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Abstract

A quasi-symmetric design (QSD) is a 2-(v, k, A) design with intersection numbers
x and y with & < y. The block graph of such a design is formed on its blocks with
two distinct blocks being adjacent if they intersect in y points. It is well known
that the block graph of a QSD is a strongly regular graph (SRG) with parameters
(b, a,c,d) with smallest eigenvalue —m = —k:—i.

The classification result of SRGs with smallest eigenvalue —m, is used to prove
that for a fixed pair (A > 2, m > 2), there are only finitely many QSDs. This gives
partial support towards Marshall Hall Jr.’s conjecture, that for a fixed A > 2, there
exist finitely many symmetric (v, k, \)-designs.

We classify QSDs with m = 2 and characterize QSDs whose block graph is the
complete multipartite graph with s classes of size 3. We rule out the possibility
of a QSD whose block graph is the Latin square graph LS,,(n) or complement of
LS,,(n), for m = 3,4.

SRGs with no triangles have long been studied and are of current research in-
terest. The characterization of QSDs with triangle-free block graph for x = 1 and
y = x+1 is obtained and the non-existence of such designs with x = 0 or A > 2(x+2)
or if it is a 3-design is proven. The computer algebra system Mathematica is used
to find parameters of QSDs with triangle-free block graph for 2 < m < 100. We also
give the parameters of QSDs whose block graph parameters are (b, a, ¢, d) listed in
Brouwer’s table of SRGs.
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*Dedicated to the memory of Damaraju Raghavarao (1938-2013).
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1 Introduction

A 2-(v, k, \) design D (with b blocks and r blocks through a given point) is called quasi-
symmetric if the sizes of the intersection of two distinct blocks take only two values x and
y, with (0 < x <y < k). We can create a graph I' = T'(D), called the block graph of D,
by joining two distinct blocks if they have the larger intersection number y. This graph is
a strongly regular graph with parameters (b, a,c,d). Here, as is customary, b denotes the
number of vertices of I', a the degree of I', ¢ (resp. d), the number of vertices both adjacent
(resp. non-adjacent) to any two adjacent (resp. non-adjacent) vertices. In addition, to
avoid trivial cases, we assume that a strongly regular graph is neither the trivial graph
nor the complete graph. Furthermore, the adjacency matrix of I' has smallest eigenvalue
—m, where m = ?’j_;i From now on, we use QSD(resp. SRG) to denote a quasi-symmetric
design (resp. strongly regular graph).

It is possible to create a series of equations among the parameters of the QSD. In
addition, we also have conditions on the parameters of the associated SRG. These con-
ditions are summarized in lemmas 1 through 5 (in section 2). Lemma 5 expresses these
conditions involving thirteen variables a, b, c,d, m,n,v,r, k, X\, x,y, z, where z = y —z, and
n = ;:2 Since the parameter m is an integer involving the design parameters, we can
take advantage of the fact that m > 2 and the results of Seidel [32] and Neumaier[23] for
SRGs with least eigenvalue —m. This gives nine equations (Lemma 5), which are neces-
sary conditions for the existence of a QSD. Mathematica is used in section 2 to rewrite
these conditions into a sequence of necessary conditions for the existence of a QSD.

In this paper, we consider mostly proper QSDs, i.e. designs in which both the inter-
section numbers occur. If this condition is relaxed, and we allow at most two intersection
numbers, then the family of proper and improper QSDs will include symmetric designs.
Finite affine planes provide an infinite class of proper QSDs with A = 1, while finite pro-
jective planes give an infinite class of improper QSDs. So if A = 1, there are infinitely
many proper or improper QSDs. There is a famous open conjecture of Marshall Hall, Jr.
[15], Hall’s Conjecture: For a fixed A > 2, there are only finitely many symmetric designs
(i.e. improper QSDs), whose ‘A-value’ is the given A. For a fixed A > 2, let G\ denote
the class of all QSDs, proper or improper(i.e. symmetric designs). In a personal commu-
nication to the authors of [30], N.M. Singhi [40] made the following conjecture, Singhi’s
Conjecture: For a fixed A > 2, G, is finite. In ( [30], Corollary 4.2), the equivalence of
Hall’s and Singhi’s conjectures was shown. In partial support of these conjectures, we
prove in section 3, that for a fixed pair (A > 2,m > 2) there are only finitely many QSDs.

From a QSD D, we get the associated SRG T'(D). So a natural question is, given a
SRG with the right parameters to be the block graph of a QSD, when is it in fact, the
block graph of a QSD? In section 4, we prove some results concerning this question. The
papers [39], [13], [14], and [11] contain some results on this problem. The first of these
papers is phrased in the language of two class partially balanced designs (whose duals
are SRGs) and uses Hasse-Minkowski theory, while the paper [11] relies on the equivalent
theory of quadratic forms. According to [11]: “The question which strongly regular graphs
are block graphs of quasi-symmetric designs is a difficult one and there is no chance for a
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general answer”.

We prove, that if the smallest eigenvalue of I' is —2 (i.e., k = 2y — x), then D is
either a Hadamard 3-(v, k, ) design or a pair design (i.e. a 2-(v,k,1) design, whose
blocks are all unordered pairs of points) or the 2-(6,3,2) design or complement of one of
these designs. It is proved in ([13], Theorem 3.4) that the only QSD with the complete
s-partite block graph with parameters (2s,2s — 2,2s — 4,2s — 2), s > 2 is the Hadamard
3-design. We prove that if D is a QSD whose block graph is the complete multipartite
graphs with s classes of size 3, with parameters (3s,3(s —1),3(s —2),3(s — 1)), then D is
a 2-(9(142u),6(1+2u), 5+ 12u) design with intersection numbers 3(1+2u) and 4(1+ 2u)
or complement of this design (with z = 2u + 1).

In ([13], Theorem 3.5), the authors ruled out the possibility of a QSD whose block
graph is the Latin square graph LSs(n) or its complement. We extend this result to QSDs
whose block graph is the Latin square graph LS,,(n) or complement of LS,,(n), for m = 3
and 4.

In section 5, we consider QSDs, whose block graph, and not the complement of its
block graph is triangle-free, as was assumed in [1]. The block graph ' of a QSD D is
triangle-free if and only if T’ has no co-cliques of size three. We rule out the possibility
of a QSD whose block graph is triangle-free under each of the following conditions: x =
0; A > 2(x + 2); or if it is a 3-design, or (kK —z)/(y — z) = 3,4 and 5. As a consequence,
there does not exist a QSD with x = 0 and having a triangle-free block graph. This shows
that the analogue of the conjecture in [20] (by requiring I', and not I to be triangle-free)
is true. We also characterize QSDs with k = 2y —z or y = £ + 1 or x = 1 having a
triangle-free block graph in terms of the 2-(6, 3, 2) design with intersection numbers 1 and
2. Next we assume z > 0. We prove that a 2-(56, 16, 6) design and its complement are the
only QSDs having triangle-free block graph and (k —z)/(y — x) = 6. For higher values of
(k—2)/(y —x), we obtain the feasible parameters of QSDs with triangle-free block graph
using Mathematica. Table 4 lists the feasible parameters of QSDs with triangle-free block
graph for (k — x)/(y — x) < 100. We also provide other tables concerning QSDs, using
Brouwer’s table [6] of SRGs.

Section 5 concerns QSDs whose block graph has no triangles. SRGs with no triangles
(i.e. ¢ =0), are called triangle-free and are of current interest (see [3], [4], [5], [9], [10],
[19], [37]). Other than the trivial graph and complete bipartite graph K3 3 there are only
seven known triangle-free SRGs ([12], namely the 5-cycle graph, the Petersen graph, the
Clebsch graph, the Hoffman-Singleton graph, the Gewirtz graph, the Higman-Sims graph,
and a (77,16,0,4) subgraph of Higman-Sims graph). Out of these seven graphs only two
graphs are block graphs of QSDs. The (77, 16,0, 4) graph is the block graph of 2-(56, 16, 6)
design and the Petersen graph is the block graph of a 2-(6, 3,2) design. Whether there is
an eighth triangle-free SRG is a problem mentioned in [9] and [12], which is still open.

In this paper there are a large number of equations involving many variables. We
used Mathematica, [41] to derive these. The reader also can use WxMaxima, [42] or any
available CAS to handle the tedious calculations, which is available free on the web, if
Mathematica is not available. Moreover, many background results are used and several
new results are obtained. To make the paper more readable, we denote a result used
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without proof by Result and cite the reference. The results obtained in the paper are
denoted by Theorems, Propositions, etc. In addition, we have provided four Appendices
at the end of this paper. In Appendix 1, we give the Mathematica code used to find
feasible parameters of QSDs for given parameters (b, a, ¢, d) of its associated SRG, using
Brouwer’s tables [6]. In Appendix 2, we give the Mathematica code to find feasible
parameters of QSDs with triangle-free block graph for 2 < m < 100. In Appendix 3, we
give some results about QSDs having a block graph I', such that ', the complement of T
has no triangles.

