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Abstract

We study noncommutative continuant polynomials via a new leapfrog construc-
tion. This needs the introduction of new indeterminates and leads to generalizations
of Fibonacci polynomials, Lucas polynomials and other families of polynomials. We
relate these polynomials to various topics such as quiver algebras and tilings. Fi-
nally, we use permanents to give a broad perspective on the subject.

1 Introduction

The continuants (or continuant polynomials) p,, were introduced in the noncommutative
setting in [6] by P.M. Cohn, who used them to describe some groups of invertible matrices
and, under suitable hypotheses, to analyze comaximal relations in a ring. See [5] for more
details. Continuants also appear in connection with the weak algorithm [5] and more
recently they have been used to characterize Euclidean pairs and quasi Euclidean rings
[1]. Cohn also calls the construction of continuants leapfrog construction.

In this paper, we prefer to present Cohn’s construction with a different notation, which
we think is more convenient, and which highlights the leapfrog structure of the construc-
tion of the polynomials p, (Section 2). We reinterpret the continuants p, in term of
suitable quiver algebras with two vertices A and B, in which the paths leap alternatively
from A to B. Cohn’s polynomials p, are related to the elementary group Fs(R) (equa-
tion (8)). Here we find the leapfrog structure again, because the n-th powers of a suitable
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coset F5(R)P(0) of an element P(0) of GL,(R) modulo Ey(R) jump alternatively from
E5(R) when n is even to Fy(R)P(0) when n is odd.

In a completely different setting, other polynomials h, were introduced in [2], to
compute the inverse of an isomorphism f in a factor category A/Z; N ---NZ, from the
inverses of the images of the isomorphism f in factor categories A/Z; of A modulo ideals Z,
of A. Since there is a surprising similarity between the structure of Cohn’s polynomials p,
and that of the polynomials h,,, we have studied whether both families of polynomials were
specializations of a more general class of polynomials. In this investigation, we have met
with other classes of noncommutative polynomials (the generalized Fibonacci polynomials
fn, the generalized Lucas polynomials ¢, and other “circular” polynomials ¢,), which
have evident combinatorial interpretations: they parametrize tilings and circular tilings
of stripes of squares with dominoes (Section 7). Commutative generalized Fibonacci
polynomials appear naturally in Combinatorics [3], related to the Fibonacci sequence, and
in Complex Analysis [7], related to generalized continuous fractions. Our noncommutative
generalized Fibonacci polynomials are the noncommutative analogue of the generalized
Fibonacci polynomials studied in [3].

We have thus found a very natural “hierarchy” of polynomials (see the diagram in
Remark 16(4)). Our polynomials turn out to be noncommutative permanents of suitable
matrices in noncommutative indeterminates (Theorem 17 and Corollary 18).

The rings and algebras we work with are associative and have an identity element.

2 Two sets of indeterminates in Cohn’s continuants p,,

We begin this Section by recalling the definition of the continuants [6], which are non-
commutative polynomials with coefficients in the ring 7Z of integers. Let t,ts,13,...
be infinitely many noncommutative indeterminates over the ring Z. There is a strictly
ascending chain

L(t1) C Z(ty,ta) C ZL(ty, ta,t3) C ...

of noncommutative integral domains, where Z(t1, ..., t,) denotes the ring of polynomials
in the noncommutative indeterminates t1,...,t, with coefficients in Z, and the union of
this chain is the ring Z(t1, ts,t3,...). The continuants p, = p,(t1,...,t,) are defined by
the recursion formulae:

p-1 =0, po=1,and, forn > 1, (1)
pn<t17 s 7tn> - pn—l(t17 D 7tn—1)tn +pn—2(t17 LR 7tn—2)-
For every f € Z(ty,1s,t3,...), we will use P.M. Cohn’s convenient notation, introduced
in [5, p. 147], denoting the 2 x 2-matrix ( ch (1) ) by P(f). Then

Pl P = (G T ) o
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Since the inverse of the matrix P(f) is given by P(0)P(—f)P(0), we easily get that
the inverse of the matrix in (2) is given by

(—1) ( Pro(tn_1,-- . t2) —Pu1(tn_1,...,t1) ) ‘ )

_pn—l(tna"'7t2) pn<tn77t1)

This leads to the following well-known relations:
pn(t17 cee 7tn)pn—1<tn—1; ] 7t2) - pn—l(th LR 7tn—1)pn—1(tm s 7t2) - (_1)” (4)

pn(tly s 7tn)pn—1(tn—1a s 7t1) = pn—l(tly s 7tn—1)pn(tnu s 7t1) (5)

This last relation is due to Wedderburn [9].
Using the associativity of the product of matrices in (2), we also get, for any 1 < k < n,
the formula:

pn<t17 s 7tn)
= pk(tly Ce 7tk)pn—k(tn—k+la Ce >tn> + pk—l(tla e 7tk—1)pn—k—l(tn—k> Ce ,tn) (6)

For k = 1, this gives back the equation given in [5, (14), page 148]:

pn(tla s >tn) = tlpn—l(t27 cee atn) +pn—2(t37 s 7tn)

The continuant polynomial p,(t1,...,t,) can be presented via a leapfrog construction
in the following sense. The first term of p, is tit5---t,. The next terms are obtained by
erasing two consecutive indeterminates (the frog leaps over them) from ¢ty - ¢, to get
the sum: tsty---t, + titats - -t, + titats---t, + .... As far as the following terms are
concerned, we erase 2 pairs of consecutive indeterminates (2 jumps) and get the terms

Z tyo ot tii e tigtiprl - th

1<i1<ig—1<n

We then continue adding terms corresponding to 3 leaps, 4 leaps, and so on. Finally, we
can write

palty, .. ty) = Z tl...t;ti/l:l...t;tz:l...t;t;:l...tm (7)

11,02,00005

where 1 < j < [n/2] and i; + 1 < i;4; for every j,

As we have already said in the Introduction, in order to highlight another leapfrog
structure of the construction of the polynomials p,,, we find more convenient to denote the
indeterminates t,,_; with odd index 2n — 1 by z,,, the indeterminates t5,, with even index
2n by y,, and, similarly, the continuants p,, by G,, and the continuants ps,_1 by H,, so
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that G, is a polynomial in the indeterminates z1,v1,...,%,, yn, and H, is a polynomial
in the indeterminates x1,y1,...,Tn_1, Yn_1,Tn.

In order to convince the reader that our different notation is more expressive than the
original one, consider the first continuants p,,. They are

po=1, pi=1t, p2=tita+1, p3=tilals+t;+13,

P4 = t1t2t3t4 + tth + t1t4 + t3t4 -+ 1,

ps = t1lotstats + titots + titats + t1t4ls 4 t3lals + 61 4+ t3 + 15,

Do = litatglatste + titatsly + t1latste + titalste + t1tatste + t3talsts
4 tito + L1ty + titg + taty + t3tg + tstg + 1, ...

It is rather difficult to recognize the symmetry and the pattern of the polynomials p,.
But notice that the monomials in p; are of even degree if i is even and of odd degree if ¢
is odd. The same polynomials with the new notation become

Go=1, Gi=xy1+1, Go=2191%292 + 211 + T1Y2 + Toy2 + 1,
G3 = T1Y102Y2T3Y3 + T1Y1T2Y2 + T1Y122Y3 + T1Y1T3Y3
+ T1Yow3Y3 + ToYoT3Ys + T1Y1 + T1Yo + T1Y3 + Tays + Toys + w3y3 + 1

and
Hy=0, Hy =z, Hy=z11y122+ 21+ 2o,

H3z = r1y1202y2%3 + 1y1%2 + T1Y123 + T1Y2T3 + Tayo¥3 + T1 + g + 3.
The pattern with the notation z;,y;, G; and H; is much clearer.

