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Abstract

We study maximal clades in random phylogenetic trees with the Yule-Harding
model or, equivalently, in binary search trees. We use probabilistic methods to
reprove and extend earlier results on moment asymptotics and asymptotic normal-
ity. In particular, we give an explanation of the curious phenomenon observed by
Drmota, Fuchs and Lee (2014) that asymptotic normality holds, but one should
normalize using half the variance.

1 Introduction

Recall that there are two types of binary trees; we fix the notation as follows. A full
binary tree is an rooted tree where each node has either 0 or 2 children; in the latter case
the two children are designated as left child and right child. A binary tree is a rooted
tree where each node has 0, 1 or 2 children; moreover, each child is designated as either
left child or right child, and each node has at most one child of each type. (Both versions
can be regarded as ordered trees, with the left child before the right when there are two
children.) Tt is convenient to regard also the empty tree () as a binary tree (but not as
a full binary tree). In a full binary tree, the leaves (nodes with no children) are called
external nodes; the other nodes (having 2 children) are internal nodes. There is a simple,
well-known bijection between full binary trees and binary trees: Given a full binary tree,
its internal nodes form a binary tree; this is a bijection, with inverse given by adding, to
any given binary tree, external nodes as children at all free places.

Note that a full binary tree with n internal nodes has n 4+ 1 external nodes, and thus
2n+ 1 nodes in total. In particular, the bijection just described yields a bijection between
the full binary trees with 2n + 1 nodes and the binary trees with n nodes.
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If T is a binary, or full binary, tree, we let T and Tk be the subtrees rooted at the left
and right child of the root, with 7} = () [Tk = 0] if the root has no left [right] child.

A phylogenetic tree is the same as a full binary tree. In this context, the clade of
an external node v is defined to be the set of external nodes that are descendants of
the parent of v. (This is called a minimal clade by Blum and Francois [3] and Chang
and Fuchs [6].) Note that two clades are either nested or disjoint; furthermore, each
external node belongs to some clade (for example its own). Hence, the set of maximal
clades forms a partition of the set of external nodes. We let F'(T") denote the number of
maximal clades of a phylogenetic tree T'. (Except that for technical reasons, see Section 2,
we define F(T') = 0 for a phylogenetic tree T" with only one external node. Obviously,
this does not affect asymptotics.) The maximal clades, and the number of them, were
introduced by Durand, Blum and Francois [11], together with a biological motivation, and
further studied by Drmota, Fuchs and Lee [10].

The phylogenetic trees that we consider are random; more precisely, we consider the
Yule-Harding model of a random phylogenetic tree 7, with a given number n internal,
and thus n + 1 external, nodes. These can be defined recursively, with 7; the unique
phylogenetic tree with 1 node (the root), and 7, obtained from 7, (n > 0) by choosing
an external node uniformly at random and converting it to an internal node with two
external children. (Alternatively, we obtain the same random model by constructing the
tree bottom-up by Kingman’s coalescent [17], see further Aldous [2], Blum and Francois
[3] and Chang and Fuchs [6].) Recall that, for any n > 1, the number of internal nodes in
the left subtree T, (or the right subtree 7, r) is uniformly distributed on {0,...,n — 1},
and that conditioned on this number being m, 7_;“_ has the same distribution as 7,,; see
also Remark 12.

Under the bijection above, the Yule-Harding random tree 7,, corresponds to the ran-
dom binary search tree 7T, with n nodes, see e.g. Blum, Frangois and Janson [4] and
Drmota [9].

The random variable that we study is thus X, := F(7,), the number of maximal
clades in the Yule-Harding model. It was proved by Durand and Francois [12] that the
mean number of maximal clades E X,, ~ an, where

1— —2
a= 46 . (1.1)

This was reproved by Drmota, Fuchs and Lee [10], in a sharper form:

Theorem 1 ([12; 10]).

EX, =EF(T;) = an + O(1), (1.2)
where « is given by (1.1).

Moreover, Drmota, Fuchs and Lee [10] found also corresponding results for the variance
and higher central moments:

Theorem 2 ([10]). As n — oo,
E(X, —EX,)? ~ 4a’nlogn, (1.3)
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and for any fized integer k > 3,

2k k, k-1

E(X, —EX,)* ~ (—1)’fk — ot (1.4)

As a consequence of (1.3)—(1.4), the limit distribution of F'(7,) (after centering and
normalization) cannot be found by the method of moments. Nevertheless, [10] further
proved asymptotic normality, where, unusually, the normalizing uses (the square root of)
half the variance:

Theorem 3 ([10]). As n — oo,

X, —EX, 4

n —an 4 N(0,1). 1.5
Vv 2a2nlogn 1 (1-5)

Here and below, 4 denotes convergence in distribution; similarly, — will denotes
convergence in probability. Unspecified limits (including implicit ones such as ~ and
o(1)) will be as n — oo. Furthermore, Y, = 0,(a,), for random variables Y;, and positive
numbers a,, means Y, /a, L5 0. We let C,C4,Cy, ... denote some unspecified positive
constants.

The purpose of the present paper is to use probabilistic methods to reprove these
theorems, together with some further results; we hope that this can give additional insight,
and it might perhaps also suggest future generalizations to other types of random trees.

In particular, we can explain the appearance of half the variance in Theorem 3 as
follows:

Fix a sequence of numbers N = N(n), and say that a clade is small if it has at
most N + 1 elements, and large otherwise. (We use N + 1 in the definition only for later
notational convenience; the subtree corresponding to a small clade has at most /N internat
nodes.) Let X2 be the number of maximal small clades, i.e., the small clades that are
not contained in any other small clade. It turns out that a suitable choice of N is about
V/n; we give two versions in the next theorem.

Theorem 4. (i) Let N :=+/n. Then Var(XY) ~ 2a®nlogn and
XN _EXVN
Sn 2 44 N(0,1). (1.6)
/ Var XV

Furthermore, X,, — X} = o0,(y/Var X)) and EX,, — EX}Y = o(y/Var X)), so we may
replace XN by X,, in the numerator of (1.6). However,

Var(X,, — X)) ~ Var(X)) ~ 2a’nlogn. (1.7)

(i) Let v/n < N < /nlogn, for example N := y/nloglogn. Then the conclusions
of (i) still hold; moreover, P(X, # X)) — 0.
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The theorem thus shows that the large clades are rare, and do not contribute to
the asymptotic distribution; however, when they appear, the larges clades give a large
(actually negative) contribution to X, and as a result, half the variance of X,, comes
from the large clades. (When there is a large clade, there is less room for other clades, so
X, tends to be smaller than usually. See also (2.4) and (2.2) below.)

