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Abstract

We consider the random phone call model introduced by Demers et al.,which is
a well-studied model for information dissemination in networks. One basic protocol
in this model is the so-called Push protocol that proceeds in synchronous rounds.
Starting with a single node which knows of a rumor, every informed node calls in
each round a random neighbor and informs it of the rumor. The Push-Pull protocol
works similarly, but additionally every uninformed node calls a random neighbor
and may learn the rumor from it.

It is well-known that both protocols need ©(logn) rounds to spread a rumor
on a complete network with n nodes. Here we are interested in how much the
spread can be speeded up by enabling nodes to make more than one call in each
round. We propose a new model where the number of calls of a node is chosen
independently according to a probability distribution R. We provide both lower
and upper bounds on the rumor spreading time depending on statistical properties
of R such as the mean or the variance (if they exist). In particular, if R follows
a power law distribution with exponent 5 € (2,3), we show that the Push-Pull
protocol spreads a rumor in ©(loglogn) rounds. Moreover, when § = 3, the Push-

losn ) rounds.
loglogn

Pull protocol spreads a rumor in ©(
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1 Introduction

Randomized rumor spreading is an important primitive for spreading information in net-
works. The goal is to spread a piece of information, the so-called rumor, from an arbitrary
node to all the other nodes. Randomized rumor spreading protocols are based on the
simple idea that every node picks a random neighbor and these two nodes are able to
exchange information in that round. This paradigm ensures that the protocol is local,
scalable, and robust against network failures (cf. [13, 15]). Therefore, these protocols have
been successfully applied in other contexts such as replicated databases [8], failure detec-
tion [30], resource discovery [23], load balancing [3], data aggregation [25], and analysis
of the spread of computer viruses [2].

The most basic variant of randomized rumor spreading is the Push protocol. At the
beginning, there is a single node who knows of some rumor. Then in each of the following
rounds every informed node calls a random neighbor chosen independently and uniformly
at random and informs it of the rumor. The Pull protocol is symmetric, here every
uninformed node calls a random neighbor chosen independently and uniformly at random,
and if that neighbor happens to be informed the node becomes informed. The Push-Pull
protocol is simply the combination of both protocols. Most studies in randomized rumor
spreading concern the runtime, which is the number of rounds required until the rumor
reaches all other nodes, and the communication overhead, which is the total number of
information exchanges, produced by these protocols (see e.g. [24]).

In one of the first papers in this area, Frieze and Grimmett [19] proved that if the
underlying graph is a complete graph with n nodes, then the runtime of Push is log, n +
logn + o(logn) with high probability!, where logn denotes the natural logarithm of n.
This result was later strengthened by Pittel [29]. For the standard Push-Pull protocol,
Karp et al. [24] proved a runtime bound of log; n + O(loglogn). In order to overcome the
large number of ©(nlogn) calls, Karp et al. also presented an extension of the Push-Pull
protocol together with a termination mechanism that spreads a rumor in O(logn) rounds
using only O(nloglogn) messages. Doerr and Fouz [9] proposed a new protocol using
only Push calls that achieves a runtime of (1 + o(1))log, n using only O(n - f(n)) calls
(and messages), where f(n) is an arbitrarily slowly growing function.

Besides the complete graph, randomized rumor spreading protocols have been shown
to be efficient also on other topologies. In particular, their runtime is at most logarithmic
in n for topologies ranging from basic networks, such as random graphs [15, 14, 16] and hy-
percubes [15], random regular graphs [1, 17], graphs with constant conductance [27, 6, 20],
constant weak conductance [4] or constant vertex expansion [22; 21|, to more complex
structures including preferential attachment graphs modeling social networks [5]. In par-
ticular, recent studies establishing a sub-logarithmic runtime on certain social network
models [10, 11, 18] raise the question whether it is possible to achieve a sub-logarithmic
runtime also on the complete graph. In addition to analyses on static graphs, there are
also studies on mobile geometric graphs, e.g., [7, 28].

Lwith probability 1 — o(1) as n — oo. For simplicity, we sometimes omit the “with high probability”
in the introduction.
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Since all aforementioned protocols require O(logn) rounds to spread the rumor on a
complete graph, we equip nodes with the possibility of calling more than one node in each
round. Specifically, we assume that the power of a node u, denoted by C,, is a random
variable, which has the same distribution as a random variable R with support on the
positive integers and which is independent of . In order to keep the overall communication
cost small, we focus on distributions R satisfying > .., C,w = O(n) with high probability
— in particular, R has bounded mean. Our aim is to understand the impact of the
distribution of R on the runtime of randomized rumor spreading. In particular, we seek
for conditions on R which are necessary (and/or sufficient) for a sublogarithmic runtime.

Our first result concerns the Push protocol for the case where R has bounded mean
and bounded variance, which is the most basic setting. Let Ty, be the first round in
which all nodes are informed.

Theorem 1.1. Consider the Push protocol and assume that R is a distribution with
E[R] = O(1) and Var [R] = O(1). Then |Tiptar — (1081 g(z) 1 + l0germ n)| = o(logn).

Note that by putting R = 1, we retain the classic result by Frieze and Grimmett.
Our next result addresses the case where we drop the assumption on the variance, and it
provides a lower bound of Q(logn) on the number of rounds. Although this result is less
precise than Theorem 1.1, it demonstrates that it is necessary to consider the Push-Pull
protocol in order to achieve a sub-logarithmic runtime.

Theorem 1.2. Assume that R is any distribution with E[R] = O(1). Then with proba-
bility 1 — o(1), the Push protocol needs at least Q2(logn) rounds to inform all nodes.

We point out that the lower bound in Theorem 1.2 is tight up to constant factors, as
the results in [19, 29] for the standard Push protocol imply an upper bound of O(logn)
rounds. We now consider the Push-Pull protocol and extend the lower bound of Q(logn)
from Theorem 1.1.

Theorem 1.3. Assume that R is any distribution with E[R] = O(1) and Var [R] = O(1).
Then for any constant € > 0, with probability 1 — € the Push-Pull protocol needs at least
Q(logn) rounds to inform all nodes.

Theorem 1.3 establishes that an unbounded variance is necessary to break the 2(logn)
lower bound. An important distribution with bounded mean but unbounded variance is
the power law distribution with exponent 5 < 3, i.e., there are constants 0 < ¢; < ¢
such that ;2™ < Pr[R> 2] < 2! # forany z > 1, and Pr[R > 1] = 1. We are
especially interested in power law distributions, because they are scale invariant and have
been observed in a variety of settings. Our main result below shows that this natural
distribution achieves a sublogarithmic runtime.

Theorem 1.4. Assume that R is a power law distribution with 2 < 8 < 3. Then the
Push-Pull protocol informs all nodes in ©(loglogn) rounds with probability 1 — o(1).
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Notice that if R is a power law distribution with 8 > 3, then Theorem 1.3 applies
because the variance of R is bounded. Hence our results reveal a dichotomy in terms
of the exponent f: if 2 < < 3, then the Push-Pull protocol finishes in O(loglogn)
rounds, whereas for 3 > 3 the Push-Pull protocol finishes in ©(logn) rounds . While
a very similar dichotomy was shown in [18] for random graphs with a power law degree
distribution, our result here concerns the spread of the rumor from one to all nodes.

In the case § = 3 we show that the runtime is close to the one in the 5 > 3 case.

Theorem 1.5. Assume that R is a power law distribution with 8 = 3. Then the Push-Pull

protocol informs all nodes in © (1o§ign> rounds with probability 1 — o(1).