Moreover, the ring Z(t,ta, t3,...) is 2-graded, that is, graded over the group Z/27Z,
because every polynomial is the sum of a sum of monomials of even degree and a sum
of monomials of odd degree. The polynomials G,, turn out to be homogeneous of degree
0 € Z/27, and the polynomials H, turn out to be homogeneous of degree 1 € Z/27. The
reason of this lies in the defining recursion relation p,, = p,_1t, + pn_2. Here the indices
n and n — 2 in p, and p,_o have the same parity. The index n — 1 in p,_; has different
parity, but the degree of p,_1t, has the same parity as p, and p,,_».

From
, N [ T+l
PPl = (455

it follows that

(:vlyl—i—l x1>_”(xnyn—|—1 mn>_
Y1 1 Yn 1 (8)
( Gu(1,Y1, - Tny Yn)  HolT1,91 0 Yn-1, Tn) )
Hn(ybx%--wxmyn) Gn71(y1,$2,-~-,yn71,l’n) '

Since, for any f € Z{xy,y1,...), we have
A (0 1
(1 o) —rorenro-(7 ).
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we easily conclude that the matrix on the right in equation (8) is invertible. Using the
remarks about the parity of the degree of the homogeneous polynomials G,, and H,,, we
get that the inverse of the matrix on the right in equation (8) is

Gon1(TnyYn1,---,1) —Hp(xn, ..., y1,21) (9)
_Hn(ynaxna"'ayl) G’VL(ynawna'--)yl;ml) .

From this inverse, the interested reader can easily obtain the equations analogous to
the ones in (4) and (5).
The recursion formulae for p, translate into the following ones between the G,,, H,, x,,
and y,:
Gpi1=Hpi1ypi1 + G, and H, 1 = Gux,1 + H,. (10)

Using the associativity of the product of matrices, we easily obtain the following
formulas, for every 1 < k < n:

Gn(Il, Ce 7yn) = Gk(l‘l, ey Ll—1, yk)Gn—k(xk+17 e ,yn) (11)
+ Hi (21, Yk—1, i) Hoe o (U1, T2 - - -, Yn)

and

Hy(x1,y1, .. xn) = Ge(xy, oo yi) Hy ok (e, y — ky ooy 2)

12
+ Hi(z1,y1, - k) Gkt (Yn—ky - - - Yn—1, Tn). (12)

All the polynomials p,, H, and G, are sums of monomials with all the coefficients
equal to 1. From the defining relations (10), it is easily seen that each G, is a sum of
monomials of all possible even degrees < 2n and each H, is a sum of monomials of all
possible odd degrees < 2n — 1. Also, the number m,, of monomials in p,,, which is clearly
equal to p,(1,1,...,1), satisfies the relations mg = 1,m; = 1, my = 2,my, = my,_1+my,_o,
hence m,, = F,1, the (n + 1)-th Fibonacci number, defined by Fy = 0, F; = 1 and
F,=F, 1+ F, 5 forn>2.

Now consider the following directed graph (quiver) I',, with two vertices A and B:

For each i = 1,2, ..., n, the directed graph I',, has one arrow x; from A to B, and one
arrow y; from B to A. Thus I',, has 2n arrows.

Let k£ be a field. Consider the quiver algebra kI',, and the ideal I of kI',, generated
by all paths z;y;: A % B #y A with i > j and all paths yiz;: B iy A 25 B with
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i > j. The quotient algebra kI, /I is a finite dimensional k-algebra, because the longest
possible path not in I is the path x1y122ys . . . £y, of length 2n. In particular, R := kI',, /1
is an artinian ring, so that the Jacobson radical J(R) is a nilpotent ideal that contains
all nilpotent elements of R. Moreover, R/J(R) = k x k. The algebra R = Ry ® R; is
2-graded, where R, corresponds to the paths of even length and R; to the paths of odd
length. In particular, the images of the polynomials GG, in R are in Ry and the images of
the polynomials H,, are in R;. Notice that GG, is a linear combination of paths from A
to A (i. e., cycles), and H, is a linear combination of paths from A to B. The elements
z;y; with i > j are nilpotent of index 2, hence they belong to J(R), s0 >, i, Tiy; is
nilpotent, and 1 -, <i<jen TiYj 18 invertible in R. Here, and in the next Proposition, the
same symbol denotes both an element of £I',, and its image in R.

Theorem 1. In the ring R = kI',,/I, we have that

Hn:<1_ 3 xiyj.)_l (le> and Gn:<1— > xiyj)—l

1<ig<ysn 1<i<ysn

for every n = 0.

Proof. We claim that H, = G,, (>__, ;) and G, (1 — D icicj<n :Biyj) = 11in R for every
n > 1. The proof of the claim is by induction on n. For n = 1, we have Gix; =
(x1y1 + 1)z = 21 = Hy and G1(1 — 21y1) = (1 + 21151)(1 — 21y1) = 1, because yyx1 € 1.
Now assume that the claim is true for n in R := kI',,/I. We will show that the claim is
also true for n + 1 in R’ := kI',11 /1. Using the relations (10), we have

n+1

n+1
Hy1— G (Z %) = (Gnrpp1 + Hy) — (Hpi1Yna + Gi) <Z xz)
i=1 i=1
n+1
=Gutn1+ H,— G, (Z xz>
i=1
i=1

This proves the first formula in the claim for n + 1, i. e., that

n+1
Hy,1 =G (Z %)
i1

in R. But (Gpi1 — Gp) (Z:fll z;) = Hyi1Ynt1 (Zznjll z;) = 0, so that we also have
H,..=G, (Z?jll :BZ) in R'. Finally, in R := kT',,;1/I', we have that
Gt (1 - Zl<i<j<n+1 xiyj)
= (Hns1Yn1 + Gh) (1 - Zlgigjgn TilYj — Z?:ll Jh‘ynﬂ)
= Hy11Yn+1 + Gy <1 — D i<ici<n xz‘in) = Gy (X1 2itynt1)
=1+ (Hpy1 — G, (Z?ill ;) Yns1 = 1.
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This concludes the proof of the claim. The statement of the Proposition for n > 1 follows
immediately from the claim. The case n = 0 is trivial. ]

This theorem again shows that the structure of the H,’s is different from the struc-
ture of the G,,’s, so that the choice of using different notations for the two families of
polynomials is appropriate.

Notice that, in our graph I',, with two vertices, the paths leap alternatively from A to
B.

3 Continuants and groups of matrices

For any fixed ring R, let GLy(R) denote the group of all invertible 2 x 2-matrices with
entries in R, that is, GLy(R) = U(M2(R)), the group of units of the ring My(R) of
all 2 x 2-matrices with entries in R. Let Ey(R) be the elementary group, that is, the

subgroup of GLy(R) generated by all triangular matrices (1) T > and all triangular
matrices ( ; [1) , where  and y range in R. Notice that the triangular matrices

0 1 1
of the triangular matrix ( Lz > is < Lo ), and similarly for ( ; (1) > Since the

( Lz ) and ( ; 0 ) in GLy(R) generate Fy(R) as a semigroup, because the inverse

0 1 0 1

. 1 . . . .

matrices of the type ( 0 T form an abelian group isomorphic to the additive group of
o . 1 : .

