On a refinement of Wilf-equivalence for permutations
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Abstract

Recently, Dokos et al. conjectured that for all k,m > 1, the patterns 12... k(k+
m+1)...(k+2)(k+1)and (m+1)(m+2)...(k+m+ 1)m...21 are maj-Wilf-
equivalent. In this paper, we confirm this conjecture for all kK > 1 and m = 1. In
fact, we construct a descent set preserving bijection between 12. .. k(k —1)-avoiding
permutations and 23. .. kl-avoiding permutations for all £ > 3. As a corollary, our
bijection enables us to settle a conjecture of Gowravaram and Jagadeesan concerning
the Wilf-equivalence for permutations with given descent sets.

Keywords: maj-Wilf-equivalent; pattern avoiding permutation; bijection.

1 Introduction

Denote by S, the set of all permutations on [n]. Given a permutation 7 = mmy... 7, € S,
and a permutation 7 = 17y ... Tx € Sk, we say that 7w contains the pattern 7 if there exists
a subsequence 7;, 7, . .. m;, of m that is order-isomorphic to 7. Otherwise, 7 is said to avoid
the pattern 7 or be T-avoiding. Denote by S, (7) the set of all T-avoiding permutations in
S,. Pattern avoiding permutations have been extensively studied over last decade. For
a thorough summary of the current status of research, see Béna’s book [5] and Kitaev’s
book [12].

*Corresponding author.
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If two patterns o, 7 € S,,, are said to be Wilf-equivalent if and only if |S,, ()| = |S,(7)|.
A permutation statistic is defined to be a function s : S, — T, where T' is any fixed
set. The most studied statistics include the inversion number and the major index. Let
T =mmy... T, €S,. The set of inversions of 7 is

Z(m) ={(i,j)|i < jandm > m;}.

The inversion number of 7, denoted by inv(r), is the cardinality of Z(w). The decent set

of 7 is
D(m) = {i|m; > mis1}-

The ascent set of 7 is

A(m) = {i|m; < miga )}

The major index of 7, denoted by maj(r), is given by maj(m) = > icpr @

Given a permutation statistic s, we say that ¢ and 7 are s-wilf-equivalent if there
exists a bijection © : S, (0) — S,(7) such that s(w) = s(O(w)) for all 7 € S,(0). In
other words, the statistic s is equally distributed on the sets S, (o) and S,(7). This
refinement of Wilf-equivalence for patterns of length 3 has been extensively studied, see
2, 3, 7, 8, 10, 14]. However, little is known about permutation statistics and patterns of
length 4 or greater. Recently, Dokos et al. [9] posed the following two conjectures on the
maj-Wilf-equivalence for patterns of length 4 or greater.

Conjecture 1.1. (/9], Conjecture 2.7) For all k,m > 1, the patterns 12...k(k +m +
...(k+2)(k+1) and (m+1)(m+2)...(k+m+1)m...21 are maj- Wilf-equivalent.

Conjecture 1.2. ([9], Conjecture 2.8) The major indez is equally distributed on the sets
S,(2413), S,(1423) and S,,(2314)

Recently, Bloom [4] confirmed Conjecture 1.2 by providing descent set preserving
bijections between the set S,,(2413) and the set S,,(1423), and between the set S,,(2413)
and the set S,,(2314). In their paper [9], Dokos et al. showed that Conjecture 1.1 is true
for m = k = 1. The main purpose of this paper is to confirm Conjecture 1.1 for all £ > 1
and m = 1. Actually, we obtain the following stronger result.

Theorem 1.3. For k > 3, there exists a descent set preserving bijection between the set
S,(12.. . k(k — 1)) and the set S,(23...k1).

Denote by Jp = 12...k, Fr, = 23... k1 and Gy, = 12...k(k — 1), respectively. Give
a permutation m = mmy...m,, suppose that D(w) = {iy,d2,...,is}. Then we call the
subsequence 7y ... m;, the first block of 7, the subsequence m;, 17,42 ... 7, the second
block of 7, and so on. We say that a permutation m = w7, ..., contains an occurrence
of Hj, if there exists indices 7; < 73 < ... < 7 such that the subsequence m;,m;, ... m;,
is isomorphic to Ji and entries m;,_, and m;, belong to two different blocks. That is,
there exists a j € D(w) with ;1 < j < 4. Otherwise, we say that = avoids Hy. For
example, the subsequence 13579 of the permutation 7 = 13576894(10)2(11) € Sy is
an occurrence of Hy, while the subsequence 13569 is not an occurrence of Hs. We say
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that a permutation m = mmy ..., contains an occurrence of () if there exists indices
17 < i3 < ... < 1 such that the subsequence m; m;,...m;, is isomorphic to Gj and
Ty < Tip_q41 < ... < m,—1 > m;,. Otherwise, we say that 7 avoids (). For example,
the subsequence 13586 of the permutation m = 1358(10)67492(11) € S;; is an occurrence
of 5, while the subsequence 13587 is not an occurrence of ()s.

In order to prove Theorem 1.3, we obtain the following two theorems.

Theorem 1.4. For k > 3, there is a bijection [ between the set S,(Gx) and the set
Sn(Hy, Qr) such that for any m € S,,(Gy), we have D(mw) = D(f()).

Theorem 1.5. For k > 3, there is a bijection ® between the set S,(Fy) and the set
S, (Hy, Q) such that for any m € S,(Fy), we have D(m) = D(P(m)).

Combining Theorems 1.4 and 1.5, we are led to Theorem 1.3.

Given a positive integer ¢, Let D! = {i|]l <i < n — landi = O0modt}. Denote by
S(12...k(k — 1)) (resp. S.(23...k1)) the set of permutations 7 € S,(12...k(k — 1))
(resp. m € S8.(23...k1)) with D(7) = D!. From Theorem 1.3, we obtain the following
result as conjectured by Gowravaram and Jagadeesan [11].

Corollary 1.6. ([11], Conjecture 6.2) Fort > 1 and k > 3, we have |S},(12...k(k—1))| =
SL(23. .. k1)).

2 Proof of Theorem 1.4

We begin with some definitions and notations. An entry of a permutation is said to
have rank k if the length of the longest increasing subsequence that ends in that entry
is k. We now construct a map f from the set S,(Gy) to the set S,,(Hg, Qr). The map
f is a slight modification of a classic bijection, which is given by West [15] to prove
the equality |S,(Jx)| = |S.(Gk)| for all £ > 3. Recently, Bona [6] proved that West’s
bijection also induces a bijection between 12. .. k-avoiding alternating permutations and
12... k(k — 1)-avoiding alternating permutations, thereby proving generalized versions of
some conjectures of Lewis [13].

Let m € §,,(Gg). In order to obtain f(7), we leave all entries of 7 that are of rank k —2
or less in their place and rearrange the entries of rank & — 1 or higher. Let By, Bs, ..., B
be the blocks of 7 that are listed from left to right. Let P; be the set of positions of 7 in
which, an entry that has rank k£ — 1 or higher and belongs to the block B;, is located. Let
R be the set of entries of 7 that are of rank k£ — 1 or higher. Now we fill the positions of
P/s as follows.

Step 1. Choose |P;| largest entries from R and fill the positions of P, with the selected
entries from left to right in increasing order.

Step 2. Choose |P,| largest entries from R that have not been placed yet. Then fill the
positions of P, with the selected entries from left to right in increasing order.

Step 3. Fill the positions of Ps, Py, ..., P as in Step 2.
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Let f(m) be the obtained permutation.

Example 2.1. Consider m = 13576894(10)2(11) € S11(Gs). Then we have By = 1357,
By = 689, By = 4(10) and By = 2(11). Moreover, we have P, = (), P, = {6,7},
Py = {9}, P, = {11} and R = {8,9,10,11}. According to the definition of f, we have
() = 13576(10)(11)4928.

Since the existence of m shows that there is at least one way to assign the entries of R
to the positions of P;, the definition of f always enables us to create f(m).

Notice that if entry m; of m has rank k — 2 or less, then m; do not move in the above
procedure, and the rank of m; do not change. If entry m; of © has rank k£ — 1 or higher,
then 7; may have moved and the rank of 7; in f(m) is k — 1 or higher. We claim that if
mi_1 > m;, then the rank of m; is k — 2 or less. If not, the longest increasing subsequence
that ends in m; combining with m;_; would form a Gy in 7. This contradicts the fact that
7w avoids Gy,.

Now we proceed to show that D(7) = D(f(n)). Let f(7) = o102...0,. If M1 > m;
then the rank of m; is kK — 2 or less and do not move. This implies that m; = 0; and o;
has rank £ — 2 or less. If m;_; is of rank k£ — 2 or less, then we have o;_; = m;_;. In this
case, we have o, 1 = m;_y > m; = o;. If m;_1 is of rank k — 1 or higher, then o, ; is of
rank k£ — 1 or higher. Since o; is of rank k — 2 or less, we have o; 1 > ;. Thus, we have
concluded that if m;_; > m;, then o,_1 > o;.

Next we aim to show that if m;_; < m;, then we have 0,_1 < ;. We have three cases.
If m; is of rank k — 2 or less in 7, then the rank of m;_; is also kK — 2 or less. In this case,
we have 0, 1 = m;_1 < m; = o;. If both m; and 7;_; are of rank £ — 1 or higher, then
according to the definition of f, we have 0; 1 < o; . If m; has rank &k — 1 or higher and
m;_1 is of rank k — 2 or less, then the rank of o;,_; is £k — 2 or less and o; is of rank &k — 1
or higher. This implies that o;_; < 0;. Thus, we have concluded that if m;_; < m;, then
0;—1 < 0;. Therefore, we have D(7) = D(f(x)).

Notice that f(m) avoids Hy since the existence of such a pattern in f(7) would mean
that the last two entries of that pattern were not placed according to the rule specified
above. Moreover, we have that f(7) avoids Q. If not, suppose that o;,0;, ...0;, is such
a Q. Then we have 0;, 1 > 0;, and o;, has rank k — 1 or higher. Since D(7) = D(f(n)),
we have m;, 1 > m;, . Recall that if m;_; > 7;, then both 7; and o; have rank k£ — 2 or less.
This implies that o;, has rank & — 2 or less, which contradicts the fact that o;, has rank
k — 1 or higher. Thus, we deduce that f(m) avoids Q.