Finally, we also argue that it is necessary that the C,’s are chosen once and for all at
the beginning, and they are not updated in each round. Indeed, suppose we generate in
the ¢th round a new variable C?,, which is the number of calls made by u in that round.
Then we prove the following lower bound.

Theorem 1.6. Assume that R is any distribution with E[R] = O(1). Then with proba-
bility 1 — o(1), the Push-Pull protocol needs 2(logn) rounds to inform all nodes.

2 Notations and Preliminaries

We introduce some notation that will be used throughout the paper without further ref-
erence. In our setting, the Push, Pull and Push-Pull protocols proceed like the classic
ones except that in each round, every (un)informed node u calls C, node(s) chosen in-
dependently and uniformly at random and sends (requests) the rumor. For any of these
protocols, we let Z; be the set of informed nodes at the end of round ¢ and U, the set of
uninformed nodes. We write V = Z; UlU; for the vertex set of the graph, and we assume
|V| = n. The size of Z;, and U, is denoted by I, and U;. We indicate the set of newly
informed nodes in round ¢t + 1 by N; and its size is N;. Let S; be the number of Push
calls in round t + 1, 80 S; = > . C, = I;. Let us define NP and NP to be the set

u€ly U
of newly informed nodes by Pull aild Push calls in round t + 1, respectively. The size of

NP and NFPush are denoted by NP and NPUsh. The size of every set divided by n will
be denoted by the corresponding small letter, so i;, n; and s; are used to denote I;/n,
N;/n, and S;/n, respectively. Further, let

L(z):={ueV:C, >z} andset L(z)=L(z).

Moreover, let A = max,cyp C,,.
We will use extensively the following two concentration inequalities. The first one is
a Chernoff-type bound.

2We do not consider the case 3 < 2, since then there exists at least one node with degree Q(n) and
the rumor is spread in constant time. Additionally, E[R] is no longer bounded.
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Theorem 2.1 ([12]). Suppose that X1, X, ..., X, € {0,1} are independent and identically
distributed random variables and let X :=>_" | X;. Then for any A > 0

A2

Pr| X —E[X]| >\ <2 e 2®BEF,

In particular,

E[X]? E[X

(X]
Pr(|X —E[X]| > E[X]/2] <2 e SERERTT < 2. ¢ 10 .
The next inequality is known as the Bounded Difference inequality.

Theorem 2.2 ([26]). Suppose that X1, Xs ..., X,, are independent random variables and
every X;, 1 < 1 < n, takes a value from a finite set A;. Let f : Hléz‘@ A; = R be a
real-valued function so that there exist c1,ca,. .., c, with

sup  |f(zy, 2o, .o, @, ., xp) = f(21, 00, 15, )| <6, for every 1< i < n.
T1,L2,00 0, T T

Then, for every A > 0,
Pr(|f(X,, Xo,....Xo) —E[f(X1,Xo,....X0)] | 2N <2-e 2Tt

3 Some Useful Facts for Power Law Distributions

Let R be a power law probability distribution with exponent f3, i.e., there are constants
0 < ¢1 < ¢9 so that for every integer z > 1,

c1- 2P < Pr Cy >zl <o 2P
and Pr [C, > 1] = 1. In this section we collect some basic properties of R.
Fact 3.1. If R is a power law distribution with B > 3, then Var [R] = O(1).

Proof. Since > 3

Var[R] <E[R’] =) Pr(R>>z] <1+ ) V20 <o
z>1 222

]

Fact 3.2. Let B > 2. Let C,, u € V be independent, power-law distributed random

variables with exponent 3. Then, with probability 1 — 0(@),

1
A :=maxC, < nfT -logn.
uey
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Proof. By definition,
Pr|C, > nF-1 logn| <c-nt- logl_ﬁ(n).

Applying the union bound yields the claim. O]
Recall that L(z) .= {u € V,C, > z} and L(z) := |L(2)|.

Proposition 3.3. Let § > 2. Let C,, u € V be independent, power-law distributed

random variables with exponent 5. Then, for every z = O(nﬁ/log n), with probability
1 —o(1/n)

n-cl'zl_5< <3~n~cg-zl_6

2

Proof. For uw € V let I, be the indicator random variable for the event C, > z. Since
the C,’s are independent and identically distributed, so are the [,’s. By linearity of

expectation
n-c, -2 P <KELZ) <n-ey- 2P

Applying Theorem 2.1 to the random variable X := )" _, I, yields that

E[L(z)] _n~c1-217B

Pr|L(z) —E[L(2)]| > E[L(z)]/2] <2 e "5 < 2. ¢ "5

Since z = (’)(nﬁ/ logn), the claim follows. O

4 Push Protocol

In this section we will show two general lemmas for the Push protocol that are valid for
any R with support on the positive integers. They will be used when analyzing the Push
and the Push-Pull protocols.

Lemma 4.1. Consider the Push protocol and suppose that S; < log®n, where ¢ > 0 is an
arbitrary constant. Then with probability at least 1 — O(n~'log® n) we have

Iyyn =1+ 5,

Proof. Recall that S; is the number of Push calls in round ¢ + 1. By applying the union
bound, the probability that an informed node receives a call in round ¢ + 1 is bounded
by % So, with probability at least 1 — %, none of the calls are sent to a node in Z;.
Conditioning on this event, consider all calls one by one in an arbitrary order; then the
probability that the i—th call informs a different node from the previous ¢ — 1 calls is
1-— % Therefore the conditional probability that S; calls inform S; different nodes is at

least - p
- i S —1\ S?
1— — 1— >1-— 2L
1 ( Ut) g ( Uy ) Ut

i=1
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So the probability that S; calls inform S; different uninformed nodes is at least

(=) (=5) =0 (%)
n U, n

where the above equality holds because [, < S; < log®n and U; = n(1 —o(1)). The claim
follows.
[

Lemma 4.2. Consider the Push protocol. Then with probability at least 1 — o(—)

logn
s:loglogn
st—2s?—2wﬁént<st.
n

Proof. Since Ny is always bounded by S;, n; < s;. To see the lower bound, let for v € U,
Z, be the indicator random variable for the event v € Z;,;. Then Ny = > Z,. Since
the Z,’s are identically distributed random variables,

vEUL

E[Nt] :UtPr[Zv: 1]
Let X; €V, 1 <1< N =5, denote the target of the i-th call. Define
f(X17X27"'7XN> = Nt

to be the function counting the number of newly informed nodes in round ¢ + 1. Then
E[f(Xy, X2, ..., Xn)] = E[N]. For each change in just one coordinate of f, the following
statement holds:

sup |f(x1, 29, myy . xn) — flag, 20, 2, o xy)] < 1
21,22,...,361',2;6\/

Therefore by applying Theorem 2.2, we obtain

Pr [‘Nt ~E[N]| > V4S8, - loglogn] < 2. e Stloglogn/25t — (1 /logn).
So with probability 1 — o(1/logn) we have
N, > E[N,] — 2y/S;loglogn = U, - Pr[Z, = 1] — 2,/S; loglog n. (1)
Now we estimate Pr [Z, = 1]. By the definition of Push

Pr[szl]zl—H(l—%>Cu.

u€ly
Using that 1 —2 <e *<1—a2+ 22 forany xz >0

Pr(Z,=1]>1—c¢ Zuer, @/ =1 _ o™ > 5, — 52,
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We now plug the value obtained by the above formula into (1) and normalize it. So we
obtain

[ s;log 1
ng = (1 —1y) - (s—sf) 9,/ 208081
=5 — 52 — iy st st —2\/8t10g10gn ?_2‘/—stloglogn7
n

where the last inequality comes from the fact that i; < s;.
m

Corollary 4.3. Consider the Push protocol. Then with probability at least 1 — o(1/logn)
for any round t in which Sy < n/8 we have that I, > I + S;/2.