R, and similarly for the matrices ( y (1) ), an arbitrary element of FEy(R) is a product

of finitely many elements of the form

) G- 1)

These are exactly the factors on the left in the equation (8). Thus an arbitrary element
of Ey(R) is a matrix of the form

Go(T1,y1, -, Ty Yn)  Hp(x1, 01 -0 Yn1, Tn)
Hn(y17x27"'7xn7yn) Gn—l(y17x27"'7yn—17xn) ’

with z1,y1, ..., %0, yn € R.
Let G be the subsemigroup of the multiplicative semigroup Ms(R) generated by all

matrices of type
rz 1
P(z) = ( 10 ) ,

where x ranges in R. As Cohn proved in [6], the semigroup G, set of all products
P(xy)---P(x,) withn > 1 and z1,...,x, € R, is a group, because P(0)? is the identity
of GLy(R) and P(x)~! = P(0)P(—xz)P(0).
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Theorem 2. For any ring R, exactly one of the following two conditions holds:
(a) Pither G = Ey(R), or
(b) The group G is the semidirect product E5(R) x C' of the group Ey(R) and the cyclic

group C of order 2 generated by the involution P(0) = ( (1) (1) ) .

The action of P(0) on Es(R) is given by

(o 1)=ro(51)ro-(2Y)
(; 2>HP(0)(; ?)P(O):( ?{)

Proof. Suppose G # Es(R). Then < (1) f = P(x)P(0) and L (1) = P(0)P(y),
so that F(R) is contained in G. It is easily verified that the action of P(0) on E3(R),
given by conjugation by the involution P(0), is as in the last part of the statement of

the Theorem. Since every generator P(x) of G can be written as P(z) = ( (1) f ) P(0),

and

1
0

where ( (1) :f ) € Ey(R), it follows that Es(R) is a normal subgroup of G and G =

Ey(R)C. In order to conclude the proof that G is the semidirect product of Ey(R) and
C', it remains to notice that P(0) ¢ Ey(R), because G # E(R) and G = Ey(R)C. O

Proposition 3. If R is any ring of characteristic 2, then G = E3(R).

Proof. If R has characteristic 2, then, for 1 = 0 and y; = x5 = y» = 1, we have that

ro-(3 ) (3 1)-

($1y1+1 x1>(x2y2+1 $12)€E2(R)_

Y1 1 Yo
Thus G = E3(R) by Theorem 2. O

In the next proposition, char(R) denotes the characteristic of the ring R and det(A)
denotes the determinant of the matrix A.

Proposition 4. Let R be a commutative ring. Then:
(a) Eo(R)={Ae€G|det(A)=1}.
(b) G = E5(R) if and only if char(R) = 2.
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Proof. As R is a commutative ring, the determinant det: G — U(R) is a group morphism,
whose kernel contains Fy(R). Thus we have three groups G O kerdet O FEy(R). From
Theorem 2, we know that [G : Ey(R)] < 2. Thus we have three possible cases:

First case: G = kerdet D F3(R). In this case, P(0) € G = kerdet, so that
det(P(0)) = 1, that is, —1 = 1, hence char(R) = 2. By Proposition 3, it follows that
G = E»(R). This is not true in this first case. Thus this first case can never take place.

Second case: G D kerdet = Ey(R). In this case, char(R) # 2 by Proposition 3. Thus
(a) and (b) both hold in this second case.

Third case: G = kerdet = Ey(R). Then (a) is trivially true. Moreover, as in the first
case, we have that P(0) € kerdet, so that det(P(0)) = 1, hence char(R) = 2. Thus (b)

also holds. O]
Let us go back to the case of R nonnecessarily commutative. When G = FEy(R) x C,
we again found a leapfrog structure, because f (1) = (1) tlz > P(0) is an element

of the coset Ey(R)P(0) of G, so that the products on the left of (2) jump alternatively
from elements of Ey(R) when n is even to elements of the coset Fo(R)P(0) when n is odd.

4 A second sequence of noncommutative polynomials h,,

In this Section, we study another sequence of noncommutative polynomials similar to
the sequence of continuants p, considered in the previous two sections. In Section 2,
we have preferred to present continuants as polynomials in two infinite sets of indeter-
minates x1, T2, 23, ... and y1,¥s,Vs,.... LThe polynomials h, we will construct now are
noncommutative polynomials in the infinite set of indeterminates x1, x5, z3, ... plus one
more indeterminate y. The polynomials h, have been introduced in [2], in the study of
semilocal categories, in order to present a sort of Chinese Remainder Theorem that holds
in preadditive categories. Let us recall the definition of those polynomials h,,, adapting
the notation to the context of this paper.
In the paper [2], the authors essentially introduce noncommutative polynomials

hn - hn<$1,$2, oo 7xn7y)

with coefficients in Z, n > 1, defined as follows. Let 1, x9,x3,...,y be infinitely many
noncommutative indeterminates over the ring Z. Let Z{xq,x9,23,...,2,,y) denote the
ring of polynomials in the n+ 1 noncommutative indeterminates x1, xo, x3, ..., T,, y with
coefficients in Z. For each n > 1, there is a unique polynomial h,, = h,(x1, 22, ..., Tn,y)

in Z{xy, 2, ...,T,,y) such that
L+ hay = (L4 21y)(1 4 22y) ... (1 + 20y). (13)

In fact, such a polynomial h,, exists because the product on the right in the equation (13) is
of the form “1+ monomials that terminate with y”. Moreover, h,, is the unique polynomial
that satisfies the equation (13), because Z(x1, xa, ..., T,,y) is an integral domain.
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Proposition 5. The polynomials h,,, n > 1, have the following properties:
(a) 1+ yh, =1+ yx1)(1 +yxs) ... (1 +yx,) for everyn > 1.
(b) hy =1, and hy, = xp + hyp_1(1 + yx,,) for every n > 2.

(¢) For everyn > 1,

hn = Z Z; -+ Z L YZiq

1<i<n 1<ii<io<n

+ Z Ty YTinYTis + -+ X1YX2Y .. . YTy

1<i1 <ig<iz<n
Proof. (a) Multiplying the equation (13) by y on the left, we get that

y(1+ hay) = y(1 4+ 219)(1 + 22y) ... (1 + z,y)
=W+ yry) (1 +z2y) ... (L +20y) = (L+yz)y(l + 229) ... (1 + z0y)
=1 +yx) 1+ yz)y...(1+ z,y)

=1 +yx)(1+yz2)... (1 +yx,)y.

But
y(1+ hyy) =y + yhoy = (1 4+ yhy)y,

so that (a) holds because Z{x1, ..., x,,y) is an integral domain.
(b) Induction on n > 1. From the definition of h;, we have that 1+ hiy = 1 + 21y, so
hy = x1. As far as an arbitrary n > 1 is concerned, we have, from (13), that

L+ hppy =1 +21y) ... L+ pny) = 1+ hpy) (1 + 2pp1y)
=1+ hny + Tp1y + hnyxn—i-lya

from which b1 = hy + Tt + hpyznir = Togr + (1 + yx,11).
(c) follows from the equation (13). O

Corollary 6. h,(z1,22,...,2Zn,y) =21 + (1 + 21y)hp_1(x2, 23 ..., 70, Y)

Proof. From Proposition 5(a), applied to n + 1 and n, we have that

L+ yhpr = (1 4+yz) (1 +yw2) .o (1 + y2pg1)
= (1 -+ yxl)(l —+ yhn<ﬂj2, xr3... ,xn+17y))
=1+y(x; + (1 + zy)hp(r2, 3. .., Tpy1,Y))-

Now we conclude from the fact that our ring is an integral domain. m
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Corollary 6 is the analogue of the formula (14) in [5, p. 148].
The first polynomials h,, are
hy =1, hy = z1yrs + 71 + T2,
hs = T1yx2yxs + T1yTe + T1Yx3 + T2yTs + 1 + T + 3.
Thus
hi(z1) = Hi(z1),  ha(z1,02,y) = Ha(r1,9y, 2),

where H,, denotes the continuant introduced in Section 2, but

h3($1,$2,x3yy) 7é H3(171,y7$27y7$3)-

The product decomposition analogous to (2) and (8) for the polynomials h,, is the
decomposition

(o)) ) (e ) )= (5 ) s

The proof is by induction on n. The case n = 1 is trivial. For the inductive step, it
sufficies to check that

hp 1 y 1 Tpy1 1 _ Py 1
1 —y 10 1 -y /) 1 -y )’
and this trivially follows from Proposition 5(b).

