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Abstract

We prove asymptotic normality of the distributions defined by g-supernomials,
which implies asymptotic normality of the distributions given by the central string
functions and the basic specialization of fusion modules of the current algebra of sls.
The limit is taken over linearly scaled fusion powers of a fixed collection of irreducible
representations. This includes as special instances all Demazure modules of the
affine Kac-Moody algebra associated to slo. Along with an available complementary
result on the asymptotic normality of the basic specialization of graded tensors
of the type A standard representation, our result is a central limit theorem for a
serious class of graded tensors. It therefore serves as an indication towards universal
behavior: The central string functions and the basic specialization of fusion and,
in particular, Demazure modules behave asymptotically normal, as the number of
fusions scale linearly in an asymptotic parameter, N say.

Keywords: ¢-supernomial; current algebra; affine Kac-Moody algebra; fusion prod-

uct; Demazure module; basic specialization; asymptotic normality; central limit
theorem; occupancy statistic; mixing distribution

1 Introduction

The g-supernomial coefficients encode certain integer partitions as polynomials in a vari-
able ¢ of the form

m
Z g (Gi+32421 Le) H {Le+]e+1} .

Ji+-+im=a (=1 q
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The Ly, ..., L,, and a are nonnegative integers and m . denotes the well known g-binomial
coefficient that enumerates inversions in words. They were introduced by Schilling and
Warnaar, who studied their symmetries, recurrences and g-series limits and gave a combi-
natorial interpretation as the enumeration of so-called (Ly, .. ., L,,)-admissible generalized
Durfee dissection partitions with exactly a parts [26].

A natural motivation for the investigation of asymptotic statistical properties of the
discrete distributions defined by the coefficients of those polynomials is to understand
the qualitative behavior of this special kind of integer partitions for large values of the
parameters Ly, ..., L, € Z,.

However, our initial motivation for the study of ¢g-supernomials is their appearance
as Hilbert series of fusion modules of the current algebra sl ® CJ[t] that were introduced
by Feigin and Loktev [11], that is tensor products of irreducible representations endowed
with a grading that is encoded by the variable q. The coefficients of those Hilbert series
(also called string functions) encode dimensions of certain isotropic components called
weight spaces. While the exact determination of those coefficients by coefficient extrac-
tion is certainly possible in any fixed instance of a ¢g-supernomial, the explicit description
of those coefficients remains intractable and one usually is satisfied with concrete expres-
sions for their generating function, the g-supernomial. For large values of the parameters
Ly,..., L, one may expect that the asymptotic behavior of the distributions defined by
the g-supernomials is governed by probabilistic limit theorems, so that precise assertions
about “typical” behavior are possible. In this work we show that limit theorems towards
asymptotically normal behavior do indeed hold, and deduce the following result for the
(central) string functions of fusion modules of the current algebra sly @ CJt] and their
so-called basic specialization (a sum of string functions).

Consider a sequence of fusion modules (C2)*F1 s .x (C™ )L of the current algebra
slb,@C[t]. Assume that the exponents grow on a linear scale, i.e. (LY,...,LN)/N — a # 0
as N — oo. Then, the central string functions and basic specialization of those modules
behave asymptotically normal with mean and variance growing quadratically and cubically
i N, respectively, with explicitly calculable leading terms.

We give the precise statements describing the leading terms of this asymptotic expan-
sion of the Hilbert series in Theorem 3.1 and Theorem 3.2. Concerning the asymptotic
growth of dominating weight spaces in fusion modules we conjecture that corresponding
local limit theorems hold, and that similar results can be shown for the fusion of type
A symmetric power representations. Furthermore, we specialize our findings to the case
of Demazure modules that have been studied through different methods earlier in the
literature.

The material is broadly divided into two parts: the first part is devoted to the
probabilistic-combinatorial problem of deriving limit theorems for the g-supernomial dis-
tributions, and the second part explains the representation theoretic interpretation of the
limit theorems derived in the first part.
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2 Distributions defined by g-supernomials

Let L:= (L1,...,Ly) € Z7, a € Z4, jmi1 = 0. Consider the g-supernomial

od moo i1 m LB + jg
T(L,a)(q)= Y  ¢==r0dmta ] { . +1} | "
ittim=a e g1,

that enumerates a-restricted L-admissible partitions [26]!, and the cumulative generating
function of the unrestricted number of L-admissible partitions

TL)g)= Y. T(La)g). 2)

a=0

We show that the unrestricted number and in certain (typical) cases the a-restricted num-
ber of L-admissible partitions are asymptotically normally distributed with asymptotic
parameter being a convergent sequence %LN ,as N — oo.

2.1 Statistical notions

Standard sources are [1, 2, 12, 13]. All our random variables X will be discrete and finite.
Recall that the expected value of such a random variable is the weighted average E(X) =
>, P(X = z)x. The covariance of two random variables X and Y is Cov(X,Y) = E((X —
E(X))(Y—E(Y))). They are said to be uncorrelated if Cov(X,Y) = 0. The variance of X
is Var(X) = Cov(X, X). Its probability generating function is E(¢*) = > P(X = )¢,
and the associated probability distribution py = ) P(X = x)d,. Here, 6, denotes the
Dirac distribution (point mass) at z. A sequence Xy converges P-almost surely (P —a.s.
for short) to X if P(limy_,. Xy = X) = 1. Convergence and equality in distribution will

be denoted by 44 and i, respectively. N (p, X) will denote the normal distribution with
mean p and covariance matrix . Note that M (p,0) = ¢,. The conditional probability
PY =y|X =2) = P(X = 2)'P(X = 2,Y = y) is the probability of Y taking the
value y given the occurence of the value x for X. A mixture of distributions px, is a
convex combination thereof, i.e. > . w;ux, for some weights w; > 0 with ). w; = 1. The
probability generating function of a mixture is Y, w;E(g*?).

2.2 Preliminaries

The distributions with probability generating function

ra ="' /(%)) ®)

were first investigated by Mann and Whitney [24], who showed:

1The notation T(L,a)(q) is taken from there for consistency.
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Theorem 2.1. Let Inv,, be a random variable with distribution Fuy. Then Invey, has
expectation E(Inv,y) = Lab, variance Var(Inv,,) = Sab(a+b+1), and as a,b — oo one

has
Inv,, —E(Inv,)

%5 N(0,1).
Var(Inv, ;)

A corresponding local limit theorem was proved by Takacs [30].

