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Abstract

In this paper the number of standard Young tableaux (SYT) is evaluated by
the methods of multiple integrals and combinatorial summations. We obtain the
product formulas of the numbers of skew SYT of certain truncated shapes, including
the skew SYT ((n + k)r+1, nm−1)/(n − 1)r truncated by a rectangle or nearly a
rectangle, the skew SYT of truncated shape ((n+ 1)3, nm−2)/(n− 2)\ (22), and the
SYT of truncated shape ((n+ 1)2, nm−2)\ (2).

Keywords: truncated shapes; standard Young tableaux; order statistics; Selberg
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1 Introduction

The enumeration of standard Young tableaux (SYT) is a fundamental problem in enumer-
ative combinatorics. The number of SYT is given by the well-known hook-length formulas
[5]. However hook-length formulas cannot give the number of SYTs of truncated shapes.
Two recent papers [1, 8] counted the number of SYT of certain truncated shapes, includ-
ing a rectangle truncated by a shifted staircase and a rectangle truncated by a square
minus a box. The corresponding product formulas are derived by different combinatorial
methods: Adin et al’s pivoting theory in [1] and Panova’s bijective arguments with Schur
functions identities in [8].

Recall that a partition λ of a positive integer n is a non-increasing sequence of non-
negative integers λ = (λ1, · · · , λd) such that n = λ1 + · · · + λd. A Ferrers diagram of
shape λ is a left-justified array of n boxes, with row i (from top to bottom) containing λi
boxes. λ is used to represent both the partition and the shape, while (i, j) denotes the
box in row i and column j.

Let λ = (λ1, λ2, · · · ), µ = (µ1, µ2, · · · ) and ν = (ν1, ν2, · · · ) be integer partitions
such that λi > µi, λi > νi. A skew shape λ/µ is an array of boxes where µi boxes are
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deleted from the beginning of row i. A standard Young tableau of shape λ is a labeling
by {1, 2, · · · , |λ|} of the boxes in the Ferrers diagram such that each row and column is
increasing (from left to right and from top to bottom respectively). The standard shifted
Young tableau of shape λ is like the ordinary shape except that row i starts with its
leftmost box in position (i, i) if λ1 > λ2 > · · · > λd. The number of SYT of shape λ is
denoted by fλ. (More properties of SYT can be found in [12])

A diagram of truncated shape λ\ν is a left-justified array of boxes where νi boxes
are deleted from the end of row i. A SYT of truncated shape λ\ν is a filling of the
corresponding truncated diagram with the integers from 1 to |λ| − |ν| such that each
row and column is increasing. Generally, a SYT-type chart of shape λ is a labeling
by {1, 2, · · · , |λ|} in a collection of boxes which may not be left-justified or connected,
preserving the property that each row and column is increasing. SYT, skew SYT and
SYT of truncated shape are SYT-type charts. For example, the SYT-type chart of shape
(42, 3)/(12)\(1, 3) ∪ (2, 2), which is the skew SYT of shape (42, 3)/(12) with (1, 3) and
(2, 2) removed, is illustrated as

1 5 6
4 7

2 3

, 2 3 7
5 6

1 4

, 1 4 5
3 7

2 6

, 4 5 7
2 6

1 3

,

· · · · · ·
.

This paper is organized as follows. In Section 2 we introduce an order statistics
model of SYT-type chart and present several multiple integral formulas applying to the
enumeration of SYT-type chart. In Section 3 we give some enumerating results implied
directly by Selberg integral, including two results of Adin et al., Panova, and the numbers
of skew SYT of shape (n + k)r+1, nm−1)/(n − 1)r truncated by a rectangle or nearly a
rectangle. In Section 4 we derive several combinatorial identities, which are used to the
enumerations of the skew SYT of truncated shape ((n+ 1)3, nm−2)/(n− 2)\ (22) and the
SYT of truncated shape ((n + 1)2, nm−2)\ (2). All the corresponding product formulas
are given.