As usual, from the associativity of the product of matrices, we get the following for-
mula, true for all 1 <1 < n and relating h,,, h; and h,,_;:

hon = h(yhn (i1, - Ty y) + 1) + b (201, - Ty ), (15)

where h,, = h,(x1,...,2,,y) and hy = hy(xy, ..., 2, 9).

The properties of these polynomials h,, are very similar to the properties of the con-
tinuants studied in the previous sections. For instance, the analogues of the first formulae
in [5, p. 148, (16) and (17)] are the equalities

hn(xl, e ,:cl-,l,(),:cl-ﬂ, e ,l’n,y) = hnfl(l'l, ey Lj 15 Ly s Lj1y - - - ,:cn,y)

for every i = 1,2,...,n. To prove this, set ; = 0 in the defining formula (13). The
second formula in [5, p. 148, (16)] is:
Lemma 7. h,(1,29,...,2,,y) = hp1(1 + 22 + yzo, 23, ..., Ty, y).
Proof. From Corollary 6, we have that
hnfl(l + 22 + Yro, I3, ... 7xnay)

=14z +yro+ (1+ (14 22+ yxe)y)hpo(z3, ..., 20, y)

=1+ (1 +y)zs + (1 +y + 22y + yzoy)hno(23, ..., 20, y)

=14+ (1+y)zs+ (1 +y)(1+x2y)hp_o(xs,...,Tn,Y)

=1+ (1 + y)(xZ + ( + 3729)hn—2(333> <oy T, y))

=1+ (1 +yhpa(xe,...,¢ny) =hy(lze,... ,2,,y)

by Corollary 6 again. O
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Similarly, changing the sign of all the indeterminates x1, ..., x,,y in (13), we see that
ho(=1, ..., —Tp, —y) = —hp(T1,. .., Tpn,Y),
which is the analogue of [5, p. 148, (19)].

All the polynomials h, are sums of monomials with all the coefficients equal to 1.
From Proposition 5(b), it is easily seen that each h,, is a sum of monomials of all possible
odd degrees < 2n — 1. Also, the number of monomials on the right hand side of (13) is
2" so that h,, is a sum of 2" — 1 monomials, that is, h,(1,1,...,1;1) =2" — 1.

The results in this Section show that the polynomials h, have a behavior that is very
similar to the behavior of the polynomials H, defined in Section 2. It is very natural
to ask what are the analogues of the polynomials G,,. The answer is that they are the
noncommutative polynomials ¢, defined by

Q=1 and g = 1+ 219)(1 + 22y) ... (1 + z,y).

We have that
ry 1 y 1 To 1 w1 y 1L\ [ agn hn (16)
1 —y)\L1 o0 1 —y 1 5 J\10) Lo 1)
Each ¢, is a sum of 2" distinct monomials, and ¢,(1,1,...,1;1) = 2™.

Similar results hold for the polynomials ¢}, defined by ¢}, = 1 and

@ (w1, wn,y) = (1 ya) (1 +yaa) . (14 ya,).

Then ¢/, = yh,, + 1 (Proposition 5(a)). Trivially,

@ (z1, .., y) = (1+yx)g, (T2, ... 20, y).

(o) (7 ) (o) (n —1y) (17)
) )=

We collect some formulae for ¢, and ¢],. We leave the easy proofs to the reader.

Moreover,

Lemma 8. (a) ¢,(x1,...,2Zn,y) = hp(z1,. .., 20, y)y + 1
(@) ¢ (1, ., Zn,y) = yhp(x1, ..., 20, y) + 1.
(b) hpt1(z1, oy a1, Y) = qul(T1y - Ty Y)Tpsr + hn(T1, o0 X0, Y).
(b)) hpg1 = 21¢, (22, . ., Tny y) + hn(T2y .oy Ty ).
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C) Q’n< IR 7$i_1,07l’i+1,. .. 7$nay) - Qn—l(l‘lw .. 7$i—17@a s 7xn—17y)‘
)

C ) q;@l’ ... axi—laoaxi-i-lv oo 7xn7y) = QZ—l(l’lv oo 7$i—1a@7$i+17 cee 7xn7y)'
d) Qn(_xb <oy —n, _y) = C]n($1, s 7$n7y)'
d) ¢ (—x1, ..., —Tp, —y) = ¢ (21, .., Tn,Y).

e) For 1 <1< n, ¢u(z1,...,Zn,y) = @1, -, 20, Y)Gnt(Ti11, -, Ty Y)-
87) For 1 < ! < n, Qq/@(l‘l) ce 7xn7y> - QZ/(Ilv cee 7xl7y)Q;Lfl<xl+17 s 7xn7y)'
f) For 1 <1< n,

ho(z1, - Tn,y) = @1, -2, W) b (T (g, - @0, y) + (2, o 2, y)

(f) For 1 <1< n,

ho(z1, .o @0, y) = h(ze, o 2, 9) g (s oo Ty Y) + (T4, - T, ).

5 The graph algebra for the polynomials h,,

The polynomials h,, are also elements of a graph algebra with relations kA,,/I. The quiver
A, is the following:

Thus the directed graph A, has n arrows xy,...,x, from A to B and one arrow y
from B to A, so that A,, has n + 1 arrows. Let k be a field, consider the quiver algebra
kA, and the ideal I of kA,, generated by all paths xz;yx; with ¢ > j. The quotient algebra
kA, /I is a finite dimensional k-algebra, because the longest possible path not in [ is the
path yz1yzoy . .. x,y of length 2n + 1. In particular, R := kA, /I is an artinian ring with
R/J(R) = k x k. The algebra R = Ry @ R; is 2-graded, where R, corresponds to the
paths of even length and R; to the paths of odd length. In particular, the images of the
polynomials A, in R are all in R;. The elements x;y are nilpotent of index 2, hence they
belong to J(R), so Y., z;y is nilpotent, and 1 — " | z;y is invertible.

Theorem 9. In the ring R = kA, /I, we have that:

(@) by = (1 =30 )™ (00, ),

(b) gu=(1- 31 zy) ",

() = (0 ) (1= 0 ya)

(d) g, = (1= 37 yx:) ", and

(€) hn (0 yai) = (X0 @iy) b, for every n > 1.
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Proof. (a) It suffices to show that

(3] ()

We do it by induction on n > 1. The case n = 1 is easy, because
(I —zy)h = (1 — miy)zs = 1.