Remark 2.2. It is well known that the g-binomial [“Zb}q is the generating function

for inversions in words of a zeroes and b ones. Consider a word (unordered sequence)
w = (wy,...,w,) of elements from an ordered set. A 4-tuple (i, j, w;,w;) with ¢ < j and
w; > wj is then called an inversion.

Let us also recall the following classical result about the asymptotic normality of
multinomial distributions (see e.g. [6]).

Theorem 2.3. Let the sequence BY have the multinomial distribution with parameters
N and p = (po,p1,--->Pm). Then, we have mean E(BY) = Np, covariance matriz
Cov(BY) = NY, and
BN — Np d
Nz N(0,%),
where ¥ = diag(p) — p'p (not of full rank).

2.2.1 Elementary definitions

We call a vector j = (j1,...,Jm) € Z7 compatible to L € Z7 if j; < L; + jiq for
1 =1,...m, and a probability distribution L-compatible if the set of L-compatible values
has probability one. For L-compatible j we let Inv(L,j) denote a random variable with
probability generating function

F(L>J)(Q) = H FLi+ji+laji(q)7 (4)

where here and in the sequel j,,.1 = 0. We let

Q(L,j) = i]z <ji + Z:ZI Le)~ (5)

We view the normalized generating function T'(L)(q)/T(L)(1) (and T(L, a)(q)/T(L, a)(1))
as a mixture of probability generating functions

T(L)(q)/T(L)(1) = ZQQ(L’”F(LJ)(Q) P(J =j), (6)
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weighted by P(J =) = P(Ji = ji, -, Jm = jm) = [11%y (*) /T(L)(1). The implicit
dependency on the admission vector L will be from now on suppressed in the notation for
convenience. We furthermore define (the conditional distribution of) a random variable
Y by P(Y =i |J =j) =P(Inv(L,j) = ¢), so that we can rephrase

T(L)(q)/T(L)(1) = E(g¥"D). (7)
Consequently, our interest lies in the distribution of the random variable
T=QL,J)+Y, (8)

whose asymptotics we will treat by splitting 7" into an “occupancy part” Q(L, J)+E(Y|J),
dependent only on J, and a remaining “rest-inversion part” R =Y —E(Y|J) “orthogonal”
to J, and investigating the two parts individually. We note that by Theorem 2.1 we have

E(Y|J) = % ((L ) +mz Li+ i1 — )J) = ¢(L,J) 9)

so that E(Y|J) is a quadratic function in J. Let us call the distribution of J the mizing
distribution (for the total number of L-admissible partitions). To explain the behavior of
mixing distributions and to introduce a convenient way to refer to them, let us describe
a simple random experiment. We focus our attention on the unrestricted case first.

2.2.2 The probabilistic setup for the unrestricted case

Consider m many mutually independent random sources Si,So, ..., S, emitting words
W(1),...,W(m). Each word W (i) = (X;(i), X2(), ..., Xr,(7)) is a sequence of L; many
mutually independent letters X(i), where each X (7) is uniformly distributed from the
alphabet {0,...,7}. For 0 < i < k let Bi(k) = Zfﬁl 11i3(X;(k)) denote the ran-
dom variable the number of appearances of letter i in word W (k). Then, the random
vector B(k) := (By(k), ..., Bk(k)) is the occupancy (statistic) of word W(k), S(k) :=
S Xi(k) = S5 iB;(k) is the sum of word W(k), By := (B(1),...,B(m)) is the
total occupancy of W(1),...,W(m), and Sy, := >, S(i) is called the total sum of words
W(1),...,W(m). Clearly, under the assumptions above, Sy, is the sum of independent
uniformly distributed random variables and we have

m

E(S.) = %ZiLu (10)

=1

Var(Sy) = 1—12 > (i +2)iL;. (11)

i=1

The probability distribution of J arises in this experiment as follows.
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Proposition 2.4. Let By, = (B(1),...,B(m)) be as above. That is, the random vectors
B(i) = (Bo(7), ..., B;i(i)) are independent, where each B(7) has a (uniform) multinomial

distribution with parameters L; and po = ... = p; = Z+1 Define
Z k— z+1 , where Ak ZB
k=1

Then, the joint distribution of (Jyi, ..., Jy) is

. . o1 (Li +Jji . )
P(lejl,...,Jm:jm>:H( ,]+1)/(z+1)L1.

[

where j = (Ji, ..., Jm) € N§* (and with the usual convention about binomial coefficients
that (Z) =0 unless 0 < b < a). These numbers define a Li-compatible probability distribu-
tion.

Proof. By formal generating functions it is clear that the joint generating function of
(J1,...,Jm) as defined above is

B ) =TI TT W™ /a+n»

Now extract coefficients to see that this corresponds to the distribution defined above.
The L-compatibility is obvious. O

Remark 2.5. The proof shows that T(L)(1) = [/, (i + 1)*, which can be seen directly
from the combinatorial definition of g-supernomials. Furthermore, since Ax_;11(k) =
By_iy1(k) + Bg_ir2(k) + -+ + Bg(k) counts the number of appearances of the highest
i letters in word W (k), the J; may be described as the overall count of the ¢ highest
non-zero letters in all words.

Proposition 2.4 shows that the mixing distribution for the total number of L-admissible
partitions may be realized as a simple linear transformation of By,. We call By, the un-
derlying occupancy distribution. This representation can be used for explicit calculations,
and reduces the asymptotic treatment of J in the unrestricted case to the well known
asymptotics of multinomial distributions as described in Theorem 2.3.

2.2.3 The probabilistic setup for the a-restricted case

The same experiment as in §2.2.2 describes the a-restricted case when we consider only
the outcomes with total sum Sy, = a. That is, for the a-restricted case the underlying
occupancy distribution is By, | S, = a, i.e. the distribution of By, conditioned by S, = a.
In order to have a succinct wording for the “most important” restricted cases we make
the following definition (Cf. (10)).
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Definition 2.6. We call the a-restricted cases with a = E(SL) (resp. a = E(SL) £ 1)
central.