2 Order statistics, multiple integrals and enumeration of SYT-
type charts

It is known that integration methods for enumeration have been used by A. Regev [9], R.
P. Stanley [11] and others [4, 2], which may be called “order polytope” model because the
number of SYT of a given shape (or alternating permutation) is interpreted as a volume
of a corresponding order polytope. From the point of view of statistics, each row of a
SYT-type chart corresponds to a group of independent order statistics. Then the number
of SYT-type chart will also be interpreted as distribution of nested order statistics in this
paper.

Let ξ1, · · · , ξn be n independent and identically distributed random variables with
uniform distribution on interval (0, 1), the corresponding order statistics are obtained by
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arranging these n ξ’s in nondecreasing order, and are denoted by (ξ1,n, · · · , ξn,n) such that
ξ1,n < · · · < ξn,n (For details, see [3]). Suppose that there are d groups of independent

order statistics (ξ
(j)
1,λj

, · · · , ξ(j)λj ,λj)(1 6 j 6 d) from uniform distribution on (0, 1), they will

be nested if there be rj > j such that ξ
(j)
1,λj

< ξ
(rj)
kj ,λrj

for 1 6 j 6 d− 1.

Consider the distribution of nest order statistics

Pλ = P{
d−1⋂
j=1

(ξ
(j)
1,λj

< ξ
(rj)
kj ,λrj

, ξ
(j)
2,λj

< · · · , ξ(j)λj ,λj < cj)}

where cj may be ξ
(sj)
ij ,λsj

(sj > rj) or 1, illustrated as the following

P


ξ
(1)
1,λ1

< ·· < ξ
(1)
i,λ1

< · · · < ξ
(1)
λ1,λ1

∧ · · · ∧ · · · ∧
ξ
(2)
1,λ2

< · · · · · · · · · < ξ
(2)
j,λ2

< · · · · · · · · · < ξ
(2)
λ2,λ2

· · · · · · · · ·
∧ · · · · · · ∧ · · · · · · ∧
ξ
(d)
1,λd

< · < ξ
(d)
k,λd

< · < ξ
(d)
λd,λd

 .

Let Sλ denote the corresponding nested simplex of nested order statistics:

Sλ =

 0 < x1,λ1 < ·· < xi,λ1 < · · · < xλ1,λ1 < 1

∧ · · · ∧ · · · ∧
0 < y1,λ2 < · · · · · · · · · < yj,λ2 < · · · · · · · · · < yλ2,λ2 < 1

· · · · · · · · ·
∧ · · · · · · ∧ · · · · · · ∧

0 < z1,λd
< · < zk,λd

< · < zλd,λd
< 1

 ,

it follows from the joint probability density function of (ξ
(1)
1,λ1

, · · · , ξ(d)λd,λd
) [3] that

Pλ =
d∏
i=1

λi!

∫
· · ·
∫

Sλ

dx1,λ1 · · · dzλd,λd .

On the other hand, for each sample point ω, the event

A = {ω :
d−1⋂
j=1

(ξ
(j)
1,λj

(ω) < ξ
(rj)
kj ,λrj

(ω), ξ
(j)
2,λj

(ω) < · · · , ξ(j)λj ,λj(ω) < cj(ω))}

corresponds to a filling of the SYT-type chart of shape λ, the property of independent
and identically distributed makes sure that all the outcomes of event A are equally likely.
Based on this discrete structure, there is

Pλ =
Nλ( |λ|

λ1,λ2,··· ,λd

) ,
where Nλ is the number of SYT-type chart of shape λ.

Therefore, Nλ could be evaluated by

Nλ = |λ|! Vol(Sλ), (1)
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where Vol(Sλ) is the volume of the corresponding nested simplex of SYT-type chart of
shape λ.

