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Abstract

In this paper, we extend work of the first author on a crystal structure on
rigged configurations of simply-laced type to all non-exceptional affine types using
the technology of virtual rigged configurations and crystals. Under the bijection
between rigged configurations and tensor products of Kirillov—Reshetikhin crystals
specialized to a single tensor factor, we obtain a new tableaux model for Kirillov—
Reshetikhin crystals. This is related to the model in terms of Kashiwara—Nakashima
ta}ol)eaux via a filling map, generalizing the recently discovered filling map in type
Dy

1 Introduction

Rigged configurations index solutions of the Bethe Ansatz equations used to solve in-
tegrable systems such as the XXX spin 1/2 Heisenberg chain. Despite their analytic
origin, rigged configurations have fascinating combinatorial properties. Kerov, Kirillov,
and Reshetikhin [KKR86, KR86] introduced them in type A% and showed that they are
in bijection with semi-standard tableaux. This bijection ® is defined in a rather recursive
manner which leaves many of its properties obscure. For example, the bijection preserves
certain statistics (cocharge and energy) and also maps the very intricate combinatorial
R-matrix to the identity map on rigged configurations.

Given the recursive nature of the bijection, it is desirable to explain it in more algebraic
terms. In [Sch06a] a classical crystal structure was imposed on rigged configurations for
simply-laced types by verifying that the Stembridge [Ste03] local axioms hold. This led
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to the generalization [DS06] of the Kerov, Kirillov, and Reshetikhin rigged configurations,
which correspond to highest weight elements in a tensor product of single row representa-
tions in this setting. One of the main achievements in the current paper is the generaliza-
tion of the classical crystal structure on rigged configurations to non-simply-laced types.
Since the Stembridge local rules only characterize simply-laced highest weight crystals, we
employ the method of virtual crystals initially introduced in [OSS03b, OSS03c] to achieve
this goal. The virtual crystal method realizes a crystal of non-simply-laced type in terms
of an embedding into a simply-laced crystal. In terms of the Kashiwara—Nakashima (KN)
tableaux model [KN94], it is not always easy to characterize the image of these embed-
dings in order to check that the virtual crystal is “aligned” and hence in bijection with the
expected non-simply-laced crystal. One of the major advantages of using rigged configu-
rations is that the image is easy to compute and the alignedness property readily follows
(see Section 3).

The bijection ® was generalized beyond type Ag) to arbitrary non-exceptional types
in [0SS03a] and to type ES" in [0S12] for tensor products of Kirillov—Reshetikhin (KR)
crystals indexed by the vector representation. In the spirit of [KSS02] for type Ag), it
is conjectured that ® can be extended to arbitrary tensor products of KR crystals. This
involves certain splitting maps (of the rectangles that index the KR crystals) and, beyond
type Ag), also a “filling map” as first pointed out in [Sch05] and fully established in
type DY in [OSS13]. More precisely, the recursive algorithm for ® yields rectangular
tableaux (which are not necessarily semi-standard), which we coin Kirillov—Reshetikhin
(KR) tableaux following [OSS13], that are similar to the KN tableaux appearing in the
theory of crystal bases. The filling map is a crystal isomorphism between these two
versions of tableaux. The second main result of the current paper is an explicit description
of the filling map on classically highest weight elements for all non-exceptional types.

In order to utilize the algebraic structure of crystal bases to its fullest degree, it is
necessary not only to define a classical crystal structure, but also affine crystal operators.
Since tensor products of affine KR crystals are connected [Kas02], this would provide
a description of the bijection between rigged configurations and tensor products of KR
crystals as an affine crystal isomorphism. For a single tensor factor in type D,(LI), this
was achieved in [OSS13]. In this paper, we extend the result of [OSS13] to any type that
embeds into type Dr(}). Note that semi-infinite tensor products of perfect KR crystals play
an important role in the path realization [HK02] of highest weight representations for g.
Also, the characters of KR crystals correspond to solutions of certain ()-systems, and
their corresponding modules are solutions of certain T-systems [KNS11]. It is conjectured
that KR crystals are universal objects in the category of finite-dimensional U, (g)-crystals.
In addition, tensor products of KR crystals are related to Macdonald polynomials and
g-deformed Whittaker functions [LNS*14b, ST12].

This paper is organized as follows. We begin with background on crystals, rigged
configurations, the Kleber algorithm, and their corresponding virtual counterparts in
Section 2. We provide an explicit description of crystal operators on non-simply-laced
rigged configurations in Section 3. In Section 4, the filling map for all non-exceptional
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types is described and proved on highest weight elements for a single tensor factor, along
with the existence of a statistics preserving bijection. The affine crystal structure for the
types that embed virtually into type D,(ll) is given in Section 5. We conclude in Section 6
by showing that the aforementioned bijection commutes with the virtualization map on
highest weight elements for a single tensor factor. The appendix provides a proof of a
generalization of a result of Baker [Bak00].
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2 Background

In this section we give some background information on crystals, rigged configurations,
Kirillov—Reshetikhin crystals, virtual crystals, and the Kleber and virtual Kleber algo-
rithm.

Let g be an affine Kac-Moody Lie algebra with index set I, generalized Cartan matrix
A = (Aij)ijer, fundamental weights {A; | i € I}, weight lattice P, root lattice (), simple
roots {o; | i € I'}, and simple coroots {a; | i € I}. Denote by P and @V the coweight
and coroot lattice, respectively. Our conventions for the Dynkin diagrams and Cartan
matrices follow Kac [Kac90] (see also Figure 1). Let (-,-) : P¥Y x P — Z be the canonical
pairing defined by the evaluation pairing. In particular, (o), ;) = A;;. In addition,
let go be the classical subalgebra of g with index set Iy = I \ {0}, fundamental weights
{A; | i € Iy}, and weight lattice P = Dici, ZA;.

2.1 Crystals
We begin by giving the axiomatic definition of a crystal.
Definition 2.1. An abstract U,(g)-crystal is a non-empty set B together with maps
wt: B — P, i, pi: B—=Z1{—0o0}, e, fi: B— BU{0},

subject to the following conditions:

(1) @i(b) =&i(b) + (o), wt(b)) for all i € I,

(2) if b € B satisfies e;b # 0, then

(a) gi(e;b) =¢€4(b) — 1,
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Figure 1: Dynkin diagrams for X](J). The enumeration of the nodes with I = {0, 1,...,n}
is specified under or the right side of the nodes. In addition, the numbers ¢; (resp. t))
defined in (2.7) are attached above the nodes for r =1 (resp. r > 1) if and only if ¢; # 1

(resp. t} #1).
(b) wi(eib) = pi(b) + 1,
(c) wt(e;b) = wt(b) + ay,
(3) if b € B satisfies f;b # 0, then

(a) €i(fib) = &i(b) + 1,
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(4) f;b="V"if and only if b = e;b' for b,b’' € B and i € I,
(5) if ¢;(b) = —oo for b € B, then ;b = f;b = 0.
The maps ¢; and f; (i € I) are called the crystal or Kashiwara operators.
We call a crystal reqular if
gi(b) = max{k € Z | e¥(b) #0} and ¢;(b) = max{k € Z | f¥(b) # 0} (2.1)

for all © € I and b € B. In this case, we depict the entire i-string diagrammatically as

SOyt et iy L )

)

Let By and B be abstract U,(g)-crystals. The tensor product By ® B is defined to
be the Cartesian product By x By equipped with crystal operators given by

€ib2®b1 1f€1 b2)>g0( )
by ® e;iby  if £;(ba) < i(br),
) = pi(br)
) < pi(b1)

(
ei(ba ®b1) = { (
fibe @ by if g;(be

(
)+

(b ®by) =
flba o) {b2®fib1 if &;

5i(b2 & bl) = Imax (Ez(bl) €Z(b1 g ( ) (Pz(bl))v
©i(by ® b)) = max (Qﬁi(bg), ©i(b2) + @i(b1) — €;(ba) ),
wt(by @ by) = wt(bg) + wt(by).

ba

Remark 2.2. Our convention for tensor products is opposite to the convention given by
Kashiwara in [Kas91]. The above tensor product rules can also be described by the
signature rule, see for example [HK02].

Again let By and B, be abstract U,(g)-crystals. A crystal morphism : By — By is
a map By U {0} — By {0} such that

(i) ¥(0) =0;
(ii) if z()b)e By and 1(b) € B, then wt(y(b)) = wt(b), &:((b)) = ;(b), and @;((b)) =
Pil0);

(iii) for b,b" € By, ¢¥(b),y(V') € By and f;b = b, we have (f;b) = fip(b) and ¢ (e;b') =
e, () for all i € I.
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A morphism v is called strict if 1 commutes with e; and f; for all ¢ € I. Moreover, a
morphism 1: By — By is called an embedding if the induced map B, U{0} — B, {0}
is injective.

For a dominant integral weight A, let B(A) denote the highest weight crystal with
highest weight \. Let u) denote the unique highest weight vector in B(\). Recall that in
general we can consider the classical dominant weight A = > iclo k;A\; as a partition with k;
columns of height i and width 1 (resp. width 1/2 for spin nodes i). We draw our diagrams
(and hence our tableaux) using French convention. In the Kashiwara-Nakashima (KN)
model [KN94], the elements of B(\) are given by certain tableaux of shape A. The crystal
structure is determined by the embedding B(\) < B(A;)®, where the inclusion is the
reading word given by reading down the columns from left to right. For more on this
model, see for instance [HK02, Chapter §].

2.2 Simple subalgebras

For later use, specific realizations are given for the simple roots and fundamental weights
of the simple Lie algebras of types B,,, C,, and D,,. In each case, the sublattice of P given
by the weights appearing in tensor products of the vector representation is identified with
Z". Let {¢; | 1 <i < n} be the standard basis of Z".

The simple Lie algebra B,,

Qg = €q — €qi1 forl<a<n
a, = €,
Ao=e++¢, forl<a<n (2.2)

— 1
An:§(el+---+en).

A € Z" is B,-dominant if and only if

Ao — Agr1 =0 forl<a<n

~ 2.3
An = 0. (23)
The simple Lie algebra C,
Qg = €4 — €q11 forl<a<n
o, = 2¢, (2.4)
ANo=e€+-+e, forl1 <a<n.

A € Z" is Cp-dominant if and only if it is B,,-dominant (2.3).
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The simple Lie algebra D,

Qg = €4 — €a11 forl<a<n

Qp = €1+ €,

A=+ +e¢, forl<as<n—2
(2.5)

— 1
An—l = 5(61 +o e — En)

— 1
An:§(€1+"'+€n71+€n)

A € Z" is D,-dominant if and only if

Aa — Aar1 =0 forl<a<n

g 2.6
M1+ Ay > 0. (2:6)

2.3 Rigged configurations

Set Ho = Iy X Z~o. Let ¢; and ¢ be the Kac and dual Kac labels [Kac90, Table Aff1-3],
respectively. Let (- | -) be the invariant bilinear form on P, normalized such that

V
C.

(i | aj) = = Ay .
&)

Ci v v ¢
t; = max w0 ) t; = max PR (2.7)

Moreover let (ay)qer, denote the simple roots of the classical type go except for type Agb),

where it will be of type B, (as opposed to type C,, and is the subalgebra fixed by the
automorphism o of [Kac90, Sec. 8.3]).

We now define rigged configurations by mostly following [OSS03a]. Consider the mul-
tiplicity array

We also define

L= (L € Zsy | (a,i) € Ho)

with only finitely many nonzero entries and a dominant integral weight A of go. We call
a sequence of partitions v = {v\¥ | a € Iy} an (L, \)-configuration if

SooimPa, =g Y LA -], (2.8)
(a,i)eHo (a,i)eHo

where m\” is the number of parts of length 4 in the partition ©(®). Here 7 is the identity

map except in type Agi), in which case 7 is the Z-linear map from the weight lattice of

type C, to the weight lattice of type B, such that

—B

_C A 1 <a<n,
A )=< 2

1) {QAS a=n.
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The set of all such (L, \)-configurations is denoted by C(L,\). For v € C(L, \), define
the vacancy numbers of v as

a a . .. a 1 ~ |~ . . . b
() = =D mini )L — D (@) min(tyvai, tanf)m”, (2.9)
Jj=1 % (b,j)€Ho

where
a=nand g= C'T(Ll),

Vg = a:nandg:By(Ll),

— o= DN

otherwise.

Define C*(L,\) = {v € C(L,\) | p\”(v) = 0 for all (a,i) € Ho}.

Recall that we can consider a partition as a multiset of positive integers (typically
sorted in decreasing order). A rigged partition is a multiset of pairs of integers (i, z) such
that i > 0 (typically sorted under decreasing lexicographic order). Each (7, x) is called
a string, and we call i the length (or size) of the string and x is the label (or quantum
number) of the string. Finally, a rigged configuration is a pair (v, J), where v € C(L, \)

and J = (J) e,

max J\Y < p\® for all (a,i) € Ho for which m!* > 0. In particular, the multiset .J*
has mga) elements. We define the colabel (or coquantum number) of a string (i, z) to be
pga) —x. We call a string (i, z) singular if © = pga) (or equivalently, its colabel is 0). For
brevity, we will denote the a-th part (rigged partition) of (v, J) by (v, J)@ (as opposed

to (1@, J@)). In type AP we must have z € Z + 5 forall z € Jéﬁl

2n

with each Ji(a) a multiset of labels of strings of length i in (¥ and

Remark 2.3. We use a slightly different definition of rigged configurations than the one
given in [0SS03a]. In particular, v in type BY and Y in our definition is a usual
partition as compared to %y(”) and 2v(™ of half-width or double-width as in [OSS03a],
respectively. An example of this convention choice can be seen with v, used in Equa-
tion (2.9), which are the values Pi(a) in [OSS03a]. We use this convention since it makes
the definition of the crystal structure given in Definition 3.1 more uniform.

