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Abstract

We prove that connected vertex-transitive digraphs of order p° (where p is a
prime) are Hamiltonian, and a connected digraph whose automorphism group con-
tains a finite vertex-transitive subgroup G of prime power order such that G’ is
generated by two elements or elementary abelian is Hamiltonian.
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1 Introduction

One of the most famous problems in vertex-transitive graphs theory is the problem of
existence of Hamilton paths/cycles (that is, simple paths/cycles going through all vertices)
in finite connected vertex-transitive graphs (or digraphs). Graphs (or digraphs) which
have Hamilton cycles are called Hamiltonian. The interest in this problem grew out of a
question posed byLovasz [13], who asked whether every finite connected vertex-transitive
graph has a Hamilton path. In fact, there are only four known nontrivial connected
vertex-transitive graph that do not possess Hamilton cycles. These four graphs are the
Petersen graph, the Coxeter graph and the two graphs obtained from them by replacing
each vertex by a triangle. The fact that none of these four graphs is a Cayley graph has
led to a folklore conjecture that every connected Cayley graph with order greater than
2 has a Hamilton cycle. A large number of articles directly or indirectly related to this
problem (for the list of relevant references and a detailed description of the status of this
problem see [8]), have appeared in the literature, affirming the existence of such paths in
some special vertex-transitive graphs and, in some cases, also the existence of Hamilton
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cycles. Since the publication of the survey paper [8], some recent improvements on this
subject appeared, see [23, 4, 9, 6, 5, 22] and so forth.

Let p be a prime number. It is known that connected vertex-transitive graphs of
order kp, where k < 4, and p', where i < 4, and 2p? (except for the Petersen graph
and the Coxeter graph) contain a Hamilton cycle; see [1, 17, 7, 14, 3, 15]. A Hamilton
path is known to exist in connected vertex-transitive graphs of order 5p, 6p and order 10p
removing some special cases; see [16, 11, 10]. As for Cayley graphs, perhaps the biggest
achievement on this subject is due to Witte (now Morris) who proved that a connected
Cayley digraph of any p-group has a Hamilton cycle [21].

It seems to be quite a challenge to generalize Witte’s theorem on Hamilton cycles in
Cayley digraphs of p-groups to arbitrary vertex-transitive digraphs of prime power order.
The first successful attempt using this approach is due to Chen [3], who proved that vertex-
transitive digraphs of order p* are Hamiltonian. In this paper, we give some conditions
under which one can obtain Hamilton cycles of vertex-transitive digraphs of prime power
order by lifting Hamilton cycles from their quotient graphs. Using our methods, one can
affirm the existence of Hamilton cycles of many connected vertex-transitive digraphs of
prime power order. In particular, we obtain the following two theorems:

Theorem 1.1. Connected vertez-transitive digraphs of order p° are Hamiltonian.

Theorem 1.2. Let I' be a connected digraph of which the automorphism group contains
a finite vertex-transitive subgroup G of prime power order. Let G' be the derived subgroup
of G. Then I' is Hamiltonian if one of the following two conditions hold:

(i) G’ is generated by two elements;
(ii) G’ is elementary abelian.

The paper is organized as follows. In Section 2, notations and lemmas in group theory
for later use are introduced. In section 3, we review the concept of coset digraphs and the
representations of paths and cycles in coset digraphs. In section 4, the main theorems of
this paper are proved.

2 Notations and preliminary lemmas in group theory

In this section, we fix some notations and introduce some lemmas for later use. The
following standard group-theoretic notations will be used throughout the rest of the paper.

H<LG, H<G H is a subgroup, a proper subgroup of the group G

H<G H is a normal subgroup of G

(X) Subgroup generated by the subset X of a group

[z, 1] 2~ 'y~ lzy, commutator of two elements = and y of a group
(X, Y] Subgroup of G generated by all the commutators [z, y]
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where r € X, ye Y and XY C G

G’ |G, G], derived subgroup of G
Ca(9) Centralizer of g in G
G/H {gH | g € G}, set of left cosets of H in G, and particularly
the quotient group of N in G if N < G
|G : H| Index of the subgroup H in the group G
H\G/H {HgH | g € G}, set of double cosets of H in G
H¢ (gHg™' | g € G), normal closure of H in G
Hg N gHg™!, core of H in G
geG
Z(Q) Center of G
o(G) Frattini subgroup of G

Remark. The Frattini subgroup ®(G) of G is defined to be the intersection of all max-
imum subgroups of G. An element g of G is said to be a non-generator if G = (X)
whenever G = (g, X), where X is a subset of G. It is well known that ®(G) is the set of
non-generators of G.

