a. Then (|[V*[, |[V*¥']) € {(1,1),(1,2)}. By
Lemma 18, |V| > 12, a contradiction. O

In the last lemma we show that the polybox codes V and W can be written down in
the alphabet S = {a,d’,b,V'}.

Lemma 21. Let V,W C S? be disjoint sets which are equivalent polybox codes without
twin pairs. If there are i € [d] and ly,ls, 13 € S, where l; & {la, 15,13, 15}, 1o & {l5,15}, such
that ViUVl £ () for k =1,2,3, then |V| > 12. Moreover, if |V| = 12, then the polybox
codes V, W might be written down in the alphabet {a,a’ b,V'}.

Proof. 1t follows from Theorem 15 that |V| > 12. To prove the first part of the lemma,
let us suppose on the contrary that |V| = 12. Assume that [; = a,l; = b and I3 = ¢. Note
that

WHUWH £ (4.2)

for every [ € {a,b,c}. Indeed, if W U W' = §) for some | € {a,b,c}, then, by (C) in
Section 2.3, the set |J E(V* U V) is an i-cylinder and consequently the codes Wl and
Vi are equivalent. By Theorem 15, [Vit| + [V#'| > 24, a contradiction.

We will show that Vit £ () for every [ € {a,a’, b,V c,c'}.

Assume that there is a letter in the set {a, b, c}, say it is the letter ¢, such that V¢ = ()
and V¢ = (). Then, by (P) in Section 2.3., V¢ C W*¢, and thus, by Lemma 9, [IW¢| > 5.
If [WieuWs| > 4 and |WH*UWHY| > 4, then |IW| > 12, a contradiction. Thus, we may
assume that | U W"'| < 3, and then, by Lemma 18, we may assume that W" # ()
and W = () or || = [W*'| = 1. We now consider these two cases in detail.

Let Wi 2 () and W5 = . By (P), W% C V% and then |V%*| > 5, by Lemma 9.

If W = {, then, by (P), W"® C V%, Since V¢ C W, the codes V** and W"° are
equivalent. By Theorem 15, [V%¢| > 12. Hence, |V| > [V%*| + [V > 12, a contradiction.

Therefore, W< # (). Then |[W" U W?"| > 6 because |[W"| > 5. Since V¢ = (),
by (P), we have Wi:* C W&°. By Lemma 11, if |[W2| > 2, then |[Wi| > 7. Clearly,
[Wie U Wi | < 11 because (4.2) and |V| = 12. Thus, |W2:¢| < 3. Then, by (P) and (V)
in Section 2.3, [V¥¢| > 4. Hence, |[V** U V*| < 3 as [V*’| > 5. By Lemma 18, we may
assume that V¢ # () and V> = () or |[V| = |V?¢| = 1.

In the first case we have |[W%% > 5, by (P) and Lemma 9. Note that W # (),
for otherwise W»® C V% and then |V > 7. Consequently, V¢ U V¢ = () because
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V3| > 5, a contradiction. Since [W U WH| > 6, |[W»?| > 5 and W # (), it follows
that W U W4 = (), a contradiction.

Let [V = [V»¥| = 1. Since |V*¢| # [V, by Lemma 18, |V'| > 12. A contradiction.

Let now |[W"| = |[W'| = 1. By Lemma 18, it must be [WW¢| = |[W"¢|, for otherwise
|W| > 12, which contradicts the assumption |V| = 12. Since |[W%¢| > 5, we have W"* U
WH" = (), a contradiction.

We have shown that the sets Vi, V' are non-empty for every [ € {a,b,c}. Clearly,
in the same way we show that the sets W% W4 are non-empty for every [ € {a,b,c}.

Thus, if |V U Vi| < 3, then, by Lemma 18, [V¢| = 1 and |[V¢| = 1. By Lemma
12, Vie £ W and V5 T W and consequently |[W5¢| > 5 and || > 5, by Lemma
9. This means that W = () for some [ € {a,a’b,b'}, which is a contradiction. Hence,
VA U V| = 4, and by Lemma 18,

Vil = vl =2 (4.3)

for I € {a,b,c}.

Observe now that for every | € {a,b,c} there is w € W such that @ N |{JE(VH) £ ()
and w N Y E(VH) # 0, for otherwise V& C Wi and V' C W for some I € {a,b,c},
and thus, by Lemma 11, [W%| > 7 and [W*'| > 7. Then |W| > 12, a contradiction.

Therefore, for every | € {a, b, c, } the form of the polybox code V*'UV*" is as described
in Lemma 14. In the next two steps, which are d = 4 and d > 5, we show that this is
impossible.

Let d = 4. For simplicity assume that i = 1 and the form of V¢ U V1 is as at
the first four positions in Table 1 (compare also Example 4). Let w € W be such that
wNUEWVY) # 0 and w N EWVY) # 0. Thus, w; € {a,a’}. We may assume that
wy = b. Clearly, wy = w3z = b, by Lemma 14.

Pick x € (JE(VY* U VYY) such that x; € EV, xy,23 € Eb and 2, € Ea N Ew,.
The point xic belongs to w. and therefore,  has to be covered by a box @ for some
u € W' Since z belongs to [JE(VY* U V) and u; = ', we have @ N JE(V) # ()
and N JE(VY) # 0. Then, us = us = b, by Lemma 14. Therefore, wy # uy, for
otherwise w and u form a twin pair, which is impossible.

We first assume that wy # a. Then, by (2.3), Ea N Euy \ Ews # 0 (we have ug # o
because @ N |JE(VH U VL) #£ (). We pick a point y € |JE(V"* U V) such that
y1 € Eb, y2,y3 € Eb and y, € Ea N Euy \ Fwy. Then y ¢ w U 4. For the same reason
as above, the point y is covered by a box ¥ for some word v € W' with vy, = vg3 = b.
Since v4e = wyge and v,w are dichotomous words, v), = wy. Then v and w are a twin pair,
a contradiction.

Let wy = a. Now, we pick a point z € |J E(V'*UVH) such that z; € EV, 25,23 € Eb
and z; € Ea\ Euy. Then z € @ U. The point z is covered by a box ¢ for some g € WY
with ¢o = g3 = b. Since uy4e = q4e and u,q are dichotomous words, u) = q4. Then v and ¢
are a twin pair, a contradiction.

The proof of the first part of the lemma for d = 4 is completed.

Let now d > 5. We may assume without loss of generality that ¢ = 1 and the form of
Ve yVhe at the first five position is, by Lemma 14, as presented in Table 1.
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The distributions of words in the polybox codes VI*UVY and ViUV at positions
2,...,d are analogous to the distributions of words in V¢ U V¢ but the positions of the
corresponding columns in these two codes as well as the letters in the columns may be
different from those in V1 U V%', Thus, we may assume that there are j € {4,5} and
letters [, s,r,p € S such that

VIOV = a VROV = 7OV =4 ()

or

(VR UV =4, (VR UV = g,
|(V1’C U Vl,c’)j,pl =2, |(V1,c U Vl,c’)j,p’| =1, |(V1,c U Vl,c’)j,r| =1, (4.5)
where r ¢ {p,p'}.