Define the set of L-highest weight rigged configurations of dominant weight \ as

RC*(L; \) = {(v, J) | v € C*(L, ) and 0 < = < p\* for all z € J' and all (a,i) € Ho},
RC*(L) == | |RC*(L; \).
A

Example 2.4. Consider type Dél) with LgZ) = Lél)_: 1 and all other L) = 0. An
example of a rigged configuration (v*, J*) € RC*(L; 2A;) is

1[]o 058 058 o[ Jo o[ ]o

where the vacancy numbers are displayed to the left of a part and the riggings to the
right.
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Definition 2.5 ([Sch06a]). Let gy be a Lie algebra of type A,, D,, or Esrs and L a
multiplicity array. We define the set RC(L) as the set generated from the highest weight
rigged configurations RC*(L) by the application of operators e,, f, for a € I as follows.
Fix a € Iy, and let = be the smallest label of (v, .J)@.

1. Definition of e,: If z > 0, then set e,(v, J) = 0. Otherwise, let ¢ be the minimal
length of all strings in (v, J)(® which have label z. The rigged configuration e, (v, J)
is obtained by replacing the string (¢, z) with the string (/—1, x+1) and by changing
all other labels so that all colabels remain fixed.

2. Definition of f,: If 2 > 0, then add the string (1, —1) to (v, J)®. Otherwise, let
¢ be the maximal length of all strings in (v, J)® which have label z. Replace the
string (¢, z) by the string (/4 1,z —1) and change all other labels so that all colabels
remain fixed. If the result is a rigged configuration, then it is f,(v, J). Otherwise

fa(v, J) = 0.

We define the classical weight wt: RC(L) — P by solving Equation (2.8) for A\. Thus
we have

wi(r, ) = > (LR, —mi 7 (@),
(a,i)eHo

- (2.10)
= D> LR = D O @),
(a,i)eHo aclo
Note that
(o, wi(v, J)) = kap?, (2.11)

where k, = 1 except k, = 2 for type A%)T. We can extend this to an affine weight
wt: RC(L) — P by

wt(v, J) = coNg + wi(v, J),
where we lift A, — A, for all @ € I and ¢ is such that (c,wt(v,J)) = 0 with ¢ =
Y icr ¢/ oy (the canonical central element). That is to say, we make the resulting affine
weight level 0.

From Definition 2.5, we can see that applying e, for a € Iy to a highest weight rigged
configuration returns 0. So this agrees with the usual notation of a highest weight element
of a crystal. It is known that Definition 2.5 and Equation (2.10) gives a classical crystal
structure on RC(L) for simply-laced types.

Theorem 2.6 ([Sch06a, Thm. 3.7]). Let go be a Lie algebra of type A,, D,, or Egzs
and X a dominant weight in P. For (v,J) € RC*(L; ), let X(,.5) be the graph generated
by (v,J) and eq, fo for a € Iy. Then X, 5y is isomorphic to the crystal graph B(\) as
U,(go)-crystals.

Remark 2.7. In [Sch06al, elements of X, ;) were called unrestricted rigged configurations.
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There is a natural statistic on rigged configurations called cocharge. We first define
cocharge on C(L, \)-configurations by

1 ~ i~y . N (a
ce(v) == 3 Z (avg|aip) mm(tbvaz,tavbj)mg )my’) (2.12)
(a,i)eHo
(b7j)EH0
and then on rigged configurations by

ce(v, J) = cc(v) + Z Y7, (2.13)

(a,i)eHo

where |.J| is the sum of the entries in J'

Example 2.8. Consider (v*, J*) from Example 2.4. Let
f5f2f3f1f2fl(y*7 J*) = (I/a J) € X(u*,J*)a

SO

0 0 0 0

(VJ):ODEO 1 []-1 0 o o[ Jo —1[T]-1,

Then we have

ol 10 o[ 10
)= [ T]]-1 o 00 o o[ Jo —1[[]-1
o[ 10 o[ 10

W)= o[ TT]0 o o -1 []-1 o[ Jo —1[[]-1,

Next we look at fa(v, J), and after adding a box, we obtain

o[ T T ]o EII] Eb ofJo —1[[]-1,

and since pf) = —3 < —2 =max Jf), we have fo(v, J) = 0. Additionally we have
ﬁ(V,J)I—KQ—l—Kg—l—KAL—K& Wt(V,J):—A2+A3+A4—A5
ﬁ(62<1/, J)) == —Kl +K2 —|—K4 — K5, Wt(GQ(V, J)) = —Ao - A1 + A2 + A4 — A5
ﬁ(fg(l/, J)) = —Kg + 2K4, Wt(fg(y, J)) = —A3 -+ 2A4
ce(v, J) = ce(v*,J*) =1
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2.4 Kirillov-Reshetikhin crystals

Let g be an affine Kac-Moody algebra, g’ = [g, g] the derived subalgebra of g and Uy (g) :=
U,(g’) the associated quantum group. We consider a particular class of finite-dimensional
irreducible representations called Kirillov-Reshetikhin (KR) modules which are indexed
by (r,s) € Hy and denoted by Wi, 1t was shown in [OS08] that in all non-exceptional
types KR modules have crystal bases, which were described combinatorially in [FOS09].
We call these crystals Kirillov-Reshetikhin (KR) crystals and denote them by B™®. As
classical crystals, they decompose as

B™* = B(sA,) & @ B(V).

A

Explicitly we have the following classical decompositions:
e In type Ag), we have B™* = B(sA,) for all r € I,.

e In type B,(ll), we obtain A by removing vertical dominoes from an r x s rectangle for
r <mnorann X (s/2) rectangle for r = n.

e In type 07(11), we obtain A by removing horizontal dominoes from an r x s rectangle
for r < n and we have B™* = B(sA,) for r = n.

e In type DT(«}), we obtain A by removing vertical dominoes from an r x s rectangle for
r <n—1 and we have B™ = B(sA,) for r =n —1,n.

e In type Agi)fl, we obtain \ by removing vertical dominoes from an r x s rectangle
for all » < n.

e In type Aéi), we obtain A by removing boxes from an r x s rectangle for all r < n.

e In type Dgl, we obtain A by removing boxes from an r x s rectangle for » < n and

we have B™* = B(sA,) for r = n.

e In type Agiﬁ, we obtain A by removing horizontal dominoes from an r x s rectangle

for all r < n.

We note that the decomposition for general r depends only on how the affine node attaches
to the classical diagram. We let ¢ denote the type of boxes removed in each decomposition
(that is a single box, a vertical domino, or a horizontal domino).

Definition 2.9. Consider a KR crystal B™*. There exists a statistic called energy
D: B™* — Z, which on the classical component B()) is equal to the number of ¢ which
have been removed from the r x s rectangle in order to obtain A [HKO"99]. Thus the
energy is constant on all classical components. If B™® = B(sA,) (as classical crystals),
then D(v) = 0 for all v € B™*.
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Definition 2.9 can be extended to arbitrary tensor factors; see for example [ST12,
Section 4].
Next we consider a tensor product of KR crystals B = ®f\il Br%i. We define a mul-

tiplicity array L from B by L' as the number of factors B"* occurring in B. Alternative
to our notation RC(L), we also use the notation RC(B), where L is the multiplicity array
associated to B, in order to signify the ordering of the factors. In [OSS03a], it was shown
that for B = ®ZJ\L1 BY! there exists a bijection ®: RC(B) — B for all non-exceptional
affine types. The bijection ® is formed by repeatedly applying a map

§: RC(B"' ® B*) — RC(B*) x B",

where B* is some tensor product of KR crystals (in [OSS03a, B* = ®Z]\;1 BY1). The
map § generally is given by traversing the crystal B! from classically highest weight
to classically lowest weight, and for every crystal edge labelled by a € Iy, the smallest
singular string from (v, J)@ of length bigger or equal to the previously selected singular
string is removed, if possible. If it is not possible, the process stops and determines the
element in BY'. We say § returns the element of B!, For brevity, we refer to [0SS03a]
for an explicit description of 9.

Remark 2.10. Since we are using a different convention for rigged configurations than
those described in [OSS03a] (see Remark 2.3), we must make appropriate modifications
here to the map 0.

In addition to the map J, we require the following maps for defining ® on arbitrary
tensor factors

Is: RC(B™ ® B*) — RC(B™ @ B '® B*) ifs>1,
It: RC(B™ ® B*) = RC(B" @ B "' @ B*) ifr>1.

The map Is on a rigged configuration is the identity (perhaps with larger vacancy numbers;
s0 it is well-defined). The map It adds a length 1 singular string to (v, J)® for 1 < a < r.
A straightforward computation shows that this preserves the vacancy numbers and hence
is well-defined.

When the left factor is a spinor column B™!, which happens in type BY when r =n
and DS) when r» = n—1 or n, the application of It needs to be modified. We must perform
a “doubling map” before applying It, and then a “halving map” once we have completed
the column. The doubling map is generally given by

(2.14)

and the halving map is the inverse.
For B™® in type B,(LU, following [FOS09, Lemma 4.2] our doubling map also consists

of embedding this into type Aéi)_l with 7" = 20 and Eg? = L) for r < n, with
7™ = ™ and LW = Lé”), and does not change the labels (our convention choice
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for rigged configurations can be seen here). We then perform the usual Aéi)_l bijection
algorithm on the leftmost factor, followed by the halving map.

For B™® withr =n—1,nin type DSL ) the doubling map on the rigged configuration is
given by Equation (2.14) Wlth L2S = L. We perform the doubling map after performing
Is. Next we must apply

6" RC(B™* ® B*) — RC(B™ @ B" "' @ B*),
which is given by the usual algorithm for & but starting with »"). We then apply

0" RC(B™ ® B "' @ B*) — RC(B"*' ® B),

which is given by the usual algorithm for § but starting with »»~2. We then proceed

with It and 6 as we normally would until we finish the column. After this, we perform
the halving map. For an alternative description of the map ® for type DY spinors,
see [SchO05].

For simplicity, we consider ¢ := ¢ o It, and it is straightforward to show that this is
equivalent to beginning at v (instead of ¥()) and following the usual procedure of 4.
From now on, if there is no cause for confusion, we will write 0 for ¢’ in the remainder of
the paper. One of the main results in this paper will be the definition of the analogues of
It and Is on B itself. Then, defining a map ®: RC(B) — B that commutes with ls and
o', we have the following conjecture.

Conjecture 2.11. Let g be an affine Kac-Moody algebra and B = ®zj\il B"% a tensor
product of KR crystals of type g. The map ®: RC(B) — B is a bijection. In addition,
® o f sends cocharge to energy, where 6 maps each rigging = to its colabel.

Note that restricting ® to classically highest weight elements implies the X = M
conjecture of [HKO*99, HKO*02].
Conjecture 2.11 is known on highest weight elements in the following cases.

For type A% [KSS02].

[ J
e For B=®?, B in all non-exceptional types [0SS03a, SS06].
e For B=®., B"! in types Dgl, Aéi) and C" [OSS03b] and type D [Sch05].

e For @Y, B in type E [0812]

Conjecture 2.11 was also verified by computer for tensor products for non-exceptional
types up to rank 4, up to 2 factors of the same level, and s < 2. See [Scrl5| for some
sample code.

We also have the following refinement of Conjecture 2.11.

Conjecture 2.12. Let g be an affine Kac-Moody algebra and B = ®fV:1 B™% a ten-
sor product of KR crystals of type g. The map ®: RC(B) — B is an affine crystal
isomorphism.
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Given that ® is a classical crystal isomorphism, we can in principle extend ¢ to an
affine crystal isomorphism. Since ® preserves the weights, it suffices to show that & is
a bijection that commutes with the classical crystal operators for Conjecture 2.12. For
type AL, it was shown in [KSS02] that ® is a bijection and in [DS06] that it intertwines
with the crystal operators. For type DY commutativity with the crystal operators was
shown in [Sak14], however currently @ is only known to be a bijection for single columns
and single rows [SS06, Sch05]. Conjecture 2.12 has been verified by computer for non-
exceptional affine types up to rank 4, up to 2 factors, and s < 2.

The combinatorial R-matrix is the affine crystal isomorphism R: B»*®B"* — B"*'®
B™* mapping u, s @ U ¢ 10 U ¢ @ Uy 5, Where u, s is the unique element in B™* of classical
weight sA,. In general, it is hard to give an explicit combinatorial description of this
map. Since R is conjectured to be the identity on rigged configurations (proven in certain
cases), the bijection ® would give an explicit way to obtain the combinatorial R-matrix.

2.5 Virtual crystals

We now recall the notation of virtual crystals [OSS03b, OSS03c|. Let g be any non-
simply-laced affine Kac-Moody algebra, and consider the well-known natural embeddings
of algebras [JM85]:

O, Ay, AR DL A

(2.15)

Let g denote the simply-laced type under the image with index set 7. Let T and T be
the Dynkin diagrams of g and g, respectively. These embeddings arise from the diagram
foldings ¢: I' N\ I which fix the affine node. By abuse of notation, we will also denote
the corresponding map on the index sets by ¢. In addition, we require scaling factors
¥ = (Ya)aer defined in the following way:

1. Suppose I' has a unique arrow.

(a) Suppose the arrow points towards the component of the special node 0. Then
Yo = 1foralla el

(b) Otherwise, 7, is the order of ¢ for all a in the component of 0 after removing

the arrow and 7, = 1 in all other components.

2. Otherwise I" has 2 arrows and embeds in Agln)_l. Then v, =1foralll <a<n—1,
and for a € {0,n}, we have v, = 2 if the arrow points away from a and v, = 1
otherwise.

Remark 2.13. Note that for the first set of embeddings in (2.15), we have [¢~!(a)| = 2,
Yo = 1for a # 0,n and [¢~'(a)] = 1, 7, € {1,2} for a = 0,n. For the second set of
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embeddings in (2.15), we have |¢~(a)] = 1 for a # n, |¢p~'(n)| = 2, and 7, = 1 except
for v, = 2 for 0 < a < n and type BY.

Overall (including the exceptional cases) note that all orbits under ¢ have either 1 or
the order of ¢ elements. Also for any fixed a € I, we cannot have 7, # 1 and |¢p~(a)| # 1
simultaneously. In addition, if v, # 1, then v, equals the order of ¢.