Below we introduce four lemmas that will be needed in the proof of our main results.

Lemma 2.1 ([19]). Let G be a finite p-group and N be a normal subgroup of G. Then
NN Z(G) ={1} if and only if N = {1}.

Lemma 2.2. Let G be a finite p-group and w be an element of G with centralizer Ce(w) <
G. Let X be a generating set of G. Then [G,{(w)] = [G,w]. Furthermore, there ezists
a minimal generating set {[z,w], [g1,w],...,[g4—1,w]} of [G,w] where x € X and g; €
G — [G,w|Cg(w) foralli=1,...,d—1.

Proof. For any g € GG and any i > 1, since

g, w'] = [g,w]lg, w"]" = [g,w][g",w"] = [g, w][g,w"][[g, w"], w]

wi—1

we have [ga wz] = [ga w] [gw’,w] U [g ,U)] and Hg>w]7w] = [ng]_l[gwa w] It follows that

G, (w)] =[G, w] = ([g,w] | g € G =[G, w]Cq(w)). (1)

Set K = [G,w]. Then K < G. Since ®(K) is a characteristic subgroup of K, we have
O(K)<G. From G = (X), we have [G,w]| = ([z,w]? | z € X, g € G). Then, since ®(K) is
a proper subgroup of K, there exists x € X such that [z, w] ¢ ®(K). Let |K : &(K)| = d.
Then, by the Basis theorem of Burnside (see [19, Theorem 1.16 of Chapter 2] for example),
there exists a minimal generating set {[x,w],y1,...,y4_1} of K. Furthermore, by (1), we
can choose y; = [g;, w] with ¢; € G — [G,w]Cq(w) for all i =1,...,d — 1. O

Lemma 2.3. Let G be a finite p-group and H be a proper subgroup of G. If HNZ(G) =
{1}, then Z(H) contains an element w of order p such that |G, w] N H = {1}.
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Proof. Set Hy = H and H; = [G, H;_4] for all ¢ > 1. Then there is a positive integer j
such that {1} < H; < Z(G). Since H N Z(G) = {1}, we have H N H; = {1}. Let k be
the minimum positive integer such that H N Hy = {1}. Then H N Hy_; > {1}. Take an
element w of H N Hy_; with order p. Then [G,w]N H = {1}. Sine [H,w] < [G,w]N H,
we have [H,w] = {1}, namely w € Z(H). O

The following lemma is a direct corollary of [2, Theorem 1].

Lemma 2.4. Let G be a finite p-group for which G’ is generated by two elements. Then
any subgroup of G' can be generated by at most two elements.

3 Coset digraphs and cycles

The digraphs considered in this paper are finite, connected, with no loops or multiple
edges. For a vertex-transitive digraphs I', the following proposition gives a nice way to
represent it by using subgroups of its automorphism group. For proof and comments of
this proposition, see [12] and [3] respectively.

Proposition 3.1. Let G be a finite group, H a subgroup of G, and Q C H\G/H — {H }.
Define a digraph T' = Cos(G, H,QY) as follows: the vertices set of I is G/H; the arcs set
of Uis {(g1H, g2 H) | Hg;'goH € Q}. Then we have

(i) T is a well defined vertex-transitive digraph on which G/Hg acts vertex-transitively
by left multiplication: gHgxH = grH for any gHg € G/Hg and xH € G/H,

(i) every vertex-transitive digraph can be represented as Cos(G, H,2) for some G, H,

Q,
(iii) Cos(G, H, ) is connected if and only if G ={ |J HgH).

HgHEQ

As for the vertex-transitive digraph of prime power order, we have the following propo-
sition.

Proposition 3.2 ([3]). IfT' is a vertez-transitive digraph of order p™ where p is a prime
and n is a positive integer, then I' admits a representation Cos(G, H, ) such that G is a

p-group, H( Z(G) = {1} and H < ®(G).

Remark. By Lemma 2.1, the subgroup H of G in Proposition 3.2 is core-free, that is,
Hg = {1}. Therefore, G acts vertex-transitively on I' by left multiplication. In fact, G
can be chosen as a minimum vertex-transitive p-subgroup of Aut(T").