In order to show that the map f is a bijection, we construct a map g from the set
S, (Hy, Q) to the set S,,(Gy). Let 0 = 0103...0, € S,(Hy, Qr). We aim to obtain g(o)
by leaving all entries of o that are of rank k — 2 or less in their place and rearranging the
entries of rank £ — 1 or higher. Label the blocks of ¢ from left to right by By, Bs, ..., Bs.
Let P; be the set of positions of 7 in which an entry, that has rank k£ — 1 or higher and
belongs to the block B;, is located, and let R be the set of entries of 7 that are of rank
k — 1 or higher. Now we fill the positions of P; as follows.

Step 1. Choose | P;| smallest entries from R that are larger than the closest entry of rank
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k — 2 on the left of the positions of P;, and fill the positions of P; with the selected
entries from left to right in increasing order.

Step 2. Choose | P;| smallest entries from R that have not been placed yet and are larger
than the closest entry of rank k — 2 on the left of the positions of P;. Fill the
positions of P, with the selected entries from left to right in increasing order.

Step 3. Fill the positions of Ps, Py, ..., P; as in Step 2.
Let g(o) be the obtained permutation.

Example 2.2. Consider o = 13487(10)(11)5926 € S11(Hg,Qs). Then we have By =
1348, By = 7(10)(11), B3 = 59 and By = 26. Moreover, we have P, = (), P, = {6,7},
Py = {9}, P, = {11} and R = {6,9,10,11}. According to the definition of g, we have
g(o) = 134879(10)562(11).

Since the existence of o shows that there is at least one way to assign the entries of R
to the positions of P;, the definition of g always enables us to create g(o).

Notice that if entry o; has rank k£ — 2 or less, then ¢; does not move in the above
procedure, and the rank of o; do not change. If entry o; has rank £ — 1 or higher, then o;
may have moved and the rank of o; in g(o) is k — 1 or higher. We claim that if ;1 > o3,
then the rank of o; is K — 2 or less. If not, there is an increasing subsequence of length
k — 1 that ends in ¢;. Such an increasing subsequence combining with o;_; would form a
Qk in o.

By similar reasoning as in the proof of the equality D(7) = D(f(7)), one can verify that
D(o) = D(g(0)). Now we proceed to show that g(o) avoids Gg. Let g(o) = mma... T,
Suppose that the the subsequence m;, m;, ... m;, is a pattern G in ™ with 43 < iy < ... <.
Without loss of generality, assume that m;, , has rank k — 2. Clearly, both m;, , and m;,
have rank k£ — 1 or higher in 7. Suppose that i;_; € P; for some j, and oy is the closest
entry of rank k — 2 on the left of the positions of P; in 0. Recall that the map g does
not change the position of entry o; that has rank £ — 2 or less, and the rank of o; does
not change in 7. So we have 7y = o5 and m;, _, = 0;,_,, and the rank of 7, (resp. o;,_,)
is k — 2 in 7 (resp. o). Moreover, since oy is the closest entry of rank & — 2 on the left of
the positions of P; in o, we have i;_o < s. This implies that o5 < 0y, , = m;, _,. Then,
we have 7;, > o0,, which contradicts the selection of m;, , when filling the positions of P;.
Hence, we have g(o) € S, (Gk).

In order to show that the map f is a bijection, it suffices to show that the maps f
and g are inverses of each other. First, we wish to prove that for any 7 € S,(Gy), we
have g(f(mw)) = m. Since D(f(n)) = D(w), m and f(m) have the same number of blocks.
Suppose that By, B, ..., B, are the blocks of f(m), that are listed from left to right. Let
P! be the set of positions of f(7) in which an entry that has rank k& — 1 or higher and
belongs to the block B, is located, and let R’ be the set of entries of f(m) that are of
rank k£ — 1 or higher. Recall that if the entry m; of m has rank k£ — 2 or less, then the map
f does not change the position of 7;, and the rank of m; do not change. If entry =m; of =
has rank k£ — 1 or higher, then 7; may have moved and the rank of 7; in f(7) is k — 1 or
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higher. So we have P, = P/ and R = R'. Since 7 avoids Gy, the positions of P, in 7 are
filled with |P;| smallest elements of R in increasing order which are larger than the closet
entry of rank k£ —2 on the left of the positions of P;. The positions of P, are filled with the
next |P| smallest entries of R in increasing order that have not been placed and larger
than the closet entry of rank k& — 2 on the left of the positions of P». And the positions
of Ps,..., P, are filled in the same manner as the positions of P,. Thus, according to the
definition of g, it is easy to check that g(f(m)) = .

Our next goal is to show that for any o € S, (Hy, Qk), we have f(g(c)) = o. Since
D(g(0)) = D(0), 0 and f(o) have the same number of blocks. Suppose that B, BS, ..., B
are the blocks of f(o), that are listed from left to right. Let P/ be the set of positions
of f(7) in which an entry that has rank & — 1 or higher and belongs to the block B}, is
located, and let R’ be the set of entries of f(m) that are of rank £ — 1 or higher. Recall
that if entry o; of ¢ has rank k — 2 or less, then the map g does not change the position
of o;, and the rank of ¢; do not change. If entry o; of o has rank k£ — 1 or higher, then o;
may have moved and the rank of o; in g(o) is k — 1 or higher. So we have P, = P/ and
R = R'. Since o avoids Hy, the positions of P, in o are filled with |P;| largest elements
of R in increasing order which are larger than the closet entry of rank k — 2 on the left
of the positions of P;. The positions of P, are filled with the next |P;| largest entries of
R in increasing order that have not been placed and larger than the closet entry of rank
k — 2 on the left of the positions of P,. And the positions of P, ..., P, are filled in the
same manner as the positions of P,. Thus, according to the definition of f, it is easy to
check that f(g(o)) = 0.

3 Proof of Theorem 1.5

Let us begin with some necessary definitions and notations. We draw Young diagrams in
English notation, and number columns from left to right and rows from bottom to up.
For example, the square (1,2) is the second square in the bottom row of a Young diagram.

A transversal of a Young diagram A\ = (A; > A2 > ... > \,) is a filling of the squares
of A with 1’s and 0’s such that every row and column contains exactly one 1. Denote by
T = {(t;,7)}, the transversal in which the square (¢;,1) is filled with a 1 for all i < n.
For example, the transversal T = {(1,1),(2,3), (3,4), (4,2),(5,5)} of a Young diagram
(5,4,4,3,1) is illustrated as Figure 1.

In this section, we will consider permutations as permutation matrices. Given a per-
mutation 7 = mmy ... T, € S, its corresponding permutation matriz is a transversal of
the square shape A\; = Ay = ... = A\, = n in which the square (m;, 1) is filled with a 1 for
all 1 <7 < n and all the other squares are filled with 0's.

The notion of pattern avoidance is extended to transversal of a Young diagram in [1].
Given a permutation « of S,,, let M be its permutation matrix. A transversal L of a
Young diagram A will be said to contain « if there exists two subsets of the index set [n],
namely, R = {r; <ry <...<r,}and C = {¢ < ¢y < ... < ¢y}, such that the matrix
on R and C'is a copy of M and each of the squares (r;, ¢;) falls within the Young diagram.

The remaining part of this section is organized as follows. In Subsection 3.1, we
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010001
01110(0
01010(1
0101
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Figure 1: The transversal T'= {(1,1), (2, 3),(3,4), (4,2),(5,5)}.

describe a transformation ¢ that changes every occurrence of Hy, (or @y ) to an occurrence
of Fi. Based on the transformation ¢, we establish a map ® from the set S, (F}) to the
set S, (Hy, Qy), that recursively transforms every occurrence of Hy (or Qi) into Fj. In
Subsection 3.2, we define a transformation v that changes every occurrence of Fj to an
occurrence of Hy (or Q). Relying on the transformation v, we establish a map ¥ from
the set S, (Hg, Qx) to the set S, (F}), that recursively transforms every occurrence of Fj
into Hy (or Q). For the purpose of establishing Theorem 1.5, we investigate certain
properties of ¢ and v in Subsections 3.1 and 3.2, respectively. In Subsection 3.3, we show
that the maps ® and ¥ are well defined and preserve the descent set. Moreover, they are
inverses of each other, thereby establishing Theorem 1.5.

3.1 The map ® from the set S,,(F}) to the set S,,(Hy, Q)

Before we describe the map @, let us review a transformation 6 introduced in [1]

Let m = {(m1,1), (m2,2), ..., (m,n)}. Suppose that G is the submatrix of 7 at columns
1<y <...<cCp_1<cpandrowsr; <ryg<...<r,_1 <rg which is isomorphic to Jg.
In other words, the square (r;,¢;) is filled with 1 for all ¢ = 1,2,... k. Let 8(G) be the
submatrix at the same rows and columns as GG, such that the squares (19, ¢1), (73, ¢2), ..,
(T, ck—1), (11, cx) are filled with 1’s and all the other squares are filled with 0’s. Clearly,
0(@G) is isomorphic to Fy.

Based on the transformation 6, we define the following three transformations, which
will play an essential role in the construction of the map ®.

Suppose that G is the submatrix of 7 at columns ¢ < o < ... <¢_1<s<s+1<

< -1l <cgoandrows rp < re < ... < Ty < TR > W1 > ... > Tepp > T,
in which the squares (7;,¢;) are filled with 1’s for all ¢ = 1,2,...,k. Let a(G) be the
submatrix at the same rows and columns as GG, such that the squares (19, 1), (73, ¢2), - .-,
(T, k1), (r1,9), (ms, s + 1), ..., (M1, k) are filled with 1’s and all the other squares
are filled with 0’s. Clearly, the submatrix at columns ¢; < ¢3 < ... < ¢;_1 < s and rows
r <Ty<...<rp_1 <Tryg isisomorphic to Fj.