T . . . . .
viegyle 1 i=11i=21]i=3|i=4|i=5
vl a a b a a
v? a a a a a
v3 a’ a’ a’ a a
vt a’ b a a a
Table 1.

We first consider the distribution (4.4). There are five cases that have to be examined.

The first case is [ = s = 7, and thus V = V%! where |V7!| = 12. Then, by induction
on d, we obtain |Vjc| > 12, a contradiction.

The second case is | & {s,s',r,7'}, s & {r,7’'}, and thus V = VA U V¥ U VI" where
|V = |Vis| = |VIT| = 4. By (P), W = WHUW»*UW?J". Therefore, the codes V7! and
W3 are equivalent. By Lemma 9, the polybox code V7' is rigid because it does not cover
even a single word. Hence, V7' = W7 and then V NW # (), which is a contradiction.

Similarly, in the third case r = s and [ & {s,s'}, that is, V = V3 U V7% where
|VI1| = 4 and |V7#| = 8, we obtain V N W # (), which is not possible.

In the fourth case we have I’ = s and r ¢ {[,I'}. Then V = V¥ UV U V7" where
V3| = |V3'| = |[VI7| = 4. By Lemma 5, there are s1,...,5; € S, 8, & {I,', 8,5} for
every n,m € [k],n # m, such that V2" and W2 UW2" U---.UW2™ are equivalent. Since,
by Lemma 9, the code V3 is rigid, we have Vo' = W2 U W2 U--- U W2, The codes
V and W are disjoint, and therefore W' = (. Then V' = Wi U---UW>*. By (C) in
Section 2.3, W2 U--- U W™ C Vii’l/ and, by Lemma 11, |[V%"| > 7, a contradiction.

Finally, in the fifth case we have | = s and r = . Then V = V* U V' We may
assume that [V = 8 and |[V3¥| = 4. By Lemma 9, the code V7' is rigid. Therefore,
if W = Wi uWi' then V' = Wit Hence, V and W are not disjoint, which is
not true. Thus, W U W7 #£ () for some p ¢ {[,I'}. By (C) in Section 2.3, the set
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U EW7P U WiP) is a j-cylinder. Then, the codes Wj;p and Wj;p " are equivalent. By
Theorem 15, |[W| > |[W7P| + |[W7'| > 24, a contradiction.

To consider the distribution (4.5) observe first that p € {I,I';s,s'}, for otherwise, by
Lemma 18, |V| > 12, which contradicts our assumption on |V|.

Similarly, r € {l,I',s,s'}, for otherwise V7" E W7 and, by Lemma 9, |[W7"| > 5.
Since |V37| = 1, we have, by (V), [W7"| — |[W’"'| < 1. Then |W7"| > 4. Note that
ij, C I/fo, for otherwise, by (P), V7" # (), which is not true. Therefore, by Lemma
11, |W77| > 7 and consequently [W7"'| > 6. Then |W| > 12, a contradiction.

Thus, in the rest part of the proof we assume that [ € {r,7’'} and s € {p,p'} (recall
that r ¢ {p,p'}). Hence, only two cases have to be considered: |[V7"| =5, V7" = () (and
then |VI?| = 6, |VI¥| =1 or [VIP| =2,|VIP| =5) and |[VI7| =1, |[VI"'| = 4.

Let |V37| = 5, V¥ = (. Then, by (P), V#" T W’ and thus, by Lemma 11,
[W3r| > 7. By (V), [W?"'| > 2 because |V7"| = 5.

If |VI?| = 6,|VI%| = 1, then, by (V), |[W7?| > 5, and consequently |[W| > |[W7"| +
W7 | 4+ |[W3P| > 14, a contradiction.

If |[VI?| = 2,|VI%'| = 5, then, by Lemma 11, Vj{’p Z Vj{’p,. Therefore, UE(VJJCP)\
UE(VJ-JQP,) # ( and then, by (P), W’? # (. Moreover, by (V), |W7?| > 3. Then
(W | = |[WaT| 4+ |WI| + |[WIP| + W7 | > 13, a contradiction.

Let V77| = 1,|V?"| = 4. Then, by Lemma 18, |V| > 12, a contradiction. This
completes the proof of the first part of the lemma.

Thus, if |V| = 12, then for every ¢ € [d] there are at most two letters [, s € S, 1 & {s,s'}
such that the sets Vo' UV and V>* UV are non-empty. Since there are no connection
between the letters standing at the two different positions 7, j € [d] in the code V', we may
assume that V C {a,d’,b,b'}%.

To show that W C {a,a’,b,b'}? assume on the contrary that there is i € [d] such that
Wit uWH' £ 0, where | € {a,a’,b,0'}. Since VX UV =@ and WS UW £ (), by (C)
in Section 2.3, the set |JE(W5 U W) is an i-cylinder. Consequently, by Theorem 15,
W | > |Wo + [WH'| > 24, a contradiction. O

5 Computations

In this section we describe the computations that allow us to determine all equivalent
and disjoint polybox codes V, W C S¢ without twin pairs having 12 words each, where
S ={a,d',b,b'} and d € {4,5,6}.

Before we start let us recall the definition of isomorphic polybox codes.

If v € S¢, and o is a permutation of the set [d], then ¢*(v) = v,(1). .. Vs(q). For every
i € [d] let h; : S — S be a bijection such that h;(I") = (h;(l))" for every [ € S, and let
h : 8% — 59 be defined by the formula h(v) = hi(v1)...hg(vg). We say that polybox
codes P, C S% are isomorphic if there are o and h such that Q = {hy (Vo1)) - - - ha(Vo(a)) :
v € P}. The composition h o ¢* is an isomorphism between P and Q). Let V and W be
disjoint, equivalent and twin pair free polybox codes, and let h o o*(V') be an isomorphic
code to V. Tt follows from the definition of the isomorphism hoo* that the codes hoo*(V)
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and h o o*(W) are also disjoint, equivalent and do not contain a twin pair. To show this
it is enough to notice that the definition of h o 0* guarantees that h o o*(w) C hoo*(V),
whenever w C V.

5.1 Covers of a pair of words
We begin with the following

Lemma 22. Let S = {a,a’,b,V'}, d € {4,5,6}, and let V,W C S be disjoint sets which
are equivalent polybox codes without twin pairs. Assume that for every i € [d] there are
two letters I,p € S such that W™ #£ O and W #£ 0. If |V| = 12, then for everyv € V
the number of words in the set W, = {w € W : wNv # 0} is at most eight for d = 4,
seven for d =5 and siz for d = 6.