This terminology is justified due to the symmetry of the distribution of Sy, around E(SL),
and their central importance due to the strong law of large numbers,

1 P—a.s. ] m
NE(SLN) —_— 5;/{%, as %LN — (al, Ce ,(lm).

2.3 General asymptotic considerations

Throughout this section let LY be a sequence of admission vectors, and JV a sequence of
L"-compatible mixing distributions. We consider the sequence of inversion statistics

Y¥, defined by P(YY =i | IV =j) = P(Inv(L",j) = 19),
and recall the associated definitions from §2.2.1,
™ = QLY JV) + YV,
RN =YY —EXYN|IY),
e(LY,IV) = E(YN|IY).
Let us note the asymptotic behavior of the conditional distribution of RY.

Lemma 2.7. If %LN —a#0, and jV is a sequence of LY -compatible vectors such that
%jN — b # 0, then
Inv(LY,jV) — E(Inv(LY, jV)
N3/2
where v(a,b) = % Yo (a; + b1 — b)bi(a; + biyr) (where by =0).

SN N(0,v(a, b))

Proof. By definition, the random variable
Inv (LY, i) — E(Inv(L"Y, jV))

is distributed like the sum Y_" | XV of m independent random variables

; N oo 1 N
XY= Iv(L + 5% =50 00) = 5 (L + 05 =30 3) -

N
bi = lim £bY exist. If a; = 0 or b; = 0, then 1z XN ~%5 0L N(0,0). If a; > 0 and b; > 0

we find that 15 Var(Inv(al,bY) — 55a;b;(a; + b;) == w(a;, b;), and Theorem 2.1 gives

Let alY = LY + jN; — jY and bY = jN. By assumption the limits a; = lim a)’ and

XV,
N3/2 —>N(O,w(az,bl))

Thus under the conditions above w7 " | XN —L5 N0, Yo w(ai, b)) = N(0,v(a, b)).
0
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Remark 2.8. The case a;b; = 0 for all i (that is v(a,b) = 0) is less interesting but not
excluded. In this case we interpret N'(0,0) := dy as the Dirac-measure (point mass) at 0.

Next we observe that under mild conditions the limiting distributions of the (normal-
ized) random variables R and JV are asymptotically independent.

Theorem 2.9. Let R(a,b) denote a random variable with distribution N'(0,v(a,b)). If
%LN — a # 0, and if there exists b € R} and a positive semidefinite matriz ¥ € R™*™
of positive rank such that

JV —Nb 4

Then, as N — oo,

(RN J¥ - Nb

N3/2° N1/2 > i> (R<aa b),N(O,E))7

where the constituents on the right-hand side are independent.

Proof. Let A C R be a Borel set and f : R™ — R be bounded and continuous. We have

21 (15) ()

N3/2 N1/2
N N
B (s €419 1(* ")
N Ny _ N N N _
:EP<mWLaJﬁwfafJ')eA>ﬂ?jW£m>

By Skorokhod’s representation theorem (see [2, 29]) we may assume that JNN_f/J\QIb -4 X,

P — a.s., where X 4 N(0,%). Then clearly +J¥ — b, P — a.s., and by the preceding
lemma

N Ny _ (TN TN
P(InV(L LIV —e(LY, JY)

N7 € 4) — N(0,0(a,b))(4) P —as.

Therefore,

RN >f<JN—Nb

Ela <N3/2 N3/2

) — N(0,v(a,b))(4) E(f(X)).
0

Finally we need a result that enables us to treat the occurring quadratic functions of
JV. For quadratic functions of asymptotically normal random vectors X*» one has the
following elementary result.

Proposition 2.10. Assume there exists b € R™ and a positive semidefinite matriz 32 €
R™™ of positive rank such that
E(XY) XN — Nb

d
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Let M € R™™ v € R™, and consider the quadratic function q(x,v) = xMx"' + vx'. If
we assume that v is a sequence with %VN — a and let w = b(M + M") + a, then

(XN ,VY) = g (BX), v
N3/2
If additionally %COV(XN) — 3, then

) 4, N (0, wEw').

w b

and
E (¢(XN,vY) — ¢(E(XN),v

N M

If furthermore E (X} — E(va))4 /N? — 0 for all i, then

Var(q(XY, v))
N3

— wiw'.

Combining Proposition 2.10 with Theorem 2.9 gives a complete picture of the asymp-
totic distributions of the random variables considered above.

Corollary 2.11. In the situation of Theorem 2.9 assume that additionally %E(JN) — b.
Let bo = bpy1 = 0, JN,, =0, C¥ = 13" (LN + E(JY,)) — E(JM)E(JY), and
=" BTN (BN + 30 1 L LY). and let ¢ = c(a, b) be the vector with coordinates
=a; + by + b; 1 2b; and f = f(a,b) be the vector with coordinates f; = a; + bi11 +

bl 1+ 2b; +2Z£ Lae. Then,

N TN\ _ N
e(L ’]{73 /)2 ANV Lench), (12)
—CN d
W — N(O, %CECt -+ U(a, b)), (13)
N _ (0N L DN
g% - ) 4y N0, 158 + v(a, b)), (14)

Proof. The first assertion follows directly from Proposition 2.10. For the second assertion
observe that by Theorem 2.9 the limiting distribution is the convolution of the normal
distributions R(a,b) and the limiting distribution in (12). O

Finally, the variance of the rest-inversion part R is as follows.

Lemma 2.12. In the situation of Theorem 2.9 assume that additionally %E(JN) — b,
and that IV is bounded. Then,

Var(RY)

Ni v(a, b).
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Proof. We have E((RY)?JY) = Var(Inv(L", JV)). Therefore

E((RM?IN) = g5 ) (LY + I = IV LY + JY),

12
i=1

and by our assumptions E((RY)?|JY) /N? converges boundedly to v(a, b). Hence we have
B((RY)?)/N® = E(((RN)QIJN))/]W — s u(a,b). O

2.4 Unrestricted number of parts

We first consider the total number 7(L)(¢) of L-admissible partitions. In this case clearly
Ag-i+1(k) (as defined in Proposition 2.4) has a binomial distribution with parameters n =

Ly and p = 75, and hence each J; can be represented as a sum of independent binomial
variables. Furthermore, the covariance of A;_;+1(k) and Aj,_;+1(k) can be computed as
Cov(Arina (k), Aryia (k) = 2 (min(i, ) — 2
0 i JA = —— [ min(7, j) — )
V{Ag—i+1 k—j+1 kol J A

We therefore have
Lemma 2.13. Consider (J1,...,Jy) as defined in Proposition 2.4. Then,

E(J;) = ZZ kL’“ , (15)

k=1 T 1
' m Lk Y m Lk
V i) — - ) 1
ax(J,) Z};/ﬁul Z;(k+1)2 "
Cov(J. T\ — min(i. i - Ly, I Ly, 17
ov(J;, J;) = min(i, j) Z — 1] Z 5 (17)
k=max(i,5) kt1 k=max(i,j) (k + 1)

Moreover, straightforward computations lead to the exact expectation value of the
random variable defined in (7).