The formula (1) shows that not only the number of regular SYT, but also the number of
SYT of truncated shape and other variations can be obtained by evaluating some specific
multiple integrals. For example, Consider three groups of independent order statistics
(ξ1,2, ξ2,2), (η1,2, η2,2),(τ1,3, τ2,3, τ3,3) from uniform distribution on (0, 1), the number of the
SYT-type chart of shape (42, 3)/(12)\(1, 3) ∪ (2, 2) is given by(

7

2 2 3

)
P{ξ1,2 < η1,2, ξ1,2 < τ2,3, ξ2,2 < η2,2, η1,2 < τ3,3}

= 7!

∫
· · ·
∫

x1,2<x2,3, x1,2<x3,2, x2,3<x3,3,x1,4<x2,4
0<x1,2<x1,4<1, 0<x2,3<x2,4<1, 0<x3,1<x3,2<x3,3<1

dx1,1 · · · dx3,3 = 51,

where xi,j is the corresponding variable of the box (i, j) in the SYT-type chart of shape
(42, 3)/(12)\(1, 3) ∪ (2, 2).

τ1,3τ2,3τ3,3

η1,2η2,2

ξ1,2 ξ2,2

This paper considers the enumeration of skew SYT of truncated shapes by using of
(1). For convenient, we use the following notation as in [1, 8]:

Fn :=
n−1∏
i=1

i!, F0 = 1.

If necessary, det(aij)
m
i,j=1 may be written to be det

(
aij, 1 6 i 6 k
aij, k + 1 6 i 6 m

)m
j=1

.

The following Lemma 1 presents two multiple integrals which are evaluated by inte-
grating over the lower left corner of a rectangular shape, illustrated as

t1

· · ·
t2

tm

m

r

R(t1, · · · , tm)

t1

· · ·
t2

tk
m

n

Rk(t1, · · · , tk)

Lemma 1. For m > 2, r > 0, 0 < t1 6 · · · 6 tm 6 1, we have the following multiple
integral formula

R(t1, · · · , tm) =

∫
· · ·
∫

0<xi,1<···<xi,r+i−1<ti, 16i6m
x1,j<···<xm,j , 16j6r

tj−r<xj−r+1,j<···<xm,j , r+16j6r+m−1

dx1,1 · · · dxm,r+m−1

= det

(
tr+j−1i

(r + j − 1)!

)m

i,j=1

=
Fr
Fr+m

m∏
i=1

tri ·
∏

16i<j6m

(tj − ti). (2)
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Furthermore, for n > m > k > 1,

Rk(t1, · · · , tk) =

∫
· · ·
∫

0<xi,1<···<xi,n−k+i−1<ti, 16i6k
0<xi,1<···<xi,n<1, k+16i6m; x1,j<···<xm,j , 16j6n−k

tj−n+k<xj−n+k+1,j<···<xm,j , n−k+16j6n

dx1,1 · · · dxm,n

= det

(
tn−k+j−1
i

(n−k+j−1)! , 1 6 i 6 k
1

(n−i+j)! , k + 1 6 i 6 m

)m

j=1

=
Fn−kFm−k
Fn+m−k

k∏
i=1

tn−ki (1− ti)m−k ·
∏

16i<j6k

(tj − ti). (3)

Proof. We observe that

∫ xm,2

xm−1,1

dxm,1 =

∣∣∣∣ 1 xm−1,1
1 xm,2

∣∣∣∣ =

∣∣∣∣∣∣
1 xm−2,1

x2m−2,1

2!

0 1 xm−1,1
0 1 xm,2

∣∣∣∣∣∣ ,
then, ∫∫∫

xm−1,1<xm,1<xm,2
xm−2,1<xm−1,1<xm−1,2<xm,2<xm,3

dxm,1 dxm−1,1 dxm,2

=

∣∣∣∣∣∣∣
1 xm−2,1

x2m−2,1

2!

1 xm−1,2
x2m−1,2

2!

1 xm,3
x2m,3
2!