Proof. We prove the lemma for d = 6. Suppose on the contrary that |W,| = 7. Assume for
simplicity that v = bbbbbb. For every s € S we have EsNEs’ = () and therefore every word
in W, has no letter b’ and every word in W\ W, has " at some position i € [6]. Since |W| =
12, by Lemma 19, for every i € [6] and every pair {l, s} € {{a,b},{a, '}, {a',b}, {d’,b'}}
there are two words p,q € W which are i-siblings such that {p;,¢;} = {l,s}. We will
consider a graph G of siblings on W (compare Section 2.9). Call an edge (p,q) in G of
the type V' if {p;, ¢:} € {{a,V'},{d’,0'}}. Since vertices in W, do not contain the letter ¥/,
both endpoints of any edge of the type 0’ belong to the set W'\ W, (call such an edge an
inner edge) or one of the endpoints lies in W, and the other in W\ W, (call such an edge
an outer edge) .

Clearly, since vertices in W, do not contain the letter ¥/, if w € W \ W, contains at
least three letters ', then there is no outer edge which is incident to w.

Observe that, if w € W\ W, contains two letters ', then there is at most one outer
edge which is incident to w. To see this, assume that w = b'Vwszwswswg and suppose
on the contrary that there are two outer edges, say (w,u) and (w,p), where u,p € W,,.
We may assume that v = abwswswswg. Then p = d'bwswawswg, p = bawswswswg or
p = ba'wswswswg. In the first case v and p form a twin pair, and in the rest two cases u
and p are not dichotomous. In both cases we obtain a contradiction.

Recall that the outer and the inner edges in G are coloured with the colours {1,...,6}:
An edge (p, q) of the type ' has a colour ¢ € [6] if {p;,¢;} € {{a,V'},{d’,0'}}. We need
at least two edges of each colour i € [6]: One edge (p,q) with {p;,¢;} = {a,0'} and the
second one (u,t) with {u;,t;} = {a’,b'}.

Let {w',... w’} = W\ W,. In Figures 13a, b, we indicate the forbidden colourings of
subgraphs of G, where i, j, k € [6] are pairwise different and all edges are of the type ¥/
(slanted edges in Figures 13a, b are outer edges).

To show that the colouring in Figure 13a is forbidden assume on the contrary that
i =1,7 = 2,k = 3. Then we may assume that w" = b'w} ... wg, where w] # b for
1=2,...,6, because w" is incident to two outer edges. The edges with the colours j and
k are of the type V', and therefore w}® = wf* = ' (there are no words with &' in the set
W,, and thus w}* = ¢’). But then w™ and w™ cannot be adjacent because w™ cannot
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w3

Figure 13: Forbidden colourings (a and b).

contain more than two letters . A contradiction. The proof that the colouring in Figure
13b is forbidden is similar.

Observe now that the outer edges can be coloured with at most five colours from the
set {1,...,6} because if two or more outer edges are incident to some w € W \ W,,, then
they have to be of the same colour. This follows from the fact that every w € W\ W,
which is adjacent to at least two vertices from W, contains exactly one letter . On the
other hand, if the two outer edges (w,u) and (w,q), where u,q € W, have the colours
i,j € [d], i # j, then w; = w; = V' because u and ¢ have no letter &'. A contradiction.

Assume that the outer edges are coloured with the colours {1,2,3,4,5}. Thus, two
inner edges have to be coloured by the colour 6. Since the colourings in Figures 13a, b
are forbidden, each endpoints of an inner edge with the colour 6 can be incident to at
most one outer edge. Therefore, the inner edges are coloured by at least four colours:
Two inner edges are coloured by the colour 6 and three inner edges are coloured by three
colours 4, j,k € {1,...,5}. Thus, there are at least five inner edges. By Lemma 8, the
graph GG cannot contain an odd cycles. Therefore, the inner edges coincide with at least
five edges in the graph which is presented in Figure 13 on the right. Since the inner edges
are coloured with at least four colours (two edges with the colour 6 and three edges with
the colours i, j, k) there is a cycle in G of length four containing three edges coloured by
three colours. This is, by Lemma 8, impossible.

The situation does not improve (is even worse) if the outer edges are coloured with
less than five colours or if |W,| > 8. In the same way we prove the lemma in the cases

d=4,5. 0

Let S = {a,d’,b,b'}, d € {4,5,6}, and let V,IW C S? be disjoint sets which are
equivalent polybox codes without twin pairs. By (2.4), there are v,u € V such that
v; € {uy,ul} for every i € [d] and |{i € [d] : v; = u}}| =3 ford =4 and |{i € [d] : v; =
ui}| € {3,5} for d = 5,6. From now on, without loss of generality, we assume that

v = bbbb, u="bVDb for d=4,
v = bbbbb, u = b'H'V'bb  or v = bbbbb, u = V'H'V'V'Y  for d =5,
v = bbbbbb, u = V'D'b'bbb  or v = bbbbbb, u = V'H'V'V'V'b for d=6.

Since V' and W are equivalent, by (2.6), we have v Uu C | J E(W).
Let R be as in Corollary 20, and let

Wou={weW:wn(@Ua)#0} and (W], [Wiil) € RU{(12,0)} (5.1)
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for every i € [d] and | € S. Note that the first equality means, again by (2.6), that
v,u & W,y

Our further proceedings is described within the following three points:

1. For every d € {4,5,6} we first compute all twin pair free codes W,, C S¢ with
Wyl < 12 satistying (5.1).

2. Next, we append, if necessary, the missing words M = M(W,,) C S? to the

code W, ,, such that the set of words W, , U M is a polybox codes without twin pair,
Wy UM| =12 and (W, U M)"| # 12 for every i € [d] and | € S.
A comment: Observe that, if (|W[,|WE]) € R for some i € [d] and some I € S, then
(|(Wy UM, |(Wy UM |) € RU{(12,0)}. If now V is a twin pair free polybox code
which is equivalent to W, U M, disjoint with it and (|(W,, U M)"|, |(W,., U M)*V|) #
(12,0), then, by Corollary 20, |W, , U M| > 12, a contradiction. That is why we may
consider only the codes W, ,, whose distributions of the words satisfy (5.1). As we see the
codes W,,, U M such that |(W,, U M)"| = 12 for some i € [d] and some [ € S will not
considered during the computations.

3. Finally, we select only these codes W, , U M which, by Lemma 19, contain all
siblings: For every i € [d] and every {l,s} € {{a,b},{a,b'}, {d',b},{d,b'}} there are two
words p,q € W,,, U M which are i-siblings such that {p;, ¢;} = {l,s}. (Every code of the
form W, , U M will our candidate for the code W defined at the beginning of Section 5.
The code V will be find in the proof of Theorem 27.)