The above embeddings of algebras yield natural embeddings ¥: P — P of weight
lattices as

Aa = Ya Z Kba

beg—(a)

Oy > YVa Z Qp.
)

bep—1(a

This implies that W(§) = co0d, where ¢ is from Table Aff 2 in [Kac90] (denoted by ay)
and ¢ (resp. d) is the minimal positive imaginary root in P (resp. P).

Definition 2.14. Let B be a U, (g)-crystal and V' C B. Let ¢ and (7,)aer be the folding
and the scaling factors given above. The wvirtual crystal operators (of type g) are defined
as

v oL “Ya
e ] &

beg—(a)

fo= 11 &
)

bep—1(a

A wirtual crystal is the pair (V, B) such that V has a U, (g)-crystal structure defined by

€q ‘= 62 fa = f;}

Ea =715 Vo =7, Pb (2.16)

for any b € ¢~!(a).

Remark 2.15. The order in which the operators in e and f! are applied does not matter
since b, are not connected in I' for all b # 0’ € ¢~ '(a). Also the fact that g, and o,
as defined in (2.16) are indeed the string lengths of the U, (g)-crystal is a property called

“aligned” in [OSS03b, OSS03c].
We say B virtualizes in B if there exists a U (g)-crystal isomorphism v: B — V for
some virtual crystal (V] E) The resulting isomorphism is called the virtualization map.

In subsequent sections, we will denote an object S associated with g by S for the
corresponding object in g.
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We modify Definition 2.14 for classical types by using U,(go) in place of U;(g) and
restricting Equation (2.15) to the corresponding classical types:

C,,C, B, B, — Ay,
B,,C, — D,
Fy, Fy — FEg
Go, Gy — Dy.

(2.17)

Note that for the exceptional types, there are different scaling factors (v, )aez, in each of
the embeddings above. For the non-exceptional types, the classical embedding are the
same.

The following result is due to Baker [Bak00] when gq is of type As, 1 and we show
the other cases in Appendix A.

Theorem 2.16. Let gg be of classical type. The highest weight crystal B(\) virtualizes in
B(¥(X)) with the virtualization map v given by v(uy) — uwy) and extended by f, — f
(recall uy is the unique highest weight element in B(\)).

We note that Baker’s result is for the restriction of CS", D,(izl — A%)_l, but the
other cases of Aéi), A%)T — Aé}j_l considered in [OSS03b] gives the same classical virtu-
alization.

It is clear that if (13, El) and (V4, Eg) are virtual crystals, then (V; & V5, §1 P Eg) is
a virtual crystal. Moreover, virtual crystals are closed under taking tensor products.

Proposition 2.17 ([OSS03b, Prop. 6.4]). Virtual crystals form a tensor category.

We note that the proof also holds for classical types since it is a statement about the
tensor product rule.
Next we restate a conjecture given in [OSS03c, Conj. 3.7].

Conjecture 2.18. The KR crystal B** virtualizes into

Bas_ | B @B ifg =AY AP and a = n,
B ®bg¢71(a) Bb7as  otherwise.

This conjecture is known for B™! in types Dfizl, Agfj and C" [OSS03b] and B* for
all non-exceptional types [OSS03c].

2.6 The (virtual) Kleber algorithm

Next we recall the Kleber algorithm [Kle98|. Let g be an affine type whose canonical
classical subalgebra is of simply-laced type.

Definition 2.19 (Kleber algorithm). Let B be a tensor product of KR crystals of type g
with multiplicity array L. We construct the Kleber tree T'(B) whose nodes will be labelled

by weights in P and edges are labelled by dpyy =T —y € Q" \ {0} recursively starting
with Tj consisting of a single node of weight 0.
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(K1) Let T} be obtained from T,y by adding >0 Ag >, L' to the weight of each
node.

(K2) Construct T, from T} as follows. Let x be a node at depth ¢ — 1. Suppose there is

a weight y € P’ such that s —y € Q \ {0}. If = is not the root, then let w be
the parent of . Then (w — x) is larger than (z — y) component-wise expressed as

a sum of the simple roots «; (equivalently we have d,,, — dyy € Q" \ {0}). For all
such y, attach y as a child of x.

(K3) If Ty # Ty_1, then repeat from (K1); otherwise terminate and return 7'(B) = Tj.

Now we convert the tree to highest weight rigged configurations as follows. Let x be a
node at depth p in T'(B), and 2@ M 2 = g be the weights of nodes on the path
from the root of T'(B) to x. The resulting configuration v is given by

mga) _ (x(i—l) — 220 4 4G+1) )

where we make the convention that © = ) for all £ > p. In other words, there are j rows
of length i in v(® where j is the coefficient of «, in the difference of the corres;aonding
edge labels. We then take the riggings over all possible values between 0 and p§“ .

For non-simply-laced types, we modify the algorithm by using virtual rigged configu-
rations. The resulting algorithm is known as the virtual Kleber algorithm [OSS03c].

Definition 2.20 (Virtual Kleber algorithm). The virtual Kleber tree is defined from the
Kleber tree of B in the ambient type, but we only add a child in step (K2) if the following
conditions are satisfied:

(Vl) (y | ab) = (y | &b/) for all b, b e gb_l(a).
(V2) If £ — 1 ¢ ~,Z, then for w the parent of x, the a-th component of d,,, and d,, must
be equal.

Let T\(B) be the resulting tree, which we will call the ambient tree, and let v = max,ecs 7,.
We now select nodes which satisfy either:

(Al) yis at depth ¢ € 4Z, or

(A2) (duy | Ay) = 0 for every a such that 1 < v = ~,, where z is the parent of y.

To construct the rigged configurations from the selected nodes, we take the devirtualiza-
tion of the resulting virtual rigged configurations (with the appropriate riggings) obtained
from the usual Kleber algorithm.

3 Crystal operators for rigged configurations in non-simply-
laced types

In this section, we show using Theorem 2.16 that there exists a classical crystal structure
on rigged configurations given by Definition 2.5 for non-simply-laced finite types.
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3.1 Virtualization map

We define the virtualization map on rigged configurations as in [OSS03b, OSS03c, Sch06b,
SS06]. In order to do so, we must make a modification to the scaling factors (v4)aer by
Ya ifa#norg# AL, ALY
Yo=141 ifa:nandg:Agi),
2 ifa:nandg:Agi)T.
The reason for this modification is due to the fact that we use the virtual embedding
B™® —— B™* @ B™* of the type Agi) or Aéﬁ}* KR crystal into type Agln)_l, rather than

B of type A;l)_l. In light of Conjecture 2.18, we define

~

7o

Yal

7(b)
L;

L' for b e ¢ (),
0 ifj €72,

except for g = AP, AP and @ = n in which case L™ = 2L{™.
The virtualization map v from rigged configurations of type g # Agiﬁ to rigged con-

figurations of type g is given by [0SS03¢, Thm. 4.2]

m’(w“?z = mga)’ (3.1)

j%)z = %Ji(a)v .
for all b € ¢$~!(a). For g = A%)T, we use the virtualization map [SS06, Def. 7.1/Thm. 7.2]

mgb) _ mga)7

7 =50 .

~

We note that this is the same as Equation (3.1) except for a = n. Let (v, J) denote the
resulting virtual rigged configuration. Under the virtualization map, we have [OSS03c]

P = 1ant”, (3.3)
ce(v, j) = o cc(v, J), (3.4)

for all b € ¢~*(a), except for g = Agi” and a = n, where we have

" ="

3.2 Crystal operators

We begin by giving an explicit description of ¢, and f, for a € Iy for non-simply-laced
rigged configurations.
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Definition 3.1. Define the crystal operators f, and e, for all types except Agi) and A%)T
with @ = n as in Definition 2.5. For ASBT, the algorithm is modified for e, by adding
1/2 to the new label and for f,, by removing 1/2 from the new label or the added length
1 string is given a label of —1/2. For Agb), the algorithm for e, and f, for type AgL)T is
performed twice.

The maps ¢, and ¢, are defined by (2.1) and the weight is given by (2.10).

Example 3.2. Consider g of type AY and (v,.J) € RC(B*?2) to be

0[]0
O o[ 7o 0

The first application of the algorithm for f3 in type Ag)T results in

0 0
b oo o[
and so we have -
0 0
f3(y7‘]): 0 ODO -1 ‘ ‘_1

Proposition 3.3. Let g be of affine type. Fix some a € 1y. Let x be the smallest label of
(v, J) @, s =min(0,2), and k, = 1 except k,, = 2 for type Aéiﬁ. Then we have

eo(v, J) = —kgs wa(v,J) = k:a(pg‘;) —5).

Proof. We note that unless g = ASB, Agiﬁ and a = n, we have k, = 1. The proof that
wa(v, J) = pgé) — s was originally given for simply-laced types in [SchO6a, Lemma 3.6],
whereas ¢,(v, J) = —s for types A and DY was given in [Sak14, Theorem 3.8]. For

non-simply-laced types, we separate the proof into cases depending on the value of k,.

Case k, = 1:
Let either a # n or g not be of type Aéi) The proofs for ¢, and ¢, hold verbatim
because the vacancy numbers for v(® change as in the simply-laced case and the proof
only involves (¥,

Thus assume g is of type Agi) and a = n. The proof is the same as in [Sch06a, Sak14]
except everything is scaled by 1/2. Since we apply this algorithm twice, the claim follows.

Case k, = 2:

Therefore g = Agiﬁ and a = n. The proof that pE..’?) — s changes by 1/2 is the same as
in [Sch06a] except everything is scaled by 1/2. Since we multiply this by k, = 2, the
claim follows. Similar changes apply to &, in comparison to [Sak14]. O

Remark 3.4. Proposition 3.3 immediately implies that (), wt(v, J)) = @u(v, J) —ea(v, J)
using Equation (2.11). This shows that Definition 3.1 defines an abstract crystal in the
sense of Definition 2.1.
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3.3 Crystal operators and virtualization

To show that the virtualization map v defines a virtual crystal, we must first prove a
lemma showing that applying fJ* and e} on the ambient rigged configurations gives us
another element in our image under v.

Lemma 3.5. Fiza € Iy and~y € Z~q. Consider a rigged configuration (v, J) with ml(-a) =0
for alli ¢ vZ and x € YZ for all x € Ji(a) and i € Z~g. Let 1 < k < 7y, and suppose e,
and f, act on the string ({,z,) in (v, J) . Then (v, J) and f*(v, J) send (¢, z,) to the
string (¢ F k,z, £ k). Moreover, f)(v,J) and e)(v,J) both have mE“) =0 for alli ¢ YZ
and x € yZ for all x € Ji(a) and 1 € Zwg.

Proof. We consider f*(v,J). Let ¢ be the maximal length of all strings of the smallest
label z; in (v,.J)®. Since ¢ is the largest such string, all strings of length at least ¢ have
labels © > x;+~. Thus when we apply f, to (v, J), the new string in (v, J)@ is ({+1, z})
with 7, , = z,—1 and all strings (i,z) € (v, J)@ of length i > ¢+1 have labels 2’ = z—2.
Thus we have ' > x},+~ — 1. Therefore applying f, to (¢/,J), we act on ((+1,2,—1) as
before. Also note that pga) does not change for any ¢ < ¢, therefore JZ.(“) for ¢ < ¢ does not
change either. Iterating this we obtain a new string ({+k,x,—k) and x > (x,—k)+v—k
for any string (i, ) € f*(v, J)@ with i > £+~. Hence f, acts on the string (¢ + k, z, — k)
again. Taking k = v we get our second claim. The proof for e, is similar. O

In other words, given the conditions of Lemma 3.5, ¢f and f* act on the same string
for all 1 < k < 7y (see also [Sakl14, Proposition 4.10]).

Remark 3.6. Consider type Aéi) with f,. We note that since all riggings in (v, J) are

integral and the first application of the type Agiﬁ algorithm changes the selected rigging
by 1/2, the second application of the algorithm will act on the same string similar to
Lemma 3.5. Thus all riggings in f,(v, J) will be integral. A similar statement holds for
€n-

We also need the following key fact.

Proposition 3.7. The crystal operators defined in Definition 5.1 commute with the virtu-
alization map v: RC(L) — V C RC(L), where V is defined by Fquations (3.1) and (3.2).

Before we give the proof, let us provide an example.

Example 3.8. Using the rigged configuration (v, J) from Example 3.2, we have

. 0[]0
@, J)= 10 o[ ]o Ho o[ Jo 0

- o[ 1o
@ )=0 " o Jo 1 ]-1 o[Jo 0
A o[ 10

Ew =0 " o[Jo 2 -2 o[ Jo 0.

The last line can be seen as the virtualization of f3(v,J) in Example 3.2.
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Proof of Proposition 3.7. We will handle types Aéi) and A%)T separately, so we consider
(a)

7

the case when 4, = ~, for all @ € I. If we write pga) = D s min(i,j)LEa) —q
from [Sch06b, Eq. (3.2)] we can express

a Aq . .
ql-( ) = Z Zab Z min (7,7, q/bj)m;b). (3.5)

belo 10 ez

For explicit expressions for qﬁa) in all non-exceptional affine types, see [OSS03a] (for
example Equation (4.2)). From the definition of the (virtual) crystal operators, Equa-
tion (3.3), and Lemma 3.5, we have f,(v,J) = 0 if and only if f¢(v(v,J)) = 0. Note
that in the virtualization map, we do not simultaneously have v, # 1 and [¢~(a)| # 1
for any fixed a € Iy by Remark 2.13. Thus we have the following 3 disjoint cases. Let

~

@,7) = v(v, J).

Case 7, = 1 and |9~ (a)| # 1:

Since 7 = D®) for all b,b' € ¢~'(a), their images under f’ agree, so we only need to
check the vacancy numbers on neighboring v*), that is k such that {k,a} is an edge in
the Dynkin diagram of g. If for any ¢ € ¢~'(k) such that 7(® is not a common neighbor
of 7® and »®) (if it holds for some ¢ € ¢~'(k), then it holds for all ¢ € ¢~ (k)), we have
v = 1 and so fY(v, j) € V. Also for all b € ¢~ '(a) and ¢ € ¢~ '(k) adjacent to b, we have
Aur = Ape, and therefore vo f, = fY ow.