The digraph I' = Cos(G, H,2) defined in Proposition 3.1 is usually called a coset
digraph on G/H, which is actually a generalized orbital graph of G acting on G/H (the
definition of generalized orbital graph can be found in many publications, see [18] for
example). Particularly, if H = {1}, then I' = Cos(G, H,?) is a Cayley digraph and
denoted by Cay(G, (). Consider the action of G/Hg on G/H by left multiplication. If K
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is a subgroup of G which contains H, then K/H is coincident with a block for G/Hg. It
follows that K induces a quotient digraph ', of I': the vertices set of I'k is the system
of blocks containing K/H, and for any two such blocks A and Ay, (Aq, Ay) is an arc of
[k if and only if there exist g;H € A and goH € A, such that (g1 H, g2 H) is an arc of
I'. The following proposition gives a representation of I'.

Proposition 3.3. Let G be a finite group, H a subgroup of G, and I' = Cos(G, H,)) a
coset digraph on G/H. Let K be a subgroup of G which contains H, and I'i the quotient
digraph of T induced by K. Then I'x = Cos(G, K, A) where A = {KzK | HxH € Q}.

Proof. Set gK/H = {gxH | + € K} for all ¢ € G. Then the vertices set of 'y is
{9K/H | g € G}. Since

0K =pK&g'gpse K gK/H=gpK/H
for all g1, go € G, we obtain a one to one mapping

o: G/K - {gK/H|ge G}, gKw— gK/H for all gK € G/K.

If (31K, goK) is an arc of Cos(G, K, A), then Kg;'g,K € A. Therefore there exist
11,79 € K such that Hayg; 'goxoH € Q. Tt follows that (giz] ' H, goxoH) is an arc of T,
and then (1 K/H, g2 K/H) is an arc of I'k.

On the other hand, if (¢1K/H, goK/H) is an arc of I, then there exist 1,25 € K
such that (g121H, goxoH) is an arc of I'. It follows that Hx g, 'goroH € Q and then
Kg;'g: K € A. Therefore (91K, g,K) is an arc of Cos(G, K, A).

By the above discussions, we get I'x = Cos(G, K, A). ]
For a finite group G and a subgroup H of G, we use (21, x9,...,2,) - H to denote the

sequence of cosets
H, v1H, x122H, ..., 1209 2, H

in G/H, and we call (z;,...,x;)-H a section of (x1,%s,...,2,)-H forany 1 <i < j < n.
For two sequences (x1, o, ..., x,) - H and (y1,%2,...,Ym) - H, define

-1

(1,29, .. ) (Tig1, oy xy) - H = (x1,29,...,2;) - H forany 1 <i<n

and
(xlyx%-"axn)(yby?a--'aym) -H = (x17$27'"axnayby?a--'aym) - H.

In particular, if I' = Cos(G, H,) is a coset digraph on G/H and Hx;H € 2 for all
i=1,2,...,n, then (x1,z9,...,2,) - H is a walk visiting the vertices of I" in the order

H, xH, x1x3H, ... x129- -2, H.

The following proposition is apparent and we omit the proof.
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Proposition 3.4. Let (zy,%,...,x,) - H be a cycle in the coset digraph Cos(G, H, ),
and let h, b/ be two elements of H. Then,

(i) (hxy,xo,...,x,h") - H is a cycle in Cos(G, H, Q).

(i) (z1,...,zi0h ™ hay, @iy, ., xn) - H is a cycle in Cos(G, H,Q) for any 1 <i < n.
(iil) (z1,...,@i—1, Th, Tiv1, ..., xn) - H is a cycle in Cos(G, H,Q) for any 1 < i < n if
h e Hg.

(iv) (Tit1, - Tn, T1, ..., 2) - H is a cycle in Cos(G, H,Q) if v1x9---x, = 1.
Now we give a lemma for later use.

Lemma 3.5 ([3]). Let Cos(G, H,QY) be a vertez-transitive digraph and N be a normal
subgroup of G with N(\H = {1}. Set K = NH and A = {KzK | HzH € Q}. Suppose
there are m directed Hamilton cycles (x1,...,Zn_1,%1) - H ..., (T1,. ., Zn_1,Ym) - H in
Cos(G, K, A) such that Hx;H,Hy;H € Q fori =1,....n—1and j = 1,...,m, and
K = (S) where S ={x1...xp1y; | j=1,...,m}. Then Cos(G, H,Q) is Hamiltonian if
the Cayley digraph Cay(K,S) is.