Let
W,={weW:oNnw#0} and W,={weW:anw#0}

Then, v C W, and v C W,. Since W,, = W, U (W, \ W,) for some W, and W,, to
determine all covers W, with |W, | < 12 we first compute all covers W, and W, with
the number of words described in Lemma 22: |W, |, |W, | < 8 for d =4, |W,]|, |W,| < 7 for
d =5 and |W,|,|W,| < 6 for d = 6. Obviously, in all cases, by Lemma 9, |W,|, |W,| > 5.

By Cov, and Cov, we denote the family of all covers W, and W, respectively with
the above described number of words.

By Cov,, we denote the family of all covers W, ,, with |W, ,| < 12 satisfying (5.1).

The family Cov,, can be easily computed from Cov, and Cov, as follows: For every
W, € Cov, and W, € Cov, if the code W, ,, = W, U (W, \ W,) consists of at most twelve
pairwise dichotomous words, does not contain a twin pair and its distribution of words
satisfies (5.1), then W, , is added to Cov,,,.

For every d € {4,5,6} we give non-isomorphic codes in Cov,, and Cov, but to compute
Cov,,, we use all codes in Cov, and Cov,. Having computed the family Cov,, we will
find non-isomorphic codes W, , in the family Cov,,, and to these non-isomorphic codes
we will try attach the missing words M in the fashion described previously. Obviously,
if the code W, ,, U M contains all siblings and has twelve words without twin pairs, and
hoo*(W,,) € Cov,,, is isomorphic to W, ,,, then the code hoo*(W,, U M) also contains
all siblings and does not contain a twin pair.

We now describe in details the way of computing the codes W, ,, U M for d = 4.
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Case d=4
By (2.5) and (2.6), for every w € Wiy, we have

g(w, bbbb) = 2" for i € {0,...,3}

and
> glw, bbbb) = 16.
wEWhpph
Let x; denote the number of words in Wiy, with ¢ letters b (compare the last part of Section
2.8). Thus, admissible values of x; for i = 0,1, 2,3 are the solutions of the systems of the
equations
To+ 211 +4x9 + 813 =16, xog+ 21+ T2+ 23 ="M (5.2)

where g, z1, T2, r3 are non-negative integers and m = |Wpyy|. Below we list the positive
solutions of (5.2) for m = 7,8 (for m = 5,6 the form of the cover Wy, is described in
Lemma 9 and 10):
For m = 7 we have

1 =06, 2o=1 or x9g=2,21=3, 15=2 or

ro=4, xo=3 or zog=4, r1 =2, xr3=1.

For m = 8 we have
r1=8 or x9p=2, x1=95, x95=1 or

xo=4, x1=2,20=2 or x9=06,11=1, x3=1.

Every solution of (5.2) gives a necessary distribution of words in a cover Wy, with
respect to a number of the letters b in every word. For example, if |Wy| = 8 and
Wi (ib) denotes the set of all words in Wy, having i letters b, then the distribu-
tion (|Wauns (00) [, |Waono (10) [, |Wewn(2D) |, |[Wiees(3b)|) can take only one of the forms given
by the solutions of (5.2) for m = 8: (0,8,0,0),(2,5,1,0),(4,2,2,0) or (6,1,0,1). By
Covippp (i1, 12, i3, 14) We denote the family of all covers Wy, such that

(|Ween (00) ] |Wopen (1) ] |Woeen (20) ], |[Weeen(30)|) = (i1, t2, i3, i4).

In Table 2 we present the results of the computations for d = 4 (we present only non-empty
sets Covpppy (71, 12, 13, 14)):

Total Non-isomorphic codes
|Covippes(0,2,3,0)| =32 | aaab,d’a’a’b, baa'b, a’bab, aa’bb
|Covipnn(2,3,0,1)| =64 | aaaa,d'd’d'a,bad’a, a'baa, aa’ba, bbba'

aaaa, aaa'b, ad’a’a’, a’aba, a’ba’a’, ba’ba, bbaa';
|Covipnn(2,3,2,0)| = 576 | aaab, aa’ba, a'bad’, aad'a, aa’aa’, a’bba, bba'a’
|Covippes(2,5,1,0)| = 192 | aaab, abd’d’,a’aaa, a’aba’,a’a’a’a’, bad'a, ba’ad’, ba'ba
|Covipps(0,8,0,0)] =8 aaab, aa’ba’, aba’a, a’aba, a’a’a’b, a’bad’, baa’d’, ba'aa
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Table 2.

If we now make the substitution b — ' at the first three positions in every word in
the covers from Table 2, we obtain Covyyyy(i1,i9,13,14) for every (iy,is,13,14) from the
set {(0,2,3,0),(2,3,0,1),(2,3,2,0),(2,5,1,0),(0,8,0,0)}. Let v = bbbb and u = V'0'b'D,
and let
Cov, = Cov,(0,2,3,0)UCov,(2,3,0,1)UCov,(2,3,2,0)UCov,(2,5,1,0)UCov,(0,8,0,0),
Cov, = Cov,(0,2,3,0)UCov,(2,3,0,1)UCov,(2,3,2,0)UCov,(2,5,1,0)UCov,(0,8,0,0).
The simple computations show that |Cov,,| = 312 from which five codes are non-
isomorphic:

Wvo’u = {d'd'd’b, a’bad’, bad'a,ad’a'a,d’ ad’a’; abba’, bbaa, ab’a’a’, b'ab’a, b'a’aa, b’V aa’}

Wvlu = {aaaa, aaa'b,ad’a’a’; aa’ba, abaa’, a'ab’a, a’bbb, a’'b'a’'a’, v'a'V'a, b0 aa'}

qu = {aaba, aab'a’; aa’bb, ab’b'a,a’ab'b, a’a’ba’, a’'a’b'a, a’bba, baba’, b'a't'a'}

W, = {aaba, aab'b,ad'bb, ad't'a’, a'ab'a, d’a'ba’, a'bba, 'V'V'd’, baba’, b a'b a}

nyu = {aaba, aab'b, aa'bb, aa'b'a, a’ab’a’, a'a’ba’, a’bba, a'V'b'a, baba', b'a’b'a’}.
Finally, to these five codes we append the missing words M7, j € {0,...,4}, according
the rules we gave before: The code Wq?,u has to be extended by one word, and the rest
four codes by two words each. In all resulting polybox codes without twin pairs we check

whether they posses all siblings (see the point 3 below (5.1)). The following two claims
summarize our computations in dimension four.