∣∣∣∣∣∣∣ =

∣∣∣∣∣∣∣∣∣∣
1 xm−3,1

x2m−3,1

2!

x3m−3,1

3!

0 1 xm−2,1
x2m−2,1

2!

0 1 xm−1,2
x2m−1,2

2!

0 1 xm,3
x2m,3
2!

∣∣∣∣∣∣∣∣∣∣
,

and we have∫
· · ·
∫

xi−1,j<xi,j<xi,j+1

26i6m, 16j6m−1

dxm,1 · · · dx2,1 dx3,2 · · · dxm,m−1 = det

(
xj−1i,i

(j − 1)!

)m

i,j=1

,

which gives the determinant representation for R(t1, · · · , tm) in case of r = 0. Further-
more, integrating respect to x1,j, x2,j+1, · · · , xm,j+m−1(j = 1, 2, · · · , r) gives the determi-
nant representation forR(t1, · · · , tm). Finally, (2) follows from Vandermonde determinant.

A similar argument shows that the determinant representation for Rk(t1, · · · , tk) holds,
therefore we have

Rk(t1, · · · , tk) =
Fn−k
Fn+m−k

k∏
i=1

tn−ki · det

(
tj−1i , 1 6 i 6 k

(n− k + j − 1)i−k−1, k + 1 6 i 6 m

)m
j=1

.
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Noticing that (x)r := x(x − 1) · · · (x − r + 1) =
∑r

i=0 s(r, i)x
i and (x)0 = 1, where

s(r, i) is Stirling numbers of the first kind. For any real number x,

det

(
aij, 1 6 i 6 k

(x+ j)i−k−1, k + 1 6 i 6 m

)m
j=1

= det

(
aij, 1 6 i 6 k

(x+ j)i−k−1, k + 1 6 i 6 m

)m
j=1

,

and the second determinant in above is easy to be simplified to triangular form:

det

(
aij, 1 6 i 6 k

(j − 1)i−k−1, k + 1 6 i 6 m

)m
j=1

.

To prove (3), it suffices to evaluate the following determinant

Dm = det

(
tj−1i , 1 6 i 6 k

(j − 1)i−k−1, k + 1 6 i 6 m

)m
j=1

,

Dm is simplified by the i-th row subtracting the (k+1)-th row for 1 6 i 6 k, and then
the (j + 1)-th column subtracting the j-th column for 2 6 j 6 m− 1. Therefore,

Dm = (m− k − 1)!
k∏
i=1

(1− ti)×Dm−1 = · · · = Fm−k

k∏
i=1

(1− ti)m−k ·
∏

16i<j6k

(tj − ti).

The proof of lemma 1 is complete.

Furthermore, Selberg’s integral which is a generalization of Euler’s beta integral∫ 1

0

xα−1(1− x)β−1dx =
Γ(α)Γ(β)

Γ(α + β)
, α > 0, β > 0

is shown to be useful in this paper.

Lemma 2. [10, 6] For Re(α) > 0,Re(β) > 0,Re(γ) > −min{ 1
k
, Re(α)
k−1 ,

Re(β)
k−1 },

Sk(α, β, γ) =

∫ 1

0

· · ·
∫ 1

0

k∏
i=1

tα−1i (1− ti)β−1
∏

16i<j6k

|ti − tj|2γdt1 · · · dtk

= k!
k−1∏
j=0

Γ(α + jγ)Γ(β + jγ)Γ(γ + jγ)

Γ(α + β + (k + j − 1)γ)Γ(γ)
.