Now suppose ¢ = ¢~ (k) is a common neighbor (note that |¢~*(k)| = 1). This occurs
fora =n—1and k = n with g = Cr(Ll),Dgl,A%),Agiﬁ, for @ = n and kK = n — 1 with
g=B", AP | fora=2and k=3 withg=F", E” anda=1and k = 2 with g =
G5V, D). In this case }356) is increased by |¢~1(a)| for all j > 7; '7,i, where i is the length
of string f, acts on (equivalently f?). Thus the riggings are also increased by |¢~'(a).
Recall from Remark 2.13 that if 7, # 1, then v, = ¢! (a)|, so f2(7, j) € V. Looking at

fa(v, J), from Equation (3.5) we see the change to pg-k) is — Ay, for all j > v, 'y.i. We

note that — Ay, = 7, ' |¢~!(a)|, which can be seen by direct computation. Therefore we
have vo f, = fY ow.

Case v, # 1 and |¢(a)| = 1:
By Equation (3.1) and Lemma 3.5, applying f?! = f;”a adds boxes to the same string

and changes the rigging by —v,. Thus f?(v,J) € V, and from the definition of f, and
a straightforward check of the vacancy numbers similar to the previous case, we have

Uofa:féjov'

Case 7, = 1 and |¢(a)| = 1:

—~

Trivially we have fY(v,J) € V, and a straightforward check of the vacancy numbers
similar to the first case implies vo f, = f ow.

Now for type Agi), we have 7, = 1 for all a € Iy. Furthermore because f’ = ﬁ% and
the algorithm for f,, does the usual algorithm twice but the changes in the riggings and
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pgn) are scaled by 1/2 =~ 1, we have vo f, = f’ o for all a € I. For type Agiﬁ, it has
the same virtualization map on the partitions as type Agi), but with f’ = f,. Thus from
the definition of f,, we have vo f, = f2 ov.

Similarly for all types/cases we have v oe, = e ov for all a € I. ]

Lemma 3.9. Let g be of affine type. The crystal RC(L; \) of type go virtualizes into
RC(L; U(N)) with virtualization map v given by Equations (3.1) and (3.2).

Proof. By the definition of v, condition (2.1) for a crystal morphism is satisfied. Con-
dition (2.1) is satisfied by Proposition 3.7. The condition that the weights agree is easy
to see from our definition of the virtualization map. The remainder of condition (2.1)
holds because of the computation of ¢, and ¢, in Proposition 3.3, Equation (3.1), and
Equation (3.3). By Lemma 3.5, Proposition 3.3, and the fact that we have defined these
as regular crystals, we have that v is a bijection. Therefore v is a crystal isomorphism. [

We note that we can characterize the image of v by using Equations (3.1) and (3.2).
Moreover, by weight considerations this virtualization map is the unique virtualization
of RC(L) into RC(L) up to permutation of the classical components. Thus we have the
extension of Theorem 2.6 to all finite types (with possibly different rigged configurations
coming from the affine type).

Theorem 3.10. Let g be an affine Lie algebra. For (v,J) € RC*(L; ), let X, ) be the
crystal generated by (v,J) and eq, fo for a € Iy. Then X, y) is isomorphic to the crystal
graph B(X) as U,(go)-crystals.

Proof. This follows from Theorem 2.6, Theorem 2.16, and Lemma 3.9. O
We also have that cocharge is invariant on each classical component.

Proposition 3.11. Consider a classical component X, 5y as in Theorem 3.10. The
cocharge cc is constant on X(v, J)-

Proof. In [Sch06a, Thm. 3.9], it was shown that cocharge is constant on classical compo-
nents in simply-laced types. From Equation (3.4), we have that cocharge is constant on
classical components. O

We could also prove Proposition 3.11 directly by a similar argument to [Sch06a, The-
orem 3.9].

Corollary 3.12. The maps Is and It are strict crystal embeddings.

Proof. Since Is is the identity map on the rigged configurations and preserves the weights,
it must be a strict crystal embedding by Theorem 3.10. Since 1t adds singular strings
of length 1 to @ for a < r and preserves the vacancy numbers, a straightforward
check shows the resulting rigged configuration also preserves the weight. Additionally
It commutes with e, and f, by similar argument to [DS06, Lemma C.3]. Therefore by
Theorem 3.10, it must be a strict crystal embedding. O
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4 The filling map

In this section we describe the filling map for all non-exceptional types on a case-by-
case basis, extending the results for type DY in [OSS13]. Philosophically, the map ®
between tensor products of KR crystals and rigged configurations consists of a sequence
of splitting maps and . For each factor B in the tensor product, the map ¢ is applied
rs times and results in rs letters in BY!. However, if an element b € B™® is in the
classical component B(A) C B™*, its KN tableaux representation has shape A. The
filling map fill: B™* — (B%)®™ makes the link between the KN tableaux and the map
® by effectively “filling in” the shape A to an r x s rectangle. Here we describe the
explicit image of fill for the classically highest weight elements and then extend it as a
classical crystal morphism. We consider (B%1)®"¢ as an r x s rectangle where the classical
crystal structure is given by the column reading word. We denote this (classical) crystal
by T and call the resulting column-strict tableaux Kirillov-Reshetikhin (KR) tableaux
following [OSS13]. We will also show that the filling map corresponds to the exact image
of ® on highest weight elements for a single factor B™*.

Remark 4.1. In [KN94, HK02], the tableaux for the spin cases of B(A,,) in type B,, and
B(A,_1) and B(A,,) in type D, are given in terms of half-width columns of height n filled
with {+, —}. These tableaux can be identified with full-width columns where + (resp. —)
at height i goes to i (resp. i) sorted to be strictly increasing. This is a virtualization map
with v, = 2 for all a € Iy, so that in particular ¢! = €2 and f’ = j/’\f for all a € Iy. This

corresponds to the natural embedding of B(A) in B(2)) (with &, and f, as in [HK02]).

Note that for type A,(ll), the filling map is the identity since B™* = B(sA,.) classically
in this case. We begin in Section 4.1 by recalling the filling map in type DY [OSS13] and
then proceed onto all other non-exceptional non-simply-laced types.

4.1 Filling map for type DV

We first recall from [Kl1e98] the structure of the Kleber tree for B™* in type DY as it will
be needed later. We begin by considering the spinor cases, i.e. » = n —1,n, in which case
the Kleber tree is trivial — it consists only of the root. Thus the only highest weight rigged
configuration for both spinor cases is the empty rigged configuration (where v(* = ) for
all a € Iy). Hence the unique highest weight tableau is given by s columns of the form
[1,...,n—1,7] for r = n — 1 and of the form [1,...,n| for r = n and the filling map is
the identity map (recall that we are using doubled spin columns, see Remark 4.1).

Next we consider the case r < n—1. The Kleber tree structure was originally described
in [K1e98, Sec. 3.5] and the resulting rigged configurations were given in [OSS13, Prop.
3.3]. We give a proof here for completeness as some of the details are used for other types.
Let A denote the complement shape of A in an r x s rectangle and let ul™ denote the
partition p but with the first m rows removed. Let p'/? be the partition with multiplicities

mi(p) /2.
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Lemma 4.2. [0SS13, Prop. 3.3] Let B™ be a KR crystal of type DY with r < n. We
have

C(B"™*) @RC B \),
where X\ is obtained by removing vertical dominoes from an r x s rectangle. Moreover, the
highest weight rigged configuration in RC(B™%; \) is

[r—a]

A

1<ax<
V@ = X r<a<n—1 (4.1)
~1/2
A a=n-—1,n,

with all riggings 0.

Proof. For Ty in Definition 2.19, we have one node ¢, := A,. Next, to obtain other
dominant weights, we can only subtract

o) =, o1 200 gppa + o+ 2k10 4 2k o+ ko R, = A, — Ao,
by (K2) of Definition 2.19 where 1 < k; < r/2, resulting in A,_5,,. Pictorially, this
removes ki vertical dominoes from the single column of height r. This yields all possible
children of ¢;.

Next we add A, to all nodes of T} to get T 5. We now consider a particular leaf = that
was obtained from its parent using a*"). To obtain all children of z, we can only subtract
a®2) where k; > ky > 0 by the additional conditions in Step (K2) of Definition 2.19.
Thus this changes the newly added A, to A,_o,, and this is the only possibility because
otherwise we would have to subtract «, for some a < r —2k; + 1, violating (K2). Ranging
over all leaves we obtain T,. We can iterate the above to see that for any leaf in T'(B™*),
we must have a sequence 7/2 > k; > ky > -+ > ks > 0. Note that there are exactly s
steps needed to construct T'(B™) since we can only change the newly added weight at
each step. Furthermore, each sequence gives rise to a unique dominant weight.

Fix a node x € T(B"*) at depth p and a sequence r/2 > ky > ky > --- > k, > 0
which denotes the path to 2 and a®) = 201 — 2 Following the convention given
in Definition 2.19, we have k, = 0 for all ¢ > p. Now fix some 1 < 7 < p, and let
di = kl — k'i+1. We have

ki)

o ki) =Qp_oki+1 + 20 _op 42 + -+ 2di0_op,  + 00+ 2di0 g + djc, 1 + diau,.

Therefore, we have

0 1<a<<r—2k
@ _ J)2(a—(r—2k)) r—2k <a<r—2k
M = 2d; r—2ki+1<a<n—1,
d; a=n-—1,n,
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since (g | Ay) = . It is straightforward to see this is our desired v (you can also
consider the term cqa, in a*) corresponding to adding a column of height 2¢, to v(¥).
Since all of the resulting vacancy numbers are 0, the only possible riggings are all 0. Thus
we have the desired rigged configuration. O]

Note that since we remove vertical dominoes here, Xl/Q is well-defined.

Example 4.3. Consider T(B'28) in type DS and the sequence
kf1:5 2 k’2:5 2 ]{33:3 2 ]{34:2 2 ]{35:2 2 1{36:1

Therefore A = 2A15 + Ao + 2Ag + Ag + 25, and we have

d1:O
dy =2
y(12): :X,
ds =1
dy =
ds =1
dg =1

where the grey shaded region corresponds to .

Consider the classical component B(A) C B™® corresponding to some shape A =
kA, 4+ kr—oA,_o 4+ ---. We want to describe the image of the highest weight element of
highest weight A under the map fill: B(X) < T"*. The resulting tableau ¢ was described
in [OSS13] and is constructed as follows. Let k. be the first odd integer in the sequence
(ky—o,kr—g,...) and if k. does not exist, then set ¢ = —1. The process proceeds by
induction on the columns of ¢ from left to right.

(1) The first k, columns of ¢ are filled with [1,2,...,r —1,r].

(2) For kj, where r > h > ¢, add | kp,/2] times the pair of columns [1, o hT o R+ 1
then [1,2,...,7 — 1,7].

(3) Let h be a column of A and z = ¢+ 1. Add the column
[1,...,h—1,h,7"—(a:—h—2),...,r—1,7",?,...,3:4—1,5].

Now set z to be the (h+1)-th letter of the previously added column and repeat (4.1)
for all columns of height h < c.
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(4) If ¢ > —1, let = be the final value we obtained from (4.1). The rightmost column is
filled with

[1,2,...,(r+a:—1)/2,m,...,m+1,f].

Recall the (affine) crystal isomorphism ¢: B™* — RC(B"™*) given in [OSS13]. This map
is natural in the sense that it maps classically highest weight elements to their unique cor-
responding classically highest weight rigged configurations of the same (classical) weight.
The uniqueness comes from the fact that the classical decomposition is multiplicity free.

Definition 4.4. The (classical) crystal morphism fill: B™ — T is given by the filling
procedure above on highest weight elements and extending it as a crystal morphism.

Theorem 4.5 ([OSS13, Thm. 5.9]). Let B™® be a KR crystal of type DY, Then
® = fillo, ™

on highest weight elements with fill as in Definition 4.4.

4.2 Filling map for type CV

421 r<mn

Let %,u denote the partition by scaling each row by 1/2.

Lemma 4.6. Let B™® be a KR crystal of type V) with r < n. We have

RC(B™) = EORC(B™*; \), (4.2)

where X is obtained by removing horizontal dominoes from an r X s rectangle. Moreover,
the highest weight rigged configuration in RC(B™*; \) is given by

I/(a) — A
1
2

with all riggings 0.

Proof. Recall that we realize B™*® of type OV as a virtual crystal in B™* @ B*~"¢ of type
Agz)_l. We will prove the assertion by constructing the ambient Kleber tree, selecting the

virtual nodes, and then pulling back to the type cM setting. Let us begin by constructing

the ambient Kleber tree. For fl’ in Definition 2.19 we have one node ty := A, + Aoy,
Next to obtain other dominant weights, we first consider moving to the “nearest” dominant

~

weight A, 1+ Aa, .11 by subtracting the root .9, := Qp+0py1+- - *+Qoy,_,. Pictorially,
this is moving a box from the column of height r to the column of height 2n — r. Now
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to obtain the next sibling weight, we add @,_; 2,—,+1. In general, to get to all possible
children of ¢y, we add

a(kl) = ar—k1,2n—r+k1 + EY\r—k:l—&-1,271—7“4—161—l +-+ ar,2n—r
= Qp_py + 20 —py41 + -+ (b1 — Doy + k10 + k1o (4.3)
+ee klaanr + (kl - 1)a2nfr+1 +ooe 4+ a2n77’+k1

for some r > ki >0 to to to obtain the other weights in ﬁ. Next we add A, + As,,_, to all
weights of 17 to get T5. We consider a particular leaf  that was obtained from its parent
using @*V). To obtain all children of z, we can only subtract a*2) where k; > ky > 0 by
the additional conditions in Step (K2) of Definition 2.19. This is because from (K2), we

can only change the newly added A, and As,_, to KT_;Q and Kgn_r+k2, respectively, as
otherwise we would subtract &, for some a < k; and/or a > 2n—k; (i.e. move boxes from
the recently added column of height  to the one of height 2n —r and keeping the partition
shape), violating (K2). Ranging over all leaves, we obtain T;. We can iterate the above
to see that for any leaf in T\(B), we must have a sequence r > k; > ko > -+ = kg > 0.
Note that there are exactly s steps needed to construct f(B) since we can only change
the newly added weights at each step. Furthermore, each sequence gives rise to a unique
dominant weight.