4 Main results

Throughout this section, we assume p is a prime. Let I' be a connected vertex-transitive
digraph of order a power of p. Then, by Proposition 3.2, I' is isomorphic to a coset
digraph Cos(G, H,Q?) on G/H where G is a p-group, H N Z(G) = {1} and H < ®(G).
By Lemma 2.3, Z(H) contains an element w of order p such that [G,w] N H = {1}.
Since [G,w] < G, K := [G,w]H is a subgroup of G. By Proposition 3.3, K induces a
quotient digraph of Cos(G, H,2) which is isomorphic to the coset digraph Cos(G, K, A)
with A = {KzK | HzH € Q}. First, we prove a lemma which gives some sufficient
conditions such that a Hamilton cycle of Cos(G, K, A) can be lifted to a Hamilton cycle
of Cos(G, H,?). Then, using this lemma, we give the proofs of Theorem 1.1 and 1.2.

Lemma 4.1. Let G be a finite p-group, H be a proper subgroup of G such that H ( Z(G) =
{1} and H < ®(G), and I' = Cos(G, H,Q2) be a coset digraph on G/H. Let w be an
element of order p in the center of H such that [G,w] N H = {1}. Set K = [G,w|H
and A = {KzK | HxH € Q}. Suppose that > = Cos(G, K, A) is Hamiltonian. Then
I' = Cos(G, H,Q) is Hamiltonian if one of the following three holds:

(i) [G,w] is generated by one or two elements;
(i) [G,w] is an elementary abelian group;

(iii) [G,w] is of order p?.
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Proof. Let (xy,x9,...,2,) - K be a Hamilton cycle of ¥. Note that [G,w] < Kg. By
Proposition 3.4, we can assume that Hx; H € Q for all ¢+ = 1,...,u, and furthermore
1Ty - &, € [G,w]. By the hamiltonicity of (z1,zs,...,2,) K, for any g € G — K, there
exists a positive integer i < u such that x;---2,H = g~ 'H. Moreover, we can just set
xy---x; = g~ ' by Proposition 3.4 (ii). Then, by Proposition 3.4 (i) and (iii), we get a
Hamilton cycle

(21, Tic, Tw ™ iy, .. Tqw) - K

of ¥ with

-1
Ty T W Tigy o TW = Ty Ty[g, W)

By the proof of Lemma 2.2, [G,w] = ([g,w] | g € G — [(w), G]Cs(w)). Then, since K <
|G, w|Cg(w), we can eliminate all the factors of x; - - -z, by finite steps of replacements.
It follows that we can assume z1x5--- 2z, = 1.

In the following discussions, we always assume that (z1,x9,...,z,) - K is a Hamilton
cycle of ¥ such that xy2x9-- 2, =1 and Hy;H € Q foralli=1,... u.

Proof of (i).

For the case that [G,w] is generated by only one element. Set [G,w] = (y) where y =
[g, w] for some g € G—K. Asin the above paragraph, set ¢! = x4, ..., z; for some positive
integer 7 < u. Then we get a Hamilton cycle (z1,..., 2, 1, x;w 241, ..., z,w) - K of &

with - 2 zw ™ wyg - ,w = y. Set [{y)| = v. It is straightforward to check that
(T4, T 1, mw ™ Tigy, ..., ww)Y - H is a Hamilton cycle of T' = Cos(G, H, §2).

Now we deal with the case when [G, w] is generated by two elements. By Lemma 2.2,
let [G,w] = (y, z) where y = [g,w] and z = [z;,w] for some g € G — K and 1 < j < w.
Since - - -z, = 1, by Proposition 3.4 (iv), we have that (v;+1,..., 2y, 21,...,2;) - K is
also a Hamilton cycle of . Therefore we can assume j = u without loss of generality.
Since ¢ € G\ K, again we set g-! = z;---2; for some 1 < i < u. Now we have
|G, w] = (y, z) = (y,yz"') and get two Hamilton cycles of ¥:

(21, T, Tw ™ i1, Ty, Tw) - K
with
Ty T Ty Ty 1 T = Y,
and
(1, .., i, 2w T, Ty, WT) - K
with

-1 -1
Ty i1 TW Ty * - Ly—1 WLy = Y2 .

By the main result of Witte [21], the Cayley digraph Cay(|G, w], {y,yz"'}) is Hamiltonian.
Then, by Lemma 3.5, I' is Hamiltonian.
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Proof of (ii).