Proof. 1f 1 < S; < logn, then Lemma 4.1 yields that with probability 1 — o(1/logn) we
have N, = St If logn < S; < n/8, then 2s? < s;/4 and 24/s;n tloglogn < s;/4. Thus,
Lemma 4.2 guarantees that with probability at least 1 — o(1/logn)

log 1
nt>5t_25§_21/@>%_

Corollary 4.4. Consider the Push protocol. For any round t and positive integer k =

O(log TL) i which S‘t_‘,—k = O(TL), with ]N’Obabmty 1- O(lolgcn)

Tww > 1 - (3/2)’“.

Proof. By assumption we have for every 1 < i < k that S;; = o(n). Applying Corollary
4.3 shows that with probability 1 — of

]

logn)

Siri 3
el Tiiq- >

Using an inductive argument and the union bound for k£ implies the statement. O

Livi 2 T +

5 Push Protocol with Bounded Mean and Bounded Variance

This section is devoted to the proof of Theorem 1.1. Recall that T}y, := min{t | I; = n},
i.e., the first round in which all nodes are informed. We claim that if E[R] = O(1) and
Var [R] = O(1), then |[Tira1 — (10 gz 7 +10geem n)| = o(logn). To prove this result, we
study the protocol in three consecutive phases. In the following we give a brief overview
of the proof.

e The Preliminary Phase. This phase starts with just one informed node and ends
when I, > log® n. Similar to the proof of the birthday paradox we show that in each
round every Push call informs a different uninformed node and thus the number of
informed nodes increases by S; > I;. Hence after O(loglogn) rounds there are at
least log” n informed nodes. Further, since E [R] = O(1), after O(loglogn) rounds
we also have S; < logo(l) n for all these rounds.
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e The Middle Phase. This phase starts when log’ n < I, < Sy < log®®Y n and ends
when I; > n/loglogn. First we show that the number of Push calls S; increases
by a factor of approximately 1 + E[R] as long as the number of informed nodes
is o(n). Then we prove that the number of newly informed nodes in round ¢ + 1
is roughly the same as S;. Therefore an inductive argument shows that it takes
log  gr 1 + o(logn) rounds to reach n/loglogn informed nodes.

e The Final Phase. This phase starts when [, > bg#gn and ends when all nodes
are informed with high probability. In this phase, we first prove that after o(logn)
rounds the number of uninformed nodes decreases to n/log” n. Then we show the
probability that an arbitrary uninformed node remains uninformed is e~ El#l+eo(1/logn),
Finally, an inductive argument establishes that it takes log.er n + o(logn) rounds
until every node is informed.

In the following we present the detailed proofs for these phases. Before that we show
the following proposition.

Proposition 5.1. Let € > 0 and let R be a random variable with support on the positive
integers such that E[R] = O(1) and Var [R] = O(1). Let § > 0 be such that U; = n*=?,
for some round t. Then, with probability 1 — o(1/logn),

Z C, = O(n*°2 log" ™ n).

uEUL

Proof. For k € N let us define a random variable

Wi:=Y Cy-1(Cy = k).

uev
By linearity of expectation
=Y E[C,L(C, > k)]
uev .
=n-E[C,1(C, > k)] =n- ;z Pr[C <7 ZF Pr[C, =1].

Since C,, has bounded variance the last sum is in O(1). Thus, E [W,] = O(n/k). Markov’s
inequality implies that with probability 1 — o(1/logn), Wy = O(n -log' ™ n - k~1). If we
set k = nd/2, then

Z C, = Z C, + Z Cu <Wi+0n'0 k) =0n%? logn).

u€ly {uely: Cy>k} {u€ly: Cu<k}
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5.1 The Preliminary Phase

This phase starts with one informed node and ends when I; > log® n and S, < logo(l) n
Let T} be the first round in which the number of informed nodes exceeds log® n.

Lemma 5.2. For any t = O(loglogn), with probability at least 1 — log™®n, we have
S, =1log®WYn

Proof. We will bound the expected number of calls in each round ¢ as follows:

E[S[Sa]=Sa+E| > C,
ueN;_1

- St—l + Nt—l . E [R] < St—l . (1 + E [R]),

where the last inequality comes from the fact that N, _; < S;_1. Since the origin of the
rumor is chosen before determining the C,’s we have E [Sy] = E [R]. Applying the law of
total expectation yields

E[S]=E[..E[E[S|Si] [Si—2]... [So] < 1 +E[R])E[S)] = (1 +E[R]) E[R].
By using Markov’s inequality we have that
r[S; > (1+E[R]) -E[R]log’n] <log™*n.
and the claim follows for any t = O(loglogn). O
Corollary 5.3. With probability 1 — o(1) we have Ty = O(loglogn).

Proof. Lemma 5.2 asserts that with probability at least 1 — O(log™>n), S, = logo(l) n
for any t = O(loglogn). Conditioning on this event, Lemma 4.1 guarantees that with
probability 1 — (n~110g®Y n), for any t = O(loglogn),

Lipw =1, + 5 = 214,

where the inequality comes from the fact that S; > ;. So, with probability at least

1 log®)
<1— 3 > (1—(’)(loglogn)'M =1-o0(1),
log” n n

there exists a round Ty = O(loglogn) such that I, > log® n and St, < logo(l) n. O

5.2 The Middle Phase

The phase starts when log n<Il; <5 < log M 1, and ends when I; > n/loglogn. Let
Ty be the first round so that I7; > n/loglogn. The main result of this subsection is that
[Ty — logy gz n| = o(logn) with high probability.
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Lemma 5.4. Suppose for a round t we have s, = Q(n~" -log’n) and s, = o(1). Then for
any k = O(logn) with (1 + E[R])*s; = o(1), with probability 1 — o(k/logn),

foralll<i<k, (I+E[R) - s (1-o0(1)<sm<A+E[R]) s -(1+0(1). (2)

Proof. Consider the random variable Zue " C,. Since N, is fixed and the random vari-
ables C,, u € N; are independent we obtain that E [Zue N Cu] = N; - E[R]. Moreover,

e

ueN

Var = N;- Var [R].

Chebychev’s inequality implies that

N, 1
‘ZC’U—NtE[R]‘>\/Ntlog2n gL‘;[R]:o( )
Nilog“n logn

ueNy

Pr

Since Siy1 =S¢ + 2w, Cus it follows that with probability 1 — o(1/logn),

Sy + Ny -E[R] — \/N;log®n < Siy1 < S; + N, - E[R] + 1/ N; log® n. (3)

Using the above formula and the fact that N, < .5; we have

log?n

St

St+1§5t+5't-E[R]+\/Stlog2n§5't- 1—|—E[R]—|—

Since S; is a non-decreasing function in t and log’n < I, < S;, with probability 1 —
o(1/logn)

log®n

1
s S e (14 BLR) (1 i \/(1 +E [R])210g5n> <sc (L ELR) <1 " log% n) '

An inductive argument and the union bound for all £ events that violate the above
inequality shows that for any k = O(logn) with probability 1 — o(k/logn),

forall 1 <i <k, sii <8¢ (1+E[R]) (14 0(1)). (4)

In order to prove the left hand side of (2), we use Lemma 4.2 which states with probability

1 —o(1/logn),
/s;logl
ng > s — 28% — 2 M‘
n
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Using the lower bound in (3) and the above formula implies that with probability 1 —
o(1/logn),

1 2
Sir1 = S +mny - E[R] — nt(;gn

9 s¢loglogn s, - log®n

>s+s-E[R]—2s;-E[R]| —2y/————— E[R] —{| ——
n n
9 sy log”n
> (1+E[R])s; —2E[R] sy — 2
n

> (1+E[R))s, — F(sy),

where F(s;) = 2E[R]s? + 2v/n~1-s,-log’n. An inductive argument and the union
bound for all k events that violate the above inequality show that for any integer k for
which (14 E[R])* - s; = o(1) with probability 1 — o(k/logn),

i—1
forall 1 <i <k, spi > (L+E[R])'s;— Y (1+E[R])VF(s11). (5)
7=0

Inequality (4) yields that with probability 1 — o(k/logn),
forall 1 <i < k=0(ogn), syi<a-s;-(1+E[R]),

where a := 140(1). F(s;) is a non-decreasing function in s; and hence for any k = O(log n)
and 1 < j <k,

F(sri—j) < Fla- (1+ E[R])s)

<2E[R(1+ B[R (a- )’ +2(1+E [R])y\/@.