Specially, the equivalent form of Selberg integral used in this paper is∫
· · ·
∫

0<t1<···<tk<1

k∏
i=1

tα−1i (1− ti)β−1
∏

16i<j6k

(tj − ti)2γdt1 · · · dtk

=
k−1∏
j=0

Γ(α + jγ)Γ(β + jγ)Γ(γ + jγ)

Γ(α + β + (k + j − 1)γ)Γ(γ)
. (4)
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3 Some enumerative results implied by Selberg integral

We note that lemma 1 directly implies several known results by Selberg integral (4). For
examples, the number of SYT of rectangular shape nm is

fn
m

=
(nm)!Fn−1Fm−1

Fn+m−1

∫ 1

0

tn−1(1− t)m−1dt =
(nm)!FnFm

Fn+m
;

and the number of standard shifted Young tableaux δn = (n, n− 1, n− 2, · · · , 1) is

f δn = fn
n\δn−1 =

(
n+1
2

)
!

Fn

∫
· · ·
∫

0<t1<···<tn<1

∏
16i<j6n

(tj − ti)dt1 · · · dtn

=

(
n+1
2

)
!

Fn

n−1∏
j=0

Γ2( j
2

+ 1)Γ( j+1
2

)

Γ(n+j+3
2

)Γ(1
2
)

=

(
n+ 1

2

)
!
n−1∏
j=0

j!

(2j + 1)!
,

the last equality is from Γ(k + 1
2
) = (2k)!

4kk!
Γ(1

2
).

3.1 Panova’s and Adin et al.’s results

Adin et al. [1] and G. Panova [8] derived the product formula of the number of SYT of
truncated shape (n+ k)m+k\ (kk−1, k − 1), while Panova obtained the number of SYT of
truncated shape nm\ δk. These two truncated shapes are illustrated as follows

nm\ δk (n+ k)m+k\ (kk−1, k − 1)

, .

Using schur function and computing the volume of a polytope, Panova obtained the
following product formula of the number of a rectangle truncated by a staircase.

Proposition 3. [8, Thm.2] The number of standard tableaux of truncated straight shape
nm\δk (n 6 m) is(

mn−
(
k+1
2

)
m(n− k − 1)

)
f (n−k−1)mg(m,m−1,··· ,m−k)

E1(k + 1,m, n− k − 1)

E1(k + 1,m, 0)
, (5)

where f (n−k−1)m is the number of SYT of rectangle (n − k − 1)m, g(m,m−1,··· ,m−k) is the
number of standard tableaux of shifted shape (m,m− 1, · · · ,m− k), and

E1(r, p, s) =

{ ∏
r<l<2p−r+2

1
(l+2s)r/2

∏
26l6r

1
((l+2s)(2p−l+2+2s))bl/2c

, r even;
((r−1)/2+s)!

(p−(r−1)/2+s)!E1(r − 1, p, s), r odd.
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Combining (1) and (3)–(4), we immediately obtain the following simplified form of
Panova’s product formula (5).

Theorem 4. The number of SYT of truncated shape nm\δk−1 is(
nm−

(
k
2

))
!Fn−kFm−k

Fn+m−k

k−1∏
j=0

Γ(n− k + 1 + j
2
)Γ(m− k + 1 + j

2
)Γ( j+1

2
)

Γ(n+m− 2k + 2 + k−1+j
2

)Γ(1
2
)

. (6)

Proof. It is clear that

fn
m\δk−1

=

(
nm−

(
k
2

))
!Fn−kFm−k

Fn+m−k

∫
· · ·
∫

0<t1<···<tk<1

k∏
i=1

tn−ki (1− ti)m−k
∏

16i<j6k

(tj − ti)dt1 · · · dtk,

and the multiple integral in above is Selberg integral 1
k!
Sk(n− k + 1,m− k + 1, 1

2
).

Similarly, there is a simple proof of the number of SYT of rectangle truncated by
nearly a square.

Proposition 5. [1, Cor.5.6][8, Thm.3]
The number of SYT of truncated shape (n+ k)m+k\(kk−1, k − 1) is

FnFmFk
Fn+m+k

· (nm+ nk +mk + 1)!(nk)!(mk)!