Assume [G, w] is an elementary abelian group of order p? for some integer d. Recall that
(x1,9,...,x,) K is a Hamilton cycle of ¥ such that zyzs-- -2z, = 1 and Hx; H € € for all
i=1,...,u. Setg;' =ax,---x;foralli =1,... u. Letu; bethe smallest integer such that
[Guy, w] # 1, and let u; be the smallest integer such that [g,,, w] & ([gu,, W], .., [Gu,_,, w])
for any ¢ > 2. Then 1 < uy < up < -+ < ug < u and we get a minimal generating set

{[gul7w]7 [gu27w]7 Tty [gud7w]}
of [G,w]. Set y; = [gu,,w] for all i =1,...,d. Then [G,w]| = (y1) X -+ X (yq). Set
(@ins - Qi) = (T1y o, T W Ty g1, - - -, TuW)

for all i = 1,...,d. Then we get d Hamilton cycles (a;1,...,a;,) - K of the digraph ¥
with a; ; - =y; forall 1 <7< d. Set

(bos---yb0u) - H="(a11,...,a14) H
and
(bins -y bipin) - H = (bic11, .., bic1pi1)P (@1, - . ,ai7u)_1(ai+1’1, e Qi) - H

forall: =1,...,d— 1. It is straightforward to check that the following conditions hold:

(a) boy-- =y and b;q -+ - b; iy, = Y tyi foralli=1,....d—1;

(b) (bo1,-- bOu) - H is a cycle of T’;

(c) forany 0<i<d—1,bi1-bij € {yr,...,y;) ifu|jand j < puy;

(d) forany 0<i<d—1,0b;1---b;; K =b;1---b;; K if and only if j =1 (mod u);
(e) forany 0 <i<d—1and 1 <A< P, b biyy # 1.
(f) forany 0 < i < d—1and 1 < \p < p', bix-biyg = b1+ i if and only if

A= U.

To complete the proof, we need to prove that (b;1,...,b;,i,)" - H are cycles of I' for all
i=0,1,....d—1.

Suppose to the contrary that there is an integer j < d—1 such that (b;1,...,b;,i,)7- H
are cycles of I' for all s € {0,1,...,5—1}, but (b;1,...,b;,0,)"- H is not a cycle of I'. Then
there exist distinct integer pairs (r,s) and (e, f) with 0 < r,e <p—1and 1 < s, f < pu
such that

(y; Y1) by - by H = (55 540)bja - - b e H. (2)
Therefore b;1---bj /K = bj1---b; fK. By condition (d), we have s = f (mod u). Set
s=M+1land f = pu+1 where 0 < \,u < p’ —1 and 1 <[ < u. To obtain the
contradiction, we divide the discussions into the following three cases.
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Case 1. bj,)\u-l—l L bj,)\u—l—l = bj,uu—H s bj,,uu—i—l'

In this case, set ¢ = bj yu+1 - bjruri- Then Eq. (2) implies that

(U7 i) i1 - bja(cHe™) = (47 yj00) i - - bjpu(cHe™). (3)

Since [G,w] N H = {1} and [G,w] < G, we have [G,w| N cHc™' = {1}. Then, by the
condition (c¢) and Eq. (3), we have

(W5 9540) b bivw = (47 41) b+ b @

Recall that 0 < A, u < p? — 1. By condition (c¢), both b, -+ b;r, and bj1 - - - bj ., belong to
(y1,-..,y;). Then, by Eq. (4) and condition (f), we have r = e and A = y, a contradiction.

Case 2. bjxuri+1 -+ bj 01y = Ojputi+1 -+ 0j (et 1yu-

In this case, set ¢ = bj xuti41 - bj,0+1)u- Then Eq. (2) implies that

(55 'yj+1) bjn - bjoenu(c He) = (57 Y1) i -+ - by usnyul(c He).

As the proof of Case 1., we have

(U7 ' y500) 050 by vy = (U5 Y500) D0 by ut e

Suppose that A < p. If A = p, then » = e and we get the contradiction. If u < p/ — 1,
then we can obtain the contradiction by the same reason as Case 1.. Now we assume
A< p=p’ —1, then

(W5 w4) i by oagye = (05 w40)

By condition (c), bj1 -+ bja41)u € (U1, --,¥;). Therefore, r =e+1and b1 ---bj 1) =
1, which is in contradiction with the condition (e).