For higher moments, the large clades play a similar, but even more extreme, role. Note
that (for n > 2) with probability 2/n, the root of 7, has one internal and one external
node, and then there is a clade consisting of all external nodes; this is obviously the unique
maximal clade, and thus X, = 1. Since E X,, = an 4+ O(1) by Theorem 1, we thus have
X, —EX, = —an+ O(1) with probability 2/n, and this single exceptional event gives a
contribution ~ (—1)*2a*n*=! to E(X,, — E X,,)*, which explains a fraction (k — 2)/k of
the moment (1.4); in particular, this explains why the moment is of order n*=1.

We shall see later that, roughly speaking, the moment asymptotic in (1.4) is completely
explained by extremely large clades of size ©(n), which appear in the O(1) first generations
of the tree.

This will also lead to a version of (1.4) for absolute central moments:

Theorem 5. For any fixed real p > 2, as n — o0,

E|X, —EX,[" ~ 2—p2apnp—1. (1.8)

In Section 2, we transfer the problem from random phylogenetic trees to random binary
search tree, which we shall use in the proofs. The theorems above are proved in Sections
3-7.

2 Binary trees

We find it technically convenient to work with binary trees instead of full binary trees
(phylogenetic trees), so we use the bijection in Section 1 to define F'(T") also for binary
trees T. (We use the same notation F; this should not cause any confusion.) With this
translation, our problem is thus to study X,, := F(7,,), where T, is the binary search tree
with n nodes.

The clades in a phylogenetic tree correspond to the internal nodes that have at least
one external child, i.e., the nodes in the corresponding binary tree that have outdegree
at most 1. We call such nodes green. For a binary tree 7, the number F(T') is thus
the number of mazimal green nodes, i.e., the number of green nodes that have no green
ancestor. (This holds also for the phylogenetic tree T' with a single node, and thus for the
empty binary tree, with our definition F'(T) = 0 in this case.)

It follows that, for any binary tree T,

F(T):=

1 if T" has a green root,
F(T.) + F(Tr) otherwise.
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Define, for a binary tree T,

1— F(TR), T.=0,T +0,
f(T) = F(T) ~ F(IL) - F(T) = { 1 = F(T), Te=0,T#0,  (22)

0, otherwise.
Then F(T) is given by the recursion
F(T) = F(TL) + F(Tr) + f(T), (2.3)

and thus

F(T) =Y 4(T)) (2.4
veT
where T, is the subtree rooted at v, consisting of v and all its descendants. In another
words, F'(T) is the additive functional defined by the toll function f(7"). The advantage of
this point of view is that we have eliminated the maximality condition and now sum over
all subtrees T),, and that we can use general results for this type of sums, see Holmgren
and Janson [16].

We let T denote the random binary search tree with a random number of elements
such that P(|7| =n) = 2/((n+ 1)(n+ 2)), n > 1. The random binary tree 7 can be
constructed by a continuous-time branching process: Let (7})@0 be the growing tree that
starts with an isolated root at time ¢ = 0 and such that each existing node gets a left
and a right child after random waiting times that are independent and Exp(1); we stop
the process at a random time 7 ~ Exp(1), independent of everything else, and can take
T = 7T;, see Aldous [1] (where it is also proved that 7 is the limit in distribution of a
random fringe tree in a binary search tree).

3 The mean

Recall that 7, is the random binary search tree with n nodes. Define v, := E F(7,)
and p, := E f(7,), with F' and f as in Section 2. (In particular, vy = po = 0, while
vy =y = 1since F(T1) = f(7T1) = 1.) For n > 2, T, is empty with probability 1/n,
and conditioned on this event, 7, g has the same distribution as 7,,_;. The same holds if
we interchange L and R. Hence, taking the expectation in (2.2),

o =2(1—EF(Tp1)) = 2(L—vpe1),  n =2 (3.1)
Furthermore, we see that (2.2) implies
P(f(T2) #0) < 2/n. (3.2
Since obviously 0 < F(T') < |T|, we have by (2.2) also —|T'| < f(T') < 1 and thus

F(T)| < IT] (3.3)
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for any binary tree T'. In particular, this and (3.2) yield
] SE|f(To)| < nP(f(Tn) #0) < 2. (3.4)

It is now a simple consequence of general results that v, := E F(7,) is asymptotically
linear in n. Recall the random binary tree T defined in Section 2.

Lemma 6.
v = EF(T,) =na+ O(1), (3.5)
where
=BT z_:ln+1 n+2 Z:InJrl n+2)un (36)
- " " 3.6
=> ! (1—vn1).
n(n+1)(n+2)

1

3
Il

Proof. An instance of Holmgren and Janson [16, Theorem 3.8]. More explicitly, see [16,
Theorem 3.4],
-1

E F(T, Z k+2)ﬂk + fin, (3.7)

1

3

k=
which implies the result by (3.4) and (3.1). O

In order to prove Theorem 1, it remains to show that « defined in (3.6) equals (1 —
e7?)/4 as asserted in (1.1). In other words, we need the following.

Lemma 7.
1—e2

Ef(T) = —

We can prove Lemma 7 by probabilistic methods, using the construction of 7 by a
branching process in Section 2. However, this proof is considerably longer than the proof of
Theorem 1 by singularity analysis of generating functions in [12] and [10]; we nevertheless
find the probabilistic proof interesting, and perhaps useful for future generalizations, but
since the methods in it are not needed for other results in the present paper, we postpone
our proof of Lemma 7 to Section 7.