Suppose that G is the submatrix of 7 at columns ¢; < ¢ < ... < 1 < ¢ <
g+l <...<t—-1<tandrowsr; <ry <...< T > Tgqr > ... > Mg > Ty, ID
which the squares (7, ¢;) are filled with 1’s for all i = 1,2,... k. Define 5(G) to be the
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submatrix at the same columns and rows as GG, such that the squares (19, ¢1), (73, ¢2), - -,
(Tky Ck—1), (Tept1,Ck)y - vy (Mt — 1), (r1,t) are filled with 1’s and all the other squares
are filled with 0’s. Clearly, the submatrix at columns ¢; < ¢3 < ... < ¢;_1 < t and rows
ry <ro < ...<Trp_1 <r}isisomorphic to Fj.

The transformation ¢: Suppose that 7 is a permutation in §,. First, find the highest
square (p1, q1) containing a 1, such that there is an Hy or Q) in 7 in which the 1 positioned
at the square(py, ¢1) is the leftmost entry. Then, find the leftmost square (p2, g2) containing
a 1, such that there is an Hy or @y in 7 in which the 1’s positioned at the squares (p1, q1)
and (ps, g2) are the leftmost two 1's. Find (ps3, q3), (P14, q4), - - -, (Pr—1,qx—1) one by one as
(P2, @2)-

If there is an Hy in which the 1’s positioned at the squares (p1,q1),(p2,2), ...
(PE—1,qr—1) are the leftmost & — 1 1’s, then find the highest square (pg,qx) containing
a 1, such that the 1's positioned at the squares (p1,¢1), (p2,42), ... (Pk,qx) form an Hy.
Find the largest s such that s—1 € D(7) and g1 < s < q. Now we proceed to construct
a permutation ¢(m) by the following procedure.

Case 1. g = n or mg 1 > mg4+1. Let G be the submatrix of m at columns ¢; < ¢ <
Ko <s<s+1<...<q@g—-1<gqg androws p; <py <...<pp > Tg_1>
. > Tsr1 > Ts. Replace G by o(G) and leave all the other squares fixed.

Case 2. 7,1 < g1 Find the least ¢ such that ¢ > ¢, and t € A(nw). If such ¢ does
not exist, set t = n. Let G be the submatrix of 7 at columns ¢; < ¢ < ... < qr_1 <
g <qg+l<...<t—=1<tandrowsp; <py <...<pp>Tgit1 > ... > M1 > Ty
Replace G by f(G) and leave all the other squares fixed.

If such an Hj, does not exist, then find the leftmost square (py, gx) containing a 1, such
that the 1's positioned at the squares (p1,q1), (p2,¢2) - ., (Pr, qx) form a Q. Construct a
permutation ¢(m) by the following procedure.

Case 3. ¢ € A(m). Let G be the submatrix of 7 at columns ¢; < ga < ... < qr—2 < G
and rows p; < ps < ... < pr_2 < pr. Replace G by 0(G) and leave all the other
squares fixed.

Case 4. Otherwise, find the least ¢ such that ¢t > ¢, and ¢ € A(rw). If such ¢ does not
exist, set £ = n. Let G be the submatrix of 7 at columns ¢; < ¢ < ... < g2 <
G <@gp+l<g+2<...<t—=1<tandrowsp; <ps <...<DPp_2 <Dk > Tgt1 >
Tgot2 > ... > m—1 > T Replace G by 5(G) and leave all the other squares fixed.

Remark 3.1. Notice that the definition of Hj ensures that there exists an s such that
s—1€D(n) and qx—1 < s < qx. In fact, we have g1 < s < q. If not, then the 1's

positioned at the squares (p2, q2), (p3,3) - - - (Pr—1, Ge—1); (Tgu—1, @& — 1), (P, @) would form
a Qk, which contradicts the selection of (p1,q1).

Remark 3.2. We denote the resulting permutation in Case 1, Case 2, Case 3 and Case
4 by ¢1(W)7¢2<ﬂ-); ¢3(7T) and ¢4(7T)7 respectively.
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It is obvious that the transformation ¢ changes every occurrence of Hy (or Q) to an
occurrence of Fj. Denote by ® the iterated transformation, that recursively transforms
every occurrence of Hy (or Qi) into F.

Using the notation of the algorithm for ¢;, we label the squares containing 1’s
in G by ay,as,...,a5-1,¢1,C2,...,Cq—s, 0k, and the squares containing 1's in a(G) by
bi,ba, ..., by, dy,da, ..., dg s, from left to right, see Figure 2 for example.

b | B,
b3 ° o
1} C2 d2
a
ba| FEi !
o
as
bl ° o
1} €1 dl
a2
ob
aq 2

Figure 2: The labelling of squares in ¢;(m) for k = 5.

Using the notation of the algorithm for ¢, we label the squares containing 1’s
in G by ay,as,...,a5_1,ak, €1,€2,...,6_,, and the squares containing 1's in S(G) by
bi,ba, ... bg—1, f1, fo, .-+, fi—g, bk, from left to right. We also label the square (7, s) by
c1, see Figure 3 for example.

b4 El‘CL5
Ly °fi *el
bs
by = °fa *ey
bl as oC1
(05} b
oUh

a1
Figure 3: The labelling of squares in ¢o(7) for k = 5.

Using the notation of the algorithm for ¢3, we label the squares containing 1’s in G by
ai,as, ..., ag_9,a, and the squares containing 1's in 6(G) by by, bs, ..., by_o, by, from left
to right. We also label the square (pr_1,qx_1) by bg_1 (or ax_1), see Figure 4 for example.

Using the notation of the algorithm for ¢4, we label the squares containing 1’s in
G by ai,as,...,a5_2,ak, €1,€,...,€_q, and the squares containing 1's in [(G) by
bi,ba, ... bg_a, f1, fo, ..., fi—g, bk, from left to right. We also label the square (px—1, @r—1)
by b1 (or ag_1), see Figure 5 for example.
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a5(b5)‘ Es

b3
by a4

Qa
by 3

a2

obG

ai

Figure 4: The labelling of squares in ¢3(m) for k = 6.

In ¢1(m) or ¢o(m), we denote by E; the union of the following four parts of the board:
the board that is above a; but below b; and to the left of a;, the board that is above a;_;
but below b;_1, to the left of ¢; and to the right of a;_1, the union of the rectangles with
corners a; and b;yq for i =1,2,..., k — 2, and the board that is above a; and to the right
of ¢1, see Figures 2 and 3 for example.

a5‘(b5) EQ
b4 E2 e Ug
e Cq
bs 1o £, 00
by = i
by @

a2

(431
Figure 5: The labelling of squares in ¢4(m) for k = 6.

We claim that there are no 1's inside Ej in m, ¢1(m) or ¢o(7m). By the selection of ay,
there is no 1 to the right of ¢; and above ay, in 7, ¢1(7) or ¢o(7). Suppose that there is a 1
in the rectangle with corners a; and b; 1 fori =1,2,... k—2, then that 1 combining with
the 1’s positioned at ay, as, ..., a;, ajta,...,a, would form an Hy in 7, which contradicts
the selection of a; 1. If there is a 1 above a; but below by, then that 1, combining with the
1’s positioned at as, as, . . ., a; would form a Hj, in 7, which contradicts the selection of ay.
If there is a 1 above ag_; but below b;_; and to the left of ¢;, then that 1, combining with
the 1’s positioned at as, as, ..., a; would form a Hj, in 7w, which contradicts the selection
of a;. Thus, all the 1’s are to the left of E; or to the right of E; in 7, ¢1(7) or ¢o(m).

In ¢3(m) and ¢4(7), we denote by Ey the union of the following four parts of the board:
the board that is above a; but below b; and to the left of aq, the board that is above and
to the right of a;_o but below a;_1, and to the left of ay, the union of the rectangles with
corners a; and b; .1 for e = 1,2,... k — 2, and the board that is above a;_; and to the
right of ay, see Figures 4 and 5 for example.
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We claim that there are no 1’s inside Fs in 7, ¢3(7) and ¢4(7). By similar arguments
in Fp, one can easily verify that there are no 1’s inside the board that is above a; but
below b; and to the left of a;, the union of the rectangles with corners a; and b;,; for
1=1,2,...,k — 2, and the board that is above a;_; and to the right of a;. It remains
to show that there are no 1’s inside the board that is above a;_ but below a;_; and to
the left of a;. According to the definition of Qy, all of the 1's between a,_; and a; are
above aj_;. This implies that there are no 1’s inside the board that is below and to the
right of ay_1, and to the left of a;. Now suppose that there is a 1 inside the rectangle
with corners a;_s and a;_1. Suppose that this 1 is at the square (7,, g). If (7, g) is below
ay, then the 1's positioned at the squares as, as,. .., ax_2, (7, g), ax—1,a; would form a
Q) in 7, which contradicts the selection of a;. If (7, g) is above ay, then we have two
cases. If there exists a j such that ¢ < j < ¢x and j € D(w), then the 1's positioned
at ay,aq, ..., a5 2, (my, g), ax—1 would form an Hj, in 7w, which contradicts the selection of
ap—1. Otherwise, the 1's positioned at the squares ay, as, ..., ax—2, (74, g), a; would form
a Qg in 7w, which contradicts the selection of a;_;. Hence, we have concluded that there
are no 1’s inside the board that is above aj_o but below a;_; and to the left of a;. Hence,
the claim is proved. In other words, all the 1's of 7, ¢3(m) or ¢4(m) are to the left or to
the right of Fj.

Definition 3.3. A 1 is said to be strictly to the left (resp. right) of Ey(or Es) if it is
lying to the left (resp. right) of Ey (or Es) and does not belong to the boundary of Ey (or
E,).

In order to show that the transformation ¢ has the desired properties, which are
essential in the proof of Theorem 1.5, we introduce vertical slide algorithm and horizontal
slide algorithm for ¢. Before that, we need the following useful properties that will play a
crucial role in the construction of vertical slide algorithm and horizontal slide algorithm
for ¢.