Lemma 2.14. Consider the random variables defined in (7), and let s; = Y ;.. k+1’
ti =>4y L. Then, for E(T) = E(Y) + E(Q(L,J)) we have

1 , I i
BOY) = 32 -3

i=1
B(Q(L.T) = 22282+im DI
’ —~6(i+1) L.
Theorem 2.15. Let LY — a # 0. Then, $E(JYN) = iYL, %5 for each i and
IV _EIY)
—Niz N(0,%),
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where
m m

e Ak . ag
Ei,j = mln(@7]) Z 2 T 1 — 1) Z m

k=max(i,j) k=max(4,7)

Proof. The first assertion is clear. For the second assertion let By,v denote the underlying
total occupancy statistic. In §2.2 it was shown that the components B(i)" are indendent
multinomial distributions with parameters LY and u(i), where u(i)g = ... = u(i); =
Z,J%l, and covariances LYY (i), ¥(i) = diag(u(i)) — u’(i)u(i). By Theorem 2.3, and since
%Lf\] — a;, we have

BLN - E(BLN)

N1/2

where the components on the right-hand side are independent. Since JV is a linear image

of BY it is clear that JV is asymptotically normal. The assertion about the covariance
matrix is obvious. O

4, (N(0,a:%(1)), ..., N(0,a,%5(m)))

It is clear from Corollary 2.11 that under the conditions of Theorem 2.15 the number of
admissible partitions is asymptotically normal, with expectation of order N? and variance
of order N3. The final condition of Proposition 2.10 is fulfilled since the coordinates of
the B(i) are binomially distributed and therefore have central fourth moments of order
L?. The boundedness condition of Lemma 2.12 is fulfilled since J¥ < Y% LY.

2.5 The central restricted case

We consider the ”central region® as discussed in §2.2.3 and let sy = |E(SLv)| =
|3 >, iL;]. Tt is clear from the above that the underlying occupancy distribution By~
is the conditional distribution

Brv = (Y()V,...,Y(m)"V)[ > > Vi(k)N = sy,

k=1 i=0
where Y (1)V,...,Y(m)" are independent random vectors, each Y (k)Y is multinomial
with parameters LY and py = =Dr = 707 +1 This conditioning has the following effect

on the asymptotic distribution

Theorem 2.16. Let m > 1, sy = |E(SL~y)] and u = ( (1), ( ), ... ,u(m)) with u(k) =

(75> 7oq) - Assume that LY — a # 0 and let 0*(a) = 35 Y01, k(k + 2)ay.. Then,
BN — Nu d
—— — N(0,%),
vy 0%
where
Sk, 6) = ak(skg(Léi - #) (18)
I AT 1y

)
4(k+ 1)+ 1)o2(a)
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Proof. We give the proof for the one component case LY = (LY,...,LY | LN) =
(0,...,0,N), the generalization is straightforward. Let BY := B(m)" i and Xq,..., Xy
be i.id. random variables uniform on {0,...,m}. Let Sy = SN X;, u = m/2
0% = £m(m + 2). The probability generating function of BY is

. BN s m\N n

thl = N t0+t1$+ .+tm$ ) /((m—i—l) P(SNZSN)).

1=0

Hence the joint distribution is given by

PBY =ko,....,BY =k,,) = (koj {\‘f’km)/«m L DVP(Sy = sy)

with the constraints that > " k; = N and ). ik; = sy. Since there are two linearly
independent linear constraints on the values of BY we expect a (m — 1)-dimensional
limiting distribution. Let xq, ..., z,, be real numbers with > j2; = 0 and > - iz; = 0,
and let k; = Z% ++/Nz;. By Stirling’s approximation for the factorials for the numerator
and the local limit theorem for lattice distributions for the denominator we see

(V)" BB = k) — bt Tiige 5 et

A check that the expression on the right-hand side (considered as a function of xs, . .., 2,
say) is the marginal density of (M (0,X))s, ., with ¥ as in 18 concludes the proof. [

For the convergence of moments we have

Proposition 2.17. Under the conditions of Theorem 2.16

E(B(k)") Cov(B;(k)N, B;(O)Y) a
N N -

Furthermore, E (B, (k)" — E(Bi(k)N))4/N3 — 0.

— agu(k) and ¥i;(k,0)

Proof. Again we restrict the exposition to the one component case and use the same
notation as in the proof of Theorem 2.16. From the generating function given there we
get

N P(SN,1 :SN—i)

E(BZNBJN):N(N—l)P(SN_QZSN—Z—j) (21>

(m—|—1)2 P(SN :SN)
By the local central limit theorem for lattice distributions [14, Corollary VIIL.3] we have

1 _ (k=N m?

e (Lrow)
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if ] 2N ] ] < C. Applying this to the numerator and denominator shows that the quo-

tients ¢, (V) := W 2o +O(N- 3/2)
where ¢, = r?(m/2 — i)?. Now, the asympotic assertion about the expectation follows
immediately from the local limit theorem, applied to numerator and denominator in 19.
The asymptotic assertion about the variance/covariance follows from the formulae above
using the asymptotic form of ¢;(NV), g2(N). Concerning the asserted convergence of the

central fourth moment, note that the r — th factorial moment of BY is
E(BY(BY —1)---(BY —r+1))
. N(N—1)"'(N—?”+1)P(SN,T:SN—Ti>
N (m—l—l)r P(SN:SN)
After expressing the central fourth moment as a linear combination of factorial moments,

plugging in the asymptotic expressions for the ¢,.(N), and noting that c4+6cy —4cs —4c; =
0, one obtains