(nk +mk + 1)!
. (7)

Proof. For the rectangle truncated by a square minus a box, we write the variable t
corresponding to the reminder box (k, n+ 1). From (3) we have

f (n+k)m+k\(kk−1,k−1) = (nm+ nk +mk + 1)!

∫ 1

0

Dm+k(t)dt

where

Dm+k(t) = det

(
tn−i+j

(n−i+j)! , 1 6 i 6 k
1

(n+k−i+j)! , k + 1 6 i 6 m+ k

)m+k

j=1

.

Similar to the proof of (3), it is not difficult to derive

Dm+k(t) =
FnFmFk
Fn+m+k

tnk(1− t)mk

by induction. Therefore (7) is implied by Euler’s beta integral.
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3.2 Skew SYT ((n + k)r+1, nm−1)/(n − 1)r truncated by a rectangle

Consider the skew SYT S = ((n + k)r+1, nm−1)/(n − 1)r, n,m > 2; k, r > 0. Write the
variable t corresponding to the box (r + 1, n), illustrated as

n

m

k + 1

r + 1

t

·

From the hook-length formula or Lemma 1, the number fS is known to be

Fn−1Fm−1
Fn+m−1

· FkFr
Fk+r+1

· (nm+ k + r + kr)!(n+ r − 1)!(m+ k − 1)!

(n+m+ k + r − 1)!
. (8)

In this section we consider three truncated shapes of S, illustrated as

S\ kr, S\ (kr−1, k − 1), S\ (k − 1)r.

Lemma 1 directly implies the following results.

Theorem 6. For n > m > 2; k, r > 0, the number of skew SYT of truncated shape
((n+ k)r+1, nm−1)/(n− 1)r\ kr is

Fn−1Fm−1
Fn+m−1

· (nm+ k + r)!(n+ r − 1)!(m+ k − 1)!

(n+m+ k + r − 1)! k! r!
. (9)

Proof. Write the variable t corresponding to the box (r + 1, n), then

fS \ k
r

=
(nm+ k + r)!Fn−1Fm−1

Fn+m−1

∫ 1

0

tn−1(1− t)m−1 t
r

r!

(1− t)k

k!
dt,

(9) follows from Euler’s beta integral.

Theorem 7. For n > m > 2; k, r > 1, the number of skew SYT of truncated shape
((n+ k)r+1, nm−1)/(n− 1)r\ (kr−1, k − 1) is

(nm+ k + r + 1)!FnFm
(n+m+ k + r)!Fn+m−1

[(
n+ r − 1

r

)(
m+ k

k + 1

)
+

(
n+ r

r + 1

)(
m+ k − 1

k

)]
. (10)
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Proof. Write the variables x, t, y corresponding to the boxes (r, n), (r+ 1, n), (r+ 1, n+ 1)
respectively, then

fS \ (k
r−1,k−1) =

(nm+ k + r + 1)!Fn−1Fm−1
Fn+m−1

×∫∫∫
0<x<t<y<1

tn−1(1− t)m−1 xr−1

(r − 1)!

(1− y)k−1

(k − 1)!
(y − x)dx dy dt,

and the triple integral in above is easy to evaluate by Euler’s beta integral.

Theorem 8. For n > m > 2, k > 1, r > 0, the number of skew SYT of truncated shape
((n+ k)r+1, nm−1)/(n− 1)r\ (k − 1)r is

(nm+ k + 2r)!FnFm
(n+m+ k + 2r − 1)!Fn+m−1

× Cr, (11)

where

Cr =
r∑
i=0

r + 1− i
r + 1

(
r + i

i

)(
n+ r − 1 + i

r + i

)(
m+ k + r − 1− i

k + r − i

)
.

Proof. Similar to Theorem 7, write the variables x, t, y corresponding to the boxes (r, n),
(r + 1, n), (r + 1, n+ 1) respectively, then

fS \ (k−1)
r

=
(nm+ k + 2r)!Fn−1Fm−1

Fn+m−1
×∫∫∫

0<x<t<y<1

tn−1(1− t)m−1 (1− y)k−1

(k − 1)!
[
xr−1yr

(r − 1)!r!
− xryr−1

r!(r − 1)!
]dx dy dt.