Suppose our formula true for n. Then

n+1
(1 — Z %y) Py
i—1

= (1 =) wiy— xn+1y) (Tnt1 + hn(1 + yZnt1))

i=1

= (1 - Z%y) Tpt1 + <1 - szy> P (1 + y2ny1) = Toayhn (1 + y2nia)
i—1 i—1
= Tny1 — Z TiYTni1 + (Z $z> (1 + yzp41)
i—1 =1

n+1

= § Ty,
=1

which concludes the proof of (a).
(b) We will prove that ¢, (1 — 3", z;y) = 1 in R by induction on n > 1. The case
n = 1 is trivial. Suppose the formula true for n — 1. Then

G (1 =300 2Y) = Guoa(1+ 2ny) (1= D00, 23y) »
=1 (L4 2y — 30 2y) = ot (1= D0 wiy) =1

by the inductive hypothesis.
(e) is easy and left to the reader.
(d) Like for (b), it suffices to show by induction on n that

q, (1 - Zyx,) =1
i=1
(c) From (e) and (a), we have that
hy, (1 — Zywz) = (1 — Zm,y) h, = sz
i=1 i=1 i=1
Thus (c) also holds. O
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Again, in our graph A,, with two vertices A and B, the paths leap alternatively from
Ato B.

Proposition 10. The matrices ( :Bf _ly ) (1=1,2,...,n) and < 31/ (1) ) are invertible

in the ring R = kA, /I (that is, they are invertible elements of the ring Msy(R)). Their
wmnuerses are

<y1—_yxwi;y 1::(:1-%) and P(0)P(—y)P(0)

respectively.

6 The generalized Fibonacci polynomials f,

We now generalize the continuants p,(ti,ts,...,t,) of Section 2 from the case of one
sequence of indeterminates t,, to the case of two sequences of indeterminates. The new
polynomials we obtain appear in the study of generalized continued fractions, hence we
call them generalized Fibonacci polynomials.

Our new polynomials f,, are again polynomials with coefficients in Z and in the non-

commutative indeterminates x1,xs9,x3,... and yi,¥s2,¥s,... They are defined by the re-
cursion formulae:

ffl = Oa fO = 17

fol@1, o syt o Yn) = fao1 (@1, o T, YL, - e Yne1 )T (18)

+ fTL—Q('rh ey Tn—2,Y1, - - - ;yn—2>yn-

Thus, when we specialize all the indeterminates y; to 1, these polynomials turn out
to be the continuants p, of Section 2 in one countable set of indeterminates, that is,
pn(t17 e ,tn) = fn(tb ey b, ]., ]_, ce 1) AAISO7

folz, ooz, 11,0 1) = F(x),

the commutative Fibonacci polynomials, which have received much attention [3, Intro-
duction]. Moreover, f,(z,...,x,y,...,y) turns out to be the noncommutative analogue
of the generalized Fibonacci polynomial {n}, , studied in [3].

The first of these polynomials f, are

fo=1, fi =, fo = 1129 + Y2,
f3 = 217223 + 11Y3 + Y23,
fa = 21222374 + T1T2Ys + T1Y3T4 + Y2T3T4 + Y2Ua,
J5 = T1T2T374T5 + T1T2T3Y5 + T1T2YsTs + T1Y3T4T5
+ T1Y3Ys + YoT3TaTs5 + Y2XT3Ys + Y2YaTs, . ..

The number of monomials in each f,, is the (n + 1)-th Fibonacci number F,, ;.

These polynomials can be built using a leapfrog construction similar to that in Section
2 for continuants polynomials. For f,,, start writing the product x; ...z, and add all the
monomials obtained by replacing all the possible disjoint consecutive pairs x;z;11 by y;11.
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Notice that the indeterminate y; does not appear in any polynomial

fTL(xlu o Ty Y1y - - 7yn>7

that is, every f,(z1,...,%n,Y1,...,Yn) has degree 0 in the indeterminate y,. Let us prove
by induction on n that

(T, o) Tn, Y1, 21T, ToT3, T3T4, ..., Tpo1Tp) = Fppm12a . Ty (19)

For n = —1, we have that f 1 = 0 = Fy. For n = 0, we have that fy = 1 = F}. Assume
the result true for the indices smaller than n. Then

folT1, ooy Tn, Y1, T1T2, Toky, T3T4,..., Ty 1Ty)
= fn—1($1, -3 Tp-1, Y1, T1X2, T2X3, T3L4,..., $n—2$n—1>$n
+ fa—2(@1, . Tnog, Y1, T1T2, ToT3, T3T4, ..., Tp_3Tn_2)Tp_1Ty

=Fx129...0p_1 Tp+ Fh_10122 ... Tpo - Ty 1Ty,
= 112 ... Ty

Let us mention another interesting specialization: if one puts y; = x;, for any ¢ =
1,...,n we obtain new polynomials in the variables z1, ..., x,:

dp(x1, .. ) = [Ty, oy Tp, T, o, X))

In particular, we have dy = 1, di(z1) = x1, da(x1,22) = X129 + T, d3(x1, X2, 23) =
T1Tox3 + w123 + Toxs. Specializing further, we get the sequence of natural numbers
D, =d,(0,1,2,...,n—1) that gives the number of derangements in the symmetric group
Sn. We will see that the polynomials f,, admit a matrix presentation (cf. (20)). This
easily leads to a presentation of the elements of the sequence D, (cf. also [8]).

The polynomials f,, are also homogeneous polynomials of degree n if we give all the
indeterminates x; degree 1 and all the indeterminates y; degree 2. Thus, if we view

folZ1, . Tp, Y1, .-, Yn) as an element of k(xy,..., 2,0, y1, ..., Yn), Where k is any com-
mutative ring and k(zq,...,Z,, y1,...,Ys) is the free k-algebra in the noncommutative
indeterminates x1,...,Z,, Y1, ..., Yn, then

fo(Az1, .. Az, Ny, )\zyn) =N fu(x1, o Ty Y1y Yn)

for every \ € k.

Finally, it is not difficult to see that f,(z,...,z,y,...,y) is the sum of all monic
monomials of degree n in the free algebra Z(x,y) in the two indeterminates x,y when
the indeterminate x is given degree 1 and y is given degree 2. Two other formulae, that
essentially appear in [3], are

fa(2,2,...,2,-1,—1,...,—1)=n
and, more generally,

folz+1l,z+1,...,24+1, -2, —2,...,—2)=14+z+2*+ - +2" "
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These new polynomials f,, are also entries of 2 x 2-matrices, as in the identity (2).
Now we have that

(o) (ino)
n 0 Yn 0
20
_ fn('xlw"axnayl)"wyn) fn—l(xla---axn—laylw--ayn—l) ( )
ylfn—l(-TQa---7$n>y2,---7yn) ylfn72(aj27'"7xn717y27"'7yn71) ’

This is clear for n = 1. The general case can be proved by induction, since on writing
fi = fi(q:l, ey Ly Y1y 7yi>7 le = fi(xg, ey Lia1, Y2, - - 7yi+1); we have that

< fn—l fn—2 ) ( L, 1 ) — ( fn fn—l ) (21)
Yifoa Yifas Yn 0 yifaor Yifaos

Regrouping the first & matrices, for 1 < k < n, in (20), we get that the matrix on the
right hand side of this equation is equal to the product

( Je(@r, - u) Je—1(@1, o Yk—1) )

ylfk71<x27---:yk> ylfka(x%'--aykfl)
< Jook(Trt1s -5 Yn) Jook—1(Tpt1s s Yn1) )

yk+1fnfk71($k+2: cee 7yn) yk+1fnfk72(xk+27 cen 7yn71)

Comparing the (1, 1) entry of this product with the corresponding entry in (20), we
obtain:

fn(xla s 7yn) = fk(xla S 7yk)fn—k(xk;+17 s ayn) (22>
+ from1(@1s o Yk Ykt k1 (Thr2, - Yn)-

Let us now mention a few consequences of the equation (22). First we remark that
for k =1, we have

) £ G P O VS (23)
= X1 fo1(T2y o Ty Y2, oy Yn) F Y2 fuo(T3y o Ty Ysy o vy Yn)-

The formula obtained in (22) can also be considered as a generalization of an anal-
ogous classical relation for the usual Fibonacci numbers F),; that is, if one specializes
Ty ==X, =Yy ==y, =1, we get that F,, = FiF,,_+ Fr_1F,_r_1.