(3.8)

4 Variance

Let 72 := Var(f(7,)) and 02 := Var(F(T,)). Then 4§ = v? = 02 = 0} =0 and, for n > 2,
using (2.2),

2
=Ef(T)* =i = “E(F(Tom) = 1) = i, < ~n* =2n. (4.1)
Before proving the variance asymptotics in (1.3), we begin with a weaker estimate.
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Lemma 8. Forn > 1,
= Var F(7,,) = O(nlog®n). (4.2)

Proof. By [16, Theorem 3.9], where it suffices to sum to n since we may replace f(7") by
0 for |T'| > n without changing F(7,),

n 2

o> gC’n((Z %) —i—sup——i-z ) O(nlog®n), (4.3)

k=1

using (4.1) and (3.4), provided n > 2. The case n = 1 is trivial. O
Write f(T) = g(T) + h(T), where

o(T) = {;—V|T|—1, TL:@,'T%(DOT Tr=0,T #9, (4.4)
, otherwise.
and thus, see (2.2),
Ve — F(Tr), TL =0,
MT) = vm — F(TL), Tr=10, (4.5)
0, otherwise.
Then g(71) =1, h(71) = 0, and, for k£ > 2, using (3.1) and (3.4),
= 2(1—a) = e = 01, (4.6)
2
Eh(ﬁ) E (Vk—l - F(E—l)) =0, (4-7)
and, using Lemma 8§,
2 2
Varh(Ti) = - E(vi-1 — F(Tia))? = okt = O(log” k). (4.8)
Let, for an arbitrary binary tree T,
= g(T.) and H(T) =Y WT,), (4.9)
veT veT
so by (2.4),
F(T)=G(T)+ H(T). (4.10)
Lemma 9. Forn > 1,
G(T,) = (4.11)
H(T,) =0, (4.12)
Var H(7;L) = O(n). (4.13)
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Proof. By [16, Theorem 3.4], cf. (3.7), and (4.7),

n—1
EH(T,) = (n+1) ;; D k+2)Eh(Tk)+Eh(7;):0, (4.14)

which proves (4.12). This implies (4.11), since by (4.10),
EG(T,) =EF(T,) —EH(T,) = vy (4.15)
Similarly, by [16, Theorem 3.9], cf. (4.3), and (4.7)—(4.8),
> log k> log? k
Var H(7,) < Cn ((Z W) —i—il;l;) . +0 | =O(n).

k=1

[]

We shall see that this means that H(7,) is asymptotically negligible, and thus it
suffices to consider G(7y).

Note that ¢g(7") depends only on the sizes |T\| and |Tg|. This enables us to easily
estimate the variance of G(7,).

Theorem 10. For alln > 1,
Var G(T,,) = 4a*nlogn + O(n). (4.16)

Proof. Write ¢(T') = g(|T, |1, |Tr|). (We only care about g(k,j,1) when j +1 =k — 1,
but use three arguments for emphasis.) Thus g(k,0,k—1) = g(k,k—1,0) =1 —1}_; and
otherwise g(k,j,k—j7—1) = 0. Let, as in [16, Theorem 1.29], I} be uniformly distributed
on {0,...,k—1} and

Yy = E(Vlk+Vk 1-1, + 9(k, Ikak_l_jk)_’/k>2
= , 2 )
=% (Vj 4+ Vp—1—j — )" + E(Vk—l +1—vp 1 — Vk)
j=1
| ko2 ) (4.17)
=2 2 Wit vy - ve)? + 7= 1)°
j=1
2
= 0(1) + 7 (ak + O(1))* = 20k + O(1),
where we used that v; = aj + O(1) by Theorem 1. By [16, Lemma 7.1], then
n—1
n) — 1 n
Var G(T,) = (n+ >,; FinnTg Y
n—1 n—1
402k + O(1) 402 (4.18)
(n+ >;(k+1)(k+2) +0(n) = (n+ )k1 — +0(n)
= 4a*nlogn + O(n).
[

THE ELECTRONIC JOURNAL OF COMBINATORICS 22(1) (2015), #P1.31 8



We can now prove (1.3) in Theorem 2. (Higher moments are treated in Section 6.)

Theorem 11. For alln > 1,
Var F(T,) = 4a*nlogn + o(nlogn). (4.19)

This follows from (4.10), (4.16) and (4.13) by Minkowski’s inequality (the triangle
inequality for v/ Var ).

5 Asymptotic normality

We prove the central limit theorem Theorem 3 by a martingale central limit theorem for
a suitable martingale that we construct in this section.

Consider the infinite binary tree T, where each node has two children, and denote
its root by o. We may regard any binary tree 7' as a subtree of T}, with the same root o.
(In the general sense that the node set V(T') is a subset of V, := V(T), and that the
left and right children are the same as in T, when they exist.) In particular we regard
the random binary search tree 7, as a subtree of T.

Order the nodes in T, in breadth-first order as v(1) = o,v(2),..., and let V; :=
{v(1),...,v(j)} be the set of the first j nodes. Let F; be the o-field generated by the
sizes | Tnv| and |7, 4 r| of the two child subtrees of 7, at each node v € V;. Equivalently,
we may regard V; as the internal nodes in a full binary tree; let OV} be the corresponding
set of j+1 external nodes. Then F; is generated by the subtree sizes |7, | for all v € 9V,
together with the indicators 1{v € T,}, v € Vj}, that describe 7, N'V;. (We regard the
subtree 7, , as defined for all v € V,, with 7,, = 0 if v ¢ 7,,.) Then, conditioned on F;,
7T, consists of some given subtree of V; together with attached subtrees 7, , at all nodes
v € 0Vj; these are independent binary search trees of some given orders.

We allow here j = 0; Vy = () and Fy is the trivial o-field.

Remark 12. As is well-known, see e.g. [9], another construction of the random binary
search tree 7, (n > 1) is to let the random variable I, be uniformly distributed on
{0,...,n — 1}, and to let T, be defined recursively such that, given I,,, 7, and T, r are
independent binary search trees with |7,.| = I, and |T,r| = n — 1 — I,. (When the
tree is used to sort n keys, I, tells how many of the keys that are assigned to the left
subtree.) The pair (1,,n — 1 — I,,) thus tells how the tree is split at the root, and there
is a similar pair for each node. Then F; is generated by these pairs (i.e., splits) for the
nodes v, ..., v;.