Hence by combining the above inequality and (5), we conclude that for any integer k,
where (1 + E[R])fs; = o(1) and k = O(logn) with probability 1 — o(k/logn), for all

1<i<k
St+i
i—1
> (1+E[R)'s, —2E[R §1+E 1)2 (¢ —221+E W
> (1+E[R])'s; —dy - (1+E[R])*s] —dy- (1+ E[R])" - Stl(;g2”
=(1+E[R)s- |1—di-(1+E[R])'s; — dy- 105;1”

THE ELECTRONIC JOURNAL OF COMBINATORICS 22(1) (2015), #P1.23 13



where d; and dy are constants which do not depend on i. Since (1 + E[R])*s; = o(1) and
S = Q(%), for any 1 <17 <k,

stvi > (1+E[R) - s, (1—o(1)).

]

Lemma 5.5. Suppose that log’n i < 8 < 10g%Un - Then for any k = O(logn) with

n n

(1+ E[R])*s; = o(1), with probability 1 — o(1),

ie+ for L+E[RD s (1—0(1) <ipyn <ie+ fr- (L+HE[R]* s (1+0(1)),
where fi > 0 and fo > 0 are constants.

Proof. 1t is easy to see that

k—1 k—1
lipk = 14 + g Neyi < g+ E Stti-
i=0 =0

Applying Lemma 5.4 implies that for any integer k for which (1+ E[R])*-s; = o(1), with
probability 1 — 0(&) the following upper bound holds:

k—1 k—1
ek it Y s it s (L o(1) - Y (1 + E[R))
=0 1=0

=i+ fi- L+ E[R) s (L+0(1)),

where f; > 0 is a constant. On the other hand, Lemma 4.2 yields that with probability

1_0( 1 )7
/s;1logl
ng > s — 2s° —2 w‘

logn
Another application of Lemma 5.4 shows that with probability 1 — o(
1 <4 <k in which (1 + E[R])*s; = o(1) and s; > log?n_

n

k

1oen): for all integers

(L+EB[R)) - si- (1= 0(1)) < supi < (1+B[R]) - 51 (14 0(1)).

Using these two inequalities, as long as (1 + E[R])*s; = o(1), we have with probability
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1_0( . )7

logn
k—1
lipk = U + E Nag
=0

k—1 k—1
. Sty loglogn
2 i+ E Sti — E {28§+i+2\/%}
i=0 j

=0
k—1

> i+ (1= o(1) Y_(1+E[R)'s,

~ o) {(1 FERYES + (1 B[R 1oilogn}

=0

Ziit for 1+ E[R]) s —d- ((HE[RJ)% 2y <1+E[R]>k/2\/@>

>it+f2'(1+E[R])k'St-(1—f-(1+E[R])k-3t—d-(1+E[R])_k/2 —bglog”),

St

where fo > 0 and d > 0 are constants. Since log " < < 8¢, we obtain that
ivpk =i+ fa - (L+E[R) s, - (1= o(1)). (7)

By combining equations (7) and (6) we infer that with probability 1 — o(+2-),

logn

i+ fo- (L+ B[R] - s (1= 0(1)) S ivpe <io+ fi - (L+ B[R] - 5, (L+o0(1).

Corollary 5.6. With probability 1 — o(1) we have |Ty — log; gz n| = o(logn).

Proof. Applying Corollary 5.3 shows that with probability 1 — o(1), Ty = O(loglogn),

log® n < logo(l) n

where Tj is the first round in which < i < s, < . Now we can apply
Lemma 5.5 and set k = log; gz n — o(logn) such that with probability at least 1 — o(1)

we have W Ltk < @, where A > 1 is a constant. Then we conclude that with
probability 1 —o(1), [T} — log; gz n| = o(logn). O

5.3 The Final Phase

This phase starts with at least —— gn informed nodes and ends when all nodes get in-
formed. Let 77 be the first round in which I, > @ and let 75 be the first round in

which all nodes are informed with probability 1—o0(1). We will show that with probability
1—o(1), |(Ty — T1) — log.em n| = o(logn).
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Lemma 5.7. With probability 1 — o(1),
|(Ty — T1) — log,em n| = o(logn).

Proof. We define the indicator random variable Z, for every v € U; and any round t > T;:

1 if v does not get informed in round t+1,
Z, = .
0 otherwise.

Thus,

E [Ut+1 | Ut] =E

>

vEUL

:Ut‘PI'[ZU:H,

where for simplicity we omit the conditioning of U,y on U; when dealing with the Z,’s.
1 1

Using the fact that 1 — % = ¢ 7 9G2) we can approximate the value Pr [Z, =1] as

follows,

Cu

u€Ly uELs

— e~ Zuezt(%“’o(%)) — e—st—o(%)

Since & = O(2) for any round and e 06 =1— O(3),

U,
E [Ut—l—l | Ut] = Ute_st : 6_0(%) = Ute_st -0 (—t> . (8)

n
Since for every u,v € U,
PriZ,=1nZ,=1=Pr|Z,=1|2,=1]-Pr|Z,=1<Pr[Z,=1]-Pr[Z, =1],

we have that

Therefore,
Var |y 7| =) E[Z]+) (E[Z. 2] -E[Z]-E[Z)])
veEUL vEUL UFv
<Y E[Z}]=U-Pr(Z,=1=E[U | U] <U,.
VEUL

Applying Chebychev’s inequality implies that with probability 1 — o(—),

logn
< \/U;log® n. (9)
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Combining inequalities (8) and (9) yields that with probability 1 — O(logn)

U
U1 — Ue™™| < \/Uilog?n+ O (#) < 24/ Uilog’ n. (10)

According to the value of U, we consider two cases.

log logn
lemma. Since s; is a non-decreasing value in t and U; < n the recursive formula (10)

implies that with probability 1 — O(IOén)

U < Uy - elog_lolgn + 2\/nlog2 n.

Using an inductive argument shows that with probability 1 — 0<10§n>’

e Suppose that U; > long,n. Note that s; > iy > by the assumption of the

k-1

Ut—i—k Ut eloglogn + Zeloglogn . <2Q /n10g2 n) .

Hence after at most ky = 6log log2 n rounds with probability 1 — o(1) the number

(v/nlog®n), where ¢ > 0 is a constant.

= log5 n, then applying Proposition 5.1 implies

of uninformed nodes decreases t

e Suppose that U; < ;

that for any ¢ for which U; = (’)(1 ) with probability 1 — 0<logn>
_ , 1
> c=o(in) (1)
u€ly

On the other hand, using Chebychev’s inequality yields that with probability 1 —

O(IOén)7
2
< 4/n-log”n.