Claim 23. The word bb'ab’ is the sole for which the set W = W), U M°, where M° =
{bb'ab'}, is a polybox code without twin pair containing all siblings. O]

Claim 24. For every pair t,r € S* of dichotomous words and every j € [4] if the set
Wgu U {t,r} is a polybox code without twin pairs, then it does not contain all siblings:
There is i € [4] and a pair of letters {l,s} € {{a,b},{a,b'},{d’,b},{a',b'}} such that
there are no two words p,w € W], U {t,r} which are i-siblings and {p;,w;} = {I,s}.
Thus, by Lemma 19, for every j € [4] the code Wgu cannot be extended to a polybox code
Wgu U M7 with twelve words without twin pairs such that there is a code V without twin
pairs which, is disjoint with Wi, U M? and equivalent to it. O

Cased =5

For d =5, by Lemmas 9, 10 and 22 we consider only one system of the equations:
ZL‘0+2ZL‘1+45E2+8IL’3+161‘4 :32, ZE0+I1+ZE2+$3+ZE4 =7 (53)

where x¢, x1, T2, T3, x4 are non-negative integers. It has the following positive solutions:
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To=06,x3=1 or x1=2, 29=95,x3=1 or x1=2, 19=3, x3=2

or xg=2,x1=1,29=1, 23=3 or x9g=2, 21=1, 29=1, x3=3
or ro=2,v1=1,29=3, 24=1 or zg=2,21=3, 23=1, 14, =1
or x1=4, x9=2,24=1 or x9=4, z9=1, 23=1, x4 =1

The results of the computations for d = 5 are presented in Table 3.

Total Non-isomorphic codes

|Covinns(0,0,2,3,0)| =80 aaabb, a’a’a’bb, baa'bb, a’babb, aa’ bbb
|Covipnns(0,2,3,0,1)| =320 | aaaba, d'a’a’ba, baa’ba, a’baba, aa’bba, bbbba’
|Covipnns(2,3,1,0,1)| =640 | aaaaa,d'd'd’aa,bad aa, a'baaa, aa’baa, bbbaa’, bbba'b

aaaab, aaa’bb, aa’a’a’b, a’abab, a’ba’a’b, ba’bab, bbaa'b;
|Covipeen(0,2,3,2,0)| = 2880 | aaabb, aa’bab, a’baa’b, aaa’ab, aa’aa’b, a’bbab, bba'a’b

Table 3.

For the pair v = bbbbb,u = V'b'b'bb we obtained |Cov, | = 2400 from which fifteen
codes are non-isomorphic (Table 4), and for the pair v = bbbbb, ¢ = b'b'b'b'l’ we obtained

|Covy,,4| = 4480 from which seven codes are non-isomorphic (Table 5). Every code @ €

Cov,,, U Cov, 4 has ten words.

Z,
e

Non-isomorphic codes in Cov,,,, for v = bbbbb, u = b'b'b'bb

aabab, aab'ba, aa’bbb, ab’'b'ba’, a’ab’bb, a’a’ba’b, a’a’b'ba’, a’bbab, baba'b, b a’b'ba

aabab, aab'bb, aa’bbb, aa’b'ba, a’ab’ba’, a'a’ba’b, a’bbab, a’b'b'ba, baba'b, b'a’b'ba’

aabab, aa’bbb, ab'b'aa, ab’b’a’b, a’a’ba’b, a’bbab, a’b'b'a’a’, a'b'b'ba, baba’b, b'b'V aa’

aabab, aa’bbb, ab'b' aa, ab'b'ba’, a’a’ba’b, a’bbab, a'b'b'ab, a'b'b'a’a’, baba'b, b'b'b a’a

aabab, aa’bbb, ab'b'ab, ab'b'a’a, a’a’ba’b, a’bbab, a'b'b' aa’, a’b'V'ba, baba'b, b'b'b a'a’

aabab, aa’bbb, ab'b'a’a, ab'b’ba’, a’a’ba’b, a’bbab, a'V'b'aa’, a'b'b'a’b, baba'b, b'b'b aa

abbaa, abba’b, ab'b'aa, ab’b'a’b, a’bba’a’, a’bbba, a'b'b'a’a’, a'b'b'ba, bbbaa’, b'b'V aa’

Q| N 3| OY | R Do) =

abbaa, abba’b, ab'b'aa, ab’b'ba’, a’bba’a’, a’bbba, a'b'b'ab, a’b'b'a’a’, bbbaa’, b'b'V d'a

©w

abbaa, abba’b, ab'b'ad’, abl'b'a’b, a’bba’a’, a’bbba, a’V'b'd’a, a'b'b'ba’, bbbaa’, b'b'b aa

—_
=

abbaa, abba’b, ab't'aa’, ab'b/'ba, a’bba’a’, a'bbba, a'b'b' ab, a’b'b'a’a, bbbaa’, b'b'b a’a’

—_
—_

abbaa, abba’b, ab'b'ab, ab’b'a’a’, a’bba’a’, a’bbba, a’V'b aa, a’b'b'ba’, bbbaa’, b'b'b d'a

—
Nt

abbaa, abba’b, ab'b'a’a’, ab'b'ba, a’bba’a’, a’bbba, a’b'V aa, a’b't'a’b, bbbaa’, b'b'V aa’

—
©

abbaa, abba’b, a’bba’a’, a’bbba, bbbaa’, b'ab'aa, b'ab'a’b, b'a’b'a’a’, b'a’b'ba, b'b'V aa’

—_
-

abbaa, abba’b, a’bba’a’, a’bbba, bbbaa’, b'ab'aa, V' ab'ba’, b'a’b'ab, b'a’'t'd’a’, b’V d'a

—_
b

abbaa, abba’b, a’bba’a’, a’bbba, bbbaa’, b'ab’aad’, b'ab'a’b, b'a’'V'a’a, b'a’b'ba’, b/'b' aa

Table 4.

THE ELECTRONIC JOURNAL OF COMBINATORICS 22(1) (2015), #P1.16

36



No. | Non-isomorphic codes in Cov, , for v = bbbbb, ¢ = b'O'b'V't’

aaabb, aaab't', aa’bbb, ad'b'V'V, a'a’a’bb, a'a’a’V'V', a’babb, a’'b'ab'V’, baa'bb, V' aa’b'V’
aaabb, aaab't', aa’bbb, ab'a’b't, a’ab'b'b’, a'a’a’bb, a'a’a’ V'V, a’babb, baa’bb, V' a’ab't/
aaabb, aad'b'b’, aa’bbb, ad’b'b'Y , a’'a’ab't’, a'a’a’bb, a’babb, a’b'a’ b’V , baa'bb, b’ aab't’
aaabb, aad'b't’, aa’bbb, ab'ab't’, a'ab’b'b’, a’a’al’V’, a’a’a’bb, a’babb, baa’bb, b'a’a’b'b’
aaabb, aab’ab’, aa’bbb, ad'b'V'V, a'a’a’bb, a’a’b'a’V’, a’babb, a’b'b'ab’, baa’bb, v/ ab’a’t’
aaabb, aab’ab’, aa’bbb, ab'b'a’'t’, ' ab’b'b’, a’a’a’bb, a’a’b'a’b’, a’babb, baa’bb, V' a’'b' ab’
aaabb, aab’b'b’; aa’bbb, aa’t'ab’, a’ab’a’b’, a’a’a’bb, a’babb, a’b'b' ab’, baa’bb, b'a’t' o'V’

I RS N il el R R

Table 5.