E(BY — E(BN)") = N3(cs + 6z — des — dey) + O(N*2) = O(N?/?).

are asymptotically of the form ¢.(N) = 1—

]

Remark 2.18. Let ]lVLN — a # 0. A comparison to the unrestricted case, discussed
in §2.4, shows that asymptotically the underlying total occupancy distributions are quite
similar. They concentrate around the same expectations. In the unrestricted case the

components of the limiting distribution \/LN(BLN —u) 4 7 are independent normal
vectors with

Cov(Z(k)) = ap(diag(u(k)) — u(k) u(k)).
The components stay normal in the central restricted case, but the restriction causes an
additional negative correlation

akag(Zk - Z)(Qg - ])
Ak + 1)1+ 1)o*(a)

between the components. This in turn forces the elements of the asymptotic covariance
¥ of JV to be smaller than in the unrestricted case, we compute

Cov(Z(k)i, Z();) = —

. ij . .
Z"z’,j,restricted - Ez',j,unrestricted - WC@)c(])

with ¢(i) = YL, k;r}rlz

Since JV is a linear image of BY its distribution is also asymptotically normal and
it is clear from Theorem 2.16 and Corollary 2.11 that T is asymptotically normal and
the preceding results show that the expectation resp. variance of TV are of N? resp.
N3, but the variance in the restricted case will (on the N3 scale) be smaller than in the
unrestricted case.

Remark 2.19. The cases %SLN —ad #a= % > e kay can be treated by standard large
deviation techniques. Again we may safely expect to find normality of the asymptotic
distributions.
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3 Interpretation in terms of fusion and Demazure modules

In the sequel we will consider characters of fusion modules of the current algebra defined
by Feigin an Loktev in [11], and Demazure modules of the corresponding affine algebra. As
mentioned in the introduction those characters can be interpreted as Hilbert series whose
coeflicients encode dimensions of so-called weight spaces. We will be mostly concerned
with the current algebra sl, ® CJt] and the closely related affine Kac-Moody algebra sls.
For further reading we refer the reader to [8, 9, 10, 15, 19], and for general facts about
current and affine Kac-Moody algebras and their representation theory to [7, 18].

3.1 Fusion modules

a

012345678

z

e
NN
—ENLWWWNO—
R WL

e NUISSIILISN] NOT

N=OOOINTHR W OOO~ITHRWN—O
== DO RO N = =

DN IND IND bttt e e e et

53 1

(@)
=t

i

q

Figure 1: Plot of the character of the fusion module F(0,4) = (C3?)*, that is
B .
X(]:<O= 4))(Z7 (]) - ZaEZ 2% - Zjﬁ—jz:a q]1+]2 |:_;1j|q|:;1:|q.

Let us consider fusion modules for the current algebra sly ® C[t] [9, 10]:

F(Li,..., L) = ()L 5o (CmH1yrlom (22)
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Feigin and Feigin prove in [9, Theorem 5.1] that, in terms of the g-supernomial T'(L, a)(q)
from (1), its graded character is given as

X(F(La, o L)) (z,0) = Y 2% T(L,a)(g). (23)

a€Z

Here q refers to the grading as introduced by Feigin and Loktev [11]. The specialization
at ¢ = 1 of the graded character x(F(Ly,..., Ln))(2, ¢) equals the character of the tensor
product (C?)®11 @ ... (C™HL)®Lm of irreducible representations of sly, i.e. the variable 2
associates with the grading by the simple root «; of sly. Since those characters multiply,
Le. x(Va@ W) = x(V) - x(W), the associated probability distributions convolute and
asymptotic considerations reduce to the central limit theorem for sums of i.i.d. random
variables. Therefore, the specializations at ¢ = 1 are well understood from a statistical
point of view and have been analyzed in great detail, e.g. [31]. Much less studied is the
so-called basic specialization? of those characters, i.e. their evaluation at z = 1. Now, we
have

Theorem 3.1. Consider a sequence (C2)*L0 s ... s (C™H V)L of fusion modules of the
current algebra slo@C[t]. If (LY, ..., LY) — a # 0, then the sequence of basic specializa-

tions, that is ) ., T(LY,...,LN),a)(q), behaves asymptotically normal with individual
means

Rl 2% 24
u(L{v,...,sz)—zZI (5“ (k,k+1> =)
(3 (Boa) + (M2
; T A P 1
=L =R
and variance, as N — 00,
1
Oy — AESE (a,b). (25)

Here, the vectors a, b, f, the function v, and the matriz > are given by

1
a=(ay,...,a,)= lim N(LJIV"“’L%)’

N—00
. . Qy
bi =1 s
—l+1
i—1
Ji=ai+ b1+ bi1+2b; + QZCM;
=1

2We borrow this terminology from Kac [18, §1.5, 10.8, 12.2] who analyzed this kind of specialization for
characters of integrable highest weight modules V(A), and obtained Macdonald’s identities for Dedekind’s
n-function [18, §12.2].
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1 m
-3 Z a; + by — by)bi(a; + biy1) (where by, =0),

c = Qg . = ak
¥;; = min(i, j) E —ij Z T m——
: ; E+1 k+1)2
k=max(i,5) t k:max(i,j)( + )

Proof. Recall from (7) that the basic specialization is the generating function for the
distribution of the random variable TV = Q(LY,JV) + Y from (8). As such the mean
MLy ...,y 1s equal to E(T%) as described in Lemma 2.14. The assertions about the asymp-
totic normality and the variance are recollections from Theorem 2.9 and Corollary 2.11
which apply in the present situation due to Theorem 2.15. O

The central string functions in fusion modules behave quite similar to the basic spe-
cialization. The following is just a recollection of the results in §2.5, and in particular the
observations noted in Remark 2.18.