Combining the above equality and equality (11) results into an approximation for
s¢ which is not best possible but it suffices for our purpose. We know that

st:ZCu—ZCu.

uey uEUy

> C.—n-E[R]

uey

So,

2
B[R] - |2 ”—o<b;n> <s <E[R]+
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Therefore, s; can be replaced by E[R] £ o(@) with probability 1 — o(—=—). In-

logn

equality (10) implies that

a-U, —24/Ulog*n < Uy < a-Up + 24/ U, log? n, (12)

ElRJ+o(1/logn) G0 as long as U; > log” n with probability 1 — o(—=),

logn
/ 9 log®n
U <a-U+24Ulog'n=a-U, | 1+2 5
OéUt

log? 2
<a-U|1+2(—=" | <a-U|1+———]).
Oz210gn alog?n

Now for any k for which U;e *Elf] > log” n, with probability 1 — o(-),

logn

where o« = e~

2

Upsr < - U, - (1 + ) =a*- U - (1+0(1)). (13)

alog2n

In order to lower bound Uy we apply the lower bound (12) inductively. So we have
that with probability 1 — o(-),

logn
k—1
Ut—i—k > Oék U — Z 2-a"- \/Ut-‘,—k—i_l 10g2 n.
=0

Applying inequality (13) yields that with probability 1 — O(logn)7

\/ Upr_ilog>n < o'z \/Ut(l + 0(1)) log® n.

Thus,

el
|
—_

Ui = 08 - Uy = (1 +0(1)) Y a5 - \ Ui log® n

1=0

2ak-Ut—c-a§-\/Utlog2n, (14)

where ¢ > 0 is a constant and the last inequality holds because Zf;ol a5t =

O(ag). Combining the inequalities (13) and (14) yields for any k satisfying

Uye B > 1og®

with probability 1 — 0(1ogn)7
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o U (1 = 0(1)) < U, < oF - Uy(1 + 0(1)).

Hence by taking k& = log ez n — o(logn), with probability 1 — o(1), the number of
uninformed nodes after T} + ko + k rounds decreases to log® n, so we have at most
log® n uninformed nodes. Using the fact that for every > 0, 1 — 2 < e™®, the
probability that a node does not get informed after k£ additional rounds is bounded

from above by
Cu-k1
[0 o
n

u€ls
We already know that s; = E[R] + 0(@) and s; is an non-decreasing value in ¢ so
E|R
S =2

Thus the union bound implies that the probability that every node in U; does not get
—k1-E[R]

informed is bounded by log°n-e~ 2 . By choosing k; = ©(loglogn) we conclude
that with probability 1 — o(1) all nodes get informed. So we have with probability
at least 1 — o(1) that 7o < Ty + ko + k + ky, and ko + k + k; = log e n + o(logn).

]

6 Push Protocol with Bounded Mean

This section is devoted to the proof of Theorem 1.2.

Proof. In the Push protocol, in round ¢ + 1, at most S; randomly chosen uninformed
nodes are informed. This implies that E [S;;; | S¢] increases by at most E[R] - S;. Since
the origin of the rumor is chosen without knowing C, , E[Sy] = E[R]. Using the law of
total expectation yields that

E[S]=E[..E[E[S]S1]|S:]...15] < (L + E[R]) - E[R].
By applying Markov’s inequality, we conclude that

Pr[l, > n] < Pr[S; > n] < (+E[R) B[R]

n

Hence Q(logn) rounds are necessary to inform all nodes with probability 1 — o(1). O

7 Lower Bound for Push-Pull

Before we present our results about the Push-Pull protocol we show the following general
lemma. Recall that So = C,,, where u is the single node that is aware of the rumor at the
beginning of the protocol.
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Lemma 7.1. Consider the Push-Pull protocol and {C, : u € V} be a sequence of positive
integers. Then with probability 1 — o(1), the Push-Pull protocol needs at least

~ logn — log S
log ZUGV Cz/n

Proof. We know the probability that an uninformed node u gets informed by Pull in round
t + 1 is bounded by I; - C\/n. Therefore using this bound we have

rounds to inform all nodes.

Z E [C,1(u gets informed by Pull) | Sy]

u€Uy

= Z Cy - Pr[u gets informed by Pull in round ¢ + 1]

u€Uy

I,-C, c?
<D Cur =<k ) =

u€EUy uey

On the other hand the probability that a node u € U, gets informed by Push in round
t + 1 is at most S;/n. So we get that

Z E [C,1(u gets informed by Push) | Sy]

uEUy

= Z Cy - Pr[u gets informed by Push in round ¢ + 1]
ueUy
Yo tas Y
uEU uey

where the last inequality follows by C, < C2. Combining the above inequalities implies
that

E S ]S <SS +(Si+ 1) - (ZCQ/H> - < (14—2'202/71) - St

uey uey

Applying the law of total expectation yields that

E[S]=E[..E[E[S]S,1]|Sis]...|S0] < (1 12 Zc}jm) .S

uey

Using Markov’s inequality implies that

Pr[l; = n] <Pr[S; > n/2| < n[/szt] < (L+2- Zu;};QCﬁ/n) : 50’

and the claim follows. O
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8 Push-Pull Protocol with Bounded Mean and Bounded Vari-
ance

This section is devoted to the proof of Theorem 1.3.

Proof. {C,: u € V} be a sequence of positive integers each of which is generated inde-
pendently according to some distribution R With E[R] = O(1) and Var [R] = O(1). We
call {Cy: v € V} a good sequence if 3, C% = O(n) and Sy = O(1). Since the origin of
the rumor is chosen without knowing C,,, E [So] = E[R]. Applying Markov’s inequality
implies that for any constant € > 0 with probability at least 1 — ¢/2, Sy = O(1). Since
R is a probability distribution with bounded variance, >~ ., E[CZ] = O(n). Another ap-
plication of Markov’s inequality implies that with probability 1 —¢/2, >~ ., C2 = O(n).
Therefore using a union bound for failure probability of two mentioned events implies
that for fixed ¢ > 0 with probability at least 1 — ¢, {C,: u € V} is a good sequence.
Conditioning on the event that {C,: u € V} is a good sequence, using Lemma 7.1 implies
that with probability at least 1 — o(1) the Push-Pull protocol needs Q(logn) rounds to
inform n nodes and the result follows. ]

9 Push-Pull Protocol with Power Law Distribution 2 < 8 < 3

In this section we analyze the Push-Pull protocol where R is a power law distribution with
2 < < 3 and show that it only takes ©(loglogn) rounds to inform all with probability
1 — o(1). To prove the upper bound of O(loglogn), we study the protocol in three
consecutive phases and show that each phase takes only O(loglogn) rounds. After that
we show the lower bound Q(loglogn).

9.1 Proof of the Upper Bound

The Preliminary Phase.

This phase starts with just one informed node and ends when I, > n# 7 /(2-logn). Let T}
be the first round where I, > nA1 /(2logn). We will show that T3 = O(loglogn). First
we claim that O(loglogn) rounds are sufficient to have logo(l) n informed nodes. Then
we will show that in round t 4+ 1 with probability 1 — e~2(°8™) there exists a node u with
C. 21 1”, v ( > (0, which pulls the rumor and consequently Sy, > I . Then

considering only Push calls it follows that with probability 1 — of

logn)

1
Livo = I+ Neyr 2 Ly + Sipa (1 —o(1)) > 2]1+'y

So in every two rounds, [; is increased by a factor of %Ig’ and hence after O(loglogn)
rounds the phase ends. For a complete proof see the following lemma.