Claim 25. Let v = bbbbb,u = b'V'V'bb and q = VYUYV . For every pair t,r € S° of
dichotomous words and every code ) € Cov,, U Cov,, if the set Q U{t,r} is a polybox
code without twin pairs, then it does not contain all siblings: There is i € [5] and a
pair of letters {l,s} € {{a,b},{a,b'},{d’,b},{a’,b'}} such that there are no two words
p,w € QU{t,r} which are i-siblings and {p;, w;} = {l,s}. Thus, by Lemma 19, for every
Q € Covy,, U Cov, g the code () cannot be extended to a polybox code QU M with twelve
words without twin pairs such that there is a code V' without twin pairs which is disjoint
with Q U M and equivalent to it.

Case d=6

By Lemma 22, for d = 6 we need all covers of the word bbbbbb by codes without twin
pairs consisting of five and six words. By Lemmas 9 and 10, these codes have the forms
(Table 6):

Total Non-isomorphic codes

|Covipnns(0,0,0,2,3,0)| = 160 | aaabbb, a’a’a’bbb, baa’bbb, a’babbb, aa’bbbb

|Covipnnns(0,0,2,3,0,1)| =960 | aaabba, a’a’a’bba, baa’bba, a’babba, aa’bbba, bbbbba’
Table 6.

For the pair v = bbbbbb, u = b'b'b'bbb we obtained |Cov, ,| = 8128 from which fifteen
codes are non-isomorphic (Table 7), and for the pair v = bbbbbb, ¢ = b'b'b'b't’b we obtained
|Covy4| = 17918 from which fifteen codes are non-isomorphic (Table 8). Every code
Q € Cov,, U Cov,, has ten words.
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No.

Non-isomorphic codes in Cov, , for v = bbbbbb, u = b'b'b'bbb

aab abb, aa’b’bbb, a’a’b'a’bb, a’b'b' abb, babbaa’, babbba, ba’bbab, ba’bba’a,
bbbba'a’, b'ab'a’bb

aababb, aa’bbbb, a’a’ba’bb, a’bbabb, baba'bb, b'b'V aaa, b'b'b' aa’b, b'b'b a’a’d
Vo't a'ba, b'b'b baa’

abbaab, abba’bb, ab’b’aba, ab’b’a’bb, a’bba’a’b, a’bbbab, a’b'b'a’ba’, a’b'b' bba,
bbbaa'b, b'V'V aba’

abbaab, abba’bb, ab’b’aba, ab'b’bba’, a’bba’a’b, a’bbbab, a’b'b'abb, a’b'b' a’ba’,
bbbaa'b, b'b'b'a’ba

abbaab, abba’bb, ab'b’abb, ab’b'a’ba, a’bba’a’b, a’bbbab, a’b'b'aba’, a’'b'b'bba,
bbbaa'b, b'b'b'a’ba’

abbaab, abba’'bb, ab’b'a’ba, ab’'b'bba’, a’bba’a’b, a’bbbab, a’b'b aba’, a’b't a’bb,
bbbaa'b, b'V'V aba

abbaab, abba’bb, a’bba’a’b, a’bbbab, bbbaa'b, b/ ab’ aba, b'ab’a’bb, V' a’'b'a’ba’
b'a't'bba, b'b'b aba’

abbaab, abba’bb, a’bba’a’b, a’bbbab, bbbaa’b, b'ab'aba, b’ ab'bba’, V' a’b' abb,
ba't'a'ba’,b'b'b' a’ba

abbaab, abba’bb, a’bba’a’b, a’bbbab, bbbaa’b, b'b'V aaa, b'b'b' aa’b, b'b'b' a’a’d
Vo't a'ba, bbb baad

10.

abbaab, abba’bb, a’bba’a’b, a’bbbab, bbbaa’b, b'b'V aaa, b'b'b' aba’, b'b'b a’ab,
Vo'ta'a'a,b'b'b'ba’a

11.

abbaab, abba’bb, a’bba’a’b, a’bbbab, bbbaa’b, b'b'b aab, b'b'b ad’a, b'b'b a’ad’,
Vo't a'ba, b'b'b'ba’ o

12.

bbbaaa, bbbaa'b, bbba'a’a’, bbba'ba, bbbbaa’, b'b' aaa, b'b'b aa’b, b'b'V a'd’d,
Vvt a’ba, b'b'b' baa’

13.

bbbaaa, bbbaa’b, bbba'a’a’, bbba’ba, bbbbaa’, b'b't aaa, b'b'b' aba’, b'b'b' a’ab,
Vo'ta'a'd,b'b'b'ba’a

14.

bbbaaa, bbbaa’b, bbba'a’a’, bbba’ba, bbbbaa’, b'b'V aad’, b'b'V aa’b, 'V d'd a,
Vo'ta'ba’, b'b'b'baa

15.

bbbaaa, bbbaa’b, bbba'a’a’, bbba’ba, bbbbaa’, b'b't aad’, b'b't aba, b'b'b'a’ab,
bo't'a'a' a,b'b'b'ba’a’

Table 7.
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No. | Non-isomorphic codes in Cov, , for v = bbbbbb, ¢ = b'b'0'b'b'b

1. aaabbb, aab'b't'a, aa’bbbb, aa’b'b'b'b, a’a’a’bbb, a’a’b/'b'b'a’, a’babbb, a'b'b'b'V a,
baa'bbb, b’ ab'b't' a’

2. aaabbb, aab'b't'a, aa’bbbb, ab’b'b't'a’, a’ab’b’'t'b, a’a’a’bbb, a'a’b'b'V a’, a’babbb,
baa’bbb, b'a’b'b'b' a

3. aaabbb, aab'b'b'b, aa’bbbb, ad’b'b'b'a, a’al'b'b'a’, a’a’a’bbb, a'babbb, a’b'V'V'V a,
baa’bbb, b'a’b'b't a’

4. aaabbb, aa’bbbb, ab'b'ab’a, ab't'a’b'b, a’a’a’bbb, a’babbb, a’b'b'a’b'a’, 'b'b'b'V a,
baa’bbb, b'b'b ab’a’

5. aabbba, aab'b't' a, aa’bbbb, aa’b'b'b'b, a’a’bbba’, a’a’b/'b'b a’, a'bbbba, o' V'V V'V a,
babbba', b ab' 't a’

6. aabbba, aab'b't'a, aa’bbbb, ab'b'b'b'a’, a’ab’b'b'b, a’a’bbba’, a’a’b'b'b a’, a’bbbba,
babbba’, b'a’b'b'b a