Case 3 bj,)\u+1 e bj,)\qul 7é bj,,uu+1 e bj,ourl
bjnuria1 - bjoiyu 7 Ojputit -+ Oy uityu

In this case,

bjyurt bjrurt = T1- Ty O bj g1 bj s = T10 - 2.

Without loss of generality, let b; 41 0jauri = @1+ 2. Set ¢ = xy41---x,. Then,
bj it bj(ur1yw = cw. By Eq. (2), we have
(y5 i) (bja - bjsa)e™ He = (y; 1) (bja -+ by sy w™ ¢ He

Noting that [G,w] N ¢ ' He = {1}, we have

(U5 ' 541) bja - bjow = (U7 Y1) (bja -+ bj () [w, . (5)
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Assume that

bixut1* bjr1yu = Yo and bj w1 bj(ur1yu = Yp
for some o, € {1,2,...,5+1}. Then 1 < ug < | < uy < ujqq. It follow that both
bji--bjxe and (bj1 -+ bjut1)u)[w, c] belong to (y1,...,y;). Then, by Eq. (5), we have
r = e. Therefore by Eq. (2), we have b;j;---bjH = bj1---bjsH. Note that both
(bj1,-. ) H and (bj1,...,b;y) - H are sections of (bj_11,...,b;_1p-1,)" - H. Since
(bj—1,1,--,bj_1pi-1,)" - H is a cycle of I', we have s = f, a contradiction.

So far we have proved that (b;1, ..., ;)" - H are cycles of I for alli = 0,1,...,d—1.
In particular, (bg—1,1,...,b04_1pa-1,)" - H is a cycle of I'. Noting that the digraph I is of
order |G : H| = |G : K||K : H| = up?, which is coincident with the length of the sequence

(ba—1,1,- - -5 bg_1pa-1,)", we have that (bg_1,1,-..,b4-1pa-1,)" - H is a Hamilton cycle of T".
Proof of (iii).
Assume [G, w] is of order p®. Then |[G, w] : ®

| < p? or [G,w] is an elementary
abelian group and therefore the assertion follows from (i) or (ii) respectlvely O

Proof of Theorem 1.1. Since Cayley digraphs of order a prime power are always
Hamiltonian, it suffices to consider the non-Cayley case. By Proposition 3.2, a non-
Cayley vertex-transitive digraph of order p® admits a representation as I' = Cos(G, H, Q)
where G is a p-group, |G : H| = p°, HN Z(G) = {1} and {1} < H < ®(G). Let w be
an element of order p in the center of H such that [G,w] N H = {1}. Set K = [G,w]|H
and A = {KzK | HzH € Q}. Then ¥ = Cos(G, K, A) is of order not bigger than p* and
hence Hamiltonian. Since [G,w] < G’ and [G,w] < ®(G), we have K < ®(G). Noting
that G is not a cyclic group, we get |G : K| > p?. Therefore, from [G,w] N H = {1} and
|G : H| = p°, we have |[G,w]| < p?. Then the assertion follows from Lemma 4.1 (iii). [

Proof of Theorem 1.2. Let I' be a connected digraph of which the automorphism group
contains a finite vertex-transitive subgroup G of prime power order.

(i) Suppose that G’ is generated by two elements. By Lemma 2.4, we can assume that
G is a minimum vertex-transitive p-subgroup of Aut(I") without loss of any generality.
Let H be a vertex stabilizer in G. Assume that the order of I is p". Then |G : H| = p",
HNZ(G) ={1}, H < ®(G) and I" admits a representation I' = Cos(G, H,?) for some
QO C H\G/H — {H}.

We proceed the remainder proof by induction on the order of I'. Assume that the
assertion holds for any such vertex-transitive digraph of order a power of p smaller than
p". Let w be an element of order p in the center of H such that [G,w] N H = {1}. Set

= [G,w|H and A = {KzK | HxH € Q}. By Proposition 3.1, the automorphism group
of ¥ = Cos(G, K, ) contains a vertex-transitive subgroup isomorphic to G/Kq. Since
G’ is generated by two elements, we have (G/Kg)' can be generated by two elements. By
induction hypothesis, ¥ is Hamiltonian. By Lemma 2.4, [G,w] can be generated by at
most two elements. It follows from Lemma 4.1 (i) that I" is Hamiltonian.
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(ii) Note that any subgroup of an elementary abelian group is also elementary abelian.

Then, by using the same method as in the proof of (i) together with Lemma 4.1 (ii), one
can prove the assertion. The details are omitted. O
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