Properties

(1) For any 1 < i < k — 2, the board that is above a; and below b; cannot contain a J;
with all its 1's strictly to the left of E; (or Es) in ¢(7).

(2) For any 1 < ¢ < j < k — 2, the rectangle with corners b; and b; cannot contain a
Jj_; with all its 1’s strictly to the left of £ (or Ey) in ¢(7). Moreover, the rectangle
with corners b; and b;,_; cannot contain a J,_;_; with all its 1’s strictly to the left

of Ey in ¢1(m) (or ¢o(m)).
Proof.

(1) If there is such a J; below b; in ¢(w), then it is below a;41. Therefore these i
1’s, combining with a;y1,a; 2, ..., a, will either form an Hy or a @} in m, which
contradicts the selection of a;.

(2) If there is a J;_; in this region, then either its leftmost 1 is to the left to b;41 (and
hence to the left of a;41), or else it lies to the right of b;4; (and a;41). In the first
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case, a,as, .. .,a;, combining with this J;_; and a;41, ..., a, will form an Hj (or

Q) in m, which contradicts the selection of a;41. In the second case, as, as, ..., 11,
combining with this J;_; and a;41,...,a;, will form an Hy (or Q) in 7, which
contradicts the selection of a;. |

Now we proceed to introduce the vertical slide algorithm and horizontal slide algorithm
for ¢.

Suppose that H is a J; in ¢(m). Label the squares containing 1’s of H by hy, ha, ..., hy,

from left to right.
Vertical slide algorithm for ¢: When H is in ¢y () (or ¢2(m)), find the largest ¢ such that
b; falls in H with ¢ < k — 1; otherwise, find the largest ¢ such that b; falls in H with
i < k— 2. If there is a 1 of H which is below b; and to the right of E; (or E5), find the
rightmost square containing such a 1 and denote it by h,. Find x such that h, is to the
right of b,, and to the left of b,,1. By property (2), there are at most i —z 1's in H,
which are above b, but not above b;, and weakly to the left of E; (or E3). So we can
replace these 1’s by byy1,b.19,...,b;, and hence by a, 1, a.49,...,a;.

We can repeat the vertical slide algorithm until the following two cases appear.

(1) There is no b; that falls in H.

(2) There is such a b;, but h, does not exist. By Property (1), there are at most i 1's of
H that are above a; but not above b;, and weakly to the left of F; (or E3). So we can
replace these 1’s by aq,as, ..., a; to form an J; in 7.

Suppose that H is a J; in ¢(7). Label the squares containing the 1’s of H by

hi,ha, ..., hy, from left to right. Assume that h; is not above by_; when H is in ¢y (7) (or
¢2(m)), and not above by_o when H is in ¢3(m) (or ¢4(m)).
Horizontal slide algorithm for ¢: When H is in ¢1(m) (or ¢o(m)), find the least i such
that b; falls in H with ¢+ < k£ — 1; otherwise, find the least ¢ such that b; falls in H with
i < k— 2. If there is a 1 of H which is above b; and to the right of E; (or E5), find the
leftmost square containing such a 1 and denote it by h,. Find z such that h, is above b,,
and below b,,1. By property (2), there are at most z + 1 — i 1's in H, which are below
by+1 but not below b;, and weakly to the left of F; (or E3). So we can replace these 1’s
by bi, bi—l—l; ceey bx, and hence by Ai1 1y, i1 2y v oy Ay 1-

We can repeat the horizontal slide algorithm until the following two cases appear.

(1) There is no b; that falls in H.

(2) There is such a b;, but h, does not exist. Find the least v such that h; is not above
b,. By property (2), we have at most v — i 1's of H that are below b, but not below b;
and weakly to the left of Ej(or Es). So we can replace these 1's by a;11,a;t2,...,a, to
form an J; in 7.

Our next goal is to show that the transformation ¢ have the following properties,
which are essential in the proof of Theorem 1.5.

Lemma 3.4. If there is no F), with at least one square in a row below ay, then we have
D(m) = D(é()).

Proof. Since there are no 1’s inside F; (or E5) and no Fj with at least one square in a
row below aj, one can easily verify that D(7) = D(¢(m)). The details are omitted here.

THE ELECTRONIC JOURNAL OF COMBINATORICS 22(1) (2015), #P1.20 12



Lemma 3.5. If m contains no Fy, with at least one square in a row below ay, then ()
contains no such Fj,.

Proof. If not, suppose that H is such an F}, in ¢(7). Label the squares containing the 1's
of H by hy, hs, ..., hg, from left to right. Then hy is below aj;.

We claim that hy must be positioned to the left of a;_;. If not, then ay,as, ..., ar_1,
hr would form an Fj in 7, which contradicts the hypothesis. From the construction
of the transformation ¢, it follows that at least one of by, by, ..., br_o must fall in H.

Otherwise, H is an F}, with at least one square in a row below a; in 7, which contradicts
the hypothesis.

By applying the vertical slide algorithm repeatedly to the Ji_; consisting of
hi,ha,..., hi_1, we can get a J,_1 not below ay in w. Then, that J;_; combining with Ay
will form an F}, in 7, which contradicts the hypothesis. |

In the remaining part of this subsection, we assume that 7 contains no Fj with at
least one square in a row below a;. By Lemma 3.4, we have D(7) = D(¢(m)).

Lemma 3.6. The board that is to the left of byy1 and above ay cannot contain a J; in
o(m) with its highest 1 below by fort =1,2,... k—1.

Proof. First we aim to prove the assertion for 1 < ¢ < k — 2. Suppose that H is such a J;
in ¢(m). Label the squares containing the 1’s of H by hy, hs, ..., h; from left to right. We
claim that at least one of by, by, ..., b;—1 must fall in H. Otherwise, these ¢ 1's, combining
with a1, a419, ..., ax, would form an Hy or @y in 7. This contradicts the selection of a;.

By applying the the horizontal slide algorithm repeatedly to H, we can get a J; in 7.
It is easy to check that the obtained J; is below and to the left of a;,; and above a;. That
Ji, combining with asy1, ayo, ..., ax, would form an Hy or Q) in m. This contradicts the
selection of a;. Thus, we have concluded that the assertion holds for 1 <t < k — 2.

Now we proceed to show that the assertion also holds for ¢ = k — 1. Suppose that G is
a Ji_1 in ¢(m), which is to the left of by and below b;_;. We label the squares containing
the 1's of G by g1, 92, ..., grk_1, from left to right. We have three cases.

Case 1. G is in ¢1(m). By repeating the horizontal slide algorithm, we can get a Ji_;
in 7, which is to the left of b, and above a;. Since D(7) = D(¢(7)) and s — 1 € D(w), we
have s — 1 € D(¢p(m)). Recall that by is at column s. Thus, the obtained J_; combining
with a; would form an Hj in 7. This contradicts the selection of a;.

Case 2. G isin ¢o(m). If g1 # f;, we can get a J,_1 in 7 by repeating the horizontal
slide algorithm, which is below and to the left of a; and above a;. We label the squares
containing the 1’s of this Jy_1 by my,ma, ..., my_1, from left to right. If my_; is below e;,
then mo, mg3, ..., my_1, combining with ag, e;, would form a @y in 7, which contradicts
the selection of a;. If my_q is above eq, then it is positioned to the left of ¢; in 7 since
all the 1's positioned at columns s,s +1,...,q, — 1 form a J,, s, and (my—1,qx — 1) is
below e; = (74,41, qx + 1). Moreover, since s — 1 € D(w) and D(7w) = D(¢(w)), we have
s —1 € D(p(m)). Recall that ¢; is at column s. Thus, mq, mo, ..., my_1,a; will form an
Hy., which contradicts the selection of aj;.

If gr—1 = f; for some i, then we can get a J;_1 in 7 by repeating the horizontal slide
algorithm and replacing f}s by e}s whenever f; falls in G. Notice that the rightmost 1 of
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the obtained Jj_; is e;. If i = 1, then this J,_; combining with a; would form a @ in .
For i > 1, this Jy_; combining with e;_; would form a ) in 7. In both cases, we get a
Q) that is above ay. This contradicts the selection of a;.

Case 3. G is in ¢3(m) or ¢4(m). When gx_1 # f;, according to the definition of Q,
there contains no 1’s which are below and to the right of ay_;, and to the left of ay.
So gr—1 is to the left of ax_;. Recall that we have shown that there is no Jx_o in ¢(7),
which is to the left of by_; and below bx_s. So gr_1 is below and to the left of b;_; (and
ax_1), and above and to the left of by_5. By repeating the vertical slide algorithm, we
can get a Jp_; not below a; in 7, whose rightmost 1 is positioned at gy_;. Then this
Ji_1 combining with a;_; would form an Hy in 7, which contradicts the selection of as_.
When g,_1 = f; for some ¢ > 1, by the same way as in Case 2, we can get a () above a;
in 7. This contradicts the selection of a;.

Thus, we deduce that the assertion also holds for ¢t = k — 1. This completes the proof.
|

Lemma 3.7. The rows above a; cannot contain an Hy or Qy in ¢(r).
In order to prove Lemma 3.7, we need the following two lemmas.

Lemma 3.8. Suppose that G is an Hy above ay in ¢(m). Label the squares containing the
s of G by g1, G2, ..., gk, from left to right. Then the squares gr and gp_1 are also filled
with 1's in .

Proof. Here we only prove the assertion for ¢;(m) and ¢4(m). All the other cases can be
verified by similar arguments. By Lemma 3.6, there is no J,_; below by_; and to the
left of by, in ¢1(m) and ¢4(m). This implies that neither gx_; nor g will be any of bs for
1 <i<k—2in ¢1(m) and ¢4(m). Moreover, neither g;_; nor g, will be any of f/s in
¢4(m). Thus, we have deduced that the assertion holds for ¢4(7).

In order to prove the assertion for ¢;(7), it remains to show that neither gy nor g4
will be any of b;_; and d}s in ¢;(m). We have four cases.