Lemma 9.1. With probability 1 — o(1), Ty = O(loglogn).
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Proof. At first we only consider Push calls and apply Lemma 4.1 which states that as long
A
as S, < logs 3 n, with probability 1 — O(l= "2y

n

Iy = I + Sy 2 21

Thus as long as S; < logﬁ n, in each round the number of informed nodes is at least
doubled. So we conclude that with probability 1 —o(1), O(loglog n) rounds are sufficient

to inform logﬁ n nodes. Let Ty be the first round when I > logﬁ n. Let us define

the constant v := 2(3[3;_62) > 0. Let T be the first round such that

I <t flogn < I,

Now for any Ty < t < T', we can apply Proposition 3.3 and conclude that with probability
1- O(%)a

neey - [TFED

NG LUT) LY > 5 (15)
wel(I})
So,
ﬁ Z o s e _[t1+(1+’7)(2*/3) _ cr - It3*5+7(2*/3)
n vz 2 2
uell(ltl"w)

We will bound the probability that none of u & E(ItIJW) gets informed by Pull calls in
round t + 1 as follows,

c c _

L\ I\ Zueca} ) O oy [3B+(2=B) o2

| | 1—— =(1—— <e @t =e N
n n

wel(I})

Cc1

Since for any t > Ty, I; > logﬁ n, we have that with probability at least 1 — n~
least one node in £(I;}7") gets informed by Pull in round ¢ + 1. Hence we have that

, at

1
Sy =17,

Let us now consider the Push calls in round ¢ + 2. By applying Lemma 4.1 we know that

as long as S;1 = o(n) with probability 1 — o(1-),

Si+1(1 —o(1)) < Npsa

Thus,
[1+'Y

Tty 2 Itpa + Sppa(1 —o(1)) > t2
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An inductive argument shows that for any integer £ > 1 as long as I};LJZQ,C?Q < nF-T /logn,
with probability 1 — o(-)

logn

k=1(1 )i 14~k 2 (14"
b (N e (1T g (logT
To+2k 2 To - 2,}/ C, 9

where C" = 27 = O(1). So we conclude that after 7p+2k rounds, where k = o(log, |, logn),

there are two cases: either I, o > nﬁ/(Q log n) which means 77 < To+2k = O(loglogn)
and we are done, or

Ity ion < nﬁ/@ logn) < nﬁ/logn < I}:j%.

In the latter case, we change the value v to «' which satisfies f%ﬁ;k — pFt /logn and a
similar argument shows that

_1
Inyt2n2 = nP1 /(2logn).

The Middle Phase.

This phase starts with at least nﬁ/ (2logn) informed nodes and ends when I; > .
Let T5 be the first round in which 1oZn nodes are informed. We will show that T, — 17 =
O(loglogn). In contrast to the Preliminary Phase where we focus only on an informed
node with maximal C',, we now consider the number of informed nodes v with a C, above

a certain threshold Z;; which is inversely proportional to ;.

Lemma 9.2. Suppose that I; > nﬁ/(Qlog n) for some round t. Then with probability
1- O(%%

|L(Zis1) NTiga| 2 ~L(Ziy1),

A

nloglogn

where Zy 1 1= a

Proof. We consider two cases. If at least % of the nodes in £(Z;41) are already informed
(before round ¢t+1), then the statement of the lemma is true. Otherwise |£(Z;11) \Uyy1| >
3L(Zi+1). In the latter case, we define

LN Z141) = L(Zia) NUppa-
Let X, be an indicator random variable for every u € £'(Z,,1) so that

1 if u gets informed by Pull in round ¢ 4 1,
Xy = .
0 otherwise.
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Then we define a random variable X to be X := Zueﬁ(ztﬂ) X,. Since for every u €

L(Zi), Cu 2 Zypq = MELER it follows that

I Cu ] Zt+1
Pr(X,=1=1- (1—l) >1- (1—l) =1 — ¢ Moslogm) — 1 _ (1),
n n

Thus Pr (X, =1] > 2 and E[X] = Douer(zo) PT[Xu = 1] > 3|£/(Zi41)]. Since

, 3
|L(Ze1)| = |L(Zis1) O Upa| > ZL(ZtJrl)a

it follows that 9
E[X] > 1—6L(Zt+1).
1

We know that I; > n?-1/(2logn) and also I; is a non-decreasing function in ¢, so

log1 -
Ziy1 = nog}ﬂ <2- Rt lognloglogn < nﬁ/logn,
t
where the last inequality holds because f < 3. Now we can apply Proposition 3.3 (see
appendix) to infer that with probability 1 — o(2),

n-cy- Ztlgf S G log’ ' n

L(Z = Z
(Zer) > 5 ;

Therefore,

.y - log? ™t
E[X] > 9-c; - log n
32
Then applying Theorem 2.1 results into

E[X E .
Pr [X < %} < Pr {|X ~E[X]| > % < 2e7 0 < 2e Mg (1)

So with probability 1 — o(£), we have that

E[X] _ 31L(Zu)l 1

|L(Z) N T 2 X > 5 & 1

WV

L(Zt+l)>
where the last inequality holds because |£'(Zy41)| > 3L(Zit1). O
Lemma 9.3. With probability 1 — o(1), To — T1 = O(loglogn).

Proof. Since I, > nﬁ/@logn), Ziy1 = % < nﬁ/logn, using Proposition 9.2

results into a lower bound for [£(Z;41) N Z;41|. So with probability 1 — o(+),

L(Zus1) - Zosn.

1 =

Siy1 = Z Cu 2 |L(Za NTia)| - Ziya =

uEIt+1
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By applying Proposition 3.3, we conclude that with probability 1 — 0( ), L(Ziy1) =

n-ci- Zt+1

. Therefore, with probability 1 — o(2),

2-8
n-c -2y
St+1>T+

As long as S;11 = o(n), we can apply Lemma 4.2 for the Push protocol to round ¢ + 2

implying that with probability 1 — 0(logn)

It+2 = It+1 + Nt ]t+1 + St+1(1 — 0(1))
Thus,

S, c _ c _
el s Ay 72 B——1~n3*5-loglog2_5noff 2,

Lo > —
t+2 2 16" 1 T 16

By an inductive argument, we obtain that for any integer k > 1 with S, = o(n), it holds

with probability 1 — O(IOI;n)7

>Zfol(52)i ](5_2)k . )1&352)’“ 115(6_2)k‘

Iy > (%n?’_ﬁ -loglog®#n A = (16 n377 . loglog*~

Therefore there exists k = O(log = logn) such that

¢ 1-0(1/105m)
Lo, 2> <1—6n3_5 -loglog®" n 8-h ]tl/IOgn
101/ logn) o
=0 O(1/logn) < log log®™ > 55 _q ( : ) |
16 log log® n
where § = 2( — O(1/logn)) > 0. Hence Ty, < Ty + 2k = Ty + O(loglogn) with
probability 1 — o(1). -

The Final Phase.

This phase starts with at least % informed nodes. Since the runtime of our Push-Pull
protocol is stochastically smaller than the runtime of the standard Push-Pull protocol (i.e.
Cy =1 for every u € V'), we simply use the result by Karp et. al in [24, Theorem 2.1] for
the standard Push-Pull protocol which states that once I; > ﬁ, additional O(loglogn)

rounds are with probability 1 — o(1) sufficient to inform all n nodes. [
9.2 Proof of the Lower Bound

Since increasing the number of informed nodes can only decrease the runtime of the
protocol, we may assume that at the beginning there are log® n random informed nodes,
where b := max{4, 2 + 3 } Applying Markov’s inequality to the random variable Sy
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implies that with probability 1 — 0( ) log®n < Sy < log®™ n. In the following we lower

bound the number of rounds to reach nieioen informed nodes. We do this by keeping
track of the largest value of C,, among all informed nodes and show that this value does
not exceed I} 72 logﬂ 2 n with high probablhty

By Fact 3.2, with probability 1 — 0( ) we have max,ey C, < nFt logn. Let i* be
the smallest positive integer so that 2¢ nﬁ 1 /logn. Then i* < logn. Let us define the
set M; = {u € V: 2"~ 1<Cu<2’}for1 i < i*— 1 and M .—{uEV.22_1<
C, < nF=T logn}. We denote the size of M; with M;. By definition, for any 1 < i < i*,
M; < L(2°71). Applying Proposmon 3.3 implies that with probability 1 — 0( ) for any
1 <i<i* wehave M; < 3 SeCaem 20=1(1-8) 1,6t us define the indicator random variable
Z! for every u € Uy N M, as follows:

w "

i 1 if u gets informed by Pull in round t+1,
Z) = .
0 otherwise.