In last Appendix 4, we obtain a result connecting SRGs, 2-distance sets in binary
Hamming spaces, and QSDs. This was motivated by a recent paper of Ionin [18].

The main theorems obtained in this paper are the following:

Theorem 20. For a fixed pair (¢, m) or (z,m) or (A > 2, m > 2), there exist only finitely
many QSDs.

Theorem 21. If D is a QSD with k = 2y — z, then D is either a pair design or 2-(6, 3,2)
design or Hadamard 3-design or complement of one of these designs.

Theorem 24. Let D be a QSD whose block graph is the complete multipartite graphs
with s classes of size 3, with parameters (3s,3(s — 1),3(s — 2),3(s — 1)), then D is a
2-(9(1+2u),6(1+2u),5+ 12u) design with intersection numbers 3(1 + 2u) and 4(1 + 2u)
(with z = 2u + 1) or the complement of this design.

Theorem 29. There is no QSD whose block graph is either a Latin square graph
LSy(n);n > s or its complement for s = 3,4 or a conference graph.

Theorem 32. Let D be a QSD with triangle-free block graph and m = ];_i

8

1. If m =2, then D is a 2-(6, 3, 2) design with z = 1,y = 2.
2. m+#3,4,5
3. If m = 6, then D is either a 2-(56, 16, 6) design or its complement.

Theorem 38. Let D be a QSD with triangle-free block graph. If x =1, or y = x + 1,
then D is a design with parameters v =6,k =3, A=2,r=5,b=10and x =1,y = 2.

Theorem 39. There does not exist a QSD with triangle-free block graph, if either x = 0,
or A > 2(x + 2), or if it is a 3-design.
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2 Preliminaries

In this section, we give some preliminary results needed. The reader can refer to [2] and
[37] or the cited references for details.

Lemma 1 ([2], [10], [37]). Let D be a (v,b,r, k, A\;x,y) QSD. Then the following relations
hold:

1. vr =bk and \(v — 1) =r(k —1);
2. k(r—D(x4+y—1)—ayb—1)=k(k—1)(A—1);
Lemma 2 ([31],[37],[38]). Let I' be a connected SRG (b, a,c,d), Then I" has three distinct

eigenvalues 6y = a with multiplicity 1, 01,0, where 01,05 are the roots of the quadratic
equation

P2 —(c—d)p—(a—d) =0,
the multiplicities f and g are positive integers given by

Ry (b—1)(c—d)+ 2a
1o=5 <b = ¢(c—d)2+4<a—d)>'

and
c:a—|—91+02+9192,d:a—|—9192.

Lemma 3 ([37],Theorem 3.8). Let D be a (v,b,r,k,\;z,y) QSD. Form the block graph
I' of D by taking as vertices the blocks of D, where two distinct vertices are adjacent
whenever the corresponding blocks intersect in y points. Assume I' is connected. Then,

[ is a SRG with parameters (b, a,c,d), where the eigenvalues of I' are given by a = 0y =
E(r—1)+(1=b)z g, = I=Aktz gp 00, — —(k—x)
y—z ’ y—z y—z

Remark 4. We record for future use, some consequences of the above lemma:

r(kr —r 4+ X) —bkA = 0. (1)
The eigenvalues 6y, 01, 05 are integers, with 6y > 0,6; > 0, and 6, < 0;

k(r—1)+ (1 —=b)z

a= : (2)
y—x

B (x—k—i—fr—)\)(:c—k;)+x—k+x—k’+r—)\+k(r—l)—l—(l—b)x' 3)
(y —=)? y—u y—ux y—ux ’

d:k(r—1)+(1—b)x+(x—k)(—k:—l—?“;x—/\); (@)

y—x (y — )

1. y—x divides both r — X and k£ —x, so we take y = 24+ 2,k = mz+x and r = nz+ A,
for positive integers m and n assuming m < n.
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2. f A >1,then A > x4+ 1.

3. The block graph of D and block graph of D, the complement of the design D, are
isomorphic.

The following result giving necessary conditions on the block graph of a QSD is essen-
tially the well known Integrality Condition for the parameters of a SRG ([17], Theorem
7.2.4, page 220).

Lemma 5. Let D be a (v,b,r,k, \;x,y) QSD and I" be the (b,a,c,d) SRG block graph of
D. Then,

z(=(m—1)(m+a)+m((m?>—2m+a—c)z+ (m—1)N))

[ x=-— :
v —b(m—1)+(m?2—=2m+a—c)z+ (m—1)\ ’
m?—2m+a—c
2. n= :
m — 1
3. m*—(d—c)m — (a—d) =0;
1
4.m—§< —c+/(d +4a—d)>

5.c—d=n—-2m and a —d=m(n—m);
6. Ifd=c, then m = +va—d and n =2m;

7. m—1 dividesa —c—1;

8. \/(d—c)?+4(a —d) is a perfect square and ( —c++/(d 24+ 4(a — d)> is an
even integer;
9. If x # 0 then
A1x2 + B1;U + Cl = O, (5)

where

Aj=—(d(c—d+2m));

Bi=Q2d—c+(c—d—1)m+m?®) (m—1)d+ (1 +c—d) m*+m?)
—2dm (c—d+2m) z;

Cr=dz ((m—-1)d+ (1 +c—d) m*+m®+ ((d—c) m*—2m’) z),

k—x
y—x

>

<

where z =y —x,m = ,n =

8

<
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Proof. Substitute y = z+x,k = mz+x,r = nz+ X in equations (2) and (3) and observe
that a—c = 2m—m?—n+mn, which gives an expression for n as given in (2). Substitute
this value of n in the equation (2) to get an expression for x as given in (1).

Use Mathematica to obtain the equation given in (3). Note that m is a positive root
of this quadratic. The cases 4-8 follows from above and/or equations (2)-(4).
mnt (m (A dmoctn(otD)s+ar Substitute this ex-

Use expression (3) to get b = .
pression for b and n = 2m + ¢ — d in (2) of Lemma 1 to get

N 2d—c+(c—d—1)m+m?) x+ (c—d+2m) 2>+ (d+ ((c—d) m+2m?) z) z
B m (z+mz) '
Now from the equation (1), we get (5). ]

Lemma 6 ([31], Theorem 2.6). For a fized value of the block size k, there exist only
finitely many QSDs with y > 2.

Lemma 7 ([26], Theorem 3.2). Let D be a proper QSD with the standard parameter set
(v, b, k, \;x,y) withx #0 and z =y—x = 1. Then D is a design with parameters given
in (1) or (2) as follows or D is a complement of one of the design in (1).

IL.v=>14m)2+m)/2,b=(2+m)B3+m)/2,r=m+3,k=m+ 1,
A=2,z=1y=2andm=2,3,....

2.v=5b=10,r=6,k=3,A=3andx =1,y = 2.
We will need later the following classification results about SRGs.

Result 8 ([7], Theorem 9.2.1; [10], Theorem 4.14). Let I" be a SRG with smallest eigen-
value —2. Then, I" is one of

1. the complete n-partite graph, with parameters (2n,2n —2,2n —4,2n — 2),n > 2,
2. the lattice graph, with parameters (n?,2(n —1),n —2,2),n > 3,

3. the Shrikhande graph, with parameters (16,6, 2,2),

4. the triangular graph, with parameters (n(n —1)/2,2(n —2),n —2,4),n > 5,

5. one of the three Chang graphs, with parameters (28,12, 6,4),

6. the Petersen graph, with parameters (10,3,0,1),

7. the Clebsch graph, with parameters (16, 10,6, 6),

8. the Schléfli graph, with parameters (27,16, 10, 8).

Result 9 ([23], Theorem 5.1). Let I' be a SRG with smallest eigenvalue —m,m > 2
integral. Then, I" is one of

THE ELECTRONIC JOURNAL OF COMBINATORICS 22(1) (2015), #P1.36 7



1. the complete multipartite graphs with s classes of size m, with parameters,
(ms,m(s —1),m(s —2),m(s — 1)),

2. the Latin square graphs LS,,(n), with parameters
(n?,m(n —1),n+m? — 3m,m(m — 1)),

(m+n(m—1))(n+1)

2 2
— ,mn,n+m?—2m,m?),

3. the Steiner graphs S,,(n), with parameters (

4. finitely many other graphs.

The following are known characterizations of QSDs with specific strongly regular block
graphs.

Result 10 ([13], Theorem 3.4). The only QSD whose block graph is the complete n-partite
graph with parameters (2n,2n — 2,2n — 4,2n — 2),n > 2 is the Hadamard 3-design.

Result 11 ([13], Theorem 3.5). There is no QSD whose block graph is the lattice graph
with parameters (n?,2(n —1),n — 2,2),n > 3 or its complement.

Result 12 ([11], Proposition 1.1). The block graph of a 2-(v, k, A) QSD is a triangular
graph, if and only if D is a pair design (i.e. a 2-(v,2,1) design, whose blocks are all
unordered pairs of points) or its complement.