Using the recursive relation in the definition of f,, and the above equation (22), we
easily obtain the following useful formula: for 1 < k < n,

fn(‘rhx% s 7yn)

24
:fk-l—l(xla"'7xk)fn—k(xk+17‘"7yn)7y1)"'7yk‘7fn—k—1(xk+27"'7yn)) ( )

In the free algebra Z < x1,x9,...;¥y1,Y2, -+ >, we can define the standard partial
derivations % and %, for k > 1.

Using the equation (22), we then have the following:
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%’;"yn) = for(@r, ) fook(Trg1s - ), for 1<k <. (25)
W = fe—2(@1, - Uk—2) frook(Trg1s -, Yn), for2 <k <m.
As mentioned above, the polynomials f,, specialized in y; = -+ = y,, = 1, give the

continuant polynomials p,,. In particular, it is easy to obtain formulas for the continuant
polynomials analogous to the equations (22) and (25). On the other hand, we may as well
specialize the polynomials f, in 1 = --- = x, = 1; we then get a family of polynomials
Tn(Y1,---,Yn). The first values of these polynomials are r; = 1, ro = 1 + yp, 13 =
L+yotys,ra=1+yo+ys+ys+y2ys, s =1+ y2+ys+ys+ys + y2ys + Yoys + y3ys-
They satisfy the recurrence relation

7”nJrl(yla s 73/n+1) = Tn(ylv <. ayn) + Tn*1<y17 - 7yn71)yn+1-

In particular, if we specialize further, we obtain the following sequence of natural numbers
I, =7r,(0,1,...,n—1) which gives the number of involutions in the symmetric group S,,.
As for earlier sequences, these can be presented using a specialization of the matrices in
Equation (20) (cf. also [8]).

Using the polynomials r,, and the equation (22), we easily obtain, for 1 < k < n, that

fo(L oo Lty oo Ty Yty e o Yn)
= Tk(yb s ayk’>xk’+1fn—k($k+l7 s 7yn) (26>
+ kal(yla s 7yk71)yk+lfnfk71($k+27 s 7yn)

From (23), we get the formulae analogous to those given by P. M. Cohn for the
continuant polynomials in [5, formulae (16), p. 148]:

fn(O,ZUQ, ey Ty Y140 e >yn) = y2fn—2($37 ey Ty Y3y n 7yn)

and
fn(17'r27 ceey Ty Yt - Z/n) = fn,1($2 +y2>x37 ey Ty Y2, Y3, - 7yn)

Conjugating all the matrices in the equation (20) by the invertible matrix P(0), we
find that

(n)-(n) -

_( nfa2(@2 Tt Y2, Y1) Ui fao1 (@2, T Y2, )
fn,l(xl,...,xn,l,yl,...,yn,l) fn(xl,...,mn,yl,...,yn) ’

We may also look at our noncommutative indeterminates xy, ..., %, y1, ..., Yy, in the
polynomial f,(z1,...,Zn, y1,...,Ys) as arrows in a quiver E, with two vertices A and B,
where x; is an arrow from A to B for ¢ odd, z; is an arrow from B to A for ¢ even, y; is
an arrow from A to A for 7 odd, and y; is an arrow from B to B for i even. The quiver
E,, is the following:
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Y24 Y2i
Cyma ()
A B
121

The quiver F,, has 2n arrows. The polynomials f; turn out to be linear combinations
of paths with all the coefficients equal to one, and these paths in f; are from A to A
(hence they are cycles) when i is even, and are paths from A to B when i is odd.

Notice that we have

G o) ()= (5) m (o) (5)=(5) @

so that again, in the product (20), the matrices alternatively leap from A to B.

7 Circular tilings and the polynomials ¢,

The classes of polynomials studied in this paper have a clear combinatorial interpretation.
For instance:

(1) The monomials in the polynomial h, parametrize the nonempty subsets of a set
of n elements. It suffices to associate to the monomial z;, yx;,y...yz; of h, the subset
{’il,’ig, ce ,it} of {172, ce ,TZ}.

(2) The monomials in the polynomial

fn:fn(xl,“-;xn;yl;---?yn)

studied in Section 6 parametrize the possible ways one can tile a strip of 1 X n square cells
with 1 x 1 squares and 1 x 2 dominos. Essentially, this is the standard interpretation of
the Fibonacci numbers F), via linear tilings. A linear tiling of a row of squares (a 1 x n
strip of square cells) is a covering of the strip of squares with squares and dominos (which
cover two squares). For instance, the polynomial f35 = z12923 + 21y3 + yox3 parametrizes
the set of the three linear tilings

of a row of three squares. Here x; denotes the i-th square and y; denotes the domino that
covers the (i — 1)-th and the i-th square (y; is the domino that “ends on the i-th square”.)
The Fibonacci number F), represents the number of tilings of a strip of length n using
length 1 squares and length 2 dominos.

It is also possible to consider circular tilings, where the deformed square are arranged
in a circle [3]. For instance, the four possible circular tilings of a circle of three squares
are
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But for us it will be more convenient to represent the same four possible circular tilings
of a circle of three squares as follows:

In this representation, we use an “out-of-phase domino” which spans the first and last
cells of the tiling.

This suggests that there must also exist noncommutative polynomials ¢, which par-
ametrize the set of circular tilings of a circle of n squares. The idea is the following. Any
circular tiling of a circle of n squares sy, ..., s, either does not contain the out-of-phase
domino which spans s,, and s; or contains the out-of-phase domino. The circular tilings of
the circle that do not contain the out-of-phase domino are in one-to-one correspondence
with the linear tilings of a row of squares sy, ..., s,, hence they are parametrized by the
monomials of the polynomial f,(x1,...,Zn,41,...,yn). The circular tilings of the circle
that do contain the out-of-phase domino are in one-to-one correspondence with the linear
tilings of the row of squares s, ..., s,_1, hence they are parametrized by the monomials
of the polynomial

fnfl('z.Z? oy Ipn—1,Y2, - - - 7yn71)'

Now, as we have already said, the indeterminate x; denotes a length 1 square in the i-th
position, and the indeterminate y; denotes a length 2 domino that ends in the i-th position.
Thus we will denote the out-of-phase domino, which starts from the n-th position and
ends in first one, by y;. Hence we find that the circular tilings of a circle of n squares
(n > 1) are parametrized by the noncommutative polynomials ¢, defined by

Cn(xla"'axnayla"'?er = (29)
= fo(@1, o Ty Y1y Yn) U faa(T2y e 1, Y2y e Yn)-

Notice that:

(1) The indeterminate y; does not appear in the polynomials f,,, it appears in these
new polynomials ¢, for the first time.

(2) In the polynomials f,, (n > 1), all the monomials begin with x; or y, and end with
ZTp Or Y,. In the polynomials c,, all the monomials begin with x1,y; or ¥y, and end with
Tn-1,Yn_1,Tn OT Yp.