For the virtual Kleber tree, condition (V1) of Definition 2.20 is satisfied by the sym-
metry of the @%) under the folding; namely by Equation (4.3) the coefficient of @, in a(%)
is the same as the coefficient of @y, _,. In order to satisfy (V2) of Definition 2.20, we must
have k; = k;_; for all i € 2Z using the convention that k; = k; for all j > s. This comes
from the fact that v, = 2 and 7, = 1 for 1 < a < n, so that (V2) requires the coefficient
of @, in a*) to be equal to the same coefficient in @*1), which means k; = k;_;. Thus
we can only select nodes at even depth and the selected weights after devirtualization
correspond to removing horizontal dominoes. We note that k; is the number of horizontal
dominoes removed from the (r —i)-th row of an r x s rectangle. From the description of
a) we have the desired rigged configuration. O

Recall that the classical decomposition of B™® for r < n is given by weights obtained
from sA, by removing horizontal dominoes. We note that Lemma 4.6 and Theorem 3.10
imply that there exists a natural (classical) crystal morphism ¢, which maps the classical
component RC(B™*; \) to the unique corresponding classical component B(A) C B™*.
This morphism is a (classical) crystal isomorphism, in analogy to type DY given in
Section 4.1. In subsequent sections, we prove lemmas analogous to Lemma 4.6 in other

types. Hence we obtain crystal isomorphisms ¢ in all such cases.

Definition 4.7 (Type CT(L” filling map). Let r < n and consider a dominant weight
A = > iep, kil\i in the decomposition (4.2) (note that only &, can be odd since we are

removing horizontal dominoes and k; = 0 for i > r) and define ky = s — >, ., ki
The image under fill of the (unique) classically highest weight element u, € B™ of
classical weight \ is given on columns from right to left by filling in [1,. .., r| followed by
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[1, ..., h, T, .. h+ 1|, repeating this |k, /2] times, for h = 0,1,...,r. If k. is odd, we
add a leftmost column of [1,...,7].

Note that Definition 4.7 is a special case of Definition 4.4; namely only cases (1) and
(2) occur. Alternatively, consider a classically highest weight element u, € B(\) C B™*
of classical weight A\. Then wu, can be regarded as a tableau of shape A whose k-th row is
filled by the letter k. The filling map on u, is obtained by adding pairs [k | k] into the k-th
row of uy (for each horizontal domino removed) and then sorting elements increasingly
from bottom to top within each column as necessary.

Example 4.8. Consider A = 2A, + A3 for type C’f) and B>®. Then fill(uy) is:

3131313
2121212[2]|
1[1]1]3]1

where the filled in portion is shaded in grey.
Example 4.9. Consider A\ = 2A; + 2A, + 2A, for type ng and B>%. Then fill(u,) is:

5/5/3|5[2|5
4141414]3 4
31315(3]4|3
2(212]2]5|2
Lj1]1]1]1]1

We recall the algorithm for ¢ given in [OSS03a] (with appropriate modifications due to
our convention, see Remark 2.3). Suppose the leftmost factor is B™!. Set ¢~ = 0 and
repeat the following process for a = r,7+1,...,n — 1 or until stopped. Find the minimal
index i > £ Y such that (v,.J)® has a singular string of length i. If no such 4 exists,
return a and stop. Otherwise set £(*) = i and continue. If the process has not terminated
at @ = n — 1, find the minimal 4 > /=1 /2 such that (v, J)™ has a singular string of
length 4. If no such ¢ exists, return n and stop. Otherwise set ?(") = ¢ and continue. Next
find the smallest index ¢ > ZZ(H) such that (v,.J)"~Y) has a singular string of length i and

set Z(nfl) = 4; if no such singular string exists return n and stop. If the process has not
stopped continue as follows for a = n—2,n—3,...,1 or until stopped. Find the minimal

(a+1)

index i > ¢ such that (v,.J)® has a singular string of length i. If no such 4 exists,

return a + 1 and stop. Otherwise set Z(a) = ¢ and continue. If the process does not stop

for a > 1 return 1.
Next we modify the rigged configuration by removing a box from the singular string

of length ¢ for a = r,...,n — 1 and Z(a) for a = n,..., 1 if such values are defined (if

(@) = Z(a), then we remove 2 boxes from the same string). We then make the affected
rows singular.
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Proposition 4.10. Let B™® be a KR crystal of type cY and r < n. Then
P = fillo,™!
on highest weight elements with fill as in Definition 4.7.

Proof. We show the claim by induction on s by noting that removing the leftmost col-
umn gives a highest element in B™*~! (resp. RC(B™*™!)) corresponding to the partition
obtained from X by replacing all rows of length s (if they exist) by rows of length s — 2.
Consider a highest weight A and the corresponding rigged configuration (v, J) given
by Lemma 4.6. Suppose \; < s, so that the desired leftmost column of the filled tableau
is [1,...,7]. We now check that we obtain this after removing the leftmost column by
®. Note that all rows in v have length less than s, so after we split off the leftmost
column, all of the vacancy numbers for (") are 1. However, all of the riggings are 0, so
we stop and § returns 7. We note that this implies that v is unchanged and we are now
in RC(B"~!' ® B™*~!). This implies that all vacancy numbers for #("~1) which again has
only rows of length less than s, are 1. We are in a similar case to before, so § returns
r—1. We can repeat this for the entire column to obtain [1, ..., 7]. Note that the resulting
rigged configuration is what we started with.
Now suppose that A\; = s, so our desired leftmost column is [1, .. h,7 ... h+ 1] for
h < r. Note that h is maximal such that k, # 0. Thus the shortest column in A has
height » — h and
r—h az>r,
mga): a—h r>aZ>h,
0 h > a,

by Lemma 4.6. Now splitting off the leftmost column increases pgr) for © < s by 1 and

leaves all other vacancy numbers unchanged. Hence after applying o, we remove 2 boxes
from the same row in each of the longest rows of v® for a > r and 1 box from v(® for
h < a < r. Thus the algorithm returns i + 1. The resulting riggings on the selected rows
will be 0. Next we are in RC(B™""!' @ B™*~!), and now § removes a box from the (unique)
row of length s — 1 in »("~1, two boxes from the same row of length s in v for a > r,
and a single box from a row of length s in ¥® for h+ 1 < a < r. Hence 6 returns h + 2
and the riggings on the selected rows will be 0. Therefore by using a similar procedure, we
can continue until we return 7, in which case all strings in (v, J)" are now non-singular
because there are no rows of length (at least) A\; = s in (v, J)@ for all a € I, (and we
are in RC(B™! @ B™*71)). Then we fall back into the case when the column was [1,. .., 7]
since there are no singular strings. Thus we have removed two boxes from all strings of
length s in (v, J)(@ (if they exist), specifically from v") = X to obtain the desired highest
weight element. O]

422 r=n
Recall that B™* = B(sA,,).
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Proposition 4.11. Let B™*® be a KR crystal of type OV Then
P = fillo, ™!

on highest weight elements with fill the trivial filling map (i.e. the identity map on the
unique highest weight tableau) and v: B™® — RC(B"™*) is the natural crystal isomorphism.

Proof. The ambient Kleber tree is f(B”’QS) in type Agg_l and consists of a single node
of weight 2sA,,. Thus the only highest weight rigged configuration is the empty rigged
configuration. Hence all columns of the highest weight tableau are filled with [1,..., n],
and the filling map is trivial on the highest weight tableau. O]

Remark 4.12. The filling map is actually the identity on all elements of B™*.

4.3 Filling map for type Agi)_l
The analysis of this type is similar to type DY,

Lemma 4.13. Let B"™* be a KR crystal of type Agi)_l. We have

RC(B™) = ORC(B™; N),
A

where X\ is obtained by removing vertical dominoes from an r x s rectangle. Moreover, the
highest weight rigged configuration in RC(B™%; \) is given by

X[T_a] 1<a<r,
v(@ =X r<a<n,

—1/2

A a=n

with all riggings 0.

Proof. We split the proof into two cases: r < n and r = n. We note that the virtualization
of type Agi)_l is into type Df}ll and v, = 1 for all a.

Case r < n:

In this case we have B™ = B"* of type szlll. Hence the ambient Kleber tree is exactly
the same as the usual type Dfllll Kleber tree, and we select all of the nodes for the virtual
Kll/eQber tree. The only modification needed to Lemma 4.2 is that v = p(®» = pntl) —

A "7, Therefore we have the desired rigged configurations.

Case r = n:
We note that in this case we have B™* = B™* @ B of type Dfllll. The roots we can
subtract in the Kleber tree are of the form

o™ = koy g + ko + (2k — Dan_y + (2k — 2)ap_o + - - + Qny1—ok
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by condition (K2) of Definition 2.19. This sends the weight A, + A1 to A,_s We note
that this corresponds to removing k vertical dominoes. Now in building T (B™®), we get a
sequence |n/2| > ky > ko > -+ > k, > 0 and this determines a unique dominant weight.
(We note that this is the same as in Lemma 4.2 where we consider A, + Apyq as a full
column of height n.)

It is easy to see that a®) satisfies the conditions of Definition 2.20. Therefore all
nodes of T'(B™*) are constructed and selected, and from the description of o), we have
the desired rigged configurations. O

Proposition 4.14. Let B™® be a KR crystal of type A(zi)fl' Then
P = fillo,™*

on highest weight elements with fill being the same as given in Definition 4.4 and v: B™® —
RC(B™*) is the natural crystal isomorphism.

Proof. From Lemma 4.13, we have the same highest weight rigged configurations given
by Equation (4.1) except with v™ = 0 = p(+1)  Now in type D,(llll, the map dp
selects the same singular string in 7™ and 7"tV as § (in type Agi)_l) for v(™. Therefore

the return value of § agrees with dp and the resulting rigged partitions agree (up to the
equivalence of the spinor rigged partitions). Hence the proof of [OSS13, Thm. 5.9] holds

for type A2 |, and so ® = fillos ™!, O
4.4 Filling map for type Bq(ll)
441 r<mn

We note that this is similar to type DY,

Lemma 4.15. Let B™® be a KR crystal of type BY with r < n. We have
RC(B™) = ORC(B™; N),
A

where \ is obtained by removing vertical dominoes from the r x s rectangle. Moreover,
the highest weight rigged configuration in RC(B™; \) is given by

lr—a

A 1<a<r,
@ =X r<a<n,
2X1/2 a=n

with all riggings 0.

Proof. Recall that the KR crystal of type B can be modeled by a virtual crystal of type
fojl. Note that as a virtual D&Zl crystal, we have v, = 2 and so 7@ = 2v(@ for all a < n.
Additionally v,, = 1 and 2™ = (1) = () ynder v. Now from the proof of Lemma 4.2
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and condition (V2) of the virtual Kleber tree, we must remove another vertical domino
at each even step, so 2, goes to 2A,_, for all k. Next since 7, = v = 2 for all a # n by
conditions (Al) and (A2) of Definition 2.20 we only select nodes at even levels, so this
corresponds to selecting nodes by removing 2 x 2 boxes. Therefore when converting back
to a BY rlgged configuration, we get a removal of vertical dominoes. Hence the resulting
highest weight rigged configuration is as desired after devirtualization. O]

Proposition 4.16. Let B™® be a KR crystal of type BY andr < n. Then
® = fillo, ™!

on highest weight elements with fill being the same as given in Definition 4.4 and v: B™® —
RC(B™*) is the natural crystal isomorphism.

Proof. From Lemma 4.15, we have v =2 forall1 < a < n and v = p) = pr+l),

so (v,J ) is a highest weight rigged configuration in type Dn {1~ Now in type DiL le, the
map &p selects the same singular strings in ™ and 7"+ and in type BY , we only have
even length strings and dp selects the corresponding smgle singular string. Therefore the
return value of dp agrees with dp and the resulting rigged partitions agree (up to the
equivalence of the spinor rigged partitions). Hence the proof of [OSS13, Thm. 5.9] holds

for type B, and so ® = fill o, O

442 r=n

We are representing the spinor in this case with doubled columns as well. As such, the
classical decomposition corresponding to removmg 2 X 2 boxes as opposed to a vertical
domino. Thus the proof is similar to type cM , but by removing 2 x 2 boxes.

Lemma 4.17. Let B™® be a KR crystal type BY. We have

C(B™) EBRC (B™*; \)

where A is obtained by removing vertical dominoes from an n x (s/2) rectangle. Moreover,
the highest weight rigged configuration in RC(B™*; \) is given by

X[r_a] 1<a<n,
y@ = ~1/2
2\ a=n,

with all riggings 0.

Proof. Recall the construction of the ambient Kleber tree, which is of type Dgl, from
Lemma 4.13 for » = n. However, here we must have k; = k; 1 for all ¢ € 27 since v, = 2
for a # n (for reasons similar to the type 07(11) case given in Lemma 4.6). Moreover we
only select nodes in f(BT’S) in the even levels. Therefore after devirtualization (note that
Y = 1, which implies the factor of 2 for (™), we get the desired rigged configurations. [
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Proposition 4.18. Let B™*® be a KR crystal of type BY. Then
P = fillo,™!

on highest weight elements with fill the same as given in Definition 4.7 for double columns
and v: B™* — RC(B™*) is the natural crystal isomorphism.

Proof. We first recall the doubling map for B™*® in the paragraph after Equation (2.14),
which is a virtualization map into B"™* of type Agi)_l with v, = 2 for all a # n and ~,, = 1,

SO
~(a) 2w g < n,
% =
V@ a=n,

and similarly for the riggings. Thus the removal of vertical dominoes translates into

removing 2 X 2 boxes. Recall that the bijection for B™* of type BY is given by first

applying the doubling map, then following the algorithm given in Definition 4.4, and then
taking the halving map, which on the KR tableaux is the identity map. Since we are
removing 2 X 2 boxes, we must have ¢ = —1. Thus from Proposition 4.14 (or the proof of
Theorem 5.9 in [0SS13]), we see that ® = fillos ™. O

We note that our convention choice is visible here. Specifically, if we used half width
boxes then we would have ™ = X/* and 7™ = 2,/

4.5 Filling map for type Agi)
Lemma 4.19. Consider type Aéi) and B™® be a KR crystal. We have

RC(B™) = EORC(B™; \),
A

where A is obtained by removing single boxes from an r X s rectangle. Moreover, the highest
weight rigged configuration in RC(B™; \) is given by

(a) X[r_a] 1<a<r,
VY =
A r<a<n,
with all riggings 0.