Lemma 13. Let D be a QSD whose block graph is the complete multipartite graph with
s classes of size m, with the parameters (ms,m(s — 1),m(s — 2),m(s — 1)). Then

ma® 4+ (zm* 4+ (z = A= I)m + A) x + mz(mz + (1 —m)A — 1) = 0. (6)
Proof. As d = ¢+ m from Lemma 5 (5), we get n = m. Solve the equation b = a +m for
bto get b= m2z2+m§im)‘z+”‘. Now use the equation (1) to get the equation (6). O

Lemma 14. Let D be a QSD whose block graph is the Latin square graph LS,,(n). Then

ne*—nr (1—-m+mn—2mz)+mz(—=14+m-—mn-+mnz)=0. (7)

Proof. Solve d = m(m — 1) for X to get A = b”m";j:;f;_mnzg. Take b = n? and use

equation (1), to get the equation (7). O

Lemma 15. Let D be a QSD whose block graph is the Steiner graph S,,(n). Then,

2 4m? (=1+2)z4+z (-m+n—mn+2mz)=0. (8)
Proof. Solve d = m? for X to get A = bx+(m+mzngm":) zmnz’  Take b = w and
use equation (1) to get the equation (8). O
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Lemma 16. Let D be a QSD, with the non-zero intersection numbers x and y such that
block graph of D is triangle-free. Then,

AsN* + Bod 4+ Co = 0, (9)
where

Ay = (z+mz) (am®+ (2* — 2= 3z)m* + Bz + 2z + 1)2)m +2° — 22 — 2)
By, = —2zzm'—x(22° — 32"+ (1 — 92)z + 22° — z) m?

+ (9x3 — 9z22% — 62% — 22° + (—6.752 —Tx + 1) 22) m?

+ (—122% + 92% 4+ 2° + (—62° — 22° 4+ 62) 2) m — 2(2x — 1) (2* — 22 — 2)

Cy = ma(mx — 3z —22)*(x + mz — 1)
and z=y—xz,m=(k—2x)/(y — ).

Proof. Substitute y = z + x,k = mz + x,r = nz + X and ¢ = 0 in equation (3) to obtain
the following expression for b:

zm? + (n (2% —2) = 32)m+n(zz + 2) + (xr + m2)A
" :

b= (10)

Use (2) of Lemma 1 to get the following expression for n:

. m(mx — 3x — 2z + (x +mz))\)' (11)
2?2 —2x — 2+ m(zx + )

Finally substitute values of k,r and b in the equation (1) to get the equation (9). ]

3 Finiteness results in support of Hall’s conjecture

In this section, we prove a finiteness result in support of Singhi’s conjecture, which is
equivalent to Hall’s conjecture. The main result of this section is that for a fixed pair
(A > 2,m > 2), there exist only finitely many QSDs.

Theorem 17. For a fized pair (¢c,m), there exist only finitely many QSDs.

Proof. Suppose x = 0. Substitute x = 0,k = my,n =2m+c—d, A = C+3m_m2_;+m"_m"y
and 7 = ny+\ in (2) of Lemma 1 to get m*+ (c—d+1)m*+d(m—1)— (c—d+2m)ym?* = 0.
As a—d >0 from (3), Lemma 5, we have d — ¢ < m. Hence for a fixed pair (¢, m), y has
finitely many choices.

Now suppose z > 0. If d = 0, then from equation (5) we get (m — 1)m?(c + m)(c +
m + 1)z = 0 which is a contradiction. Hence d > 0. The discriminant of quadratic (5) in

(RIS

A=(m—1d+ (1+c—d) m*+m®)A,
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where

Ay = (2d—c+(—1—|—c—d)m+m2)2 (m=1)d+ (1+c—d) m*+m?)
—4d (m—1) (c=d+2m) (d+ (c—d) m+m?) z.

As before we have d — ¢ < m. Observe that the coefficient of z in A is negative. Hence
for a fixed pair (¢,m), z is bounded by a function of (¢,m). Hence z takes only finitely
many values. Now use Lemma 6 to complete the proof. O

Theorem 18. For a fized pair (z,m), there exist only finitely many QSDs.

Proof. In view of Neumaier’s Result 9, it is enough to show that for a fixed pair (z,m),
there exist only finitely many QSDs whose block graphs are either the complete multipar-
tite graphs with w classes of size m, with parameters (mu, m(u — 1), m(u — 2), m(u — 1))
or Latin square graphs LS,,(n) or Steiner graphs S,,(n).

Suppose D is a QSD whose block graph is the complete multipartite graph with s
classes of size m, with the parameters (ms, m(s—1),m(s—2),m(s—1)). Then the equation
(6) holds. Observe that A = m?(mz — z — 1) 4+ (m — 1)2A% + 2(m — 1)m(mz — z + 1)\
is the discriminant of the quadratic (6) in . With § = m(mz — z 4+ 1) + (m — 1)\ get
A—0*=—4(m—1)m?z and A — (0 — 1)? = (1 — 2m) (2z2m? — 2z2m — 1) + 2(m — 1)\
(2m—1)(22m2—2zm—1>

2(m—1)
takes finitely many values. As z satisfies the equation (6), = takes finitely many vales. As
k = mz + x by the Lemma 6, for a fixed pair (z,m), there exist only finitely many QSDs
whose block graphs are the complete multipartite graph with u classes of size m.

Suppose D is a QSD whose block graph is the Latin square graph LS,,(n). Then the
equation (7) holds. The discriminant of the quadratic (7) in x is

As A must be a perfect square, A < . Hence for a fixed pair (z,m), A

=4 (m—1)mnz—2mn® (m—1+2mz)+n* ((m— 1)? —4dmz+8m’z).

Ay =m?*n
With 0 =mn*+n (1—m—2mz)—2 (mz(z—1)) get
A =P =—4m?(z=122—dmnz? (~1—m+2m=z)

and

Ay — (0 — 1)
=2mn? — (1—2mz—|—2m22)2—2n (m—1+42mz—2m (14+m) 2> +4m*>2%).

Observe that (6; — 1)? < Ay < 67 for sufficiently large n with respect to m and z. Hence
n is bounded by a function of (z,m). Hence for a fixed pair (z,m), x takes only finitely
many values. As before, for a fixed pair (z,m), there exist only finitely many QSDs whose
block graphs are Latin square graphs.

Let D be a QSD whose block graph is the Steiner graph S,,(n). Then the equa-
tion (8) holds. The discriminant of quadratic (8) in z is Ay = m? + (m —1)*n? —
2(m—=1)mn (2z2—1). Withfy=m+(m—1)n—2mzget Ay —05=—4m? (z —1) z
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and Ay — (6, —1)?>=2(m+1)n—(1+2mz) (1 —2m+2mz). Observe that (6 —1)* <
Ay < 02 for sufficiently large n with respect to m and z > 1. For z = 1, observe that
either x = 0 or x = nm —m —n and for x = 0 get kK = m, A\ = 1. Observe that designs
corresponding to x = nm — m — n are complements of designs with = 0. Hence n is
bounded by a function of (z,m). Hence for a fixed pair (m, z), x takes only finitely many
values. As before for a fixed pair (z,m), there exist only finitely many QSDs whose block
graphs are Steiner graphs. O

Theorem 19. For a fized pair (A = 2,m > 2), there exist only finitely many QSDs.

Proof. For a fixed A > 1, by (2) of Remark 4, x is bounded by A. In view of the
Theorem 18, we show that for a fixed triple (A, z,m), z takes only finitely many values.
As before, in view of the Result 9, we need to consider only three cases of QSDs, namely
QSDs whose block graphs are the complete multipartite graphs with u classes of size m,
with parameters (mu, m(u — 1), m(u —2), m(u — 1)) and the Latin square graphs LS,,(n)
and the Steiner graphs S,,(n).

If D is a QSD whose block graph is the complete multipartite graph, then parameters
of D satisfy the equation (6). Hence z has finitely many choices.

Suppose D is a QSD whose block graph is the Latin square graph LS,,(n). If x = 0,
then from the equation (7) get m(n(z — 1) + 1) — 1 = 0, which is impossible. Assume
x > 0, write equation (7) as a quadratic in n and find its discriminant A.

man? + ((z - 22) m? + (—2zx —x)m — x4 x) n—(m-—1)mz=0.

A = m't —2mP(m —22)2° + m* (m® + 62° + (—2m — 2)z) 2°
+2mz (m® —m+ 22> + (m — 2)z) 2 + 2*(m + . — 1)°.

With 6 = m?z? — m( —2x)z + x(m + x — 1) observe that A — 6% = 4(m — 1)m*zz
and A — (04 1)? = —22% — 2max + 22 — 2m?2% + 2m (2zm? — 2zm + m — 2x) 2 — 1. This
implies 6% < A < (6 +1)? for sufficiently large z in terms of z and m. Hence z is bounded

by some function of (z,m).
Let D be a QSD whose block graph is the Steiner graph S,,(n). As before take

2

b — ("H)(”% and \ = bx+(m+m"+£f)z SEEIf = 0, then from the equation (8)

get m?(z — 1)z = 0, which implies z = 1. Observe that for these values A = 1. Assume
x > 0 and from the equation (8) get n = Z2m2_zm(2n:f’17§:2mm+” . Substitute these values
(z+mz—1)(x+mz)

(m—1)m

Hence z is bounded by a function of (A, m, z). ]

in the expression of A to get A\ =
We summarize the above results as:

Theorem 20. For a fized pair (c,m) or (z,m) or (A = 2,m > 2), there exist only finitely
many QSDs.
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4 Block graphs of QSDs

In this section, we prove some results about which SRGs could be block graphs of QSDs.
In the next theorem, we classify QSDs with m = 2, using the classification Result 8.