7. aabbba, aab'b't'a’, aa’bbbb, aa’b'b'b'b, a’a’bbba’, a’a’b'b't a, a’bbbba, a’V'V'b'V
babbba’, b’ ab'b'b'a

8. aabbba, aab'b't'a’, aa’bbbb, ab'b/b'b'a, a’ab'b'b'b, a’a’bbba’, o’ a’b'V'V a, a’bbbba,
babbba’, b'a’b'b'b o’

9. aabbba, aab'b'b'b, aa’bbbb, ad'b'b't'a, a’ab/b'b'a’, a’a’bbba’, a'bbbba, a’b'V'b'b a,
babbba’, b'a'b'b'V o’

10. | aabbba, aab’b't'b, aa’bbbb, ad’b'b'b'a’, a’ab'b'b'a, a’a’bbba’, a’bbbba, a'b'b'b'b d’,
babbba’, b'a’b'b'b a

11. | aabbba, aa’bbbb, ab’ab'b'a, ab'a’b'b'b, a’a’bbba’, a’bbbba, a'b'a’b'b' a’, ' V'V V'V a,
babbba’, b't ab'b'a’

12. | aabbba, aa’bbbb, ab'ab't'a, ab'b'b't'a’, a’a’bbba’, a’bbbba, a’b'ab’b’b, a’b'a’b't o,
babbba’, b’/ a’b'b' a

13. | aabbba, aa’bbbb, ab’ab’b'a’, ab'a’b'b'b, a’a’bbba’, a’bbbba, a’'b'a’b'b a, ' V'V'V'V
babbba’, b’ ab'l' a

14. | aabbba, aa’bbbb, ab'ab't'a’, ab'b/b'b'a, a’a’bbba’, a’bbbba, a’'b'ab’b'b, a’'b'a’b'V a,
babbba’, b’ a'b'b' a’

15. | aabbba, aa’bbbb, a’a’bbba’, a’bbbba, babbba’, bt aab'a, b't aa’b'b, bt a’a’'b'
Voa'b't'a,b'b'b ab’a’

Table 8.

For the same reason as for d = 5 we have the following

Claim 26. Let v = bbbbbb, u = b'U'b'bbb and g = b'V'b'b'V'b. For every @ € Cov,, U Cov,,
the code ) cannot be extended to a polybox code () U M with twelve words without twin
pairs such that there is a code V without twin pairs which is disjoint with Q) U M and

equivalent to it.

We now can prove our key result on the form of two disjoint and equivalent polybox

codes without twin pairs having twelve words each.
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Theorem 27. Let d € {4,5,6}, and let V,W C S¢ be disjoint sets which are equivalent
polyboz codes without twin pairs. If |V| = 12, then, up to an isomorphism,

Va = {ad'bb’, abb'a, ab’t't’, a'al’b', a’'a’ab’, a’bb'b, babl’, bbbb, bb'a’'b, b'aba’, b'a'bb, v'b'b'b},
Wa ={dd'a'b,a'bad’,bad'a,ad'd’ a,d’ ad’d’; abba’, bbaa, ab'a’a’, V'ab'a,b'd’ aa, b'b'ad’, bb'ab'},
where A = {1,2,3,4} C [d] and Ve = Wye = {rac} for some r € S%.

Proof. Let d = 4. We may assume, by (2.4), that bbbb, t'b'b'b € V. By Lemma 19, Claims
23 and 24, the code W must be, up to an isomorphism, of the form

W = {d'd'd'b,a'bad’,bad'a,ad'd’a,d’ ad'a’; abba’, bbaa, al’a’a’,b'ab’a, b'a'aa, V'V ad’, bb' ab'}.
It can be easily computed that the code W extends to a partition code in only one fashion:
W U {abb'd,a'a'd’b', bb'ab, b'aba}. (5.4)

Similarly, the code {abb'a’, d’a’a’b’, bl ab, b'aba} can be extended to a partition code which
is different from (5.4) in only one fashion:

V U {abl'd',a'a’a'b’, bb'ab, V' aba}.

Thus, in dimension four the pair V, W is the only pair of polybox codes, up to an isomor-
phism, which are disjoint, equivalent and do not contain a twin pair.
For d = 5,6, by Claims 25 and 26, every cover of a pair of words

{v,u} € {{bbbbd, VVHbLY, {bbbbb, VY VH }, {bbbbbb, V'Y bbb}, {bbbbbb, b b VB Hb}}

by pairwise dichotomous words without twin pairs cannot be completed to a twin pair
free polybox code W with twelve words which has all siblings. Therefore, in dimensions
five and six we have, by Lemma 19, Ve = Wye = {ru.} for some r € S¢, where the codes
Va, W4 are as in dimension four. O

Remark 28. The codes V' and W were used by Lagarias and Shor[12, 13] and later on by
Mackey[17] to construct the counterexamples to Keller’s cube tiling conjecture. In the
context of this conjecture one of these codes was given first by Corradi and Szabé in [3],
as an example of the maximum clique in a 4-dimensional Keller graph.

6 Twin pairs in cube tilings of R”

From Theorem 15 and 27 we obtain the following

Theorem 29. Let U C ST be a partition code. If there are i € [7) and | € S such that
\UY < 12, then there is a twin pair in U.
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Proof. Without loss of generality we may assume that i = 7 and [ = a. Since |J E(U™* U
U™ is a 7-cylinder in (ES)7, the codes U® and UL® are equivalent, where recall that
UL = (U™)7e and UL = (U™ )ze. If U™ or U™ contains a twin pair, then clearly U
does. Thus, we assume that these two codes do not contain a twin pair. If UZ*NU. T ]
and v7e € U 7c’aﬂU77¢’a/, then the words w € U™ and p € U™ such that v7e = wye = pre are
a twin pair. Therefore, we may assume that Uz:* and U%® are disjoint and do not contain
a twin pair. It follows from Theorem 15 that |U™¢| = 12, and Theorem 27 precisely
describes the structure of the codes U%® and UZ* . Thus, we may assume that U® = W,
A =1{1,2,3,4} and r4c = aa, where W, A and r are as in Theorem 27.

From U"™® we choose four words:

v=a d d a a a a
u=d a d d a a a
p=b a d a a a a
g=b a bV a a a a

Since U is a partition code, there is a set Q@ C U™ such that pic T Qe and wye N Pre # 0
for every w € Q. Clearly, for every ¢ € {2,...,7} and w € @ we have w; # p,, for
otherwise wie N pre = @ which contradicts the definition of Q. Every w € @ \ {q¢} is
dichotomous to the words v, u and ¢, and therefore w; = 0/, wy = a, w3 = b and wy = a

for every w € Q \ {¢}. Let P =Q\ {¢}. Then
aaa E P{57677}.