Proof. Similar to Lemma 4.6 except we select all nodes in the ambient Kleber tree. [

Definition 4.20. The crystal morphism fill: B™® — T™* is as in Definition 4.4 except the
final column for step (4.1) (when ¢ > —1)is [1,...,2 —1,0,...,0] (recall } is the unique
element in B(0) C B™').
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Example 4.21. Consider A = 2A; + Ay + 2A5 + A4 for type Ag%) and B*%. Then we have

414(4(3|4]0
fill(uy) = 313131440
212(2|413|2
1]1]1)1]1]1

We recall some pertinent facts about § in type ASL) Specifically for v if the selected
singular string has length 1, we terminate and return ), otherwise we remove 2 boxes from
the selected string. In all other cases, it behaves as in type oV,

Proposition 4.22. Let B™® be a KR crystal of type Agi) Then
P = fillo, ™

on highest weight elements with fill as in Definition 4.20 and v: B™* — RC(B"*) is the
natural crystal isomorphism.

Proof. This is the similar to the proof as type DY given in [OSS13], but we must make the
following changes. When we remove pairs of columns (Step 1 in [OSS13]), this behaves as
in the proof of Proposition 4.10 (type otV case). When there is a single column remaining
(i.e. we are in the final step, Step 3, and k. = 1 with all other k; = 0), the resulting rigged
configuration is given by Lemma 4.19 with A = A, and s = 1, where x in given by the
algorithm for Definition 4.4. Here § starts at v(") and goes to v™. Since ™ consists
only of a single column with a singular string, the map ¢ returns (). Thus we remove a
single box from each v®) for r < k < n. This can be repeated this r — z times, at which
point we obtain the empty rigged configuration. Hence we obtain the final column as

1,...,z—1,0,...,0]. O
- (2)t
4.6 Filling map for type A,,,

This is the same as type Cr(ll) except at r = n, in which case we have v: B™* — B™*® B™*
under the virtualization map into type ASL)?I. However this makes the behavior uniform

with the proof for type V) for r < n.
Lemma 4.23. Let B™® be a KR crystal of type A%)T. We have

RC(B™) = EORC(B™; N),
A

where X is obtained by removing horizontal dominoes from an r X s rectangle. Moreover,
the highest weight rigged configuration in RC(B™%; \) is given by

(a) X[Tia} 1<a r,
vy =49
A r<a

NN

n,

with all riggings 0.
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Proof. Same as Lemma 4.6 for r < n. For r = n, we have B™s = B™ ® B™ in type
Agl)_l. So a similar proof as Lemma 4.6 holds here. ]

Proposition 4.24. Let B™® be a KR crystal of type A(QZ)T. Then
® =fillo, ™"

on highest weight elements with fill is the same as given in Definition 4.7 and v: B™® —
RC(B"™®) is the natural crystal isomorphism.

Proof. The proof is similar to Proposition 4.10. O

4.7 Filling map for type fo_?_l
We note that in this case, the filling map is similar to type Agi) except for r = n.

4.71 r<n
Lemma 4.25. Let B™® be a KR crystal type Dfizl forr <mn. We have

RC(B™) = @ RC(B™*; \),
A

where X is obtained by removing single boxes from an r X s rectangle. Moreover, the highest
weight rigged configuration in RC(B™; \) is given by

~lr—a]
(@) = i 1
A r

Proof. Similar to Lemma 4.6 except we select all nodes in the ambient Kleber tree. [

r,

NN

a
a

V/ANAN

n,

with all riggings 0.

Proposition 4.26. Let B™* be a KR crystal of type D,(izl and r <n. Then
® = fillo,™

on highest weight elements with fill as in Definition 4.20 and v: B™* — RC(B"®) is the
natural crystal isomorphism.

Proof. Similar to Proposition 4.22 as all vacancy numbers and riggings of v are 0
(i.e. there are no quasisingular strings so we cannot go into case (Q) when performing
d [OSS03a]). O]
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4.72 r=mn

This is similar to O3 when r = n.

Proposition 4.27. Let B™*® be a KR crystal of type D7(12+)1- Then
® = fillo,™!

on highest weight elements with fill the trivial filling map (i.e. the identity map on the
unique highest weight tableau) and v: B™® — RC(B"™*) is the natural crystal isomorphism.

Proof. This is the same as Proposition 4.11. O

Moreover fill is the identity map on the tableaux as noted in Remark 4.12.

4.8 Summary

We have given an explicit description of the highest weight rigged configurations in all
(non-exceptional) types for single tensor factors. Furthermore, we have shown the follow-
ing.

Theorem 4.28. Let g be a non-exceptional affine type. We have
® = fillo, ™!

on highest weight elements in RC(B™*) and v: B™ — RC(B"®) is the natural crystal
1somorphism.

In other words, as classical crystals (and hence as sets) RC(B™) = T™* = B™ and
classically highest weight elements are mapped by ® and fill, respectively. We also note
that the filling map for general r depends only on how the affine node attaches to the
classical type, analogous to the classical decompositions.

We can define Is and 1t on (a tensor product of) T™* by splitting off the left column
(of the leftmost factor) and the top box (of the leftmost factor), respectively.

Moreover we can show that ¢ sends cocharge to energy.

Theorem 4.29. Let B™® be a KR crystal of non-exceptional type with s > 1 and 1 < r <
n. For all b € B™ we have
D(b) = cc(6 o u(b)).

Proof. Our proof is similar to [OSS13, Thm. 4.10]. Since the energy function is constant
on classical components, and by Proposition 3.11, cocharge is as well, it suffices to prove
the statement for highest weight elements b € B™® with the unique weight \,. Since all
riggings and vacancy numbers are 0 for highest weight elements in RC(B"*), the map 6
is the identity. We rewrite the cocharge in terms of the vacancy numbers:

Z t'p a)+ Z tY min(, ])L(a) (@), (4.4)

(a i)EHo a€lyp
1.] GZ>O
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Since the vacancy numbers are zero, the first term of Equation (4.4) is 0. Also in our case
Lga) = 04.,0i s, and so for the unique highest weight rigged configuration (v, .J) of weight
Ap, We have

Y
ce(v, J) = ce(v Z ¢t min(s, j)m () b = ). (4.5)

J€Z>0

We note that for r # n, we have v = X\ by Lemma 4.6 and e uivalent lemmas in
Section 4 (depending on the type). Furthermore, ¢t¥ = 2 in types A and Dn {1, both of
which have a classical decomposition given by removing single boxes In all other types
we have ¢/ = 1 and we are removing dominoes (or no boxes are removed) to obtain the
classical decomposition. By Definition 2.9, this shows the desired claim.

Now consider r = n. We have ¢/ = 2 in types Agff and AQZ 1, and ¢ =1 in all

other types. For type Azn, we are removing single boxes and »™ = X. For type A2n ,

are removing horizontal dominoes and v™ = X. For type B ), vve are removing vertical
dominoes and v™ = 2), in particular |)\| =2 |1/ n)| For type A2n 1, We are removing
vertical dominoes and v = X 2 , in particular |/\| = % |V(” i In all other types the
classical decomposition is trivial (i.e., no boxes are removed). From Equation (4.5) and
Definition 2.9, this shows the desired claim. O]

From Theorem 4.28, we can give an affine crystal structure on rigged configurations
and KR tableaux. We do so by mapping to the KN tableaux model, where we know how to
explicitly compute ey and fo by [FOS09], under the natural (classical) crystal isomorphism
v and mapping back. Together with Theorem 4.29, this implies that Conjecture 2.11 holds
for B™* in non-exceptional types on classically highest weight elements.

However this definition of the affine crystal structure is somewhat unsatisfactory as it
is not a direct description of eg and fy on rigged configurations nor on KR tableaux in
general. In the next section we Will give an explicit description of e and fo on rigged
configurations of types B and AQn , for B™* Where r < n. For type A this was done

in [SW10] (for general factors) and for type DY in [OSS13].
We also have the following conjecture related to Conjecture 2.11 about the filling map
for arbitrary number of factors.

Conjecture 4.30. Let B = @~ B"#* and let T = @, (B“")®"* (organized into a
r; X 8; rectangle as with 77#%) then the filling map fill: B — T is given by

fll(B) = é) RlI(B").

In other words, we have T = ®Z]\il T"»% . This has been verified by computer for
tensor products for non-exceptional types up to rank 4, up to 2 factors, and s < 2.
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5 Affine crystal strucutre

In this section we give the explicit affine crystal structure for RC(B"™*) for all 1 < r < n of
type B and Agi)_l. In addition, we show that B"* of type B and Agi)_l virtualizes into

B™* of type D,(llll for r < n. This proves [OSS03c, Conj. 3.7] (see also Conjecture 2.18)
in these cases.

5.1 Affine crystal operators

Here we give an explicit description of the affine crystal operators eq and fy on rigged
configurations for types B and Agi)fl. In general for types DY, BYY, and Agi)fl, we
define the affine crystal operators by

€g=00€, 00, (5.1a)

fo=ocofioo, (5.1b)

where o is the crystal involution that is induced by the Dynkin diagram automorhpism
which interchanges node 0 and node 1. Therefore to describe ey and fj, we need to define
the crystal automorphism o. This is done by first defining the map on {2, 3, ..., n}-highest
weight elements, which are in bijection with so-called £-diagrams and then extending to
all crystal elements.

A +-diagram is a sequence of shapes 7 C p C A such that A\/u and p/7 are horizontal
strips (i.e. every column contains at most one box). We depict this as a skew shape A/
in which the cells of u/7 are filled with a + and A/u are filled with a —. The partitions
A and 7 are called the outer and inner shapes, respectively. In type B,, the £-diagrams
with columns of height n can also contain at most one 0 between a 4+ and — at height n,
can have at most one half-width spin column of height n with either a + or a —, and must
have all columns of height n being non-empty. In type C,,, there are no empty columns
of height n. We will only consider £-diagrams in type D,, whose outer shape does not
contain any columns of height n — 1 nor n.

Proposition 5.1 ([Sch08], [FOS09, Sec. 3.2]). Let go be of type By, C,,, or D,,. There is
a bijection ¢ from +-diagrams of outer shape A to {2,...,n}-highest weight elements in
the highest weight crystal B(\) of type go. The £-diagram which has a + in every column
and no — corresponds to the highest weight vector. Given a £-diagram P, we obtain the
{2,...,n}-highest weight element ((P) = b inductively as follows:

Case 1:
P has a column where a + can be added. Let P’ be the £-diagram obtained from P by
adding a + in the rightmost possible column at height h. If there is a column of height

n containing 0, then b = fifo--- fnfifa--- fuC(P"), otherwise b = fifa-- fn((P').

Note that we cannot add a + to a spin column.

Case 2:
P has no column where a + can be added and at least one —. Let P’ be the £-diagram
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obtained from P by removing the leftmost — at height h and either moving the + in
the same column up if h > 1 or adding a + if h =1. Then

flf?"'fnfn—?fn—?)"'th(Pl) gOZDn7
fifeo fac1 fuC(P') go = B, and — is in the spin column,

fife o facafufatfoo1 - fuC(P) go = B, otherwise,

f1f2"'fn—lfnfn—lfn—2"'th(P/> gOZCn
Next we recall the bijection (.. from +-diagrams to rigged configurations for type DY
given in [OSS13|. Consider the classically highest weight component RC(B™*; \). We
construct all {2,...,n}-highest weight rigged configurations in RC(B"*; \) from the +-
diagrams of outer shape \ as follows (note they are in bijection). Consider a single column
+-diagram P of height =, and let y = r — x (this will always be even). We describe the
rigged configuration based on which type of column P is:

e P does not contain any sign:

v=( (1>,(12> ,(1),(1%(12);---,(11’)7(1”), (1Y), (12), (1)), (5.2)
J=((=1).(0), -, (0). (1), (0),.... (0"), (%), ... (0), (0%), (0%))
e P contains +:
V:(W,x 7@,(1)7(12);---,(1%(1*’), , (1), (12), (12)), (53
J=(0,0,..0,0), (0%, (0"),(0"),..., (0", (0%), (0%))
e P contains —:
x;l y;tl
l/:( EQ)’(Q)""’(23’(12)’(13)’._.,(1y+25,(1y+2>,'“’<1y+2)7(1y72)’(1¥>)7
z—1 y+1
J=((-2).(0),. -, (0),(0%), (0%),..., (0"+2), (0"*2), ..., (0"*2), (0"F"), (0™

except when x = 1, where we take (v, J)M) = ((1,1), (-1, -1)).

e P contains =+:

v=( 00,11, () (7). (1972, (19), (1), (1"5),
J = ((—1)7 (()Jt . (0)7 (02)7 (03)7/T. ., (0y+25, (Oy+2)7 o (0y+2>’ (0?!%2)7 <0y22))'
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An arbitrary +-diagram P is the concatenation of columns described above. The cor-
responding rigged configurations is obtained by summing together all partitions (padding
with 0 as necessary) and riggings over all columns of P. We can invert this map as follows.
Fix a +-diagram P. Let co(h), c(h), c_(h), and ci(h) denote the number of columns
of P with outer height h with no sign, +, —, and =+ respectively. These values uniquely
determine the +-diagram and can be computed (inductively) from h = 0 (r even) or h = 1
(r odd) to h =1 as follows:

= [+ 8™ 0
Ce = .

l/£ N _ V{ +1) h =
<

ex(h) =" ="

Z (h D) = (co(h = 2) + e (h —2))

where we set ¢, (0) = 0 and 0 is the Kronecker delta. Note that ¢, (r) is not determined
by the above formula, but rather by the fat that the total number of columns is s.