Theorem 21. If D is a QSD with k = 2y —x, then D is either a pair design or 2-(6, 3, 2)
design or Hadamard 3-design or complement of one of these designs.

Proof. Observe that, D is a QSD with & = 2y — x if and only if the smallest eigenvalue of
block graph I' of D is —2. Hence I is one of the graphs listed in Result 8. If block graph
of D is complete n-partite graph with parameters (2n,2n —2,2n —4,2n — 2),n > 2, then
by Result 10, D is the Hadamard 3-design. To rule out the possibilities of QSD whose
block graph is the lattice graph, we use Result 11. If block graph of D is the triangular
graph, then by Theorem 12, D is a pair design or its complement.

In remaining cases from the fact that discriminant of the quadratic (5) is non-negative
we get z = 1. If block graph of D is the Shrikhande graph, with parameters (16,6, 2,2) or
the Schlafli graph, with parameters (27,16, 10, 8) or the Clebsch graph, with parameters
(16, 10,6, 6), then the discriminant of the same quadratic (5) is not a perfect square. If
the block graph of D is one of the three Chang graphs, with parameters (28,12,6,4), then
using the same equation (5) we get, xt = 0orz =4. If 2 =0, then A =1 and D is a
2-(8,2,1) design. The design associated with = = 4 is the complement of 2-(8,2, 1) design.
If block graph of D is the Petersen graph, with parameters (10,3,0, 1), then again using
the same equation we get x = 1. Calculate the remaining parameters of D, to see that D
is a 2-(6,3,2) design. O

Remark 22. Observe that 2-(9,5,10) and 2-(17,5,10) QSDs with intersection numbers
x = 1and y = 3 and 2-(14,6,15) design with intersection numbers z = 2 and y = 4
do not arise in the above classification, since the first two are ruled out by Calderbank’s
inequality (see [28]) and the third is ruled out using [8].

In the following proposition, we obtain the parameters of QSDs whose block graph is
the Steiner graph S,,(n) in terms of functions of (z, z,m).

Proposition 23. Let D be a QSD whose block graph is the Steiner graph S,,(n). If
(z—1)zm?4-2z2m+4-x>

x=0,thenz=A=1,k=m,v=m—n+mn, and if v # 0, then v =
N\ — (:5+77’€z—1)§x+mz)
m—1)m

k=mz+x and

Proof. Let D be a QSD whose block graph is the Steiner graph S,,(n). As before take

p = pHDlmimon) o q ) = betlmimnonz)zzmnz? g 0, then from the equation (8)

m T+mz
get m?(z — 1)z = 0, which implies z = 1. Observe that for these values A = 1 and
v=m—n-+mn.
. 2,2 2 2 .
Assume z > 0 and from the equation (8) get n = Z—2m —tmirzmts.  Quhstitute

(m—1)x
these values in the expression of \ to get A = W Obtain v using the expression

vr = bk. O
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The SRGs with eigenvalues a, 0 and —m (equivalently a = d) are characterized in [13]
in terms of the complete multipartite graphs with s classes of size m, with parameters
(ms,m(s—1),m(s—2),m(s—1)) with s > 2. In [13], Theorem 3.4, they proved that the
only QSD with the complete s-partite block graph with parameters (2s,2s—2,2s—4,2s—
2),s > 2 is the Hadamard 3-design. In view of this, we give the following characterization.

Theorem 24. Let D be a QSD whose block graph is the complete multipartite graph with
s classes of size 3, with parameters (3s,3(s — 1),3(s — 2),3(s — 1)). Then, D is a 2-
(9(1 + 2u),6(1 4 2u),5 + 12u) design with intersection numbers 3(1 + 2u) and 4(1 + 2u)
(with z = 2u + 1) or the complement of this design.

Proof. Substitute m = 3 in the equation (6) to get
37% + (122 = 2A = 3)z +32(32 —=2A — 1) = 0. (12)

Observe that A = 9(2z —1)2 4+ 4\ +12(2z + 1)\ is the discriminant of the quadratic (12)
in z. Take § = 3(2z + 1) + 2\ and observe that A — #* = —72z and A — (6 — 6)% = 24\
As A is a perfect square get A = (6 —1)?, for 1 <t < 5, which gives \ = W#. As
A is an integer, t is an even integer. For t = 2, get A = 6z — 1. Substitute A = 6z — 1 in
the equation (12) and get « = 3z. Observe that b = 3(9z —1). Hence z is an odd integer.
Take z = 2u + 1, for a non-negative integer u. Finally observe that x = 3(1 4+ 2u),y =
A(L + 2u),v = 9(1 + 2u),b = 3(4 + 9u), 7 = 2(4 + 9u), k = 6(1 + 2u), A = 5 + 12u.

For t = 4, using the equation (12), observe that z(—2 + 3z 4+ 92) = 0. Hence z = 0.
As A= 1(32 — 1), z is an odd integer. Take z = 2u + 1, for a non-negative integer u and
get b=3(4+9u),v=9(1+2u),r =4+ 9u, k =3(1 +2u), A =1+ 3u.

Observe that these designs are complements of each other. O]

In ([13], Theorem 3.5), they ruled out the possibility of a QSD whose block graph is
the Latin square graph LS3(n) or its complement. We rule out in Theorems 25-26, the
possibility of QSD whose block graph is the Latin square graph LS,,(n) or its complement,
for m = 3, 4.

Theorem 25. There is no QSD whose block graph is the Latin square graph LS, (n);n >
m, for m =3 and 4.

Proof. Suppose D is a QSD whose block graph is the Latin square graph LS,,(n), for
n = m. Note that z > 0. We show that the equation (7) does not have integer solutions
for m = 3 and 4.

From the equation (7) it is clear that n divides m(m — 1)z. We substitute z =
nt/(m(m — 1)), for a positive integer ¢, in the equation (7) and observe that

A=m’({t—z+mz) ((m*—4t) t+m (—m+m® — 4t) z)
is the discriminant of this quadratic in z, which is negative if m? — 4t < 0. Hence

t <m?/4.
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Form=3,t <2 If m=3,t=1then A =9(1+ 22)(5 + 6x), which is not a perfect
square as 1+ 2z and 54 6x are relatively prime and 5+ 6x is not a perfect square. Observe
that If m = 3,t =2 then A <0.

Form=4,t<3. If m=4,t =1 then A = 64(1 + 3z)(3 + 8z), which is not a perfect
square, as 1 + 3z, 3 + 8z are relatively prime and 3 + 8z is not a perfect square.

If t = 2 then A = 256(1 + x)(2 + 3x), which is again not a perfect square, as 1 + z,
2 + 3x are relatively prime and 2 4 3z is not a perfect square.

If t = 3 then A = 576(1 + z). Take x = s* — 1, for s > 2 and observe that z =

1(s* —s+1)or z= 7 (s*+s+1). In both the cases z is not an integer. O

Theorem 26. There is no QSD whose block graph is the complement of a Latin square
graph LSs(n);n > s, for s = 3,4.

Proof. Suppose D’ is a QSD whose block graph is the complement of LS3(n) with pa-
rameters are (n?, (n —2)(n —1),n* — 6n + 10, (n — 3)(n — 2)).
Take b = n? and solve d = (n — 3)(n — 2) for A to get

(x+ 2)n* —5zn —mn22 + (n(m —x) —m?> + m+6) 2

x4+ mz

A:

Solve a = (n — 2)(n — 1) for n to get n = m + 2. Now use the equation (1) to get
(m+2)z(m*+(1-22)m—z+1)—mz((z—1)m°+ (22— 1)m—1)=0.  (13)

From the equation (13) observe that m + 2 divides 6z. Substitute z = (m + 2)t/6, for a
positive integer ¢, in the equation (13) and get

36z> + 12 (tm® —3m® + 2tm — 3m — 3) x (14)
+ mt (tm® + 4tm* — 6m?* + 4tm — 6m — 6) = 0.

We show that the equation (14) does not have integer solutions. Observe that
Ay =-2'3%(m*+m+1) (2t m(m+1) — 3m® — 3m — 3)

is the discriminant of the quadratic (14) in =z, which is negative for t > 1. Take t = 1
and observe that A; = 233 (m? +m + 1) (m? + m + 3). As A is a perfect square of an
integer and (m? +m+ 1), (m* +m + 3) are relatively prime, at least one of these two
must be a perfect square. Observe that (2m + 1)*> < 4(m?>+m +1) < (2m + 2)? and
(2m +1)2 < 4(m? +m + 3) < (2m +2)? for m > 2. For m = 2 it can be easily seen that
the equation (14) does not have integer solutions.