Theorem 3.2. Consider a sequence (C2)*X1 % ... s (C™V)*Im of fusion modules of the
current algebra sty @ Clt]. If (LY, ..., LY) — a # 0, then the sequence of central string
functions, that is T((LY, ..., LN), sn)(q) with sy = |5 > iLY |, behaves asymptotically
normal with asymptotic mean

1

N L) sy (26)

m . m m i—1
|G ) () + () ()]
i=1 k=i k=i k=1
and asymptotic variance
1
CILIT T et 22 SR U CR ) (27)

Here, the vectors a, b, £ and the function v are as in Theorem 3.1. The matrixz ¥ is given
as

m m

o U L
Zm‘:_202(a)c(2)0(1)+mm(2’]> 2 k+1 2 (k+1)2

k=max(4,7) k=max(i,5)

where 0?(a) = & Y 0L, k(k + 2)ay, and c(i) = Y, ’Tilz

The following corresponding local central limit theorems should hold.

Conjecture 3.3. In the notation of Theorem 3.1 let X r,, denote a random variable with
probability generating function the normalized basic specialization of the fusion module
2

Fn = F(L,...,L}). Denote its mean puy = ppx ) and variance o5 = = 00N

10 7LN)

Then, uniformly in k as N — oo,
Voroy - P(Xz, = k) = e k0205 4 (1), (28)
Here, 0% can be replaced by the explicit expression N*(:fSf" + v(a, b)) from (25). In

particular, the dimension of the sly submodule in Fy of degree k grows as (28).
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Conjecture 3.4. In the notation of Theorem 3.2 let Sn be a random variable with prob-
ability generating function the normalized central string function

where 1Y =STLY and 1IN =ST4iLYN. Let

o= Jim s (g e — 3V,

m

2

. 1 2
o= lim —=|(o .
Nooo N3( (L{V,...,L,,Nn),SN>

Then, uniformly in k as N — oo,
V2o - P(Sy = k) = e~ F1/20" 4 o(1) (29)

In particular, the dimension of the weight space with coordinates %l%al and —kd grows
as (29).

Complemented by a result on the asymptotic normality of the basic specialization of
graded tensors of the type A standard representation (see [4]) we have a central limit
theorem for a serious class of graded tensors. We will conclude with a general conjecture

on the fusion modules of symmetric power representations for the current algebra sl, @ C[¢]
in §4.

3.2 Demazure modules

It is well-known that Demazure modules V,,(A) associated to sly carry a sly ® C[t]-module
structure and as such are special instances of fusion modules (see e.g. [8, §1.5.1] or [15,
§3.5]). To be precise, there are isomorphisms of sl ® C[t]-modules

F(0, %rl,O,l(w)—l) ,w = w'sy,

Vw A ‘l’ A ~ m+n—+1 30
(mAo +nhy) F(O, 1.,0,l(w)—1) ,w=uw's;. (30)
n+l m-—+n—+1

Here, we write [(w) for the length of a reduced decomposition of w € W2 in the affine
Weyl group of sly. Note that the elements of W can be expressed as the following
products of the simple reflections sq (corresponding to the imaginary root) and s; (corre-
sponding to the simple root a;):

(slso)Nsl, N >0 and (sosl)N, (slsO)N, so(slsO)N_l, N > 0.

The characters of Demazure modules can be identified as special instances of fusion mod-
ules through a series of translations (multiplication by z%), reflections (evaluation at the
reciprocal 1/¢), and rotations (evaluation at mixed monomials z¢'), respectively.
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Proposition 3.5. Consider the Demazure module V,, = V,,(mAg + nAy) of sl of fized
highest weight A = mAg + nAy and recall the character formula for fusion modules of
the current algebra sly ® Clt] (23). The character x(Vi,)(z,q), written in the coordinates
z=¢e" and q = e~ (o, is the simple root of sly, & denotes the imaginary root), is given

by

For the trivial element w =1 one has x(V1)(z, q) = €. (31)
For w = (s150)Vs1, N = 0 one has (32)
e "X (Vu)(2,q) =
Z—(n+m)N—n/2qN2m+N(N+1)nX(]_—(07 Lw)(zq—QN—17 q)
where Ly, = (L1, ..., Lypin) = (0, }L, O,T%i\qfl).

For w = (s951), N > 0 one has (33)
e x(Va)(2,q) =
Z—(n+m)N—n/2qN m+N(N+1)nX(F(O, Lw)(Zq_QN_l, Q)
where Ly, = (L1, ..., Lyn) = (0,1,0,2N — 1).
n m—+n

For w = (s150), N > 0 one has (34)
e x(Va)(2,9) =
Zf(n+m)N+n/2qN m+N(N71)nX(JT_'(O7 Lw)(zquv, q)
where Ly, = (L1, ..., Lypin) = (0,1,0,2N —1).
m m—4+n

For w = so(s150)" ™', N > 0 one has (35)

e X (Vu)(z,q) =
2
Zf(n+m)N+n/2qN m+N(Nfl)nX(]:(O’ Lw)(quZN7 q>

where Ly, = (L1, ..., Lyptn) = (0,1,0,2N — 2).
m m4n

The sum of the entries in L, represents the length l(w) of the Weyl group element w.
When either n or m equals 0, then L, = (0, [(w)).

Proof. Feigin [10, (11)] denotes an integrable highest weight representation by L,; =
U(f?[g).vm with highest weight vector v;, such that c.v;p = kv, ho.vix = iv;, and
d.v; = 0. In our notation, the canonical central element is ¢ = a + o, the coroot is
ho = af, and the scaling element d is given by ag(d) = 1 and a;y(d) = 0. Therefore,
by comparison of the highest weight vector we have L;, = V((k — i)Ag + iA;). The
bigrading is chosen according to the action of hy and d, and consequently, the character
is denoted in the monomials e® = e°~® and e~?, respectively. By [10, Corollary 3.1]
each such module L;j, can be constructed as an inductive limit of fusion products, that
is L;j, = C*1x (Ck1)2°°, Each fusion product can be identified with the corresponding
Demazure module V,,((k —i)Ag + iA;) by comparing the weights of the extremal weight
vectors described in [10, §1]. Now apply the character formula [9, Theorem 5.1], noting
that e® = zg~!. O
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We can now compare our findings to established results in the literature [4, 5, 3, 17].