Therefore, (11) follows from the well-known incomplete beta integral:∫ 1

t

yr

r!

(1− y)k−1

(k − 1)!
dy =

r∑
i=0

ti

i!

(1− t)k+r−i

(k + r − i)!
, 0 < t < 1.

4 New enumerative results of SYT of truncated shapes

In this section we use Lemma 1 and combinatorial summation to derive the number of
SYT of truncated shapes. Consider the following two shapes:

((n+ 1)3, nm−2)/(n− 2)\ (22), ((n+ 1)2, nm−2)\ (2).
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Theorem 9. For n > m > 2, the number of skew SYT of truncated shape ((n +
1)3, nm−2)/(n− 2)\ (22) is

(nm+ 1)!FnFm
2Fn+m

[
(2m− 1)

(
n+m−2
n−1

)2(
2n+2m−3

2n−1

) − 1

]
. (12)

Theorem 10. For n > m > 2, the number of SYT of truncated shape ((n+1)2, nm−2)\ (2)
is

(nm)!FnFm
2Fn+m

[
(2m− 1)

(
n+m−2
n−1

)2(
2n+2m−4

2n−2

) − 1

]
. (13)

4.1 Combinatorial identities

First, we prove the following combinatorial identity.

Lemma 11. For any 1 6M 6 N ,

M−1∑
i=0

(
M − 1 + i

i

)(
2N −M − i

N − i

)
=

1

2

(
2N

N

)
=

(
2N − 1

N

)
. (14)

Proof. From the classical identity [7, (3.2)]

n∑
k=0

(
x+ k

k

)(
y + n− k
n− k

)
=

(
x+ y + n+ 1

n

)
,

we have(
2N

N

)
=

M−1∑
i=0

(
M − 1 + i

i

)(
2N −M − i

N − i

)
+

N∑
i=M

(
M − 1 + i

i

)(
2N −M − i

N − i

)
.

It is clear that Catalan identity [7, (3.165)]:

n∑
k=0

(
p− k
p− n

)(
q + k + 1

m

)
=

m∑
k=0

(
q − k
q −m

)(
p+ k + 1

n

)
implies

N∑
i=M

(
M − 1 + i

i

)(
2N −M − i

N − i

)
=

N−M∑
k=0

(
2M − 2 + k + 1

M − 1

)(
2N − 2M − k

(2N − 2M)− (N −M)

)

=
M−1∑
k=0

(
2M − 2− k
M − 1− k

)(
2N − 2M + k + 1

N −M

)
=

M−1∑
i=0

(
M − 1 + i

i

)(
2N −M − i

N − i

)
,

the proof of Lemma 11 is complete.
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Corollary 12. (1). For any 1 6M 6 N − 1,

M−1∑
i=0

(
M − 1 + i

i

)(
2N −M − 1− i

N − i

)
=

1

2

(
2N − 1

N

)
− M

N

(
2M − 1

M

)(
2N − 2M − 1

N −M

)
. (15)

(2). For any 1 6M 6 N − 2,

M−1∑
i=0

(
M − 1 + i

i

)(
2N −M − 2− i

N − i

)
=

1

2

(
2N − 2

N

)
− M

N

(
2M − 1

M

)(
2N − 2M − 1

N −M

)
. (16)

Proof. Notice that the left side of (15) is equal to

N −M
2N

M−1∑
i=0

(
M − 1 + i

i

)(
2N −M − i

N − i

)
+
M

2N

M−1∑
i=0

(
M + i

i

)(
2N −M − 1− i

N − i

)
,

then, the equality (15) is implied by (14).

The equality (16) follows from(
2N −M − 2− i

N − i

)
=

(
2N −M − 1− i

N − i

)
−
(

2N −M − 2− i
N − 1− i

)
.