Now, suppose D’ is a QSD whose block graph is the complement of LS;(n) whose
parameters are (n?, (n —3)(n — 1),n? — 8n + 18, (n — 3)(n — 4)) for n > 4.

Take b = n? and solve d = (n — 3)(n — 4) for X to get

/\_an—mn22—|—((1+n—m)m~|—n2—7n—na:—l—12)z

T+ mz
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Solve a = (n — 3)(n — 1) for n to get n = m + 3. Now use the equation (1) to get
(m+3)2* — (m+3) ((m+1)* = 2mz) x + mz (zm* + 3zm — (m+ 1)*) = 0. (15)

From the equation (15) observe that m + 3 divides 12z. Substitute z = (m + 3)t/12, for
a positive integer ¢, in the equation (15) and get

1442% + 24 (m(m + 3)t — 6(m + 1)*) z + mt (m(m + 3)*t — 12(m +1)*) =0 (16)
We show that the equation (16) does not have integer solutions. Observe that
Ay = —283%(m + 1)* (tm® — 3m® + 2tm — 6m — 3)

is the discriminant of the quadratic (16) in x, which is negative for ¢ > 3.
Suppose t = 1, from the equation (16) get

m* — 6m® — 1202m?* — 15m® — 2162m — 12m + 1442* — 1442 = 0
and observe that 3 divides m. Put m = 3s in the above equation and get
162 — 8 (1565° + 95+ 2) z + s (9s® — 185> — 155 — 4) = 0.

Observe that A = 256(3s + 1) (6s* + 4s + 1) is the discriminant of this quadratic in z,
which implies 6s? + 4s + 1 is a perfect square. Hence s must be an even integer, but then
z is not an integer.

Suppose t = 2. Put m = 3(—1 4+ 22) in the equation (15) and observe that 8(3z —
1)2 (622 — 4z + 1) is the discriminate of the quadratic (15) in z. Hence 2 (622 — 4z + 1) is
a perfect square, which implies 2 is a factor of (62 — 4z + 1), a contradiction.

Suppose ¢ = 3, from the equation (16), x = 1 (m® + 3m +4) or x = 1 (m* —m). We
observe that for both these values of x, A is not an integer, as m > 2. n

Remark 27. We believe that using similar calculations as given in proofs of above theorems
and using number theory, for higher values of m, the parametric classification of QQSDs
with block graph, the complete multipartite graph with s classes of size m or Latin square
graph LS,,(n) or complement of LS,,(n) can be obtained.

The complement G of a SRG G with parameters (b, a, ¢, d) is also a SRG with param-
eters (b,b—a—1,0—2—2a+d,b—2a+c). If a SRG G is isomorphic to it’s complement
G, then b = 2a+1 and ¢ = d— 1. The class of self-complementary SRGs are called confer-
ence graphs. Conference graphs is a class of SRGs with parameters (4d + 1,2d,d — 1,d).
Examples of conference graphs such as Paley graphs are well known (See [7], [10], [12]).

We next rule out the possibility of a QSD whose block graph is a conference graph,
using elementary arguments.

Proposition 28. There is no QSD whose block graph is a conference graph, with param-
eters (4d +1,2d,d — 1,d).
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Proof. Substitute y = x + z,k = mz + x and r = nz + X in the equations (2), (3) and
(4). Solve the equation ¢ = d — 1 for n to get n = 2m — 1. Substitute n = 2m — 1 and
solve the equation b = 2a + 1 for b to get b = Z=2me=—2zztdmez_ 2mz2+4m2z2+2“+2mz>‘
Substitute these values of b and n in the equation (1) and solve “for A to get A\ =
m’2m$’2’”2“’(’”;;:{7)7’;;(2”3;33m“’z2+2m22. Observe that as m > 2 and z > 1, (2m — 1)x +
(m — 1)z # 0. Now equation (1) to get P = 0, where

P=(1-2m)z (2m* —2zm —2m —x + 1) + mz (2zm®> — 2m* — zm + 2m — 1) .

Write 4P = (=4 (=22 +z+2x)m?+2(4zx +4z+2)m+4(x — D)z —2) (2m — 1) —
We observe that 2m — 1 is a factor of z. Substitute z = (2m — 1)t, for positive integer ¢
in P =0 and get

2+ (22t — 1)m® +2(1 — t)m — 1) z + mt (4tm® — 2(2t + L)m® + (t + 2)m — 1) = 0.

Observe that (—2m? + 2m — 1) (2(m—1)m(4t—1)—1) is the discriminant of this quadratic
in x, which is negative, as m > 2. This is a contradiction as the equation P = 0 has
integer roots. L

We summarize above results in the following Theorem:

Theorem 29. There is no QSD whose block graph is either a Latin square graph LS(n)
(n > s) or its complement for s = 3,4 or a conference graph.

Let T be a (b,a,c,d) SRG. To find feasible parameters of a QSD whose block graph
is I', we work through the following steps:

1. m is obtained using (4) of the Lemma 5 and then n by (2).
2. Asx >0, (1) of the Lemma 5 implies either

(m = 1)(m +a)

bm—1)< (m*=2m+a—c)z+(m—-1)A<

or

-1
(m Zém—ira)<(m2—2m+a—c)z+(m—1))\<b(m—1).
Here b > a and m > 1, rules out the first possibility.
(b—1)(m—1) and ) < bim—1)—(m?*=2m+a—c)z

m2—2m-+a—c m—1

This gives us z <

3. Now for each m, z and \; x is calculated from (1) of the Lemma 5.

4. k,r and y are calculated using z,z,m,n and A, then v and b using (1) of the
Lemma 1.
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For each set of parameters of a SRG other than a triangular graph or complement of
a triangular graph or conference graph or Latin square graph LS,,(n) for m = 2,3, 4,
or complement of LS,,(n) for m = 2,3,4 or SRGs with smallest eigenvalue —2 listed in
Table 11.12 of Brouwer [6], we execute the code given in the Appendix 1 in Mathematica
to find the parameters of QSDs associated with it. As block graphs of a QSD and its
complement are isomorphic we list parameters of QSDs with v > 2k. We list in Table 1
parameters of QSDs whose block graphs are known. Table 2 contains the parameters of
SRGs which are not block graphs of QSDs. Table 3 is the list of parameters of SRGs and
associated parameters of QSDs where existence of both is unknown. There are two points
to be noted, Table 2 is the largest and there are different QSDs having same block graph.

Tablel: Feasible parameters of QSDs related to known SRGs

Strongly Regular Graph Quasi-symmetric Design
b al| c d v| k| A x| y =
26| 15| 8 91 13] 3] 1| 0| 1 Yes
35 18| 9 91 15 3] 1| 0| 1 Yes
50 | 28 | 15 6 25 4] 1| 0 1 Yes
56 | 45| 36 36| 21| 6| 4| 0] 2 Yes
o7 | 24|11 9 19 3| 1| 0] 1 Yes
63| 30|13 15 36[16[12| 6| 8 Yes
41 1] 0] 1 Yes
63| 32|16 16 || 28 BT 41 6 Vos
31 1] 0] 1 Yes
70| 2712 9 21 91 3 5 No
7T 16 0 41 56|16 6| 4| 6 Yes
77| 60 | 47 45| 22 6| 5| 0] 2 Yes
82| 45| 24 25 41 5 1] 0] 1 Yes
6| 1] 0 1 Yes
85| 54| 33 36 || 51 T =T 31 5 No
99 | 48 | 22 24| 55| 15| 7] 3] 5 ?
99 | 50 | 25 25 45| 5| 1| 0] 1 Yes
100 | 33| 14 91 25 3] 1| 0| 1 Yes
111 | 44| 19 16 371 4] 1] 0 1 Yes
117 | 36| 15 91 271 3] 1| 0| 1 Yes
120 | 77| 52 44| 21 7112 1] 3 Yes
122 | 66 | 35 36| 61| 6| 1| 0] 1 ?
126 | 65 | 28 39| 10540 | 18|14 | 16 ?
130 | 48| 20 16 40 4] 1| 0 1 Yes
6| 1] 0| 1 Yes
143 | 72| 36 36 | 66 50720 115 [ 15 Vos
143 | 70| 33 35 7836|3015 18 Yes

(Continued on next page)
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Table 1 — continued