To show this, suppose on the contrary that it is not so. Then there is a point (z5, ¢, x7) €
Fa x Ea x Ea such that (zs,2¢,27) € |JE(Ppier). Taking o1 € Eb,xy € Fa,x3 €
Ed' \ EbV and x4 € Fa we obtain the point x = (xy,...,27) which belongs to p and
z1e € |JE(Q1c). Then, pic IZ Qye, a contradiction.

If aaa € P67y, then the words 0'abaaaa € P and ¢ form a twin pair.

Let aaa € P67y If Ppsgry does not contain a twin pair, then its structure is as in
Lemma 9 (the case d = 3):

P o AN, / o
(5,6,7) = 1515253, 515553, A55S3, 51055, 51520},

where s; & {a,a'} for i = 1,2,3. But then b'abas|ssa € U™ which is not true because
sy # a. Therefore, by Lemma 9 (the case d = 3), the code P57} contains a twin pair,
and hence the code P contains a twin pair because w; = V', wy = a, w3 = b and ws = a
for every w € P. Since P C U, the code U contains a twin pair. O

We now prove Theorem 1

Proof of Theorem 1 As it was showed in Section 2.3, the set of boxes Z, = {([0,1)" +¢) N
([0,1]"+x) # (0 : t € T} is a minimal partition of [0, 1] +x. Let U be a partition code such
that .#, is an exact realization of U (this code can be obtained in the manner described in
Section 2.7). Since r*(T) = 5, there is i € [7] such that U = Ubh yU U- .-y UHs UUMs
and |U%| < 12 for some j € [5] because |U| = 128. By Theorem 29, there is a twin pair
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in U and consequently there is a twin pair in .%,. Then the tiling [0,1)7 + T contains a
twin pair. 0

From the result of Debroni et al., [10, Theorem 1.1} and Theorm 1 we obtain the
following

Corollary 30. If [0,1)" + T is a counterezample to Keller’s conjecture in dimension
seven, then r—(T),r*(T) € {3,4}.

Proof. Theorem 1.1 in [10] says that every cube tiling [0,1)"+7 of R such that (7)) > 6
contains a twin pair, and the result of Debroni et al. says that a cube tiling [0,1)7 + T
with r=(T") < 2 contains a twin pair. Since, by just proved Theorem 1.1, there is a twin
pair in every cube tiling [0,1)" + T of R” such that »*(T') = 5, in a counterexample tiling
[0,1)" 4+ T to Keller’s conjecture it must be r=(T),r*(T) € {3,4}. O

Theorem 27 can be extended to all dimensions d > 4. Since in the presented paper
we did not need this result for d > 7 we give this theorem with only a brief sketch of the
proof.

Theorem 31. Let d > 4, and let V,W C S? be disjoint sets which are equivalent polybox
codes without twin pairs. If |V| =12, then, up to an isomorphism,

Va = {ad'bb’, abb'a, ab’t't’, a'al’b’, a’'a’ab’, a’bb'b, babl’, bbbb, bb'a’'b, b'aba’, b'a'bb, b'b'b'b},
Wy = {d'dd'b,a'’bad’,bad’a,ad’ a'a,a'ad’a’, abba’, bbaa, ab'd’a’, b'alla, V' d’'aa, b’V ad’, bb'ab'},
where A ={1,2,3,4} C [d] and Vye = Wye = {rac} for some r € S<.

A sketch of the proof. We procced by induction on d. By Theorem 27 the theorem is
true for d € {4,5,6}. Let d > 7 and assume that for every i € [d] there are two letters
l,s € S such that V¥ and V% are non-empty sets. Then, by Theorem 19, we may assume
that V' has all siblings (by Theorem 21 we assume that V' and W are written down in
the alphabet {a,a’b,t'}). We now consider a graph G = (V, &) of siblings on V. Let
u?,v° € V be such that

d(v°) + d(u’) = max{d(v) + d(u) : v,u € V and v, u are adjacent}.

If d(v°) + d(u®) > 10, then in the similar manner as in the proof of Lemma 16 we show
that the polybox code V' does not contain all siblings, and then, by Theorem 19, |V| > 12,
a contradiction.
If d(v") + d(u") < 9, then, by Lemma 6, d(G) < 9/2. Since d(G)|V| = 2|&| and
2|&| > 8d > 56 (recall that |&| > 4d), we have |V| > 12, which is a contradiction.
Therefore, there is i € [d] and a letter [ € S such that V = V. By the inductive
hypothesis, V;c and W are of the forms given in the theorem. U

A set V C {0,1,2,3}% is a clique in a d-dimensional Keller graph if and only if V'
is a polybox code without twin pairs (recall that in the alphabet S = {0,1,2,3} the
complementation is given by 0/ = 2 and 1’ = 3). Thus, we may speak about equivalent
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cliques in a d-dimensional Keller graph ([10]): Cliques V' and W in a d-dimensional Keller
graph are equivalent if Y, _,, g(v,w) = 2% for every w € W and Y, 9(w,v) = 2¢ for
every v € V.

Theorem 31 for cliques in a d-dimensional Keller graph reads as follows:

Theorem 32. Let d > 4, and let V,W C {0,1,2,3}? be two disjoint sets which are equiv-
alent cliques in the d-dimensional Keller graph. If |V| =12, then, up to an isomorphism
(of polybox codes),

V4 = {0213,0130, 0333, 2033, 2203, 2131, 1013, 1111, 1321, 3012, 3211, 3331},

W, = {2221,2102, 1020, 0220, 2022, 0112, 1100, 0322, 3030, 3200, 3302, 1303},
where A = {1,2,3,4} C [d] and Ve = Wye = {rac} for some r € {0,1,2,3}%. O

In [10] we extended the notion of a d-dimensional Keller graph: If S is an alphabet
with a complementation, then a d-dimensional Keller graph on the set S? is the graph in
which two vertices u,v € S? are adjacent if they are dichotomous but do not form a twin
pair.

From Theorem 29 we obtain the following

Corollary 33. Every clique in a T-dimensional Keller graph on ST which contains at
least five vertices u',... u® such that ul & {u, (u*)'} for some i € [7] and every n,m €
{1,...,5},n # m, has less than 27 elements.

Proof. Assume on the contrary that there is a clique U containing vertices u!, ..., u® and
|U| = 27. Thus, U is a partition code without twin pairs. Since u? ¢ {ul™, (u™)'} for every
n,m € {1,...,5},n # m, it follows that |[U**%"| < 12 for some m € [5]. By Theorem 29,
there is a twin pair in U, a contradiction. 0]

Remark 34. What next? Our computer experiments made together with our colleague
Krzysztof Przestawski show that there is a chance that the case r™(T) = 4 can be resolve
using the same methods as the case ™ (T") = 5, but a scale of the computations will be
much more larger than that for »*(7") = 5. Moreover, to obtain initial configurations for
the computations we need some new results on the rigidity of polyboxes.
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