3.2.1 The unrestricted one component case

Consider L = (0,...,0,N) € Z7" in which case the distribution of YN has been investi-
gated as a generalized Galois numbers by Bliem and Kousidis [4] and later on by Janson
[17]. They studied the random variables YV with probability generating function

1 N
Ble™) =% 2 { } (36)
(m + 1) (ks ) ENTHL ko, ... km .
ko+-+km=N

Note that if we let BO = Lm — Jm731 = Jm — Jm—1,- - .,Bm,1 = JQ — JlaBm = Jl it
becomes evident that this distribution coincides with the distribution of YV in the one
component case. Now, Bliem and Kousidis showed

Theorem 3.6 ([4, Theorem 3.5]). Consider the random wvariables YV defined through
(36). Then,

1 m

E(YY) = Zm—HN(N —1),
Var(yN) — %%N(Z\/ _1)(2N +5),
YN _EYY) 1 (m+1)2—1

Janson derived the same result in a variety of ways, proved a corresponding local
central limit theorem, and gave different interpretations of the distribution of Y. He
also showed joint convergence of YV and B":

Theorem 3.7 ([17, Theorem 2.4]). Let BY, YV be as above. Then,

YN —E(YY) BY — E(BY)
< N3/2 ’ N1/2 >
1 (m+1)2-1

= <N(0’%W)»N(0,E)),

where the constituents on the right hand side are independent, and the matriz 3 is given
by Xij = g (0i — 7mip)-

m—+1 m+1

Let us compare these results to our findings above. We obtain from Lemma 2.14:

1 1
EyM=--—"_N_- " §y
Am+1 Am+1

which agrees with the expectation given in Theorem 3.6. Further, we have
N ?
b

E(JN) =1 ;= ———,
(/") Zm—i—l’ m+1

ag=...=am-1 =20, a,, =1,
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and find that

4 Y
and
B 1 < 1 m(m+2)
v(a,b) = m 1 17 Z’L(l +1) = % 1)

Finally, ¢ = 0, where ¢ = c(a, b) is as in Corollary 2.11. Thus, by Corollary 2.11 we have

YN — N
N3/2

1 m(m+2)

d
N O )

which is equivalent to the weak convergence assertion in Theorem 3.6, and hence estab-
lishes an independent proof. Moreover, by Corollary 2.11

e(LY, JV) —CVN

N3/2 i> N(an) = 50a

that together with Theorem 2.1 independently proves Janson’s Theorem 3.7.

Note that Theorem 3.7 as it stands does not generalize to more general distributions.
As an example let BY be multinomial with parameters N, p where p is not uniform. Here
we get from Corollary 2.11 that

e(LN, JN) — N
N3/2

L5 N(0,01(p)),

where vi(p) = (3 opd — (3o pH)?). The corresponding joint limiting distribution

(on the right hand side of (37)) is normal, but the constituents are not independent.

3.2.2 The unrestricted two component case

For the two component case of L = (Ly,...,Ly,), i.e. L,, = M, L;, = K for a k < m, and
all other L; = 0, we find

1 m(4m +5) 12 1 m(2m+1) Y, 1 k(4k +5) 2

E(Ty) = e

(Tr) 12 m+1 12 m4+1 12 k+1
1 k(2k+1 1 1 9
_MK+_mKM+_MKM
12 k+1 2 6 m+1

For K =1 this simplifies to

1 4 1
E(TL):—m( m+5) M2+_m(8m+7)—|—2k(k:+2)M+k.
12 m+1 12 m+ 1 2

Let us interpret this in terms of the Demazure modules V,,(mAg + nA;) from (30). The
random variables X,, having probability generating function the basic specialization of

THE ELECTRONIC JOURNAL OF COMBINATORICS 22(1) (2015), #P1.56 20



the character x(V,(A)) are given due to Proposition 3.5 by translations and rotations
(averaging over the random variable Sp,,) as follows

Equations (32) and (33) read as: (38)
Xy =Nm+ N(N+1)n+(-2N—-1)- 5L, + 1L,
Equations (34) and (35) read as: (39)

Xp=N?m+ NN —1)n—2N - Sy, + Ty, .

The cases covered here correspond to the cases found in [3, Theorem 4.1]. Let us restrict
for simplicity reasons to (39) for w = (s18¢)", and compare our findings to [3, Theorem
4.1], where the corresponding case is 3, (4.1)] for even N.

Theorem 3.8 ([3, (4.1) in Theorem 4.1]). For L with entries 0 except Ly, = 1, Lyt =
2N — 1, and with U = 2N — 1, u = m +n one has

E(N?*m + N(N — 1)n — 2SN + Ty (40)
_2Um(m+2) +U(U = Du(w+2)  U—1u m
B 12(u + 1) 2 2 2

Proof. We can establish (40) by the computation of the left-hand side through the linearity
of E(.) and the mean of the random variables Sy, and Ty,. That is

1 u(4u +5) Uy 1 u(Bu+7)+2m(m +2)

e S 4 U
12 uwu+1 12 u—+1 +

E(Ty)

)

m
2

and E(SL) = 1(mLy, + uL,) = £(m + uU) = $(2uN — n) which gives

1 2
E(N?m + N(N —1)n —2S,N) = —N*u = —%u.

Finally, we settle a question that was posed by Bliem and Kousidis in [5].

Lemma 3.9 (Cf. [5, Conjecture 8.3]). Fiz a dominant integral weight A and a sequence
(wy) in W2 such that [(wy) — co. Let uy be the joint distribution of the degree and the
finite weight in Vi, (A). Let fin be the distribution obtained from py by normalizing to
a probability distribution and rescaling the two coordinates individually so that supp(fiy)
Just fits into the rectangle [0,1] x [—1,1]. Then, as N — oo,

~ w
AN — 5( [CAVES IS
EICEVNESIE

where ¢ = af + « denotes the canonical central element.
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Proof. We consider only the Demazure modules Vi, s\~ (mAg + nA;) as the other cases
can be derived similarly. Let ry denote the maximal degree in these Demazure modules,
i.e.ry = N*m+N(N—1)n. Let u = m+n = (¢, A) denote the level of the representation,
and consider the random variable with probability generating function given by the basic
specialization of our Demazure module, that is

Xy =ry —2NSn +TV
=E(ry — 2NE(Spv) + TV) — 2N(Spx — E(Spw)) + (TV — E(TV))

The probability distribution of Xy and %X ~ is the first coordinate of puy and jiy for the

Weyl group element wy = (s150)", respectively. Now, equivalent to the asserted weak
convergence of iy we have

XN d U—|—2
Y
TN 3(u+1)

since

E(ry —2NSpv +TV)  14u+5 u+2

- 1=
TN 3u+1 3(u+1)

and by (11) and Corollary 2.11 we have the convergences in distribution

SLN - E(SLN) d

™ —E(TV
N — 0, and —() d

e — 0.