(1) If gx = bg_1, then g1, ¢2,...,gx—1 form a Jy_q, which is to the left of b, and below
bg—1 in ¢1(m). This contradicts Lemma 3.6.

(2) If gx_1 = b_1, then gy is above by_; and to the left of E;. This implies the square
gr is also filled with a 1 in 7. Since D(7) = D(¢p()), the 1's positioned at by_; and
gr belong to two different blocks of ¢(m). This implies that those positioned at ax_4
and g also belong to two different blocks of m. Thus, ai,as,...,ax_1, gx form an
Hy in 7. This contradicts the selection of a; since g, is above ay.

(3) If gy = d; for some ¢, then we have that g_; is to the left of by, since dy, da, ..., dg—s
lie in consecutive columns and form a J,, _s. Thus, g1, g2, . .., gr—1 Will form a J;_;
in ¢(m), which is to the left of by and below by_;. This contradicts Lemma 3.6.
Hence, we have g, # d; for any ¢ > 1.
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(4) If gx—1 = d; for some j > 1, then gy is to the right of ay, since dy, do, ..., d, —s lie in
consecutive columns and form a J,, _s. By repeating the horizontal slide algorithm
for ¢ and replacing any of d,s that falls in G by c,s, we will get a Jy_; in m whose
rightmost 1 is ¢;. Since D(m) = D(¢(n)) and ¢ € D(w), we have g, € D(p(m)).
Thus, this J,_; combining with ¢, will form an Hj in w. This contradicts the
selection of ay.

Hence, we have concluded that the assertion also holds for ¢, which completes the proof.
|

Lemma 3.9. Suppose that H is a Qy above ay in ¢(m), in which the last two 1's lie in
two consecutive columns. Label the squares containing the 1's of H by hy, ho, ..., hy, from
left to right. Then the squares hy and h,_1 are also filled with 1's in 7.

Proof. Here we only prove the assertion for ¢; and ¢4. All the other cases can be verified
by similar arguments. By Lemma 3.6, there is no J,_; below by_; and to the left of b, in
¢1(m). This implies that neither hy_; nor hy will be any of bis for 1 <i < k — 2 in ¢y ()
and ¢4(m). Moreover, neither gy nor g, will be any of f/s in ¢4(m). Thus, we deduce
that the assertion holds for ¢y.

In order to prove the assertion for ¢y, it remains to show that neither hy nor hy_, will
be any of b;_; and djs in ¢;(m). Since by, dy,ds, ..., d, s lie in consecutive columns and
form a J,,_s11 in ¢1(m), neither of d}s can be hy. Moreover, neither of ds can be hj_;
for 1 <@ < gy —s—1. Thus we have hy_; = d,, s, hx—1 = br_1 or hy, = by_;.

If hy—1 = dg—s, then by applying the horizontal slide algorithm for ¢ repeatedly to
hi,ha, ..., hx_o, hy and replacing any of d.s that falls in hy, ho, ..., hy_o, hx by cis, we will
get a Jy_1 above a; in w. Notice that the rightmost 1 of the obtained Ji_; is hg. This
Ji_1, combining with a, will form a ) in 7, which contradicts the selection of a;. If
hy = bg_1, then aq, as, . .., ag_o, combining with hy_; and ay_1, will form a @) in 7, which
contradicts the selection of ap_1. If hyp_1 = by_1, then hy is below a;_; and to the left of
be. Then hy, hg, ..., hy_o, hy form a Jy_; in ¢;(mw), which is to the left of b and below
bi_1. This contradicts Lemma 3.6. Hence, we have proved that the assertion also holds
for ¢. 1
The proof of Lemma 3.7. If not, suppose that G is an Hy above a; in ¢(m). Label
the squares containing 1’s of G by g1, ga, . .., gk, from left to right. Moreover, let H be a
Q. above a; in ¢(m) such that the rightmost two 1’s lie in two consecutive columns. We
label the squares containing the 1’s of H by hq, ha, ..., hj. According to the definition of
Qp, there is a @y above a; in ¢(7) if and only if there exists such an H.

We wish to replace some 1's of G (resp. H) to form an Hj, (resp. Q) in m. Here we
only consider the case when G (resp. H) is in ¢;(m). The other cases can be verified by
the similar arguments. Since the transformation ¢; does not change the positions of any
other 1's, one of b.s and d}s must fall in G (resp. H).

First, replace each d; by ¢; whenever d; falls in g1, 9s, ..., gx—2 (resp. hi, ho, ... hi_o).
Then, find the largest ¢ such that b; falls in g1, go,...,gk—2 (vesp. hy, ha, ..., hx_2). We
can apply the vertical slide algorithm repeatedly to g1, ga, . . ., gk—2 (vesp. hy, ha, ..., hx_2)

THE ELECTRONIC JOURNAL OF COMBINATORICS 22(1) (2015), #P1.20 15



until the following two cases appear.

(1) There is no b; that falls in g1, ga, ..., gr—o (resp. hy, ho, ..., hg_o).

(2) There is such a b;, but there is no 1 positioned at the squares gi,¢s, ..., gr_o (resp.
hi,ha, ..., hx_o) that is to the left of b; and to the right of E;. Since there are at most i
1"s positioned at g1, ga, ..., gr_o (resp. hy, ha, ..., hx_s) that are not above b; and to the
left of F4, we can replace these 1's by ay,as, ..., a;.

In both cases, we get a J;_o not below a; in 7. From Lemmas 3.8 and 3.9, the squares
gr and gg_1 (resp. hg and hy_1) are also filled with 1’s in 7. Recall that D(7) = D(¢())
and the 1’s positioned at gx_; and gx belong to two different blocks of ¢(m). This yields
that the 1’s positioned at g;_; and g; also belong to two different blocks of 7. Thus, the
obtained Ji_o, combining with gx_1 and g (resp. hy_1 and hy) forms an Hj, (resp. Q)
in 7. In the first case, the obtained Hy (resp. Q) is above a;, which contradicts the
selection of a;. In the second case, suppose that g, (resp. h,) is the first square containing
a 1 of the obtained Hj (resp. Q) that is to the right of a;. Clearly, g, (resp. h,) is
above b; and a;4q. If g, (resp. h,) is to the left of a;11, then the obtained Hj (or Q)
contradicts the selection of a;,1. Otherwise, as,as, ..., a;11, combining with the 1's of the
obtained Hy, (resp. Q) that are to the right of a;, would form an Hj, (or @ ) in 7. This
contradicts the selection of a;, which completes the proof. |

3.2 The map ¥ from the set S, (Hg, Qk) to the set S,,(Fj)

Before we describe the map ¥ we define three transformations, which will play an essential
role in the construction of the map W.

Let 0 = {(01,1),(02,2),...,(0n,n)}. Suppose that G is the submatrix of o at columns
<< .. <c¢g<agt+tl<cegt+2<...<tandrowsr <ry < ...< Tp_1 >
Tk < Ogt1 < Octo < ... < oy, in which the squares (r;,¢;) are filled with 1's for all
i=1,2,...,k. Let 6(G) be the submatrix at the same rows and columns as G, such that
the squares (g, c1), (r1,¢2), vy (Th—2yCk—1)s (Teps1, k), (Oepi2, e + 1), ooy (08, — 1),
(rk—1,t) are filled with 1’s and all the other squares are filled with 0's.

Suppose that H is the submatrix of o at columns ¢; < o < ... <¢_1 <t<t+1<

o<cpandrowsry <1y < ... <Tp_1 > 0p > 04y > ... > Og = Tk, in Which the squares
(r;,¢;) are filled with 1’s for all ¢ = 1,2,..., k. Define v(H) to be the submatrix at the
same columns and rows as H, such that the squares (ry,c1), (r1,¢2), -, (Tk_2, k1),
(rk—1,t), (0t,t+1), (41, t+2), ..., (0¢,—1, k) are filled with 1's and all the other squares
are filled with 0's.
The transformation 1: Suppose that o = 0105 ... 0, is a permutation in §,,. First, find the
lowest square (pg, g ) containing a 1, such that there is an Fj, in ¢ in which the 1 positioned
at (pk, qx) is its rightmost 1. Then, find the lowest square (pg_1, gx—1) containing a 1, such
that there is an Fj, in o in which the 1’ positioned at (pg,qx) and (pr_1,qx_1) are the
rightmost two 1's. Find (pr_2,qk—2), (Pk—3,qk—3),- - -, (P1,q1) one by one as (pr_1,qr—_1)-
Assume that there is no Hj, or Q, above row py in o.

If 04,—1 > 04,41, then we wish to generate a permutation 7 from o by the considering
the following two cases.
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Case 1. pp_1 =04, < 0g_141 < ... < 0g—1 > 0g, = D and 0y, 41 > pr—o. In this
case, let G be the submatrix of o at columns ¢; < ¢2 < ... < qa_2 < g, and rows
pr < p1 < P2 < ...< pp_a Replace G by 071(G) and leave all the other rows and
columns fixed.

Case 2. Otherwise, find the least t such that ¢ > ¢, and t € D(0). If such ¢t does not
exist, set t = n. In this case, let G’ be the submatrix of o at columns ¢; < ¢ < ... <
G <qg+1<...<tandrows p; <ps <...pp_1> Dk < Ogi1 < Ogpt2 < ... < Oy
Replace G by 0(G) the other rows and columns fixed.

If g =norog_1 < 0441, then we wish to generate a permutation 7 from o by considering
the following two cases.

Case 3. If there exists an s such that ¢._1 < s < qx and 051 > 0, < 0411. Find the
largest ¢ such that ¢ 1 <t < ¢ and t — 1 € A(0). Let G be the submatrix of o
at columns ¢ < g < ... < g1 <t<t+1l<...<qgandrowsp; < ps < ... <
Pr—1 > 0y > 0gyq1 > ... > pg. Replace G with «(G) and leave all the other rows and
columns fixed.