Proposition 5.2 ([OSS13] Proposition 4.3). Let ¢ be the map from £-diagrams to set of
{2,...,n}-highest weight elements in B™* in type D). Then we have

CT‘C:LOC.'

In order to define the diagram involution map, we now need an involution on +-
diagrams.

Definition 5.3 ([Sch08]). Let P be a £-diagram of outer shape A, where the columns of
A are either all even or all odd height. Then &(P) is the +-diagram, where compared to
P the values ¢, (h) and ¢_(h) are interchanged for r > h > 1, and the values of ¢,(h — 2)
and c4(h) are interchanged for r > h > 2.

We can now define the diagram involution on RC(B"™*).

Definition 5.4. Let (v, J) € RC(B™) with B™* a KR crystal of type DY with 1 <r <
n — 2. Choose a sequence b = (by,bs,...,b;) with b; € {2,...,n} such that e,(v, J) =
ep, - ey, (v, J) is {2, ..., n}-highest weight. Then define

Ore(V,J) = fr 0 e 0G0 (.t 0y, (5.6)

where b" is the reverse of b.
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Theorem 5.5 ([OSS13, Thm. 4.9]). Let B™* be a KR crystal of type DY with 1 < r <
n — 2. Then RC(B™*) is a U}(g)-crystal with

€0 = Opc © €1 O Op¢,

fO = 0pc© fl O Orc-
Moreover the natural classical crystal isomorphism v is an affine crystal isomorphism.

Now we show an analogous result to Proposition 5.2 for types BY with r < n and
Agi)_l for all » < n. We will use this to show the analogous result to Theorem 5.5 for
r <n.

Consider RC(B"*) of type B for r < n or type Agi)_l for r < n. We begin by showing
that +-diagrams are in bijection with {2, ..., n}-highest weight rigged configurations. By
inspection of (5.2)—(5.5) observe that the n-th and (n + 1)-th rigged partition in the

{2,3,...,n + 1}-highest weight rigged configurations of type Dﬂl are equal. Hence we

can define (. in type Agi)_l similar to type DT(llle except we identify the last two rigged

partitions (which in effect drops v"*1). For type BY. we define (. by also identifying
the last two rigged partitions of type D,(Llll (which in effect drops v™*1) in addition to
doubling #™ to keep with our convention. For example, if a column in the +-diagram

does not contain any sign, in type Aéi)_l we add

v = fl),(l),A-..,(1),21),(12),A...,(1y5,(1y),...,(1y),(2%)),

A
™~ 7 ™~
5.

J = ((=1),(0),...,(0), (1), (0%),..., (0, (0),..., (0"), (0%)).

Proposition 5.6. Let ¢ be the map from £-diagrams to {2, ..., n}-highest weight elements
i B™* in type Aéﬁ}_l for all r or type BY for r < n. Then we have

Crc =10 C
Proof. The proof is similar to [OSS13, Prop. 4.3]. We note that in type BY from
Lemma 3.5, f2 acts on the same string and keeps mgn) =0 for all 7 ¢ 27Z. O

Next to extend this to r = n for BS), we need the following lemma and need to
reformulate the doubling map given in the definition of ® in Section 2 (in the paragraph

after Equation (2.14)) from type BY to Aéi)—1 as a classical virtualization map with
Y = 2 — 0y, and the trivial folding ¢(r) = r for all r € .
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Lemma 5.7 ([FOS09, Lemma 3.5)). Let d: B™* — B™* denote the doubling map from
B - Agi)_l. Let A = Y1 ki be a classical weight of type B,, let b € B(\) C B™*
be a {2,...,n}-highest weight element, and P be the corresponding £-diagram. The +-
diagram corresponding to b in B(\IJ(/\)) C B™* is obtained by doubling each column of
P together with its signs for non-spin columns. For a spin column, it becomes a usual
full width column with the same sign. For a column with 0, we replace it with a column
containing a + and a column containing a —.

We recall that the +-diagrams fit inside a n x (s/2) box with possibly one half-width
spin column. Therefore we need to describe a map from a column of height n containing
a 0 or a spin column to rigged configurations. If it is a spin column with a — or a full
column containing a 0, we add

v
J

((=1),(0),(0),...,(0)).

For a spin column with a +, we do not add anything. Thus we have the following.

Proposition 5.8. Let d,.: RC(B™*) — RC(B™?®) be the doubling map from type BY to
type Agi)_l defined in Section 2 (equivalently by Equation (3.1) with the scaling factors
given above). Let di denote the doubling map defined on £-digrams given by Lemma 5.7.
Then we have

grc o d:l: = drc o Crc-
Proof. This follows from the definition of d,., d+, and (.. O
We therefore can extend Proposition 5.6 to r = n.

Proposition 5.9. Let ¢ be the bijection from {2, ..., n}-highest weight elements in B™*

to £-diagrams in type BY. Then we have

Crc =10 g
Proof. This follows from the fact that the doubling map is a virtualization map [FOS09,
Lemma 4.2], Proposition 5.6, and Proposition 5.8. 0

Theorem 5.10. Consider RC(B™®) in type BY or Ag}fl. The natural classical crystal
isomorphism v: RC(B"®) — B"™ is an affine crystal isomorphism.

Proof. The classical crystal isomorphism ¢ intertwines with ¢ and o,. by construction.
Therefore Proposition 5.6 implies that ¢ is an affine crystal isomorphism. O
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5.2 Virtualization as affine crystals

By constructing the virtualization map on +-diagrams, we can show Conjecture 2.18 for
B™* of types BYY and A{” | (i.e., those that virtualize in Dr(llll) for r < n (which we
assume in this subsection). We first must describe the action of ey and fy on +-diagrams.

Define a virtualization map v on +-diagrams of outer shape A to £-diagrams of outer
shape W(A) by c.(r) — vrc.(r) where x+ = o, — + +.

Lemma 5.11. Consider B™® of type BY or type Agi)_l. The virtualization map v re-
stricted to {2, ...,n}-highest weight elements in RC(B"™*) commutes with (.. and C.

Proof. 1t is clear that :_01 ov =wvo(.," from the definition of ¢,., which proves our first
claim. Next since (.. = to(, (. = 1o ( and the fact that Theorem 2.16 implies that
vot=7owv, we have

1

vol=vor ole=7"0v0Ce=7"0Gcov=_Couw.

Lemma 5.12. The virtualization map v commutes with &.

Proof. Since & can be reformulated as acting column by column and v, = 7 for all
a,b < n, it is clear that Gov =v0 G. O

Proposition 5.13. The virtualization map on £-diagrams commutes with o,.. and o.
Proof. This follows from Theorem 2.16, Lemma 5.11, and Lemma 5.12. O]
Thus we can show the following case of Conjecture 2.18.

Theorem 5.14. Let B™* be a KR crystal of type BY or Agf}_l. Then B™® wvirtualizes in
B of type Dfllll as U, (g)-crystals.

Proof. This follows from Equation (5.1), Proposition 5.13, and Theorem 2.16. ]

Remark 5.15. Theorem 5.14 implies that the doubling map for B™* in type Br(ll) into type
Agi)fl can be extended to a virtualization map given by Equation (2.14) for any B"* with

r < n into B™"® in type Agi)_l with 7, = 2 for all » < n and v, = 1. This can be seen by
the composition of virtualization maps

Bg) - \foll - \Agi)—l'

We note that the result of this section cannot be easily extended to types g =
o, Dgl, Agi) because the construction of ey and fj in type g as given in [FOS09, Sec. 4]
use a different virtual construction than the one discussed here, and this other virtual
construction is not well-behaved with respect to rigged configurations because the folding

does not preserve the affine node 0.

THE ELECTRONIC JOURNAL OF COMBINATORICS 22(1) (2015), #P1.73 43



5.3 Extension tor =n

Recall that in type D,;, we can represent B(A,) ® B(A,;1) as a usual KN column of
height n. From the construction of the ambient Kleber tree for r = n in the proof of
Lemma 4.13, we know that B™*® B""1* of type Dn {1 has a classical deeomposmon given
by removing vertical dominoes from an n X s rectangle, analogous to the usual type fojl
case of r < n. We note that there is also an extension of Proposition 5.1 to spin columns
in type D&Zl

Thus we can define an affine crystal B™* of type D&Zl by having a classical decomposi-
tion €, B(\), where A is obtained by removing vertical dominoes from an n x s rectangle
and the affine structure by Equation 5.1. From this definition and the preceeding para-
graph, we have B” s o Bres @ BrtLs ag classical crystals. Moreover, we can define a filling

map fill: B™s — T™* as in the usual type D;ll case and can extend Theorem 4.28 to this

case as well by extending ¢ in a natural way by using 5 , see [Sch05]
Additionally, we can extend the virtualization map v: B" s —y B™ from type A2n , to
type D(ll as the identity map (on rigged configurations, it is almost the identity except

for v = P = p+1)) " From this we can see that Conjecture 2.18 in type Aéi)_l for
B™? is equivalent to the following conjecture.

Conjecture 5.16. Let g be of type Df}ll. We have B™* & Bn:s @ B+l ag affine crystals.

This conjecture was proven for s = 1 in [Sch05, Thm. 3.3].

6 The virtualization map and ¢

In this section, we show that the virtualization map commutes with the bijection ® on
highest weight elements of a single tensor factor for g of non-exceptional affine type. In
addition, for type A2n , we prove that the virtualization map in general (multiple tensor
factors and not necessarily highest weight) commutes with ®.

6.1 Single tensor factors

In this subsection g is of non-exceptional type. Recall that B™® = T™* are related by
the filling map and are isomorphic as crystals. Hence the virtualization maps on B"*
of Section 2.5 can be lifted to 7™*. We define the crystal morphism v: T"* — T by
sending uy € B(A) € T™° to uy(y) € B(V(A)) € T™° and extending as a virtual classical
crystal. It is not a priori clear that B(¥())) is indeed a component in 77*, so it needs to
be shown that v is well-defined.

Lemma 6.1. The map v is well-defined and virtualizes T in T as a classical virtual
crystal.

Proof. When g is of type D&Zl with r < n, the claim follows from Theorem 5.14. For
r = n, this follows from the proofs of Lemma 4.13 and Lemma 4.17.
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Now assume that g is of type Agl)_l. We note that the decomposition of a KR crystal
of non-exceptional type into classical crystals is multiplicity free. The tensor product
of two rectangles in type ASY | is multiplicity free [Ste01] (we have also shown this in
the proof of Lemma 4.6 during the construction of the ambient Kleber tree). From the
construction of the ambient Kleber tree in the proof of Lemma 4.6, we have shown that for
every shape A in a r x s rectangle, the crystal B(\) virtualizes into the decomposition of
Trs @ T?"~"*_ Thus there exists a unique classical crystal B(¥(\)) C T"* corresponding
to B(\) C T"*. Hence the map v is well-defined. That T™* virtualizes (as a classical
crystal) in 7"+ under v follows from Theorem 2.16. O]

Consider a weight A = . I k;A; of type g. Suppose g is of type DSJZI. For T™* with

r < n, the corresponding classically highest weight element is ug(\) € Trss = s given

in Section 4. For T™*, the classically highest weight element uy(y) € Trss = Trs@Tm+1s g
given by filling the right tableau by trivial columns of [1,...,n,n + 1] and the left tableau

with [1, o kn+1,0 0 k+ 1J, where k is the height of the corresponding column in .
Now suppose g is of type ASL)A. For T™*® with r < n, the classically highest weight element

ug(n) € Trs = T™s @ T8 is given by filling the right tableau with trivial columns of
[1,2,...,2n — r] and the left tableau with [1,...,k,2n —r +1,...,2n — k], where k is the
(2)t

height of the corresponding column in A. For » = n in types Agi) and A, ", the image
uy(n € T™* is the same as above. For r = n in types O and Dgl, the corresponding

Uy(n) € Trss = T is the tableau with trivial columns 1,2,...,n].
Now we can prove the main result of this section.

Theorem 6.2. Consider a single Kirillov-Reshetikhin crystal B™*. The virtualization
map v commutes with the bijection ® on highest weight elements.

Proof. We consider a highest weight A in the classical decomposition of 7"* = B"*. The
corresponding type g rigged configuration is generally v = X for all » < a < n and

v@ =N for all @ < 1 (recall that A is the complement of A in an r x s box and Al
denotes A with the first ¢ rows removed) with all riggings and vacancy numbers are 0 from
the results in Section 4. Let k be the largest index such that (), A) # 0 (i.e., the height
of \).

g of type Df}ll and r < n:

Note that we double A under the virtualization map if v, = 2. Hence by weight consider-
ations (recall ® is a bijection on classical highest weight elements in 7"* and the classical
decomposition is multiplicity free) and the fact that the virtual rigged configuration cor-
responds to the highest weight in g for W()), the bijection ® must commute with v (on
classically highest weight elements).

g of type Dgl and 7 = n:
We note that in type Bﬁll), the spinor lifts to the type Agi)_l case (albeit with T72).
Thus without loss of generality, assume g is of type Agi)_l. We begin by splitting off the
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leftmost column, which increases the vacancy numbers of rows smaller than 2)\; in ™).

Therefore when we apply the doubling map, it keeps the strings of length smaller than
2); non-singular. Thus §™ (recall 6 and 6™ were defined as slightly modified versions
of § in Section 2) selects the row corresponding to 2\; and must terminate at k since v/(¥)
does not have any rows of length 2);, and thus § returns k + 1. Next applying 5 selects
2\ from vtV skips v, and proceeds down until ¥+ and returns a k + 2.