Hence, Pr(Z! =1] < C, - £ < Itfi. Let P, be the probability that at least one node in
U, N M; gets informed by Pull in round ¢ + 1. Then, for any 1 <@ <* — 1,

: I, ,
ST OPr[Zi=1] <ML 2 <3y I, 20700,
ueUNM; n

Since 2 > /logn and O, n# 7 lo ogn with probability 1 — (logn>

w

, " I
P < Z Pr(Z.=1]<>¢c-n-2" _1)(1_ﬂ)-—t~nﬁlogn
WEU M n

[\]

2-8 _
<6-cy-I;-nB-T logﬁ L.

So as long as I; < nlogllogn Py = (l = ). We define A, := SB lo gﬂi? n. Let 1 <4 <d*
be the smallest integer so that 2 > At Then for any i; <7 < ¢* we have,
P,<30-202 1,20 P L6y I, AP <6 ¢y - log 2.

Let E; be the event that no node with C, > A; gets informed by Pull in round ¢ + 1.
Then we have

i* 1
Et]>1—ZH>1—o(logn). (17)

1=1%¢

Let us define St V1T D e wpar Cu. Conditioning on the event £; we obtain that

Blst 8] <y X o PI“PFZ’E:] !

i=1 uelyNM;

(14 o1 Zzz < (1+0(1)- %.Zzi-Mi-Qi_
=1
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By definition of i;, we have 2* < 2-A, and also we have M; < L(277!) < 2.¢,-207D0=0) .y,
Hence the last sum is bounded by

N

it
(14 0(1)) - Z 2% . [, 207000 <24y [, - 20BF) L2y I+ (20 )P
i=1
1+3=5
< 24 * CQ ° St =
Conditioning on the event F; and applying Markov’s inequality imply that with proba-
bility 1 — o(

logn)

35 (3-8)
S <1og?n- B[S 5] <2405 102 5 (18)

Let us define the indicator random variable Y,, for every u € U, as follows:

1 if u gets informed by Push in round t+1,
Y, = .
0 otherwise.

Then we have Pr[Y, = 1] < S;/n. Let A denote the event that >, _,,C, < n -log”n.

Since E[R] = O(1), applying Markov’s inequality implies that Pr [A] > 1 — o(1/logn).
Let us define St(i)l =D e wpush Cu. Conditioning on the event A we have

E[Sﬁ)llSt} Zc ” (1+0(1)- Y C,y- St < (14 0(1) -5, - log? n.

ueUy ueV

Conditioning on A and applying Markov’s inequality implies that with probability 1 —
o(1/logn),

SP <log?n - E[ SP | St] < S, log'n (19)

Combining inequalities (18) and (19) implies that with probability 1—o(1/logn) for every
0<t<loglogn

3-8 (3-5)
Sy +24-co - St1+3’2 10g2+3§*2 n+S;-log*n
S

Siy1 <S¢ + St(i)l + St(—?-)l <
< S +24-cy - ST 52 <SP

} and log’n < I, < S;. We

b+2

where the last inequality holds because b = max{4, 2 + 2

n. An inductive argument
shows that for every 1 <t < loglogn with probability 1 —o(1), S; < SébH)t < log(b”)m.
If we set T' := 1 -log, ., logn, then with probability 1 —o(1) we have Sy < n'/l°gle" Thus
T = Q(loglogn) rounds are necessary to inform all nodes with probability 1 — o(1). This

finishes the proof of the lower bound of Q(loglogn). ]

know that with probability 1 — o(1/logn) we have Sy < log
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10 Push-Pull Protocol with Power Law Distribution 3 = 3

In this section we analyse the Push-Pull protocol where R is a power law distribution
with § = 3 and show that the Push-Pull protocol takes © ( logn ) rounds to inform all

loglogn

n nodes. Throughout this section we assume that the power law distribution with § =3
has an additional property in which for every positive integer z

Pr[R=2z>c 277, (20)

where ¢ > 0 is fixed. Let us define £*(z) = {u : C, = z} and L*(z) = |[L£*(2)|. Also
we define Z,(z) = Z, N L*(z) and N (z) = N; N L*(z), whose sizes are denoted by I;(z)
and N;(z) respectively. NPU"(z) and NFU(z) are denoted the size of the newly informed
nodes with C,, = z by Push and Pull transmissions respectively. In the following we show
a useful fact about the L*(z).

Fact 10.1. Let R be a power law distribution with 3 = 3. Then for every z = O(n'/*),
with probability 1 — o(+) we have that

n-Pr[R = z] <3-n-Pr[R:z]

< L(z2) < 5

Proof. We know that E[L*(z)] = n- Pr[R = z]. By using the inequality (20) we have
that for any z = O(n'/*), Pr[R = 2] = Q(n~%/*). Then we have that E [L*(2)] = Q(n?*/®)
and using a Chernoff bound 2.1 yields that with probability 1 —o(+) the inequality in the

statement holds. O

10.1 Proof of Lower Bound

Theorem 10.2. With probability 1 —o(1), the Push-Pull needs at least (b?lgogn) rounds

to inform all n nodes.

Proof. Let {C,: u € V} be a sequence of positive integers where every C, is generated
independently according to a power law distribution with 5 = 3. We call a sequence
{Cy,: u €V} is good if it fulfills three conditions:

1. For every u € V, Cy < n.
2. 5o = O(logn).
3. ) wey %2 = O(log’n).

In the following we show that with probability 1 — o(1) every sequence {C,,u € V} is
good. By definition of power law distribution for § = 3 we have that

C1
Pr[C’ugn]>l—ﬁ:1—0(1).
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We know that E[R] = O(1), so Markov’e inequality implies that with probability 1 —

O(@), So = O(logn). Conditioning on the event that for every u € V, C,, < n we get

" Pr[R? > ] "1
2 < < Zz—l < . J— . . .
E [C}|C, <n] < Pric, <n S (I+0(1)) ¢ E . (I4+o0(1)) ¢y -logn

z=1
So applying Markov’s inequality yields that with probability 1 — O(@),

2

Cu_ 2
ZF—O(Iog n)

u€ey

Therefore we have that with probability 1 — o(1), the sequence {C,: u € V} is good.
Conditioning on this event and then applying Lemma 7.1 shows that with probability
1 — o(1) the Push-Pull needs at least

QO logn — log Sy _Q logn
log >,y C2/n) loglogn

rounds to inform n nodes. O

10.2 Proof of Upper Bound

Before we present a proof for the upper bound we show following two lemmas.