Recall that ¢(T") by (4.4) depends only on the sizes |1} | and |Tg|. Hence, F; specifies
the value of ¢(7,,) for every v € V;, and it follows that

E(GT) 1 F) =E(Y oT) | F) =D o) + . tme (1)

VEVo veV; vedV;

Since the sequence of o-fields (F;)3° is increasing, the sequence M, ; := E(G(E) | .7-—]),
j =0, 1is amartingale (for any fixed n). It follows from (5.1) that the martingale differences
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are
AMy ;= My — My i1 = 9(Tow() + UTuin T UTnwirgl — Yool (5.2)

where v(j)L and v(j)r are the children of v(j). It follows easily that, with 1) defined in
(4.17),
E(|AM 1* | Fio1) = E(JAMu 1 [ Towi)|) = 17 (5.3)

Consequently, the conditional square function is given by

W= Y E(AM P [ Fim) = > v = > . (5.4)

j=1 VEVo vET,

(It suffices to sum over v € T,, since )9 = 0.) This is again a sum of the same type as
(2.4) and (4.9), for the random tree 7,. (Note that the toll function )y here depends
only on the size of T'.) In particular, [16, Theorem 3.4] applies (in this case we can also
use [7], [8] or [13]); this yields

M |

EW, = D + U (5.5)

£ k+2)

If j is large enough, say j > 2", then V(7,) C V; and thus M, ; = G(7,). In particular,
G(T.) = M. Thus, by a standard (and simple) martingale identity, Var G(7,) =
Var M,, .o = EW,,; hence (5.5) yields the first equality in (4.18). (This is no coincidence;
the proof just given of (5.5) is essentially the same as the proof of [16, Lemma 7.1] that
was used in (4.18), but stated in martingale formulation.)

We now split the sum G(7,) into two parts, roughly corresponding to small and large
clades. We fix a cut-off N = N(n); for definiteness and simplicity we choose N = N(n) :=
v/n, but we note that the arguments below hold with a few minor modifications for any
N > /n with N = o(v/nlogn). We then define, for binary trees T,

g (T) = g(MH|T| < N} (5.6)
g"(T) == g(T)H{|T| > N} = g(T) — ¢'(T).
In analogy with (2.4) and (4.9), we define further

= Z J(T,) and G"(T Z q"(T, (5.8)

veT veT

thus G(T') = G'(T') + G"(T). We shall see that, asymptotically, both G'(7,) and G"(T)
contribute to the variance with equal amounts, but nevertheless G”(7,) is negligible (in
probability).

We begin with the main term G'(7,).

Lemma 13. As n — oo,
Var(G'(T,)) = 2a’nlogn + O(n), (5.9)
G'(T.) —EG(Tn)

v 2a2nlogn

—45 N (0, 1). (5.10)
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Proof. We define v}, := EG'(7,). Note that ¢'(T") depends only on the sizes |7} | and |Tg]|.
Hence we can repeat the argument above and define a martingale M}, ; := E(G'(T,) | F;),
J = 0, with G'(T,) = M, ., and martingale differences

AM; ;= & (Taw(i): (5.11)
where we define, cf. (5.2),
O(T) = g(T) + V|,TL| + V|/TR\ - V\/T\' (5.12)

By [16, Theorem 3.4] again, cf. (3.7) and (5.5), using E g(7) = ux = O(1) by (4.6),

3

2
— (k+ D(k +2)

m—1)AN

Vi = (m+1) Eg'(Te) + Eg'(Tm)

o

2

(k1 1)(k 1 2) Eg(T:) +0(1) (5.13)

=(m+1)

=1

ZW

=(m+1)

2
Gr Dyt oW

o

=1

Hence, (5.12) yields, after cancellations,

9(T)+0(1), |T| <N,
(T)=4(T)+0(1) = 5.14
H(1) = (1) + O() {ou), N (514
Let
Y =B (Te)|*. (5.15)
Then, by (5.14), (4.4) and (3.5), cf. (4.17),
, E(g(Th) + 0(1))* = 202k + O(1), k<N,
v = (5.16)
O(1), k> N.
Furthermore, by (5.11) and (5.15),
E(JAM, " | Fi1) = E(1¢'(Too))I* | 1 Tawm]) = ¥iz, 1 (5.17)
Hence, the conditional square function of (M, ;); is
Wy =Y E(IAM P | Fioa) = D din, = D U (5.18)
Jj=1 v€Voo vETn
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Yet another application of [16, Theorem 3.4] yields, using (5.16),

—_

3

EW,=(n+1)

(]

DA
402k (5.19)
=D Ty O

k=1
= 4a’nlog N + O(n) = 2a’nlogn + O(n).

k=1

= |l

Since Var G'(T,,) = Var(M}, ) = EW), (5.9) follows from (5.19).

Moreover, the representation (5.18) and [16, Theorem 3.9] (again summing only to n,
as we may) yield, noting that the toll function ¢|,T| depends only on the size of T, using
(5.16),

(771 < o o
ar(W)) < Cn Z

k=1

2 N n
1
k;2) < C’lnz 1+ anz =i O(nN) = O(n?). (5.20)
k=1 k=1

Hence, Var(W} /(nlogn)) — 0 as n — oo, which together with (5.19) implies

/
BN N ) (5.21)
nlogn
Note also that g(7') = O(|T'|) by (4.4) and (3.5), and thus (5.14) implies ¢/(T") = O(N)
for all trees 7. Thus (5.11) yields

|AM,, ;| N
———— =0 ——) =o(1). 5.22
Sljl-p vnlogn <\/nlogn) o(1) ( )

We now apply the central limit theorem for martingale triangular arrays, in the form in

[5, Corollary 1] (see also [15, Theorem 3.1]), which shows that (5.21) and (5.22) together
imply

G'(T,) —EG(T, Moo —EM,
(7.) (7.) _ M, = 25 N(0,202). (5.23)
vnlogn vnlogn
(Actually, [5, Corollary 1] assumes instead of (5.22) only a conditional Lindeberg condi-
tion, which is a trivial consequence of the uniform bound (5.22).) O

Remark 14. We used the breadth-first order above as just one convenient order. It is
perhaps more natural to consider instead of the sets V; arbitrary node sets V' of (finite)
subtrees of T, that include the root o. This would give us, instead of (M,, ;);, a martingale
indexed by binary trees. However, we have no use for this exotic object here, and use
instead the standard martingales above.