Now we are applying the usual 6 where we select a string of length 2A\; — 1 from
v=1 ™) p(+1) “and then another string of length 2\; — 1 down until »*+2) and returns
a k + 3. A similar process holds for each of the remaining k — 3 rows of length 2\; — 1. At
this point, all the strings in #®) are not singular, thus § returns k. This process repeats
until we remove the entire column. A similar process occurs for the remaining columns
in the left factor until it is completely removed. Once we are at the right factor of T7™*,
we have the empty rigged configuration. Therefore ® returns the letter a for each entry
at height a and we have the desired filling.

g of type A5 ;:

To see that the image under v of the KR tableaux corresponds to the virtual rigged
configuration, we first split off the leftmost column. This increases vacancy numbers of
rows smaller than \; in v™. Therefore § selects the row corresponding to A\; and must
terminate at 2n — k since v(®*~%) does not have any rows of length \; since k corresponds
to the number of rightmost columns. A similar procedure occurs except using k' = k + 1
and repeating until all rows of length \; are removed. At this point, all the strings in
v*¥) are not singular, thus ¢ returns k. This process repeats until we remove the entire
column. We then repeat this for the next column, and a similar situation holds. This
process is repeated until the left factor is removed, and we are left with the empty rigged
configuration. Hence the right tableau must by filled by [1,...,2n — &|. O

6.2 General case

Now we consider the general case. We begin by giving an extended version of [OSS03b,

Conj. 7.2].

Conjecture 6.3. Let g be of affine type and B = ®zj\il BT% with virtualization map v
into type g. Then we have R
vod =>Pow.

Conjecture 6.3 was shown for ®Z]\i1 B! in types CY, Dﬁih and A;i) in [OSS03b]
and for @Y, B in all non-exceptional affine types in [SS06]. Also Theorem 6.2 is
Conjecture 6.3 for classically highest weight elements for B = B™® of non-exceptional
affine type. We show that this reduces Conjecture 2.12 to showing it holds in simply-
laced types.

Proposition 6.4. Let g be of affine type. Suppose Conjecture 6.3 holds and Conjec-
ture 2.12 holds in type g, then Conjecture 2.12 holds in type g.
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Proof. Let V* be the set of classically highest weight rigged configurations in RC(E ) that

satisfy Equation (3.1). From Equation (3.3), it is easy to see that V* is in bijection with
RC*(B). We have

vo@ofa:&)ovofa:&)of;ov:f;o&\)ov:f;’ovocbzvofaofb,
so f,0® = ® o f, and similarly for e,. Therefore ® is a crystal isomorphism. O

Theorem 6.5. Conjecture 6.3 holds for g of type Aéi)_l.

Proof. Let b,g be the elements returned under 9, 3, respectively. It was shown in [SS06]
that § ov = v o and v(b) = b. Since v is the identity map on tableaux and is essentially
the identity map on rigged configurations (recall that v s D = D"+ we have

lsov=wvolsandltov =wvolt on both RC(B) and B. Therefore by the definition of @,
we have R
Pov=vod.

]

Therefore Conjecture 2.12 holds for type AQn , any time ® is known to be a bijection
in type DY, Alternatively, recall that the algorithm & for the Agi)fl case is essentially

identical to the type DV case. Thus the property that ® is a classical crystal isomorphism
is an immediate consequence of [Sak14]. If we use the argument after Conjecture 2.12, we
are not necessarily to use Theorem 6.5.

A  Proof of Theorem 2.16

Theorem 2.16 was proved by Baker [Bak00] when gy is of type As, ;. We provide details
for the other cases here. Our proof follows the proof of Baker [Bak00], in that we show
that B(A,) virtualizes in B(Zbe¢,1(a) 'yaKb) and then use Proposition 2.17 to extend this
to general shapes .

g Bl B2l B3l B4l
E(()?) B2.1 BAL B3l g B> | Bl ¢ B61
F4(1) 322 BA2 B3l g B> | Bl g B61
Ggl) Bl @ B3l @ B4l 323

Df’) B2.1 Bl g B3l @ B4!

Table A.1: Virtualizations given in Proposition A.1.

Proposition A.1. Consider one of the foldings
ES FY — B,
G, D s DY,
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Unless a = 2 and g is of type F4(1), B! virtualizes in B! = ®b€¢,1(a) Bb as affine
crystals.

Proof. This was be done by (computer) computation in Sage [St14] using the results
from [JS10, LNS*14a, LNST14b]|. The algorithm is to start from any node in the image
of v (usually this is the unique node of (classical) weight W(\)), apply all possible f? to
build the crystal graph of the virtual crystal inside of B(¥(\)), and compare it to the
crystal graph of B(A).

We note that the results from [LNS*14a, LNS*14b] only give a model for the single
column KR crystal B™!. In the remaining cases, the resulting KR crystal is not a single
column (for example in type GV, the virtualization of B! is B23), but other models
exist for these cases [FOS09, JS10]. O

A similar check could be made for B! in type F\" once the crystal graph for B*? in
type Eél) is computed.

Lemma A.2. Consider the folding Fy — Es. Then B(Ay) virtualizes in B(2Ay).

Proof. This was done by (computer) computation using well-known models for type F}
and Fjg crystals (for example, LS paths or Nakajima monomials) following the algorithm
in Proposition A.1. O

Combining Proposition A.1 and Lemma A.2 using the (virtual) Kleber algorithm shows
that B>! of type F\" classically virtualizes in B*? of type Eél) (as opposed to as affine

crystals).

Lemma A.3. Consider the folding C, — Dy11. Then B(A,) virtualizes in B(A,.) for
all r #n and B(A, + Api1) for r =n.

Proof. Recall that in type D1 that B(A, + A,41) is represented by a single column of
height n. We claim that the virtualization map v in both cases is given by the identity
map on tableaux. That v commutes with f, for all a # n is clear since 7, = 1. For
a = n, we have that f’ = f,f.+1 sends n to n. Therefore if we start with something
that does not contain an n + 1 or an n + 1, we cannot obtain an n + 1 or n + 1. Hence
neither n + 1 nor n + 1 can appear in the image and all properties of Definition 2.14 can
be checked. O

Lemma A.4. Consider the folding B, — Dy11. Then B(A,) virtualizes in B(2A,) for
all m #n and B(A, + Api1) for r =n.

Proof. Consider first 7 = n. Recall that B(A,,) virtualizes in B(2A,) (both of these are
type B, crystals) by taking v, = 2 for all a € Iy as mentioned in Remark 4.1. Thus we
can represent the elements of B(2A,,) by single column tableaux, and we claim that the
desired virtualization map is the composition

v: B(R,) —“— B(2R,) —X— B(K, + Kpy),
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where the second map is the identity map on tableaux. For a # n, we have f! = ]/‘2 and
so vo f, = f?ow since the embedding d doubles everything (in particular we apply fa
twice) and v’ is the identity map. For r = n in B(2A,) of type B,, the crystal operator
fd= ]?3 sends n — 0 +— 7 and in type D,,;1, we have f’ = ﬁfnﬂ sendingn —n+1—n
(alternatively going through n + 1). Therefore v is the desired virtualization map.

Next assume r < n and let ¢ be a single column tableau in B(A,) of type BY. Let
ty ={a|a€ta#0}andt_ ={a|a € ta+# 0} denote the set of non-zero unbarred
and barred letters in ¢, respectively. Let

K = t+ N t_7
Jo :=max{A C (t; Ut_)||A| = ko},
J:=max{AC (tL Ut_UJy)||A|l =|K|, and A < K},

where kg is the number of times 0 appears in ¢, the maxima are taken with respect to
lexicographic order <, and p¢ = {1,...,n} \ p. We note that J is well-defined from the
one column condition on B,, tableaux (see [KN94, HK02]). Let vy :=t4 \ K. We claim
that the image of ¢t under the virtualization map v is

t_ | v_

J | J
o= T

V4 t+

where L denotes the set L but with barred letters and reordering within each column as
necessary. R

Since f! = fufnt+1, we have by similar arguments to the proof of Lemma A.3 that
neither n+1 nor n + 1 can appear in the image. Also note that vy, v_, Jy, J, K are pairwise
disjoint. From the construction, it is clear that the image has the correct weight. Next
we let ¢/ = f,t and t = v(t), We also let K’ Jj, J', and v/, denote the above constructions
with t/. We proceed by doing a case-by-case analysis to show that vo f, = fY owv. The
main cases split according to which of these disjoint sets a belongs to. Within each case,
we also have to consider whether a < n or a = n and what set a 4+ 1 belongs to.

Case a € vy

We split this into two subcases, when a < n and when a = n. Note that @ ¢ t,tAand
a appears in both columns of ¢ by construction.

Subcase a < n:

We begin by assuming a + 1 ¢ Jy, J. Now for the next two (sub)subcases, we assume
that a+1 ¢ t. If a + 1 ¢ t, then ¢’ differs from ¢ by replacing a with a+1 and f;’tAreplaces
both instances of a with a+ 1. Diagrammatically, writing only the entries that contribute
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to the computation of f, (i.e., all of the other entries do not change under f,), we have

fa fa

t=ala —L— ala+l —— a+1|la+1 = fT=0(t).
If a+1 €t, then we have
a+1ja+1 R a+1|a+1 R a+1| a
D e e e e B
a a a |a+1 a |a+1

As before, we replaced a with a + 1 in ¢/, but now we have a + 1 € K’. Thus either
a € Jjorae J by the one column condition and the construction of J) and J', and
hence ft = v(t').

Now we assume a + 1 € ¢ (note that by construction a + 1 ¢ Jy,J). Soif a+1 ¢ t,
then f,t =0 and f¢ = 0. Otherwise if a + 1 € ¢, then we replace a + 1 — @ to obtain ¢/,
and we have

a+1 : . a
t=: Jav1 — 7 i Ja+1 =Mt
a a a+1 a
Note that |K| = |K’|, and so a € K’. Additionally a + 1 € ¢/, and hence we have
fIE=o(t).
Next we consider the case when a + 1 € J. Therefore we have
a+1 . : a
Y M H
a a a a+1

and f, sends the (unique) a — a + 1 to obtain ¢'. Thus since a ¢ ¢/, Ut’ , we have that
a € J'. Hence v(t') = ft. The case a + 1 € Jj is similar to the case a +1 € J.

Subcase a = n:
By our assumption of a € vy, we note that applying f, sends the n — 0 to obtain #'.
Recall that f = f, fnt1, and so we have

t=

nin n
Since n ¢ t',, we must have n € .J), and therefore we have ft = v(t/).

Case a € v_:
We must have f,t = 0 and f’t = 0 since a ¢ ¢, and any a + 1 (resp. n,0 if a = n)
would pair with @ (resp. 7).
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Case a € Jy:

We recall that a,a ¢ t from the construction of Jy. We now proceed into subcases.

Subcase a < n:

By construction of Jy and J, we must have that a + 1 is in vy, v_, K, or Jy. So we

start by assuming a + 1 € v,. Then we have f,t = 0 and

a
a—+1 Co
a a+1

t=

and so f't = 0.

If a4+ 1 € wv_, then t' is obtained by sending the a + 1 — @. Thus we have

a+1 a a a
atl — % ¢ |a¥l =7

=)
I

a : a+1

Note that a € v", and we have a + 1 € Jj because | Jj| = |.Jo| with a+ 1 € (¢, Ut )¢ and

a was the previous maximum. Therefore f'¢ = v(t').
If a+1 € K, then we have
a+1 a a a
t= . L =ik
a |a-+1 a+1|a+1

t' is given by sending the a + 1 — @, so that a € v"_ and a+ 1 € v/_. Now since |Jj| = |Jo|
but |K’| = |K| — 1, we have moved a letter b € J into J;, (i.e., b ¢ J'). Hence f't = v(t').

If a4+ 1€ J, then we have f,t =0 and

S]]

a+1

+)
I

a+1

and hence ¢ = 0.

Subcase a = n:
We obtain ¢’ from mapping 0 — 7, and hence n € v/_. So we have

—~ m v n
nil In '
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since |J§| = 0 and Jy = {n}.

Case a € J:
Unlike in the previous cases, we cannot have n € J, so we only need to consider a < n.
From the construction of J, we have that a,a ¢ t.

Subcase a + 1 € Jy or J: In this case a + 1,a+ 1 € t, so that we have f,t = 0. On the
other hand

a
T— o |a+l
a—+1 7
a
and hence f't = 0.
Subcase a + 1 € v,
We have f,t =0 and

a

so that f't = 0.

Subcase a +1 € v_:
t' = f,t is obtained by a + 1 — @, and so we have

a+1 a a a
T= i larl — at1 =ft=ut)
a a+1
since a € v and a+1¢€ J.
Subcasea +1 € K:
We obtain t’ by sending a + 1 — @ and
a+1 a a a
T T B R )
a a+1 a+1lla+1

since a € v and a +1 € v,.

Case a € K:
We break this into subcases. We generally assume that a < n since a = n is the same
as the first subcase below.
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Subcase a + 1 ¢ ty, Jy, J:
We have f,t =0 and

=,
a
and so f't = 0.
Subcase a + 1 € v,:
We have f,t =0 and
a
b= a+1°-
a+1 a

which implies f't = 0.

Subcase a +1 € v_:
Here f, sends the a — a + 1, and so we have

a—+1 a a
fa S . -~

e (l+1 : :fvt:/U(t/>

S|

+)
Il
S
e
—_

since a € v and a+1 € K'.

Subcase a + 1 € K:
We have f,t =0 and

a
%\: a + 1 7
: a+1
a
which implies f't = 0.
Subcase a + 1 € Jy or J:
We have f,t =0 and
a a+1
%\: . )
a—+1 a

which implies f't = 0.
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Therefore from the cases above, we have v o f, = f¥ ov. Similarly, one can show that
voe, = ey ov. The cases also all show that

Yafa =8  and  Yap, = Pp
for any b € ¢~!(a). Therefore the map v is a virtualization map. O

Proposition A.5. Let gy be of classical type with foldings given by Equation (2.17). The
highest weight crystal B(X) virtualizes in B(V(\)) with the virtualization map v given by
v(uy) = ugny (recall uy is the unique highest weight element in B(X)).

Proof. Let A = }_ . cal\q. From Proposition A.1 restricted to the (unique) classical
component B(A,) C B*!, Lemma A.2, Lemma A.3, Lemma A .4, and Proposition 2.17,
we know that there exists a virtualization map

vi Q) BA,)% — Q) B(¥(A,)) ™"

a€ly a€clp

If we restrict v to the unique classical component v': B(X) — B(¥())), then ¢’ is the
desired virtualization map. O
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