Lemma 10.3. Suppose that Sy < . and z < min{ﬁ, O(ni)}. Then with proba-

bility 1 — 0(@), for any round t = O(logn) we have that

L*(2) < n-Pr[R = z]

2 7 4 '
Proof. By considering the Push call we have that the size of newly informed nodes is
bounded by S;. Since they are chosen randomly, we have that

E [N/*"(2)|9;] <S¢ -Pr[R =z]. (21)
On the other hand we have that
E [thu”(z)|[t] < Z Pr [u gets informed by Pull in round ¢ + 1]

u€UNL* (2)
< L*(2) - Pr[u gets informed by Pull in round ¢ + 1], since |U; N L*(z)| < L*(2).

~re(1-(1-2) ) s e 2

where the last inequality holds because we assume that % < % < 3 and for any 0 <

a < 10%2, e 2 < 1—a < e Applying Fact 10.1 shows that for any z = O(n1) with
probability 1 — o(%) we have
n-Pr[R =]
2

U (z2) N L*(2)| =

-n-Pr[R =
<L*(z)<3n ;[R z]

(22)
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Thus,
E [N(2)|S)] €3Iz -Pr[R=2z] (23)
Combining (21) and (23) implies that
E[Ny(2)|S;, I,] < S;-Pr[R=2]+3-1;-2-Pr[R = 2]

We know that I,,1(2) = Io(2) + >_'_, Ni(z). Using the linearity of expectation we have
that

E[I,11(2)]S;, 1;,0 <i < —|—ZE 2)|S;, 1]

t
<Io(z) +Pr[R=2z]-) (Si+3-1-2)
i=0
where the last inequality comes from the fact that S; and I; are non-decreasing function
in t. By assumption z < min{ﬁ, O(n1)} and S, < Toat for any round ¢ = O(logn)
we have that
-Pr|R =
E[l,1(2)]S;, i, 1<i<t]<2-(t+1)- (S +3-1,-2)-Pr[R=2z < w.
og'n

Applying Markov’s inequality shows that with probability 1 — o(-— o —) for any round ¢ =
O(logn),
n-Pr[R = z| o L*(z)

L1 (2) <log?n - E[[141(2)]5:, 1;,0 <1 < t] < 3 < 7
log”n 2

where the last inequality follows from inequality (22). Therefore we infer that with prob-
ability 1 — 0(lO =), [U(2) N L¥(2)] = L*z(z). O

Lemma 10.4. Suppose that I, = e mstosw) and Sy < . Then with probability 1—o(1),

the Push-Pull protocol needs O (102)1%);‘”) rounds to mform ot least €2 Tesr nodes.

Proof. Let X, be an indicator random variable for every u € U;(z) N L*(2) so that

1 if u gets informed by Pull in round ¢ + 1,
X, = .
0 otherwise.

Then we define the random variable X;(z) := Zueut(z)ﬂﬁ*(z) Xy. Let us define 2z, =

1/4

min{/,”", —"s}. Using the approximation e < 1 —a < e, 0 < a < 1/2, results

’ I log
that for any z < z; we have

I
Pr[Xuzl]:l—(l——t> >1—e 5 >

n
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Applying Lemma 10.3 shows that with probability 1 — o(-—) for any z < z and any

1
ogn
round t = O(logn),

L*(z)~]t-z>ft-z-Pr[R:z] c- I
4-n - 8 I%
¢

E(X,(z)]= >  PrlX,=1]>
w€U (2)NL*(2)

logn

where the last inequality holds because Pr[R = 2] > 5. Since I; = eMmetn) and X.'s
are independent, applying a Chernoff bound 2.1 implies that with probability 1 — 0(%),

B [X.(2)]

Xt(z) = 5

Using the above inequality and inequality (24) shows that that with probability 1— 0(@)
there exists a constant C' so that

. I & AR
St+1>ZXt(Z)'Z>_t 22Pr[Rzz]2016tZ;:ItCIOth

z=1 z=1 z=1

logn

logn
For any positive integer k in which I, € [eQ(loglog"), elogn™ logfgog"], we have that

eQ(lotgofgorgln) g 2.
Hence from the above inequality we conclude that here exists a constant C) so that

logn
Sip1=2C- I ————— > Cy - I - /1 :
t+1 1 t loglogn 1 t ogn

Considering only Push transmission for S; = o(n) and applying Lemma 4.2 implies that

with probability 1 — 0(10;,1)

St+1 S C'l-]t-\/logn
2 7 2

Iyo >
An inductive argument shows that for any integer k£ as long as S; o, = logLﬁn with proba-
bility 1 — o(1),

Cy - /log n)k
— ) -

-[t+2k 2 It ' (

logn

Thus there is a k = O ( log n ) so that after # + 2k rounds there are at least e/°8™ Toglogn

loglogn
informed nodes. [

Corollary 10.5. let R be a power law distribution with B = 3. Then with probability
logn
loglogn

1 — o(1), the Push-Pull protocol in informs all n nodes in O ( ) rounds.
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Proof. Applying Corollary 4.4 results that as long as S; = o(n) with probability 1 — o(1),

for any round ¢ = O(logn),
3 t
1> () 0

logn
So after O (101;1%) rounds there are at least eQ(log =) informed nodes. Now we apply

logn

Lemma 10.4 and conclude that after O (102’%”) rounds we have at least ¢'°8" Toglogn

informed nodes. Another application of Corrolarry 4.4 implies that after O( log)i gn) rounds

we have at least @ informed nodes. Since we have enough number of informed nodes
using the result by Karp et. al in [24, Theorem 2.1] for the standard Push-Pull protocol
shows that once Iy > 7, with probability 1 — o(1) additional O(loglogn) rounds are
sufficient to inform all n nodes. m

11 Generating a New C! in Each Round (Theorem 1.6)

In this section we analaysis the Push-Pull protocol for a new model. In this model according
to some distribution R, at the beginning of each round ¢, every node u generates a random
natural number C! > 1 independent of all other nodes. Then in round ¢, the Push-Pull
protocol disseminates the information according to {C%: u € V}, i.e., node u calls C?,
random nodes. In the following we show that if we have E[R] = O(1). Then with
probability 1 — o(1), the Push-Pull protocol needs Q(logn) rounds to inform all nodes.

Proof. The probability that a node u € U, gets informed by Pull is as follows:

Pr [u gets informed by Pull in round ¢ + 1]

= Z Pr [u gets informed by Pull in round ¢ + 1 | R, = 2] - Pr [R™ = 2]

(1— (1-%)3 -Pr R =z] + i 1(1— (1—%)3 -Pr [RT = 2]

8
—

,i
N‘§

3

z=1 ﬁZLTtH‘
Lz ) o @

]t el t+1 t+1 . It ]t X
é—Zx~Pr[Ru =z] + Z Pr [Ri™ = 2] sincel —1——| <

" =1 I:L%Pﬂ n n

I I 21
<L B[R +Pr R > | || <2 B[R+ B[R],

n 21, n n

where the last inequality is due to Markov’s inequality. Recall that NP' and NfUsh are
the number of newly informed nodes by Pull and Push calls in round ¢ + 1 respectively.
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Hence,

E [N 1] = Z Pr [u gets informed by Pull in round ¢ + 1]
uely

U -1,-3-E[R
<t []<3-It-E[R].
n

Recall that S; is the number of Push calls by informed nodes in round ¢ 4+ 1. Therefore,
NPush < S, and

E [N/ | L] <E[S | L]=) E[C/"] =1,-E[R].

u€ly

Hence,
ELi | L <L+E[N"|L]+E[N""| L] <(1+4 E[R])- .

By using the law of total expectation, we conclude that E [I;] < (1+4-E[R])". If we set
T = c-logn, where ¢ > 0 is a small constant, then

Blly] _ (1+4-B[R)"
o S W

So with probability 1 — o(1), we need at least ¢ -logn rounds to inform all nodes. O

PI‘UT?\/ﬂg
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