Lemma 15.

E|G"(T) = O(vi). (524
Var(G"(T,)) = 2a’nlogn + O(n). (5.25
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Proof. By (5.7), (4.4) and (4.6),
Elg"(To)l = |Eg(Te)| - {k > N} = O(1) - 1{k > N} (5.26)

and thus, using the triangle inequality and [16, Theorem 3.4],

n—1
i " " n
EIC (T < (14D g k+Q>E|g (Tl +Elg"(T)] = 0(5).
N

yielding (5.24).

For the variance, we use either [16, Theorem 1.29] as in the proof of Theorem 11, or
the (essentially equivalent) martingale argument in (5.11)—(5.19) and conclude that, with
some v} satisfying

" 0(1)7 k < N?
k= 2 9 (5.27)
E(9(Tw) + O(1))" = 22%k + O(1), k> N,
we have
n—1
" " 1
Var G”( n—|—1 FE 1) k:—|—2) e + U,
—1
4o’k
=(n+1) 12 + O(n)
k=|N]+1
= 4a’nlog(n/N) + O(n) = 2a*nlogn + O(n).
[l
Proof of Theorem 3. It follows from (5.24) that
"(T.) —EG"(T,
G(T,) — EG(Tn) 250, (5.28)
\/2a2nlogn
which together with (5.10) yields
n —E n
G(Tn) —“EC(Tn) a, N(0,1). (5.29)
\/2a2nlogn
Similarly, (4.13) implies
H(T,) —EH(T,
(7) (7) 250, (5.30)
v 2a2nlogn
which together with (5.29) yields (1.5), recalling X,, = F(7,) = G(T,) + H(T,) by (4.10).
[l
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Proof of Theorem 4. (i). Define, similarly to (5.6)—(5.7),
F(T) = f(M|T| < N}, fU(T) = f(T)YT] > N}, (5.31)
(T) := h(T)1{|T| < N}, h"(T) := nWT)1{|T| > N}, (5.32)

and corresponding sums F'(T) := > . f'(T,) and similarly F"(T), H'(T), H"(T). The
argument in (2.1)—(2.4) is easily modified and shows that

XY =F\(T,) =G (T.) + H(T,). (5.33)
The same proof as for Lemma 9 yields also
Var H'(T,) = O(n) and Var H"(T,,) = O(n). (5.34)

Hence, (1.6) follows from Lemma 13 and (5.33).
Furthermore,

X, - XN =F"T,)=G"(T,) + H'(T,,). (5.35)

By (5.33) and (5.35), (1.7) follows from (5.9) and (5.25), using (5.34) and Minkowski’s
inequality. Similarly,

E|X, — X,'| <E|G"(To)| + E|H"(T,)| = O(v/n), (5.36)

using (5.24), (5.34) and Holder’s inequality, together with E H”(7,) = 0, which is proved
as (4.12).

(ii). The conclusions of (i) hold by the same proofs (with some minor modifications
in some estimates).

Moreover, let Z, j, be the number of clades of size k+ 1. Then, for n > 2, the expected
number is given by

4n
Gy k<,
EZ, .= %, k=n, (5.37)
0, k>mn,

see [6, Theorem 1]. (This can be seen as another example of [16, Theorem 3.4].) Conse-
quently,

P(X, £ XV) < <ZZM )

k>N
n—1
4in 2
SEY Zu= (5.38)
= T k(k+1)(k + 2)
—0( ) +0( ) =o(1),
which completes the proof. O]
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6 Higher moments

We begin the proof of Theorem 5 by proving a weaker estimate. We let || X ||, := (E X?)'/?
for any random variable X. Recall that v, := E F(7,).

Lemma 16. For any fixed real p > 2, and all n > 1
E|F(T.) — anp < Cp)nP 1. (6.1)

Equivalently,
|F(T) = wal|, = O=1). (6.2)

Proof. Fix p > 2 and let m > 1 be chosen below. (The constants C; below may depend on
p but not on m.) Let V; and F; be as in Section 5, and write V!, := Vom_q, F, 1= Fom_;.
Thus 0V}, consists of the 2m nodes in T, of depth m, and V!, consists of the 2’” — 1 nodes
of smaller depth. It follows from (2.4) that, for any binary tree T

=Y f(T)+ Y F(T). (6.3)

veVy, veavVy,

Furthermore, by (1.2),

S vr= > (el +0(1) =a > [T,]+0(2m)

veDVY, vedVY, veDVY, (6.4)
= a|T| + O(Qm) = V7| + O(2m)

Hence, by combining (6.3) and (6.4),

v =Y [T+ Y (F(T) = vm,) +0@2™). (6.5)

veV, vedV),

We shall use this decomposition for the binary search tree 7,. Note first that by
(3.2)-(3.3),

E|f(T)P < i P(f(T2) #0) < 207", (6.6)

(This holds for any p > 0 and generalises (3.4) which is the case p = 1.) Hence, for any

v € Vo,
E(|f(Ta)l” | [Trol) < 2/TanlP™t < 20771, (6.7)

and thus
E|f(Tho)lF < onP1, (6.8)

Let Y := 3" _ f(Tno) be the first sum in (6.5) for T' = T,,. By Minkowski’s inequality
and (6.8),
¥l < 3 15Tl < 2720, (6.9)

veVy,
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Let Z := > covr (F(Tnw) — Y7,.|) be the second sum in (6.5) for T = 7T,. The
o-field F), specifies the sizes of the subtrees T, , for v € dV,,, and conditioned on F,,,
these subtrees are independent and distributed as 7T, of the given sizes n(v). Hence,
conditionally on F | the terms in the sum Z are independent and have means zero, so
we can apply Rosenthal’s inequality [14, Theorem 3.9.1], which yields

E(z]”| F,) <C Y E(IF(Taw) — vz P | Fo)

vedVy),

+ 01< > E(IF(Taw) — vz’ | ﬁ%))pm- (6.10)

veavy,
We note first that by (1.3),
E(|F(Taw) = V7l | Fr) < Col Tawl10g [ Towl < Col Tl logn, (6.11)
and thus
Z E(|F(Tnw) — vz’ | Fr) < Co Z | Tnw|logn < Conlogn. (6.12)
veavy, VeV,