Case 4. Otherwise, we have py_1 = 04, < 0 141 < ... < Ot > 0p > Opy1 >
. > 0g4, = pi for some t with ¢z—1 < t < qx. Let G be the submatrix of o
at columns ¢ < ¢ < ... < Q2o < @1 <t < t+1 < ... < g and rows

P1<py < ...<Dpro<pPg1> 04> 01 > ... > pg. Replace G with v(G) and
leave all the other rows and columns fixed.

Remark 3.10. In Case 2, the selection of (pk, qr) ensures that py < 04.41. If not, the the
U's positioned at (p1,q1), (2,G2)s - - (Pr—1, @e—1)s (Tgp+1, @ + 1) would form an Fy,, which
contradicts the selection of (py, qx). In Case 3, the existence of such s and the hypothesis
that there is no Hj above row py ensure that py_1 > oy. If not, then the 1's positioned
at (p2,q2), (P3,43)s - - -y (Dh—1, @r—1), (04, 1) would form an Hy above row py in o. In Case
4, the hypothesis that there is no Q. above row py ensures that py_1 > oy. If not, then
the 1's positioned at (p2,q2), (P3,43)s - - -y (Pr—1, @r—1), (0r—1,t — 1), (04, ) would form a Qy
above row py in o.

Remark 3.11. We denote the resulting permutation in Case 1, Case 2, Case 3 and Case
4 by (o), ¥a(0), ¥s(o) and Pu(0), respectively.

It is obvious that the transformation 1 changes every occurrence of Fj, to an occurrence
of Hy, (or Q). Denote by W the iterated transformation, that recursively transforms every
occurrence of Fj, into Hy (or Q).

Using the notation of the algorithm for v;, we label the squares containing 1’s in G
by b1, b, ..., b, and the squares containing 1’s in 071(G) by ay, as, . .., ar_1, ay, from left
to right, see Figure 4 for example.

Using the notation of the algorithm for 1), we label the squares containing 1’s
in G by by,by, ..., bg_1,bk,dy,do, ..., di—g, , and the squares containing 1’s in §(G) by
ay, g, . ..,0a5-1,C1,C2, ..., C—q, 0k, from left to right, see Figure 2 for example.
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Using the notation of the algorithm for 3, we label the squares containing 1’s
in G by by,ba, ..., bg_1, f1, fo, ..., fy—t, bk, and the squares containing 1’s in v(G) by
1,02, . ..,051, 0, €1, €2, ..., €q ¢, from left to right. We also label the minimum entry
of the block to which f; belongs by c;, see Figure 3 for example.

Using the notation of the algorithm for 14, we label the squares containing 1’s
in G by by,ba, ..., bx_1, f1, fo, ..., fy—t, br, and the squares containing 1’s in v(G) by
ay,Q,...,05_1, 0k, €1, €2, ... ,€q ¢, irom left to right, see Figure 5 for example.

In ¢5(0) and ¢3(0), let Ey be the same board defined in ¢y () and ¢o(7). Similarly, in
(o) and 14(0), let Ey be the same board defined in ¢3(7) and ¢4 (7). From the selection
of bis and the hypothesis that there is no Hj, above a4, it follows that there are no 1’s
inside Fy (or Es). In other words, all the 1's are to the left or to the right of E) (or E)
in ().

Now we proceed to prove that the transformation ¢ have the following properties,
which are essential in the proof of Theorem 1.5.

Lemma 3.12. If there is no Hy or Qy above ay in o, then we have D(o) = D(Y(0)).

Proof. Since there are no 1's inside F; (or Es) and no Hy or @} above a;, one can easily
verify that D(m) = D(¢(0)). The details are omitted here. ]
Properties

(1') For any 1 < i < j < k — 1, the rectangle with corners a; and a; cannot contain a
Jj_; with all its 1’s strictly to the right of E; (or E») in ¢(0).

(2') For any 1 < i < k —2, the rectangle with corners a; and a; cannot contain a Jy_; 1
with all its 1’s strictly to the right of Es in ¢ (0) (or 4(0)).

Proof.

(1) If there is a J;_; in this region, then by, by, ..., b;,_;, combining with this J;_; and
bj,bjt1,bj42,. .., bg, will form an Fj, in o, which contradicts the selection of b;_;.

(2") If there is a Jy_1_; in this region, then the rightmost 1 of this Jy_;_; is to the left
of by_1 since all the 1’s lying between b,_; and aj are to the left of Fy. Clearly,
the rightmost 1 of this J,_1_; is below by_s. So by, b, ..., b;_1, combining with this
Jip_1_; and by_1, by, will form an F} in o, which contradicts the selection of by _s.

Lemma 3.13. ¢(0) contains no Fy, with at least one square in a row below ay .

Proof. 1f not, suppose H is such an F}, in 1(0). Label the squares containing the 1's of
H by hy, ho, ..., h from left to right. Then h; is below a;. As in the proof of Lemma
3.5, we shall replace some 1's of H (except hy) to form an F in 7, which contradicts the
selection of by.

By the selection of b, we have that h, must be at the left side of by_;. From the
construction of ¥ (), at least one of ay,as, ..., ar_o must fall in H. Otherwise, H is also
an Fj in o, which contradicts the selection of b;.
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Find the least ¢ such that q; falls in H.
Vertical slide algorithm for 1): If there is a 1 of H which is above a; and to the left of FE,
find the leftmost square containing such a 1 and denote it by h,,. find x such that A, is to
the right of a, and to the left of a,,;. Then by property (1'), there are at most = + 1 — i
1"s in H that are below a,; but not below a;, and to the right of £ (or Es). So we can
replace these 1’s by a;, a;;1, ..., a,, and hence by those positioned at b;,b;,1, ..., b,.

We can repeat the vertical slide algorithm until one of the following two cases appears.

(1) There is no a; that falls in H. This ends the proof.

(2) There is such an a;, but h, does not exist. Then suppose a, is the first square to
the right of hy. By property (1') , there are at most v — i 1’s in H that are below
and to the left of a,, but not below a;, and to the right of E; (or E3). So we can
replace these 1's by a;,a;41,...,a,_1, and hence by b;, b;11,...,b,_1. Then we have
an Fj, in o with a square hy below a;. |

Lemma 3.14. If o contains no Hy or Qy that is above ay, neither does (o).
In order to prove Lemma 3.14, we need the following two lemmas.

Lemma 3.15. Suppose that G is an Hy above ay in ¥ (o). Label the squares containing
the U's of G by g1, g2, ..., gk, from left to right. If o contains no Hy or Qy that is above
ay, then the squares g, and g,_1 are also filled with 1's in o.

Lemma 3.16. Suppose that H is a Q) above ay in (o), in which the last two 1's lie in
two consecutive columns. Label the squares containing the 1's of H by hq, ha, ..., hy, from
left to right. If o contains no Hy or Qy that is above aq, then the squares hy and hy_1 are
also filled with 1's in o.

Before we prove Lemmas 3.15 and 3.16, we introduce the following horizontal slide
algorithm for 1.

Suppose H is a Ji in ¢ (o). Label the squares containing the 1's of H by hq, ho, ..., hy
from left to right.
Horizontal slide algorithm for 1 (or 13): Find the largest ¢ such that a; falls in H with
1 < k — 1. If there is a 1 of H which is below a; to the left of F;, find the rightmost
squares containing such a 1 and denote it by h,. Find x such that h, is below a,, and
above a,_1. Then by property (1'), there are i —x + 1 1's in H that are above a,_; but
not above a;, and to the right of E;. So we can replace these 1's by a,, a,41,...,a;, and
hence by bm—la bx, R 7bi—1'

We can repeat this horizontal slide algorithm until one of the following two cases
appears.

(1) There is no a; that falls in H.

(2) There is such an a;, but h, does not exist. Find z such that hy is below a,4q
and above a,. Then by property (1’), there are i — x 1’s in H that are above a,
but not above a;. So we can replace these 1's by a1, a.2,...,a;, and hence by
bwu bw+17 R bi*l-
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Horizontal slide algorithm for ¢y (or 1p4). Find the largest ¢ such that a; falls in H with
1 < k—2ori=k. Ifthereis a 1 of H which is below a; to the left of Fs, find the
rightmost square containing such a 1 and denote it by h,. Find x such that h, is below
a,, and above a,_;. If i < k—2, then by property (1), there are i —z+1 1’s in H that are
above a,_; but not above a;, and to the right of Ey. So we can replace these 1’s by those
positioned at a,,a;i1,...,a;, and hence by b, 1,b,,...,b;_1. If i = k, then by property
(2), there are k — x 1’s in H that are above a,_; but not above a;, and to the right of
E5. So we can replace these 1's by a,, azq1, ..., ax_2,ar, and hence by b,_1,b,, ..., bp_s.

We can repeat this horizontal slide algorithm until one of the following two cases
appears.

(1) There is no a; that falls in H.

(2) There is such an a;, but h, does not exist. Find x such that h; is below a,4; and
above a,. If i < k—2, then by property (1’), there are i —z 1’s in H that are above

a, but not above a;. So we can replace these 1's by a,.1,az49,...,a;, and hence by
by, bei1, ..., bi—1. If i = k, then by property (2'), there are k—1—xz 1's in H that are
above a, but not above a;. So we can replace these 1’s by @41, Gzyi2, ..., ax_2, a,

and hence by b, 0,11, ..., bk 2.

The proof of Lemma 3.15. Here we only prove the assertion for i5(0) and ¥,(0).
The other cases can be verified by similar arguments. In order to prove the assertion, it
suffices to show that neither g nor gx_; will be any of the a}s and ¢s in 15(0), and be
any of the als for i =1,2,... k — 2 k and €}s in 14(0).

We claim there is no J,_; which is below b;_; but above a;, and not to the right of
b in 1a(0) (or ¥4(o)). If not, suppose that R is such a Ji_1. When Jy_ is in 95 (G), we
can get a J,_; from R by repeating the horizontal slide algorithm for ¢),. When J;,_; is in
4(G), we can get a Jy_; from R by repeating the horizontal slide algorithm for ¢4 and
replacing any e; by f; whenever e; fall in R. In both cases, the obtained J,_; is below
bi_1 but above aq, and to the left of b;. Then Then this J;_; combining with b, will form
an Fj, in o, which contradicts the selection of by_;. Hence, the claim is proved.