Strongly Regular Graph Quasi-symmetric Design
b al| c d v| k| A x| y =
153 | 120 | 91 105 || 136 | 40 | 13 | 10 | 12 ?
31 1| 0] 1 Yes
155 | 42 | 17 91 31 =13 Yos
170 | 91 | 48 49 8 | 7| 1| 0] 1 Yes
31 1] 0] 1 Yes
176 | 45| 18 91 33 T35 T 61 9 7
176 | 105 | 68 54| 22| 7]16] 1] 3 Yes
190 | 84| 38 36| 7| 6| 1| 0] 1 Yes
51 1] 0 1 Yes
183 1 70| 29 25| 61 S5 61 9 5
711 0 1 Yes
195 | 98 | 49 49 1 91 55 13 T 7110 No
41 1] 0] 1 Yes
196 | 60 | 23 16 || 49 o 6 11 3 Vos
204 | 140 | 94 100|136 10| 1| 0] 1 ?
208 | 132 | 81 88 | 144 | 45|20 | 12 | 15 ?
51 1] 0] 1 Yes
208 | 75|30 25| 65 50T 0T 51 8 5
216 | 90 | 39 36| 8| 6| 1| 0] 1 ?
220 | 135 | 78 90 || 176 | 36 6| 8 ?
9| 8 1] 3 Yes
220 | 84 | 38 28 || 45 13T 619 5
41 1] 0] 1 Yes
221 | 64|24 16 || 52 G130 a1 7 No
222 | 51120 9| 37 3| 1| 0| 1 Yes
226 | 120 | 63 64| 113 8| 1| 0] 1 Yes
231 30| 9 31 56 (16|18 | 4| 8 ?
31 1] 0 1 yes
247 | b4 | 21 91 39 BT 31 6 7
253 | 140 | 87 65| 23| 7|21 1] 3 Yes
6| 1] 0| 1 Yes
273 | 102 | 41 36 | 91 05 16120 5

Remark 30. Corresponding to SRG (69,48,32,36), which is unknown, we are getting two
feasible parameter sets of QSD’s namely 2-(46,6,1) (with = 0,y = 1,m = 6), which
does not exist (see [16]) and 2-(46,16,8)(with x = 4,y = 6,m = 6), existence of which is
not known (See [35]). Corresponding to SRG (69,20,7,5) we are getting QSD parameters
2-(24,8,7)(with x = 2,y = 4, m = 3), which does not exist(See [35]). Observe that SRG
(69,48,32,36) is the Steiner graph Sg(8) and SRG (69,20,7,5) is the complement Sg(8).
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b| a| c| d b a c d b a c d b a c d
16| 5| 0] 2119 | 54| 21| 27 (/162|105 | 72| 60 || 225 | 112 | 55| 56
26 |10 3| 4119 64| 36| 32| 165 | 36 3 911226 | 105 | 48| 49
27110 1| 5] 120| 51| 18| 24 || 165 | 128 | 100 | 96 || 231 | 200 | 172 | 180
35116 6| 8| 120 68| 40| 36 || 169 | 60| 23 | 20 || 243 | 22 1 2
40 | 12| 2| 4| 120 | 56 | 28| 24 || 169 | 108 | 67 | 72 || 243 | 220 | 199 | 200
40 | 27 |18 [ 18 || 120 | 63| 30| 36| 169 | 72| 31| 30 || 243|110 | 37| 60
45 112 | 3| 3 || 120 | 42 8| 18 (1169 | 99| 5H3 | 56 || 243 | 132 | 81| 60
45132 122 (24 || 121 50| 21| 20 || 170 | 78| 35| 36 || 247 | 192 | 146 | 160
50| 7 O 1] 121 | 70| 39| 42 || 175 | 30 ) 5| 253 | 112 | 36 | 60
50 | 42 | 35 |36 || 122 | 55| 24| 25 || 175 | 144 | 118 | 120 || 256 | 51 21 12
50 1 21| 8| 9| 125 | 28 3 71175 | 72| 20| 36 || 256 | 204 | 164 | 156
56 | 10| O 2] 1256 | 96| 74| 72| 175|102 | 65| 51 || 256 | 68 | 12| 20
97 |32 |16 | 20 || 125 | 52| 15| 26 || 176 | 40 | 12 8 || 256 | 187 | 138 | 132
64 | 18| 2| 6| 1256 | 72| 45| 36 || 176 | 135 | 102 | 108 || 256 | 75 | 26 | 20
64 | 27 | 10 | 12 |] 126 | 25 8 411 176 | 130 | 93 | 104 || 256 | 180 | 124 | 132
64 |36 | 20 | 20 || 126 | 100 | 78 | 84 || 176 | 49| 12| 14 || 256 | 85 | 24| 30
70 | 42 |23 | 28 || 126 | 45| 12| 18 || 176 | 126 | 90 | 90 || 256 | 170 | 114 | 110
81120 1| 6] 126 | 80| 52| 48 (| 176 | 70| 18| 34 || 256 | 90 | 34| 30
81160 |45 |42 || 126 | 50| 13| 24 || 176 | 85 | 48 | 34 || 256 | 165 | 104 | 110
81130 912|126 | 75| 48| 39 (] 176 | 90| 38 | 54 || 256 | 102 | 38 | 42
81 |50 |31 30| 126 | 60| 33| 24| 183|112 | 66 | 72 || 256 | 153 | 92 | 90
82 136 |15 |16 || 130 | 81| 48| 54 (] 190 | 105 | 56 | 60 || 256 | 105 | 44 | 42
8 20| 3| 5| 135| 64| 28| 32(]195| 96| 46 | 48 || 256 | 150 | 86 | 90
85 | 64 | 48 | 48 || 135 | 70| 37| 35 (] 196 | 135 | 90 | 99 || 256 | 119 | 54 | 56
96 | 19| 2| 4] 136 | 60| 24| 28 (] 196 | 65| 24| 20 || 256 | 136 | 72| 72
96 | 76 | 60 | 60 || 136 | 75| 42| 40 (] 196 | 130 | 84 | 90 || 256 | 120 | 56 | 56
96 | 20| 4| 4|/ 136 | 63| 30| 28| 196 | 91| 42| 42| 256 | 135 | 70| 72
96 | 75 | B8 |60 || 136 | 72| 36| 40 || 196 | 104 | 54 | 56 || 273 | 170 | 103 | 110

100 | 22| 0| 6] 144 | 39 6| 12 (1 209 | 100 | 45| 50 || 275 | 112 | 30| 56
100 | 77 | 60 | 56 || 144 | 104 | 76 | 72 || 209 | 108 | 57 | 54 || 275 | 162 | 105 | 81
100 | 66 | 41 | 48 || 144 | 55| 22| 20| 210 | 99| 48 | 45| 276 | 135 | 78 | H4
100 | 44 | 18 | 20 || 144 | 88| 52| 56 || 210 | 110 | 55| 60 || 276 | 140 | 58 | &4
100 | 55 | 30 | 30 || 144 | 65| 28| 30 || 221 | 156 | 107 | 117 || 279 | 128 | 52 | 64
100 | 45 | 20 | 20 || 144 | 78 | 42| 42 || 222 | 170 | 122 | 140 || 279 | 150 | 85 | 75
100 | 54 |28 | 30 || 144 | 66 | 30| 30 || 225 | 70| 25| 20 || 280 | 36 8 4
105 | 72 | 51 | 45 || 144 | 77 | 40| 42 || 225 | 154 | 103 | 110 || 280 | 243 | 210 | 216
111 | 66 | 37 | 42 || 155 | 112 | 78 | 88 || 225 | 84 | 33| 30 || 280 | 117 | 44| 52
112 | 30 | 2|10 || 156 | 30 4 6 (] 225|140 | 8| 90| 280|162 | 96 | 90
112 | 81 | 60 | 54 || 156 | 125 | 100 | 100 || 225 | 98 | 43 | 42 || 280 | 135 | 70 | 60
117 | 80 | 52 | 60 || 162 | 56 | 10| 24 || 225|126 | 69 | 72 || 280 | 144 | 68 | 80
Table 2: Strongly regular graphs not associated with QSDs
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Strongly Regular Graph | Quasi-symmetric Design
b a c d v k| A =z Y

6 1] 0 1

69 | 48| 32 36 || 46 AR 5
8| 14 3 2| 3514 13| 5 8
133 | 24 5 41 571 9] 3| 1 3
136 | 105 | 80 84| 8 15| 4| 1 3
148 | 63| 22 30 | 112 1 28| 9| 6 8
148 | 84| 50 441 371 9| 8] 1 3
205 | 96 | 50 40 411 9| 9] 1 3
216 | 90 | 39 36| 8| 6] 1| 0 1
259 | 42 5 71148 136 | 15| 8 12
1221 11 0 1

236 | 180 | 135 144 || 177 15T 9 B
131 3] 1 3

261 | 52| 11 10 || 117 59 51 92 57
261 | 208 | 165 168 || 145 | 65 | 52 | 25 30
261 | 176 | 112 132 ] 232 | 56 | 15 | 12 14
265 | 96 | 32 36 || 160 | 64 | 42 | 24 28
265 | 168 | 107 105 || 106 | 42 | 41 | 14 18
266 | 45 0 9121045 12] 9 12
266 | 220 | 183 176 | 571211 | O 3

Table 3: List of feasible parameters of SRGs and associated feasible parameters of QSDs
where existence of both is unknown.

5 Quasi-symmetric designs with triangle-free block graph

We now consider QSDs, whose block graph, and not the complement of its block graph
is triangle-free, as was assumed in [1].

Proposition 31. There does not exist a QSD with x = 0 and having triangle-free block
graph.

Proof. Substitute x = 0,¢ = 0,k = my and r = ny + A in the equation (3) to get
m?+ ((y—)n+ A —3)m+n =0. Since n > m > 2, this is impossible as y and )\ are
positive. ]

In the rest of the section we assume x > 0.