Hence the second term on the right-hand side in (6.10) is < Cs(nlogn)P/?. Taking the
expectation in (6.10) we thus obtain

E|Z]P < Cy Y E|F(Tow) = v, P + Ca(nlogn)’>. (6.13)

veavy,
Let A, :=E|F(7,) — vn|P. We can write (6.5) for T = T, as
F(T,) —v, =Y +Z+0(2™). (6.14)
Thus, by Minkowski’s inequality, (6.9) and (6.13),

A, =ElY +Z+ 002" <3P (E[Y]P+E|Z]P +0(2™))

m —1 m m 1 (615)
<C52 PpP +CGE|Z‘p+C72 <06]E|Z|p+C82 PP~
Furthermore, (6.13) can be written
E|ZP < Cy Y EAg,, + Ci(nlogn)’/?. (6.16)

vedV,),

We prove the lemma by induction, and assume that A, < CkP~! for all k < n. Since
| Tnw| < n for every v € 9V, (6.16) and the inductive hypothesis yield

E|Z]” < CiC Y E[Tou["™" + Ci(nlogn)?/?. (6.17)

vedV,),
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If v is a child of the root, then |7, | is uniformly distributed on {0, ...,n —1}, so |T,.| 4
|nU| < nU, where U ~ U(0,1) is uniformly distributed on [0, 1]. By induction in m, it
follows that for any v € 9V,

m

| Towl <n [ Ui (6.18)

i=1
with Uy, ..., U, independent and U(0,1). Consequently,
E|Tnol" ™" < E(np* 1T Uf*l) =" RO = (1), (6.19)
i=1 i=1
since RUP " = fol uP~t du = 1/p. There are 2™ nodes in dV/ , and thus (6.17) yields
E|Z|P < CLC2™(1/p)™nP~t 4 Cy(nlogn)P/?, (6.20)
which together with (6.15) yields, since (nlogn)?/? = O(n?~') when p > 2,

A, < CsC1C(2/p) P! + CsCy(nlog n)p/2 + Cg2mPpr1
<

6.21
06010(2/p)mnp_1 + Cg?mpnp_l. ( )

Now choose m such that (2/p)™CsC; < 1/2 (which is possible because p > 2). Then
choose C' := 2"PT1Cy. With these choices, (6.21) yields
A, < 3CnP7 1 10T = O (6.22)

In other words, we have proved the inductive step: A, < CkP~! for &k < n implies
A, < CnP~L. Consequently, this is true for all n > 0, i.e., (6.1) holds. (The initial cases
n =0 and n =1 are trivial, since 4y = A; =0.) O

Lemma 17. For any fized real p > 2, as n — oo,

IE(To)llp ~ an, (6.23)
1 (To)llp ~ 2"/Pan' =, (6.24)

Proof. By Minkowski’s inequality, (6.2) and (1.2),
||F<7;L)Hp = ‘E F(ﬁ)‘ + O(nlfl/p) =an+ O(nlfl/p) ~ an, (6.25)

which is (6.23).
For n > 2, it follows from (2.2) that

2 2
Ef(T)P = 2E[ — F(To)P = J|F(To) ~ 1 ~ 200, (620
since (6.23) obviously implies also || F(7,) — 1||, ~ an. O
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The idea in the proof of Theorem 5 is to approximate E | X,, —E X, |? = ]E{ > (f(Thw)—

E f(Tn)|” by EX,| f(Tnw) =E f(Tnw)|", or simpler by EX | £(Tn0) | = 3, B f(Tnw) |
The heuristic reason for this is that the moment E|Y", (f(7n.0) —E f(Tn.)) ‘p is dominated
by the event when there is one large term (corresponding to one large clade, cf. the
discussion before Theorem 5), and then

p
S T) = EA(T)| ~ S |f(T) = ES(T)[ = Y IA(Ta)l (6.27)
We shall justify this in several steps. We begin by finding the expectation of the final

sum in (6.27), cf. the sought result (1.8).

Lemma 18. Asn — oo,

2
. g Sarn? . (6.28)

EY f(Tun)lP ~

v€ETn

Proof. We apply again [16, Theorem 3.4] and obtain

1

3
|

E Z |f<7:1,v)’p =(n+1)

v€ETn

e D) DHOI+EISTIE. - (629)

e
Il

1

By (6.26),

2 2
P, = 9Pl _ 4 PLP—3
D E|f(Te)l” ~ 5 - 207k 40Pk (6.30)

as k — oo, and it follows that, as n — oo, using p > 2,

n—1
EX [f(Tan)lP ~ (n+1) Y da?k?* 4 2072~
~n da? nP=2 + 2aPnP~! = 2_papnp71.

]

Next we take again some m > 1 and use the notation in the proof of Lemma 16. Since
we now have proved (6.1), the proof of Lemma 16 shows that (6.20) holds for every n,
and thus, since p > 2,

1Z]], < 010(2/p)m/pn1’1/p + O((nlogn)l/z)

6.31
= Cyo(2/p)™/Ppi=1/P 4 o(nl’l/p). (6.31)

Consequently, by (6.14) and Minkowski’s inequality,

IF(Ta) = vally = 1Y Il < 1Z1l, + O2™) = Cro(2/p)™ P07 + o(n'=H/7). (6.32)
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In particular, (6.32) and (6.2) imply ||Y||, = O(n'~'/?). By the mean value theorem,
|7 =y < plo — y| max{z"~",y" 71} (6.33)
for any x,y > 0; hence (6.32) implies, using also (6.2) again,
E|F(T) — val? = E|Y]? = O((2/p)™Pn?~") + o(n?™1). (6.34)

Let 6 > 0 be a small positive number to be chosen later, and let .J, be the indicator of
the event that v is green and |7, ,| = én. (The idea is that the significant contributions
only come from nodes v with J, = 1.)