4.2 Proofs of Theorem 9-10

Proof of Theorem 9. Write the variable x corresponding to the box (2, n − 1), and y
corresponding to (3, n) respectively. From Lemma 1, we know that f ((n+1)3,nm−2)/(n−2)\ (22)

is equal to

(nm+ 1)!Fn−2Fm−2
Fn+m−2

∫∫
0<x<y<1

xn−1(1− x)m−2yn−2(1− y)m−1(y − x)dx dy.

Noticing that incomplete beta integral∫ 1

x

yr−1

(r − 1)!

(1− y)n−r

(n− r)!
dy =

r−1∑
k=0

xk

k!

(1− x)n−k

(n− k)!
, 0 < x < 1
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implies ∫∫
0<x<y<1

xa(1− x)n−ayb(1− y)m−bdx dy

=
a!(n− a)!b!(m− b)!

(n+m+ 2)!

b∑
i=0

(
a+ i

i

)(
n+m+ 1− a− i

m+ 1− i

)
which follows that

f ((n+1)3,nm−2)/(n−2)\ (22) =
(nm+ 1)!FnFm

(2n+ 2m− 3)!Fn+m−2
× [(n− 1)A1 − nA2]

where

A1 =
n−1∑
i=0

(
n− 1 + i

i

)(
n+ 2m− 3− i
n+m− 1− i

)
, A2 =

n−2∑
i=0

(
n+ i

i

)(
n+ 2m− 4− i
n+m− 2− i

)
.

Taking M = n,N = n+m− 1 in (15), then

A1 =
1

2

(
2n+ 2m− 3

n+m− 1

)
− n

n+m− 1

(
2n− 1

n

)(
2m− 3

m− 1

)
.

Similarly, (14) and (15) imply that

A2 +

(
2n− 1

n− 1

)(
2m− 3

m− 1

)
+

(
2n

n

)(
2m− 4

m− 2

)
=

n∑
i=0

(
n+ i

i

)(
n+ 2m− 3− i
n+m− 1− i

)
−

n∑
i=0

(
n+ i

i

)(
n+ 2m− 4− i
n+m− 1− i

)
=

1

2

(
2n+ 2m− 3

n+m− 1

)
+

n+ 1

n+m− 1

(
2n+ 1

n+ 1

)(
2m− 5

m− 2

)
,

therefore,

(n− 1)A1 − nA2 =
nm

2(n+m− 1)

(
2n− 1

n

)(
2m− 1

m

)
− 1

2

(
2n+ 2m− 3

n+m− 1

)
.

We complete the proof of (12).

Proof of Theorem 10. A similar argument to that above shows that

f ((n+1)2,nm−2)\ (2) =
(nm)!FnFm

(2n+ 2m− 4)!Fn+m−2
× [A1 − A2]

where

A1 =
n−1∑
i=0

(
n− 2 + i

i

)(
n+ 2m− 3− i
n+m− 1− i

)
, A2 =

n−2∑
i=0

(
n− 1 + i

i

)(
n+ 2m− 4− i
n+m− 2− i

)
.
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Taking M = n,N = n+m− 2 in (14), then

A2 =
1

2

(
2n+ 2m− 4

n+m− 2

)
−
(

2n− 2

n− 1

)(
2m− 3

m− 1

)
.

On the other hand, Taking M = n− 1 and N = n+m− 1 in (16) implies

A1 =
1

2

(
2n+ 2m− 4

n+m− 1

)
+

m− n
2(n+m− 1)

(
2n− 2

n− 1

)(
2m− 2

m− 1

)
.

Therefore,

A1 − A2 =
2m− 1

2(n+m− 1)

(
2n− 2

n− 1

)(
2m− 2

m− 1

)
− 1

2(n+m− 1)

(
2n+ 2m− 4

n+m− 2

)
.

The proof of (13) is complete.
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