(3) The first polynomials ¢, are

ci(z1,91) = 21, Co(T1, T2, Y1, Y2) = X172 + Y1 + Y2,
c3(w1, Ta, T3, Y1, Yo, Y3) = T1T2T3 + T1Y3 + Y172 + Yo,
a1, T2, T3, T4, Y1, Yo, Y3, Ya) = T1ToT3T4 + T1ToYy + T1Y3T4
+ Y1T2X3 + Y1Y2 + Y2X3T4 + Y2Ua.
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(4) Once again these polynomials can be obtained by a leapfrog construction as follows:
to obtain ¢, you write x;...x, and replace every possible disjoint pairs z;x;11 by yi41
(indexing module n so that for a word terminating in x, and starting by = — 1 the letter
x, is erased and the letter x; is replaced by y1).

(5) The polynomial co(z1,x2,y1,Yy2) = 122 + Y1 + Yo parametrizes the three circular
tilings

of a circle of two squares, which we considered to be distinct. With these conventions, we
have that ¢,(1,1,...,1) = L, for every n > 1, where L, indicates the n-th Lucas number,
as desired. Here, the Lucas number L,,, defined by Ly =2, Ly =1and L, = L, 1+ L, »
when n > 2, represents for n > 1 the number of circular tilings of a strip of length n using
length 1 squares and length 2 dominos.

To relate the polynomials ¢, with a suitable product of matrices we need the trace.
For any ring R, the abelian group M, (R) of all n x n-matrices over R can be viewed as an

R-R-bimodule M, (R)g. The trace tr: gM,(R)g — rRg, defined by tr(a;;);; = > o, @i,
is an R-R-bimodule morphism with the further property that

o ((aig)i g (bi)ig) = DD aishii
i=1 j=1
From (20) and (29), we get that
Theorem 11.

e T ) =tr AN S U (N
mn 17"'7 Tl7y17"’7y’n yl 0 yn 0

8 The generalized Lucas polynomials ¢,, and negative indices

Now we can define the generalized Lucas polynomials by the recursion formulae:

60:27 El = I,
b1y Ty Y1y e oy Yn) = L1 (1, o T 1, Y1y - ey Y1) T (30)
_’_En—?(xlw"axn—?ayl)'"7yn—2)y’rh

generalizing [4, p. 142].
The first of these polynomials are

by =2, b = 1, by = 2115 + 2,
U3 = 112273 + T1Y3 + 2y273,
Uy = 21 ToX3T4 + T1ToYs + T1Y3T4 + 220374 + 2YoYs,
U5 = T1X903T4T5 + T1T2T3Y5 + T1T2YaTs + T1Y3T4T5
+ T1Y3Ys + 2Y22374T5 + 2Y223Ys + 2Y2Yas, - - -
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The number of monomials in each ¢,, is the (n 4 1)-th Fibonacci number and, for n > 1,
one has that ¢,(1,1,...,1) = L,,, the n-th Lucas number. The polynomial

Co(T1y oo Ty Yy e Yn)

belongs to Z{z1,...,Zn, Y1, .- ., Yn), though in this case also the indeterminate y; does not
appear. But the polynomials ¢, are just a specialization of the polynomials f,, as the
following result shows.

Theorem 12.

gn(xla e Ty Yty - - 73-/71) = fn(xlax%xS cee 7xn7y172y27y3>y47 s 7yn)
for every n > 1.

Proof. Induction on n. The cases n = 1 and n = 2 are easily checked directly. For n > 3,
assume that the theorem is true for n — 1 and n — 2. Then

(X1, o Ty Y1y e oy Yn)

=l (T1, - T, Y1y e Yn1) T+ L2 (T1, - T, YLy - Yn2)Un

= fo1(@1, - T, Y1, 2Y2s - Y1) T+ fa2(T1, o T2, Y1, 2Y0 - Y)Y
= fo(x1, T2, 3. Toy Y1, 2U2, Y3, Yy -+ - 5 Yn)-

]

Let us consider negative indices n. The sequence of Fibonacci numbers F,, can be
extended to any negative index n using the recurrence formula F,, , = F,, — F},_1, and
one finds that F_, = (—1)"*'F, for every n > 0. It is clear that our sequences of
polynomials can be also extended to negative indices n.

Let us begin with the continuants p,(t1,...,t,), for which we have that

p”<1’17"'71) = Fuy1.

The difference of 1 in the indices in this formula is due to Cohn’s original choice of the
initial conditions p_1 = 0,py = 1. Though the usual modern definition of Fibonacci
numbers with Fy = 0, F; = 1 is more appropriate, we prefer to continue using Cohn’s
original notation with p_; = 0 and py = 1.

The recursion formula must now be re-written as p,,_s = pp, —pn_1t,. Substituting n—2
with —m, we get that p_,, = p_m—2) — P—(m-1)t—(m—2). We thus find that py = 1,p_; =
0,po=1,p.3=—t_1,p4=1t_1t_o+ 1, and so on. The polynomial p_,, for n > 0 turns
out to be an element of the free algebra Z(t_1,t_5,...,t_(,_2)) in the noncommutative
indeterminates t_1,t_5,...,t_(,—2). The general formula is given in the next proposition.
Its proof is left to the reader.

Proposition 13.

Pon(toisto, . t_(neg) = (=1)"pp—a(t_1,ta, ..., l_(n-9))
= Pn—a(—t_1, =t 9,..., —t_(n—2))

for every integer n > 0.
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Notice that relation (2) now becomes

—t_1 1 o —ten 1
1 0 1 0
_ ( p—(n+2)(t717 cee 7tfn) p—(n—l)(tfb cee 7t—(n—1)) ) . (31)
P—(n-1) (t727 cee 7tfn) pfn<t727 cee at—(n—l))

For the generalized Fibonacci polynomials f,,(x1,Z2,..., 20, Y1 -..Yn), We have that

the recursion formula

fn(xh ey Ty Y1y - - 7yn) = fn—l(xh vy Tpn—1,Y1, - - - 7yn—1)xn
+ fn—Q(xla ey Tp—2,Y15 - - - 7yn—2)yn

now becomes

fn—Q(xh ceey Ip—2,Y1, - - - 7yn—2)

= fn(-rla vy Ty Y1y - 7yn)y7:1 - fnfl(mla sy Tp—1,Y1,5 - - - 7yn71)$ny7;1' (32)
Thus we get that, for any integer n > 0, the polynomial f_,_» must belong to the
Z-algebra Z{x_1,x_9,...,2_p, yoﬂ, yfl, e ,yj_[(ln_2)>, obtained from Z adjoining 2n alge-

braically independent elements x_1,x_o,...,2 5, %0,Y-1, Y-2,---,Y—(m—1) With yo, y_1,
.+, Y—(n—1) invertible. The proof of the following proposition, by induction, is left to the
reader.

Proposition 14.

ffn72($717 T2y, Tn,Y0,Y1,--- 7y—(n—1))

= fn(_yalelv —ijfza sy _y_(ln_l)x*Tw 17 yal

—1 -1 -1
Y15 7y_(n_2))y_(n_2)

for every integer n > 0.

In extending the generalized Lucas polynomials ¢, to negative indices n, we have, like
for the f,’s in (32), that £, 5 = £y, ' — {,_17,y, . Tt is easily seen that

Proposition 15.

gfn(mlaanxfl '-iam—(n12)>y05y11>y727'"ay—(n1—2)) . . .
= (_1)n€n<x1y; 7x0ya 7':6*13/:17 s 7x—(n—2)y:(n_2); 17 ya 7y:17 cee 7y:(n_2))

for every integer n > 0.