Lemma 19. For each fired m > 1 and 6 > 0, and all n >

P(Y Juz1) <26 int =0(n), (6.35)
veV,,

P(D Ju>2) <22 = 0(n?). (6.36)
veV,),

Proof. We use again the o-fields F; from Section 5. Since F;_; specifies |7y, |, but not
how this subtree is split at v;, we have

|05

J

and thus, by taking the expectation, P(J,, = 1) < 2/(dn). Since there are < 2™ nodes in
V!, (6.35) follows.

Furthermore, for any two nodes v; and v; with 7 < j, J,, is determined by F;_;, and
(6.37) thus gives also

2
on o

Thus, by taking the expectation and using (6.37) again, P(J,,J,, = 1) < 4/(6n)*. Sum-
ming over the less than (%) < 22™~1 pairs (v;,v;) with v;,v; € V;, yields (6.36). O

P(J”Ui‘]vj =1 ‘ ‘/—:j—l) - ]E'<(]'U7;JUj | ‘Fj—l) ‘]vz P( =1 | ‘E 1) (638)

Proof of Theorem 5. We show this in several steps.
Step 1. Define
Vi 3 LT, (6.39)

Since f(7,,) = 0 unless v is green, we have

Y-Yi=) (1-J =Y A(To)Y{|Tnol < on}. (6.40)

veVy, veV),
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For each v, it follows from (6.6) by conditioning on |7:”,| that
E|f(Towo)1{| Tl < on}|" < 2(0n)P~. (6.41)

Hence, (6.40) and Minkowski’s inequality yield

Y1l = 1Yallp] < 1Y =Yally < ) 1 (Tao) | Tonl < o0},
veV), (642)

< 2mHP(5p)t- e,
Thus [|Y1]l, = O(n'=VP) + O(2m=1/Ppi=1/P) and (6.33) yields
E|Y]P —E|Y;]? = O((2m8' 1P 4 2megr—typet). (6.43)

Step 2. Similarly, using (6.41) again,

E(Y (Tl = 32 R (To)l) = 32 B(f(T) 1| Ton] < 60})

vevy, vevy, vevy, (6.44)
< 2m+1 (5n)p_1

Step 5. By (6.39), [Yi[" = > ey |Juof (Tow)|P = 0 unless 3 oy, Jy 2> 2, and in the latter
case we have by (3.3) the trivial bounds |Y1|p (2mn)P and Zvev, |J f( )P < 2™nP,
and thus ||Y;[P — > vevr o (Tnw)|P| < 2mPnP. Consequently, by (6.36),

]E‘\Yﬂp ST LTl < QmpnPP(Z I, > ) — O(n*2). (6.45)

veVy, veVy,

Thus, for fixed m > 1 and 6 > 0,

EYiP = ) EILf(Tow)l” = O(n"7%) = o(n™). (6.46)

veVy,

Step 4. Define F®)(T) := " .| f(T,)[P. Then, in analogy with (6.3),

AT = ST+ Y FOT), (6.47)

VeV, veavy,

Note that Lemma 18 implies E F®)(7,) = O(n?~!). Hence, by first conditioning on F7 ,
and using (6.19),

E Y FO(T.) <CuE Y [Tt = Cu/p)ym . (6.48)

vedVy), vedVy,

Taking 7' = T, in (6.47) and taking the expectation, we thus find

EY [A(Toa)l? —E > | f(Tou)lP = O((2/p)™n" ). (6.49)

vETR veVy
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Step 5. Finally, combining (6.34), (6.43), (6.46), (6.44), (6.49) and (6.28), we obtain

2p -1 -1 1-1 —1
E|F(T.) — v,|P = PP~ L O((2 m/p,,p +0(27m6 /Py, P
F(T) = wl? = a2+ 0(fp) e )+ 0(rs o)

+ 026" Pt + o(nP7H).

For any ¢ > 0, we can make each of the error terms on the right-hand side less than
enP~! by first choosing m large and then ¢ small, and finally n large. Consequently,
E|F(T,) — valP = %apnp’l + o(nP™1). O

Proof of (1.4). Now p = k is an integer. If k is even, then (1.4) is the same as (1.8), so
we may assume that p =k > 3 is odd.

In this case, (6.33) holds for all real z,y. Thus for any random variables X and Y,
using also Holder’s inequality,

E[X7 — Y7 <pE(X - Y[ IXP~ + X - Y| ) 651
<pIX =YL (X~ + 1Y) '
It is now easy to modify the proof of Theorem 5 and obtain
E(F(T,) =E Y f(Ton)’ +o(n"™). (6.52)

v€ETn

Furthermore, it follows from (2.2) that f(7") < 0 unless |T'| = 1. Hence,

S f (Tl == 1f(Taw)l” + O(n). (6.53)

vET, vET,

The estimate (1.4) now follows from (6.52), (6.53) and (6.28). O

7 Proof of Lemma 7

Define a chain of length k in a (binary) tree T' to be a sequence of k nodes vy - - - v such

that v,y is a (strict) descendant of v; for each i = 1,...,k — 1. In other words, vy, ..., vy
are some nodes (in order) on some path from the root. We say that the chain vy - - vy, is
green if all nodes vy, ..., vy are green. (The nodes between the v;’s may have any colour.)

For a binary tree T and k > 1, let Fj(T') be the number of green chains vy - - - vy, in T,
and let fy(T") be the number of such chains where v; is the root. Obviously, cf. (2.4),

T) =Y fu(T). (7.1)

These functionals are useful to us because of the following simple relations, that are cases
of inclusion-exclusion.
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Lemma 20. For any binary tree T,

[e.o]

FIT) = (=D (D), (7.2)

b
Il
—

(—1)*LE(T). (7.3)

WE

F(T) =

b
Il
—

Proof. Let v be anode in T" and consider the contribution to the sum in (7.3) of all chains
with final node v, = v. This is clearly 0 if 1 if v is not green, and it is 1 if v is a maximal
green node; furthermore, if v is green but has j > 1 green ancestors, then the contribtion
is easily seen to be > 7_; (/)(=1)" = (1 — 1) = 0. Hence the right-hand side of (7.3) is
the number of maximal green nodes, i.e., F(T).