From the claim, it follows that neither g nor gy, will be any of the a}s in (o) for
i < k—1. In order to prove the assertion for ¢5(0), it remains to show that neither g, or
grk—1 will be any of aj and ¢s in y(c). Clearly, gx_1 cannot be a; since there is no 1’s
above and to the right of ay.

(1) If gy is either a; or one of ;s in (o), then g1, go,...,gx—1 form a Jy_; which is
to the left of by and below by_; in ¢o(0) since c1, ¢, . .., Ci—q,, @k lie in consecutive
columns and form a J;_4, 1. This contradicts the claim proved above.

(2) If gr—1 is one of ¢}s in ¥y(0), then g is to the right of ay since ¢y, ca,. .., g, A
lie in consecutive columns and form a J;_g 1. By repeating the horizontal slide
algorithm for ¢, and replacing any ¢; falling in G by d;, we can get a J; above a1 in
o from G. Notice that if g,_; = ¢;, then the rightmost two 1’s of the obtained J;, are
gr and d;. Recall that aj is positioned at column ¢. Since o contains no Hy or Q)
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that is above a;, we have D(c) = D(¢(0)) by Lemma 3.12. The fact that t € D(0)
ensures that ¢ € D(¢(o)). Thus, the obtained Ji is an Hj. This contradicts the
fact that there contains no Hj above a1 in o.

Hence, we have concluded that the assertion holds for ¢ (o).

From the claim that is no J;_; which is below b, _; but above a7, and not to the right of
bi in 14 (0), it follows that neither g nor g,_; will be any of the a}s fori =1,2,... k=2 k
and e}sin 11 (o). Hence, we deduce that the assertion also holds for ¢4 (o), which completes
the proof. 1
The proof of Lemma 3.16. Here we only prove the assertion for ¢y(o) and 14(0).
The other cases can be verified by similar arguments. In order to prove the assertion, it
suffices to show that neither hy nor hy_; will be any of the als and ¢;s in 15(0), and be
any of the als for i =1,2,... k — 2,k and €}s in 14(0).

Recall that we have proved the claim in the proof of Lemma 3.15 that there is no Jj_;
which is below by_; but above a;, and not to the right of by in 14(0). It follows that
neither hy nor hy_; will be any of the a}s fori =1,2,... k—2,k and €}s in ¢4(o). Thus,
the assertion holds for ¢4(o).

Similarly, from the claim proved in the proof of Lemma 3.15, it follows that neither
hy, nor hy_y will be any of the a;s for i = 1,2,...,k — 1 in ¢9(0). In order to prove the
assertion for (o), it remains to verify that neither hy nor hy_; will be any of a; and
cisin ¢y(0). Recall that ¢y, co, . .., ¢q—t, ax lie in consecutive columns and form a Jy, ¢4
in ¢y (o). It implies that if hy or hy_y is one of ¢y, ¢, ..., ¢y -1, ax, then we have either
hk—l = ap or hk = Cq.

In the former case, we can get a Jy_; above a; in ¢ from the J,_; consisting of
hi,ha, ..., hi_a, hy, by repeating the horizontal slide algorithm for 1, and replacing any
¢; by d;. Since o contains no Hy or @ above aj, we have D(0) = D(¢(0)) by Lemma
3.12. Recall that ay is above hg. From the equality D(o) = D(¢(0)), it follows that d;_g,
is above hy. Notice that the rightmost 1 of the obtained J,_; is hg. Thus, this Jy_q,
combining with d;_, , will form a Q);; above a; in o, which contradicts the hypothesis that
o contains no ) above a;.

In the latter case, hi_o is not above ay_; since ¢; is below a, (and bg_1) and there is no
1's inside Ej. If hy_5 is to the left of ax_; (and by_1), then by repeating the horizontal slide
algorithm, we can obtain a Ji_, above a; in ¢ from the Ji_s consisting of hy, ha, ..., hgp_o.
Notice that the rightmost 1 of the resulting Ji_o is below b;_s and to the left of by_;.
Then, this Jy_o, combining with b,_; and by, will form an Fj in ¢. This contradicts the
selection of by_s.

Now suppose that hy_o is either equal to ay_; or is at the right of a1 (and bg_1),
then by the claim obtained in the proof of Lemma 3.15, hy_; is above by_; and to the
left of Ey. If hy_o # ax_1, then by, bo, ... by_1,h;_1 form an Hj above a; in o, which
contradicts the hypothesis. If hy_o = ax_1, then we have ¢; is above by_5 (and ag_1).
Thus, according to the definition of 1), there must exists s such that s € D(o) and
Q-1 < 8 < qr — 1. Recall that ¢; and hy_; lie in columns g, and ¢x_1, respectively. From
the equality D(0) = D(¢(0)), it follows that by, by, ..., bk_1, ht_1 form an Hy above a;
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in o, which contradicts the hypothesis. Hence, we have concluded that the assertion also
holds for (o). ]
The proof of Lemma 3.14. If not, suppose that G is an Hjy above a; in ¢(c). Label
the 1's in G by g1, go, - - -, gk, from left to right. Moreover, let H be a @) above a; in ¥(0)
such that the rightmost two 1’s lie in two consecutive columns. We label its 1’s in H by
hi, ha, ..., hx. According to the definition of Qy, there is a Q) above a; in ¥(o) if and
only if there exists such an H.

We wish to replace some 1's of G (resp. H ) to form an Hj, (resp. Q) above a; in o,
which contradicts the hypothesis that there is no Hy (resp. Q) above a; in 0. Here we
only consider the case when G (resp. H) is in 99(0). The other cases can be verified by
the similar arguments. Since the map 1o does not change the positions of any other 1’s,
one of a}s and ¢;s must fall in G (resp. H).

We can get a Jy_o above a; in o from the Jy_o consisting of ¢1,gs,...,gx_2 (resp,
hi,ha, ..., hx_2), by repeating the horizontal slide algorithm and replacing each ¢; by
d; whenever ¢; falls in G (resp. H). From Lemmas 3.15 and 3.16, it follows that the
squares g and g1 (resp. hy and hy_1) are also filled with 1’s in o. Hence, the obtained
Jy—o combining with g, and gy (resp. hg and hy_y) will form a Jy (resp, Gi) in o.
Since hi_1 and hy lie in two consecutive columns, the obtained Gy, is a ). Recall that
D(m) = D(¢(0)) and the 1's positioned at gx_; and gx belong to two different blocks of
(o). This yields that the 1's positioned at gx_; and g also belong to two different blocks
of w. Thus, the obtained .J is an Hy. This completes the proof. |

Lemma 3.17. If 0 contains no Hy or Qy that is above ay, then

(1) there exists no 1 that is above and to the left of ay such that this 1, combining with
ay, s, ...,ax_1, forms an Hy in Y(o);

(2) there exists mo 1 that is to the left of ay in i(o) (or 4(0)), such that this 1,
combining with ay,as, .. .,ax_1, forms a Qg in Y1(o) (or Ps(o));

(8) for 1 <t <k — 2, the board that is above and to the right of a; cannot contain an
Hy_y or Qi—¢ in (o) such that the lowest 1 of this Hy_; or Q_; is to the left of
apv1, and this Hy_y or Qg—y , combining with ay,as, ..., a;, forms an Hy or Qy in

(o).

Proof. (1) Since o contains no Hy or @y that is above a;, we have D(0) = D(1(0)) by
Lemma 3.12. If there is such a 1, then this 1, combining with by, bs, ..., by_1, forms an Hy,
in o since D(0) = D(¢(0)). This contradicts the hypothesis that there is no Hj, above a;
in o.

(2) The result follows immediately from the fact that there is no 1’s below and to the
right of by_; (and ag_1), and the left of a.

(3) If not, suppose that G is such an Hy_; (or Qg—¢) in ¥ (7). Label its 1's by
Gt+1, Gtao, - - - g, from left to right. By hypothesis, g;11 is to the left of a;y;. By the
same reasoning as in the proof of Lemmas 3.15 and 3.16, one can verify that both the
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squares g, and gi_1 are also filled with 1’s in ¢. This ensures that by repeating the hor-
izontal slide algorithm and replacing each ¢; (resp. e;) by d; (resp. f;) in (o) (resp.
() and 14(m)), we can get an Hy_; (or Qk_¢) in o, in which g;;q is leftmost 1. This

Hy_y (or Qk_¢), combining with by, bs, ..., b;, forms an Hy (or Q%) in o, which is above
a1. This contradicts the hypothesis that there is no Hy or ), above a;. This completes
the proof. 1

3.3 Correctness of the bijection

First, we aim to show that the map ® is well defined, that is, after finitely many iterations
of ¢, there will be no occurrences of Hy or (.. Suppose that we start with some 7 €
S, (F}). At the tth application of ¢ we select a copy of Hy (or Q) in ¢'~'(7). This has
its lowest 1 in some row r. By Lemma 3.7, the Hy (or Q) we will select in ¢*(7) cannot
have its lowest 1 anywhere above row r. If it is in row r, then we know it is further to
the right than at the previous iteration, because there is only one 1 in that row, and we
have just moved it to the right,from a; to b,. It follows that each iteration the selection
of a; can only go down or slide right, and therefore the map @ is well defined.

Next we aim to show that D(7) = D(®(7)). We prove by induction on ¢. Suppose
that for any j < t, we have D(¢’ (7)) = D(¢/(7)). We wish to show that D(¢' (7)) =
D(¢'(7)). At the tth application of ¢ we select a copy of Hy (or Q) in ¢'~1(7). This has
its lowest 1 in some row a;. Recall that we have shown that each iteration the selection of
lowest square of the selected Hy (or Q) can only go down or slide right. By Lemma 3.5,
there is no F} with at least one square below a; in ¢'~!(7). From Lemma 3.4, it follow
that D(¢(7)) = D(6"(7)).