Theorem 32. Let D be a QSD with triangle-free block graph and m = Z%‘”

8

1. If m =2, then D is a 2-(6,3,2) design with v =1,y = 2.

2. m+#3,4,5
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3. If m = 6, then D is either a 2-(56,16,6) design or its complement.

Proof. We substitute m = 2 and ¢ = 0 in the equation (5). Asd—c < m, d=1,2. Using
the discriminant observe that the only feasible value for z is 1. Further for z = 1 get
x = 1. Now use Lemma 7 to complete the case with m = 2.

As before we substitute m = 3 and ¢ = 0 in the equation (5). Take d = 1,2,3 and
observe that the discriminant is either negative or not a perfect square.

Using similar calculations the possibilities of a QSD with m = 4 and having triangle-
free block graph can be ruled out. Form =5, d = 1,2,3,4. Observe that the discriminant
of equation (5) is a perfect square only for d = 2 and z = 3. Further observe that for
these values of d and z, x = 3 but r is not an integer.

For m =6, 0 < d < 6. Observe that d = 4 and z = 2 are only possible values as the
discriminant of equation (5) is a perfect square of a positive integer. For these values of
d and z get x = 28 or 4. Observe that for x = 4, D is the 2-(56,16,6) design and design
associated with = = 28 is the complement of 2-(56,16,6). O

Remark 33. The parameter set 2-(56,16,6) (z = 4,y = 6) is one of the 13 sets among the
73 admissible parameter sets of exceptional QSDs on up to 70 points for which a design
is known to exist(See [35], [22]). The block graph of 2-(56,16,6) design is the triangle-free
SRG (77,16,0,4) with m = 6.

For higher values of m, we obtain the feasible parameters of QSDs with triangle-
free block graph using Mathematica. Table 4 lists the feasible parameters of QSDs with

triangle-free block graph for m < 100 obtained by executing the code given in the Ap-
pendix 2 in Mathematica.

Proposition 34. Let D be a QSD with triangle-free block graph. If y = x4+ 1, then D s
a design with parameters v =6,k =3, A=2,r=5b=10 and x =1,y = 2.

Proof. 1If D is a QSD with y = x + 1, then by Lemma 7, up to complementation, x = 1
and either A = 2 or A = 3 and m = 2. For A = 2 use equation (9) get m = 2. Observe
that z = 1,2 = 1, A = 3 and m = 2, do not satisfy equation (9). ]

Proposition 35. Let D be a QSD with triangle-free block graph. Then A < 2(z + 2).

Proof. In view of the above theorems, we take z =1+t and m = 3 + s for non-negative
integers s,t. We observe A > 0, B2 — 4AC — (2A(z +2))> <0 and —B — 2A(x + 2) < 0.
Use the larger root of equation (9) to get A < 2(z + 2). O

Proposition 36. Let D be a QSD with triangle-free block graph. If v = 1, then D 1is a
design with parameters v =6,k =3, A=2,r=5,b=10 and z =1,y = 2.

Proof. From Proposition 35, we get A < 6. Substitute z = 1 +¢,m = 3 + s for positive
integers s, in equation (9). For 2 < A < 6, observe AN? + BX + C > 0 except for A = 2.
For A = 2 we get (—t — 1)s* + (2t> — 2t — 6) s + 6t + 5t — 5 = 0. The discriminant of
this quadratic in s is t* + 4¢3 + 6t2 + 6t + 4 which lies strictly between (t* + 2t + 1)?
and (% + 2t + 2)?. Hence equation (9) does not have integer solutions. Therefore either
y=x+1or m < 3. Use Theorem 32 and Proposition 34 to complete the proof. O
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Strongly Regular Graph Quasi-symmetric Design

m b alcl| d v k A x y| 3
2 10 310 1 6 3 2 1 2 | Yes
6 7 60| 4 56 16 6 4 6 | Yes
12 266 45101 9 210 45 12 9 12 7
20 667 96 | 0| 16 5H2 96 20 16 20 7
25 15170 | 3850 | 10 9472 1408 335 208 256 | 7
30 154253 | 784 10| 4 82622 | 32046 | 23205 | 12426 | 13080 | ?
30 1394 | 1751 0| 25 1190 175 30 25 30| 7
42 2585 | 288 10 | 36 2256 288 42 36 42 | 7
441 56 49 56 | 7

56 4402 | 44110 | 49 3906 1336 FEd 190 506 1 7
72 7031 | 640 | 0 | 64 6320 640 72 64 72 7
7 101386 | 2205 | 0 | 49 74329 | 33460 | 20545 | 15057 | 15296 | 7
79 || 1719070 | 5071 | 0 | 15 || 949661 | 162734 | 50479 | 27881 | 29588 | 7
90 10682 | 891 | 0 | 81 9702 891 90 81 90 | 7
265356 | 76335 | 41796 | 44226 | 7

92 | 3076075 | 7008 | 0 | 16 || 1684476 | 496692 | 267449 | 146448 | 150255 | 7
762048 | 629552 | 344736 | 349272 | 7

Table 4: Feasible parameters of QSDs with triangle-free block graphs

A quasi-symmetric 3-design is a QSD in which any 3-tuple of points occur in A3 blocks.
Let D = (X, /) be a QS 3-design with intersection numbers z,y(0 < x < y) and p in
X. Suppose D, = {B~{p} : B e f,pe B and D" = {C : C € 5,p ¢ C}, then
D, is a 2-(v — 1,k — 1, A\3) design with intersection numbers z — 1,y — 1 and D? is a 2-
(v—1, k, A—\3) design with intersection numbers z, y. Designs D, and D? are respectively
called the derived and the residual designs of D. We also have A\3(v — 2) = A\(k — 2).

In [24], the following result is proved: D is a 3-(v,k, \) QSD such that complement
of a block graph of D is triangle-free if and only if D is a Hadamard 3-design, or D
isa3-(AN+2)(A2+4X+2) + 1,22+ 3\ +2,)), A =1,2,... or D is a complement of
one of these designs. These are two type of designs out of three possibilities obtained
in the classification of quasi-symmetric 3-designs with an intersection number zero([10],
Theorem 1.35). In view of this result we prove the following.

Proposition 37. There does not exist a quasi-symmetric 3-design with a triangle-free
block graph.

Proof. In view of Proposition 31, let D be a QS 3-design with non-zero intersection
numbers and a triangle-free block graph. Take ¢ = 0 and substitute y = 2z + x and
k = mz + x in equation (3) to get

—br+ (m*=3m)z+r(zm—m+z+1)+ (m—1)A = 0. (17)
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As the residual of D is a proper QSD, substitute parameters of the residual of D in
equation (17) to get

(r=bx+ (m*=3m)z+ (zm—m+z+1)(r—A) + (m—1)(A—=A3) =0. (18)
Subtract equation (18) from equation (17) to get
—re+ (zm—m+ax+ 1A+ (m—1)A3 = 0. (19)
Similarly, substitute parameters of the derived design of D in equation (17) to get
—r(z—=1)+ (m*=3m)z+ (zm —m+ )X+ (m—1)A3 =0 (20)

Subtract equation (20) from equation (19) to get —zm? + 3zm —r + A = 0.

Now take 7 = nz + A to obtain m? — 3m +n = 0. This gives m = n = 2. Taking
4224 (20—4) 2+ (x+22)

m =n = 2 solve ¢ =0 for b to get b = A, Taking these values solve the

equation 1 for X to get A = % Substitute these values in the equation (1) to get
2% + 4zx — 3w + 422 — 32 = 0. Observe that the discriminant of this quadratic in z is

negative, which is a contradiction. O
We summarize the above results as:

Theorem 38. Let D be a QSD with triangle-free graph. If v =1, or y =x + 1, then D
18 a design with parameters v =6,k =3, A=2,r=5b=10 and x =1,y = 2.

Theorem 39. There does not exist a QQSD with triangle-free graph, if either x = 0, or
A > 2(x +2), orif it is a 3-design.

Remark 40. We believe that there is no QSD with triangle-free block graph other than
2-(6,3,2), 2-(56,16,6) designs and their complements. Perhaps, the first step towards
proving this is to obtain all feasible parameters of QSDs with triangle-free block graph,
which seems difficult. One may have to develop new tools in design theory and number
theory.

Appendix 1

We give below Mathematica code to find feasible parameters of QSDs for given parameters
(b,a,c,d) of a SRG.

1
m:zi (—c+d+\/62—2dc+d2+4a—4d>
m?2—2m-+a—c
n =
m—1
7. b—1)(m—1)

m2—2m-+a—c
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bm—1)—(m?> -2m+a—c)z
m—1
=(k—Dayr’ — (Kxz+y—1) —ay) M+ k(A= D>+ (z+y — Nk —ay) A
L=@w-1)A=(k—1)r
k

=mz+zx
yi=z+x
ri=mnz+ A
v = bk/r

x‘:_z(—(m—1)(m+a)—|—m((m2—2m—|—a—c)z—|—(m—1))\))
: (=

—bm—1)4+(m?—-2m+a—c)z+ A
P:=-bm—1)+ (m*—2m+a—c)z+ (m—1)A
For [z =1, 2 < Z,
For [A=1, A< T,
If [IntegerQ[m] && IntegerQz] && v > 2k && Er == 0 && IntegerQ[v] &&
L==0&& P #0,
Print[“c =", z,“y ="y, “v="0,“ k="K S A=" X\ “m=",m,“n="n];
A=++]; 2+ 4]

Appendix 2

We give below Mathematica code to find feasible parameters of QSDs with triangle-free
block graph for 2 < m < 100.