Since it is well known that the second coordinate of fiy concentrates in 0, the claim
follows. o

4 Fusion of symmetric power representations

The Kostka numbers are the coefficients in the expansion
[[he®) =) K. s,(x) (41)
i 13

of the product of complete symmetric functions he, in terms of the Schur functions s,. The
Kostka polynomials K, ,(q) generalize the Kostka numbers in the sense that K, ,(1) =

K, ,. They give the transition matrix between the Schur function s, and Hall-Littlewood

function P,, i.e.

sn(x) =D Kyuq) - Pu(x,q). (42)
o
A standard reference for the above functions is [23].

THE ELECTRONIC JOURNAL OF COMBINATORICS 22(1) (2015), #P1.56 22



Now, the g-supernomial S¢ ,(g) [16, 20, 25, 26, 27| is defined as the combination of
(41) and (42), i.e. as the transition between the above product of complete symmetric
functions and Hall-Littlewood functions

Se.u(q) Z (43)

An explicit form of S¢ ,(¢) is proven in [16, Proposition 5.1], where po = (g1, ..., i) is a
partition and £ € Z'} a composition such that |u| = |£] = M, as

S _ )
Seu@) = S [ [ o } (44)

— v; Vi
ZEEE
with
n—1 p1 (a+1) V(a)
o =23 (", ")
a=0 =1
and where the sum (v} 18 indexed over the sequences of Young diagrams v, ...y~
such that

Dcv®cr®c...cvt ™=yt
| =64+ & forl<a<<n—1

Remark 4.1. For n = 2 and arbitrary p, (43) agrees with the definition of g-supernomials
as given by Schilling and Warnaar [26]. See [20, §3.1] for a detailed discussion.

We define a slight variant of the above g-supernomials, which describes the string
functions in the fusion product of sl,;; symmetric power representations F, = V., *
Vigwr * - V. That is,

Seula) = qn(u)sgvu(q—l) = ¢"" Z Ky - K,W(q_l), (45)
U

where for the partition p = (u1, ..., um) we set n(p) (Cf. [19, (3.10)], [21, §2.1], [26, §2.1])
to be the normalization constant

m

n(p)=> (i—Dm= > min(u,p). (46)

i=1 1<i<j<m

Note that this normalization ensures that q”(“)K,W (¢71) is a polynomial in g.
Then, we have a fermionic formula (a positive sum of products of ¢g-binomial coeffi-
cients) for the graded character of the above fusion product F,. That is,

Proposition 4.2. Let i = (p1, ..., fim) be a partition of M. Then,

> Seula)

& weight
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Proof. Let mg denote the monomial symmetric functions. Then, with the translation
K, ,.(q) = ¢"WK, ,.(q7) where n(u) = >.(i—1)p; as in [19, (3.10)] one has [19, Corollary
7.6]:

X(Fu) = Z x(my) - IN(WL(‘])

n M

= Z Sy - Kyu(q)
n M

= Z < Z Kn7£'m5> - K u(q)
n FM & weight

= % (X Kae Fusla)) e
& weight “n FM

- Z Sgyu@)'mﬁ
£ weight

Note that all partitions except p have at most r entries, corresponding to the rank of the
Lie algebra. O]

Remark 4.3. For the graded character of fusion of fundamental representations *;V (w;; ),
Chari and Loktev prove an equivalent fermionic formula [8, Proposition 2.1.4].

Remark 4.4 (Cf. [4, 17, 22, 32]). Kirillov [20, 21] is a great source of various combina-
torial, geometric and statistical interpretations of g-supernomials Se ,(¢q). Let us shortly
remark on the geometric one. As pointed out by Kirillov [20, §1.4] it has been proven by
Shimomura [28] that the g-supernomials count the number of rational points FI¢ (F,) over
the finite field F, of the unipotent partial flag variety Fl’g . To be precise, for a composi-
tion £ € Z’ of n, a {-flag in a n-dimensional vector space V' is a sequence V; C --- C V,.
such that dimV; = & + --- +&. The set of all such flags is the partial flag variety Fl,.
We let Flg C Fl¢ be the subset of the partial flag variety Fl¢ consisting of the set of all
¢-flags F' € Fle fixed by a unipotent endomorphism u € GI(V') of type p (a partition
of n that describes the Jordan canonical form of u). Then, Fl’g is a closed subvariety of
Fl¢, the so-called unipotent partial flag variety. Now, Shimomura [28] proves that the
g-supernomials count the number of F-rational points in Fl‘g . That is, with n(u) as in
(46) one has

#FL(F,) = "W Se(q7") = S2,.(q). (47)

In particular, the basic specialization of the fusion module F, gives the number of F-
rational points in ]_[g Flg,

X(F)a) =D Seula) = ) #FLE(F,). (48)
¢ ¢
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Our Proposition 4.2 exhibits the objects that have to be analyzed in order to establish a
general central limit theorem along the same lines as Theorem 3.1. The explicit expression
(45) shows that one can interpret the g-supernomials again as mixtures of probability
distributions. For an Ansatz let

qn(H)Kn,u(q_1>

fu,n(Q): K y
NG
K, K
P(X, .— _ n,§n,u .
( e ?7) ZnKn,iKn,#

Here, f,,(q) would take the place of the inversion statistic, and X, ¢ of the mixing distribu-
tion. It should be straightforward to check the reductions to the distributions investigated
in §2 in the case of ¢g-supernomials as defined by Schilling and Warnaar (see Remark 4.1).
We pose a conjecture for further research.

Conjecture 4.5. Consider the sequence of fusion modules of symmetric power represen-
tations for the current algebra sl, @ CJt]

. « LN *Lév « LN
FMN —lel *Vle *...*Vmw’ln,

associated to the partition pu~ = (1L11V, 2L5V, e ,mLﬂNT) with LY -many i’s. Assume that as

N — oo we have .
N(Lf[,LéV,m,Lﬁ)%a%O.

Then, the central string functions and the basic specialization of the character x(F,~)
behaves asymptotically normal as N — oo.
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