For (7.2) we can argue similarly: Both sides are 0 unless the root o is green. If it is,
the chain o gives contribution 1, and by inclusion-exclusion, the chains with a given final
node v # o yield together a ycontribution —1 if v is green and there are no green nodes
between v and o, and 0 otherwise. Hence the sum equals f(7") by (2.2). (Alternatively,

(7.2) follows by induction from (7.3), (2.4) and (7.1).) O
Lemma 21. For every k > 1,

B k(k—i—?)) 2k—1 B 2k—1 2k
Eu(T) = k+1)(k+2) kK kK (k+2) (7.4)

Proof. We use the construction of 7 = 7, in Section 2, which we formulate as follows.
Consider again the infinite binary tree Tho, and grow 7; as a subtree of T, cf. Section 5.
To do this, we equip each node v in T, with two clocks Ci(v) and Cgr(v). These are
started when v is added to the growing tree 7, and each chimes after a random time with
an exponential distribution with mean 1; when the clock chimes we add a left or right
child, respectively, to v. There is also a doomsday clock Cjy, started at 0 and with the
same Exp(1) distribution; when it chimes (at time 7), the process is stopped and the tree
7. is output. All clocks are independent of each other.

Fix a chain v; - - - v in the infinite tree T, with v; = o, the root. Let ¢; > 0 be the
number of nodes between v; and v;,1. We compute the probability that v; - - - vy is a green
chainin 7 = T~ by following the construction of 7, as time progresses, checking in several
steps whether still v; - - - v is a candidate for a green chain, and computing the probability
of this. (We use throughout the proof the Markov property and the memoryless property
of the exponential distribution.) We assume for notational convenience that the path
from vy to vy, always uses the left child of each node. (By symmetry, this does not affect
the result.)

1. If £ > 1, we first need that v; = o has a left child but no right child (in order to be
green); in particular, of the three clocks C(v1), Cr(v1), Cp that run from the beginning,
C(v1) has to chime first. This has probability 1/3.

2. Given that Step 1 succeeds, vy gets a left child w;. If £; > 0, we need a left child of
wy, and still no right child at v;. (But we do not care whether we get a right child at w;
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or not.) Hence we need that C| (w;) chimes first among the three clocks C(w;), Cr(v1),
Cy (ignoring all other clocks). This has probability 1/3.

This is repeated for /1 nodes; thus, the total probability that steps 1 and 2 succeed is
3—(€1+1)_

3. This takes us to vy. If & > 2, we need a left child but no right child at vy, and still
no right child at v;. Hence, the next chime from the four clocks Cy(vs), Cr(v2), Cr(v1),
Cy has to come from C| (v9). This has probability 1/4.

4. Similarly for each of the /5 nodes between v, and v3; again the probability of success
at each of these nodes is 1/4. Hence the probability that Steps 3 and 4 succeed is 4= (t2+1)

5. Steps 3 and 4 are repeated for v; for each i < k, yielding a probability (i + 2)~(+1)
of success for each 1.

6. Finally, we have obtained v, and wait for the doomsday clock. Until it chimes,
we must not get any right child at vy,...,vx_1, and we must get at most one child at
vg. Hence, among the k + 2 clocks Cg(v1),...,Cr(vk), CL(vg), Co, the next chime must
be either from Cj (probability 1/(k + 2)), or from Ci(vx) or Cr(v), followed by Cj

(probability kiz z +1> The probability of success in this step is thus

12 1 k+3
kE+2 k+2 k+1 (k+1)(k+2)

(7.5)

Combining the six steps above, we see that the probability that vy --- vy is a green

chain in 7, is
k—1

k+3 1 \tt+!
) 7.6
(k+1)(k+2)i11(i+2> (7.6)
Given £y, ..., 0, 1, there are Hk ! 261 choices of the chain v - - - vy, all with the same
probability, so summing over all ¢, ...,¢,_1 > 0, we obtain
k—1 oo k—1
k+3 bl k+3 2
E ()
Je(T) = (k+1)(k+2) H;“H (k+1)(k+2) Hz
k+3 21 k(k+3) k-1

T k+Dk+2) k-1 (k+D(k+2) K

Proof of Lemma 7. By Lemmas 20 and 21, and a simple calculation,

- i1 (=2 (=2 1
=2 ()TER(T) = Z( Kl +(k+2)!)_ TR

k=1 k=1

noting that we may take the expectation inside the sum since it also follows from Lemma

21 that > 77 B fe(T)] = 202, E fi(T) < oo, L

Recall that this, together with Lemma 6, completes our probabilistic proof of Theo-
rem 1.
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Remark 22. If we in the proof above change the doomsday clock and let it have an
arbitrary rate A > 0, and denote the resulting random binary tree by 7™, then the same
argument yields

k—1 oo

k+XA+2 i+l
E ™)
SlT) = (k+N(k+A+1) }_[Z(HAH)
 kA+2 ’ﬁ 2
C(kENEFAFD) LA (7.7)

(kXA -1)(k4+A+2) 2!
(R NE+EAELD) N
2k71 2k
G
Thus by Lemma 20, letting ; F} denote the confluent hypergeometric function, see e.g.
[18, §613.1-13.2 and 16.1-16.2],

BAT) = S EATY) = 3 (S—+ L)

)\k’

k=1 =1
1 2 2-2
—(1F1(15 X 2—1 - (I; \;—2) 1——4+ — (7.8)
=50l 4( - /\+)\(/\+1)>>

1 A—1 1

SR S

1t oory  phlA-2.

Furthermore, if A > 1 we can compute E F(7™) by the same method; the only difference
is that we also allow a path of length ¢y > 0 from the root to vy, which gives an additional
factor (14 \)~% for each vy - - - vy, leading to

oo EO
EF(TY) =) (ﬁ) E fi(TY) = FE&( V), (7.9)
£o=0

and hence, using both parts of Lemma 20,

EF(TW) = i(—l)’“EFkUW) = FEWW)- (7.10)

Moreover, a simple argument shows that, for any n > 1,

Wy T Al
PUT] =mn) Ez’—l—)\ ntltA 2+ 0T (7.11)

and conditioned on |T™| = n, T has the same distribution as 7, i.e., (T | [TWV| =
n) 4 7.. Hence,

= !
=> PER I (7.12)

n=1
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which can be interpreted as an unusual type of generating function for the sequence (v,);
note that (7.10) and (7.8) yield an explicit expression for it.
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