—(bz)—mz+nzz+mnz2+zA+mzA

a:=
z

—(bx)—=3mz+m?z+nz—mnz+nrz+mn22+zA+mzA

c =
2
g —(bz)—mz4+mPz—mnz+nrz+mnz*+rA+mz\
2

k:=mz+zx
ri=nz-4+ A
Yy:=z+x

—((—2d—|—m—|—dm—m2)2 (d—dm—m2+dm2—m3))
=

4d (d—2m) (=14+m) (—d+ dm —m?2)
A= ((1+d)y m—m?=2d)" (d—dm+ (d—1) m> —m®)
+4d (d—2m) (m—1) (dm—m*—d) z
A= /(d—dm+(d—1) m2 —m3) A,

THE ELECTRONIC JOURNAL OF COMBINATORICS 22(1) (2015), #P1.36 24



22 —dm —=3dm+3dm>+m3 —=3dm> —d&®m3 +2dm* —m®

T 2 (2 — 2dm)
4dm?z—-2d°mz+ A
2 (d?> —2dm)
b o —3mz+m?Pz4+nz—mnz+nrz+mnzZ+arA+mz\
o x
3 2dx—mx—dmx+m?Per—da®*+2ma’+dz—dmzxz+2m’xz

m (x+mz)

n:=2m-—d
v:=>bk/r
For [m =2, m < 101,

For [d=1, d<m+1,

For [z=1, 2 <t+1,
If [IntegerQ[A] && IntegerQ[\] && IntegerQ[v],
Print[m, “7,b,“ 7, a,“ ", ¢, 7,d, “ 7 v, Tk, TN 7w, Tyl 24 4

d++]; m++]

Appendix 3: QSDs with T triangle-free

A QSD is called triangle-free if the complement of its block graph is triangle-free. Triangle-
free QSDs with x = 0 were first studied in [1] and then in [20]. Such QSDs were also
referred to as triangle-free designs. Such designs were first studied in [1] and [20]. Some
later references are [21], [24], [25], [26], [27], [29], [33]. It was shown in [1], that for a QSD
D with intersection numbers x = 0 and y, the block size k satisfies 2y < k < y(y + 1).
Furthermore, the lower bound is attained for Hadamard 3-designs and the upper bound is
associated with the extension problem of symmetric designs (see [10]). Following [34], we
call D exceptional, if 2y < k < y(y + 1). The paper [20], contains the conjecture: There
are only finitely many exceptional triangle-free QSDs with x = 0. A computer search
carried out in [1] supports this conjecture.

The paper [1] contains the following results about such designs:

L 2y <k<yly—+1).

2. k =2y if and only if D is a Hadamard 3-design.

3. k=y(y+1) if and only if D is Witt design 3-design or its residual.
Equivalent to the above results are the following observations given in [27]:

L 2y—1< A<y +y—1.

2. A =2y —1if and only if k = 2y if and only if D is a Hadamard 3-design.
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3. A=y*+y—1lorA=y?ifand only if k = y(y + 1).

A triangle-free QSD is called exceptional if z = 0 and 2y < k < y(y + 1) (equivalently
2 <m < y+1). In [20], there is a conjecture that there are finitely many exceptional
triangle-free QSDs. In support of this conjecture, it is shown in [20] that the block size
k of an exceptional design D is a prime power if and only if D is a Hadamard 3-design
and k = 2" n > 2. Thus exceptional triangle-free designs do not exist for £ an odd prime
power. Also is shown that for a fixed value of m or y or A with m > 3 and y > 2, there
are finitely many such QSDs.

Triangle free QSDs with x # 0 was also first investigated in [33]. The classification of
triangle-free QS 3-designs is given in [24]. Further investigation of triangle-free QSDs with
non-zero intersection numbers are carried out in [21], [25], [26], [27], [29]. Considerable
evidence is presented in support of the conjecture that the only triangle-free QSDs with
x > 0 are the complements of QSDs with x = 0. Two results proved are summarized
below:

Result 41 ([21], [25], [26], [27], [29]). Let D be a triangle-free QSD with non-zero inter-
section numbers. Then the following hold:

1. fk=2y—xzorA=y+1ory=x+1, then D is a trivial design with parameters
v=>5b=10,r=6,k=3,A=3andx =1,y = 2.

2. A>22y—x—3and k<yly —x) + x.
BANFy—1L, AN#y, N#2y, k#3y—2x,y#x+2and y # x + 3.

4. If v > 2k, then o < 22 + 2.

Result 42 ([26], [27], [29]). For fixed A > 1 or z > 1 or a fixed pair (x,m > 3), there
exist finitely many triangle-free QSDs with non-zero intersection numbers.

Appendix 4: SRGs, spherical 2-distance sets, and QSDs

The recent paper of Tonin [18] deals with the connections between SRGs, 2-distance sets
in binary Hamming spaces, and QSDs. We give the relevant definitions and results from
this paper.

Definition 43. The binary Hamming space H, is the set of all n-tuples a = (ay, as, ..., a,)
where each a; is 0 or 1. The Hamming distance h(a, b), between aand b = (by, by, ..., b,) €
H,, is the number of coordinates a; # b;. A set X C H, is called a 2-distance set if h(a, b)
takes only two distinct values hy and hy for any two different elements a,b € X. A sphere
with center ¢ € H,, and integer radius k, 1 < k < n—1, is the set of all x € H,, at distance
k from c. Any subset of a sphere (of radius k) called a spherical set (of radius k).
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Definition 44. Let X = {x1,X1,...,Xp} be a 2-distance set of cardinality b in H, and
let hy < hy be the nonzero distances in X. Form a graph ['x with vertex set X, where
two distinct x;,x; are adjacent if and only if h(xi,x;) = hy. Let x5 = (241, a2, - - -, Tin)
and B; = {j € [n] : z;; = 1}, for i = 1,2,...,n, where [n] = {1,2,...,n}. Let B =
{B1, Bs, ..., Bp}. Define the incidence structure Dx = ([n], B).

Definition 45. Any spherical 2-distance set X C H,, is said to represent a graph I' in
H,, if T' is isomorphic to I'y. The smallest n for which such a set X exists is called the
binary spherical representation number of I' and is denoted by bsr(T).

The following two results are in [18]:
Result 46. ([18])

1. Every simple graph I', except null graphs and complete graphs, admits a spherical
representation in H,, if n is sufficiently large.

2. If T is a non-complete regular graph with e > 1 edges, then bsr(I') < e.
3. If ' is a connected SRG of order n, then bsr(I') < n.

4. A graph I' can be represented in H,, by a spherical 2-distance sets of radius 2 if and
only if I' is isomorphic to the line graph of a graph of order n.

The next result from [18] gives a characterization of SRGs which are block graphs of
QSDs in terms of bsr(I).

Result 47. [18] Let I" be a connected SRG of order b, and let f be the multiplicity of
the least eigenvalue of I'. Then bsr(I') > b — f and equality holds if and only if " is the
block graph of a QS 2-design.

The next corollary is a consequence of the above result and Theorem 21.

Corollary 48. 1. IfT' is the Shrikhande graph with parameters (16,6,2,2), then

bsr(I') > 7.
2. If T is the Clebsch graph with parameters (16,10,6,6), then bsr(I') > 6.
3. If T is the Schlifli graph with parameters (27,16, 10,8), then bsr(I') > 7.
4. If T is the Latin square graph LSy, (n) for m = 2,3,4, then bsr(I') > 1+ m(n — 1).
5. If T is the complement of Latin square graph LS,,(u) with parameters (u?, (u —

D(u—m+1),m*—=2um+m+u*—2,(—1+m—u)(m—u)) form=2,3,4, then
bsr(T) > u* — mu+ m.

6. If T is the SRG with parameters (4d + 1,2d,d — 1,d), then bsr(I") > 1 + 2d.

7. If T is the SRG with parameters (64,18,2,6), then bsr(I') > 46 (See Remark 4.5
[18]).
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Remark 49. The following SRGs cannot be block graphs of QSDs: the Shrikhande graph,
with parameters (16, 6,2,2) or the Clebsch graph, with parameters (16, 10,6, 6) (see Ex-
ample 5.8 and Example 5.9 in [18], Theorem 21). The paper [18] shows the importance
finding bsr(I'), which may be difficult, even if all four parameters of I' are known. But,
if all four parameters of I' are known, then we have Mathematica program which finds
feasible parameters of QSDs whose block graph is I'. For example, can one determine

bsr(Sm(n)) or bsr(Ss(n))?
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