Now we proceed to show that the map W is the inverse of the map ®. To this end,
it suffices to show that 1(¢'(7)) = ¢'~1(7). For our convenience, let 7 = ¢'~!(7) and
o = ¢'(7). Suppose that at the tth application of ¢ we select a copy of Hj, (or Q) in
7, in which the 1’s are positioned in the squares (p1,q1), (p2,q2), - - -, (Pk, qx), from left to
right. We have four cases.

Case 1. The selected 1's form a copy of Hj, and m, 1 > 74 4+1 or g = n. In this
case, find the largest s such that g1 < s < ¢ and s — 1 € D(mw). By the construc-
tion of the transformation ¢, the squares (ps2,q1)(Ps,q2),---, (Pr,qu—1), (P1,5), (7s, s +
1), ..., (g -1, qx) are filled with 1's in o, and all the other rows and columns are the same
as m. Note that the 1’s positioned at the squares (pa, q¢1)(ps;q2),---, (Prsqr—1), (P1,$)
form an Fj in 0. Lemmas 3.5 and 3.6 ensure that when we apply the map i to o, the
squares we selected are just (ps,q1)(p3, q2),---, (PksGr—1), (p1,$). By Lemma 3.7, there
is no Hy or Q above row p;. This implies that (o) is well defined. Suppose that
o = {(01,1),(02,2),...,(on,n)}. Clearly, we have o,, = pi41 for i = 1,2,....k — 1,
os=prand o; =mj_; for j=s+1,5+2,...,q.

We claim that 0,1 > o04y1. If s — 1 # q;_1, then we have 0,1 = m,_;1. Since
s —1 € D(m), we have ms_1 > 7. In this case, we have 0,1 = ms_1 > 73 = 0411. If
s —1 = qx_1, then we have 051 = pi. Recall that we have 7y < ms11 < ... < pg. This
implies that o,y = pr, > ms = 0411. Hence, we have concluded that 0,1 > 04,1.
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We claim that if 0, | <0y, 41 < ... <051 > 05, then we have o, , > 0,41. If not,
since 04, _, = pr—1 = my,_, and s—1 € D(w), we have s—1 # gx_;. Then the 1's positioned
at the squares (pa, @), (P3,43), -5 (Pr—1,G—1), (Ms_1, 5 — 1), (75, s) will form a @, above
row p; in m, which contradicts the selection of (py,q1). Hence the claim is proved.

Then, according to the definition of map v, we have 1(0) = 1(0). Since we have
D(m) = D(o) and 15 < Te41 < ... < pg, we have 0, < 0511 < ... < 0, Recall that
there are no 1's inside E7, we have either ¢y = n or g, € D(w). This yields that we have
either ¢z = n or gy € D(¢p(m)) Hence, when we apply the the map v, to o, ¢ is the
largest integer m such that m > s and m € D(o) or m = n. Thus, it is easily seen that
Uolo) =, that is, $(¢!(r)) = ¢~(r).

Case 2. The selected 1’s form a copy of Hy and 7, _1 < mg41. In this case, find
the least ¢ such that ¢ > ¢ and ¢t € A(7) or t = n. By the construction of the map ¢,
the squares (p2, 1)(P3, 42); - - - » (Pr> Gh—1) (Tg415 i), (Tgr2, Qe +1), - oo, (T, t—=1)(py, 1) are
filled with 1’s in o, and all the other rows and columns are the same as w. Note that the
1"s positioned at the squares (p2, ¢1)(ps, @2), - - - (Prs @r—1), (p1,t) form an F, in 0. Lemmas
3.5 and 3.6 ensure that when we apply the map v to o, the squares we selected are just
(P2, 1) (P3,42)5 - - -y (Prs @u—1), (p1,1). By Lemma 3.7, there is no Hy or Q) above row p;.
This implies that (o) is well defined. Clearly, we have o,, = p;41 fori=1,2,...,k —1,
o =p1 and 0; = 74y for j = q,q +1,...,t — 1.

Since t € A(7m) or t = n, we have m; < my1 or t = n. This implies that oy = m <
i1 = 0yy1 or t = n. By Remark 3.1, we see that there exits an s such that s — 1 € D(7)
and gr—1 < s < qg. This implies that 7,1 > 75 < mg41. Since D(w) = D(0), we have
Os_1 > 05 < 0gy1 and pp_1 < s < qp < t. Then, according to the definition of map 1, we
have 9 (o) = 1¥3(c). When we apply the the map 5 to o, since we have D(w) = D(0)
and g1 < Ty, > Tg41 > ... > Ty, @k is the largest integer m such that m — 1 € A(o)
and qz_; < m < t. Thus, it is easily seen that ¢3(0) = 7, that is, ¥(¢'(7)) = ¢' (7).

Case 3. The selected 1's form a copy of Q) and g, € A(m). By the construction of
the map ¢, the squares (p2, ¢1)(p3,42), - -, (Pr, @e—2), (P1, qx) are filled with 1’s in o, and
all the other rows and columns are the same as w. Note that the 1's positioned at the
squares (p2, q1)(P3,2), - - -, (Prs Gr—2), (p1, q) form an F, in 0. Lemmas 3.5 and 3.6 ensure
that when we apply the map v to o, the squares we selected are just (ps, q1)(ps3, g2), - - -,
(Pks @r—2), (P1,qr). By Lemma 3.7, there is no Hj, or Q) above row p;. This implies that
(o) is well defined. Clearly, we have o,, = p;41 for i = 1,2,...,k — 3, 0,,_, = pr and
Og. = P1-

According to the definition of @, we have m, , < m,, 41 < ... < Tg_1 > Ty,
Moreover, we have o; = 7; for j = q4—1,q—1 + 1,...,q; — 1. Thus, we have o, , <
Ogp 141 < ... < Ogom1 >p1 = 0y, and oy, _, = p, = Ty, < Mg, 41 = Og,+1. Lhen, according

to the definition of map v, we have 1)(0) = (o). Thus, it is easily seen that ¢ (o) = ,
that is, ¥(¢'(1)) = ¢'7}(7).

Case 4. The selected 1's form a copy of @)y, and m, > 7, 41 or ¢, = n. In this case,
let t be the least such that ¢ > ¢, and t € A(w) or ¢t = n. By the construction of the map

¢7 the squares (p27 Q1)(p3> Q2)7 ) (pk7 Qk—2)7 (qu—i-la Qk)7 (qu-i-Qa qk + 1)7 SR (ﬂ—ta t— 1)(]71, t)
are filled with 1’s in o, and all the other rows and columns are the same as w. Note
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that the 1's positioned at the squares (pa, q1)(ps, q2), - -5 (Pks Gr—2), (p1,t) form an Fj in
0. Lemmas 3.5 and 3.6 ensure that when we apply the map v to o, the squares we
selected are just (qo,p1)(qs3,p2)s -5 (Pksqr—1), (p1,t). By Lemma 3.7, there is no Hj, or
Qi above row p;. This implies that (o) is well defined. Clearly, we have o, = p;;; for
1=1,2,...,k—=3,0q_, =Dk, ot =p1 and 0; = w4y for j = qu,qp +1,...,t — 1.

Since t € A(m) or t = n, we have m; < myyq or t = n. This implies that o,y = m <
Ti+1 = 0441 or t = n. According to the definition of @, we have 7, |, < m, 41 <...<
Tgu—1 > Tg,. Thus, we have oy, | < 0g 11 <...<0g1>0g > 0gp1 > ... > 0 = D1.
Then, according to the definition of map 1, we have ¥ (o) = ¢4(0). Thus, it is easily seen
that 14(0) =, that is, ¥(¢!(7)) = ¢' (7).

So far, we have deduced that (¢! (7)) = ¢' (7).

Now we proceed to to show that the map W is well defined, that is, after finitely many
iterations of v, there will be no occurrences of Fj. Suppose that we start with some
7 € S, (Hy, Q). At the tth application of ¢ we select a copy of F}, in ¢'~!(7). This has
its lowest 1 in some row r. By Lemma 3.13, the F we will select in ¢'(7) cannot have
its lowest 1 anywhere below row r. If it in row 7, then we know it is further to the left
than at the previous iteration, because there is only one 1 in that row, and we have just
moved it to the left, from b to a;. It follows that at each iteration the selection of by can
only go up or slide left. Moreover, Lemma 3.14 implies that there is no Hy or (), above
bi. Therefore, after finitely many iterations of ¢, there will be no occurrences of Fj.

Next we aim to show that D(7) = D(¥(7)). We prove by induction on t. Suppose
that for any j < ¢, we have D(y7~1(7)) = D(¢7(7)). We wish to show that D(¢'1(7)) =
D('(7)). At the tth application of 1 we select a copy of Fy in ¢'~!(7). This has its lowest
1 in some row b;. Recall that we have shown that each iteration the selection of lowest
square of the selected Fj can only go up or slide left. By Lemma 3.14, there is no Hy or
Qy. above by in ¥'~1(7). Hence, from Lemma 3.12, it follow that D('"1(7)) = D(¥(7)).

By the same reasoning as in the proof of the equality ¥ (¢'(7)) = ¢'~!(7), we can
prove the equality ¢(1!(7)) = ¥!~!(7) relying on Lemmas 3.14 and 3.17, and the equality
D7) = D(¥'(7)). The details are omitted here.

So far, we have concluded that the maps ® and ¥ are well defined and preserve the
descent set. Moreover, the map ® and W are inverses of each other. Thus, the map & is
the desired bijection between S, (Fj) and S, (Hg, Q) as claimed in Theorem 1.5.

To conclude this section, we remark that the method presented here seems not so
attractive for the purpose of establishing Conjecture 1.1 for all m > 1. Our proof of
Conjecture 1.1 for all £ > 1 and m = 1 relies on the descent set preserving bijection f
between the set S,,(Gy) and the set S, (Hg, Qk), and the descent set preserving bijection
® between the set S,(Fy) and the set S, (Hg, Qr). However, it is difficult to figure out
whether there exist analogous descent set preserving bijections for the case when m > 1.
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