9 The general pattern: the polynomials g,

Now consider the following family of polynomials g,, with n > 0. To define them, we
need countably many noncommutative indeterminates x;;, where 1 < i < j. Set gy = 1
and

Gn = Zgzelxm, for n=1. (33)
i=1
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For instance, the first polynomials g,, are

g1 =11, G2 = Ti2 + T11T22, g3 = T13 + T11T23 + T12T33 + T11X22T33,
g4 = T14 + T11T24 + T12%34 + £11T22034 + T13T44 + T11T23T 44
+ 12233244 + T11222T33%44.-

For every n > 1, the polynomial g, turns out to be a polynomial with integer coef-
ficients in the n(n + 1)/2 indeterminates z;; with 1 < i < j < n, as is easily seen. The
polynomial g, is a sum of monic monomials that parametrize all linear tilings of a strip
of n square cells, that is, all coverings of the strip of squares with rectangles of any length
1,2,...,n. The indeterminate z;; indicates the rectangle of length j — 4 + 1 that starts
covering the i-th square and ends covering the j-th square.

For instance, g3 = x13 + X11%23 + 1233 + T11222233 and, correspondingly, the tilings
of a strip of three squares are

I
|
!
I

The first tiling consists of a unique rectangle of length 3. The second and the third of one
rectangle of length 1 and one of length 2, in the two possible orders. The fourth tiling
consists of three squares.

Remarks 16. (1) Let us show how we can recover the previous families of polynomials
using the polynomials g,. As we have seen, the family f,, parametrizes tilings of a strip
of length n with tiles of length 1 (represented by the indeterminates z; in the definition
of f,) and of length 2 (represented by the indeterminates y; in the definition of f,,). It is
clear from the equation (33) that f,, can be obtained by equating, in this expression of
gn, all the indeterminates x;; to zero for j > ¢+ 2. In other words, the polynomial f,, can
be obtained from g, by specializing in the polynomial g, the indeterminates z;; to zero
whenever j > ¢ + 2, the indeterminates x;; to z; and the indeterminates x; ;41 to ¥it1.

(2) Since the polynomials p,, are obtained from f,, by specializing the indeterminates
y; (in the definition of f,,) to 1 and the indeterminates z; to t;, we can also obtain the
polynomials p, by specializing the indeterminates of the polynomial ¢,. To be more
precise this specialization is obtained by sending x;; to zero whenever j > ¢ 4 2, z;; to t;
and z; ;41 to 1.

(3) The polynomial g, is the sum of 2"~* monomials, which parametrize the subsets of
a set of n — 1 elements. Hence there is a clear immediate connection with the monomials
of the polynomial h,,, which parametrize the nonempty subsets of a set of n elements.
To this end, it suffices to send every monomial x;, ;, Zi,j, - - - Ti,_1j,_, Zi,n Of degree t in g,
to the subset {ji,jo,...,ji—1} of cardinality t — 1 of the set {1,2,...,n — 1}. In order
to get the polynomial h, from g,1, it suffices to specialize, in the polynomial g, 1, the
indeterminate z;; to ;y for every i and j, then multiply by (z,41y) "' = y 'z, },, subtract
1, and finally multiply by y~! on the right. That is, after the specialization, we have that
ho = (gnary o,y — Dy~
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(4) The “hierarchy” of the polynomials we have studied in this paper follows therefore
the following pattern. Each family of polynomials is a “specialization” of the families
above it, as the remarks (1), (2), (3) above, Theorem 12 and (29) show.

Notice that, in this diagram, ¢, is not really obtained via some specialization from f,,,
because (29) is simply the definition of the ¢,’s, in terms of the polynomials f,.

Equation (33) leads to

11 T12 ... Tin

0 @z ... 9,
(glv'”agn):(907"'7971*1) : . . :

0 ... 0 xum

Since, for 1 < I < n, a tiling of a strip of length n is obtained by a tile of length [
followed by a tiling of length n—[, the following formula, where we have specified explicitly
the indeterminates (“the tiles”) for each polynomial, is easy to get:

(@i 1 <P <G <n) =Y wugni(@iigg; 1 <i<j<n—1) (34)
=1
The row (gn,...,g1) is also given by the first row of the following matrix product.

This can be seen as a generalization of the equality (20).

r; 10 ... 0\ (2 1 0 ... 0 Ty 10 0
« 01 0 iff®z20 1 0 : Tpim 0 1 0

S 0 * 0 0 : 0
* 0 0 1 0 0 1 Ton 0 0 1
* 0 0 0 « 0 0 0 1, 0 0 0

10 Permanents

Let R be a nonnecessarily commutative ring, n > 1 be an integer, M,,(R) the n X n-matrix
ring, and S,, be the symmetric group. Define a mapping perm: M, (R) — R setting, for
every matrix A = (a;;);; € M,(R),

perm(A) := Z a1,6(1) -« - An,o(n)-

O'GSTL
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If A;; denotes the (n — 1) X (n — 1)-matrix that results from A removing the i-th row
and the j-th column, then perm(A) := Y77 | a1 ;perm(A; ;) = >0 | perm(A, j)an; (it is
possible to easily expand our permanent along the first row or the last row only).

Theorem 17. For everyn > 1,

gn(i5) = perm(A,) = perm(A}), (35)
where
11 T12 T13 ... Tin
1 Tog T23 ... Top
A = 0 I w3 o T3,
o ... 0 1z,

Proof. Let us show that g,(x;;) = perm(A,,) by induction on n. The case n = 1 is trivial.
Let us assume that the formula holds for n and expand perm(A, ;) along the last

row: perm(A,;1) = perm(B,) + ¢nTnt1n+1 Where B, is the n x n matrix given by
A, . .
B, = ( [”] ! . ¢ ), where C' is the column (21,41, Zn_1n11)" and U is the row
n,n+1
(0,...,0,1). In particular, the matrix B, is obtained from the matrix A,, changing the
last column. Notice that in the expression g, = > | gi—1Zin, the polynomials go, . . ., gn_1

do not depend on the indeterminates z;,. Since the expression of perm(A,,) given by the
inductive hypothesis is perm(A,,) = g,, we get that perm(B,,) = goT1n+1+91%2n+1+- -+

Gn—1Tpnt1. Thus we have perm(A, 41 ,41) = Z?jll Gi—1%int1 = Gnt1, as desired. The fact
that perm(A%) = g,, as well is proved similarly, using the equality (34). O

Let us remark that, contrary to the case of permanents defined over commutative
rings, we do not have in general that perm(A) = perm(A?).

From Theorems 17, 12 and Remarks 16((1) and (2)), we immediately get that:

Corollary 18. The polynomials fn(x1,...,Zn,Y1,--.,Yn) and py(t1,...,t,) are the per-
manents of the n x n tridiagonal matrices

1 i) Ys NP 0 1 t2 1 0
0 1 =z3 - 0 and 0 1 t3 0 ,
0 ... 0 1 = 0 0 1 ¢,

and their transposes, respectively.

The analogue of formula (23) is the following:

THE ELECTRONIC JOURNAL OF COMBINATORICS 22(1) (2015), #P1.39 26



Proposition 19.
9n = T119n-1(Tis1 j+1) + T12gn—2(Tiv2 j+2) + T1390-3(Tits j43)
+ o+ 21 191 (Tikn—1 1) + T1ngo

Proof. 1t suffices to apply Theorem 17 expanding the permanent along the first row. The
t-th term in this expansion is

1
1 *
0 *
1
T perm
T+l t+1 Tel t42 -+ T4l n
1 Tpg2 42 Tiyo n
0 o
0 1 Ton
Ti41 t+41 Ti41t42 --- Ti4l n
1 Tpg2 42 Tiyo n
= Ty perm . . . = $it9n—t($i+t j+t)-
0 1 Ton

Il
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