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Abstract

For a prime power ¢, let ER, denote the Erd6s-Rényi orthogonal polarity graph.
We prove that if ¢ is an even power of an odd prime, then x(ER;) < 2,/q +
O(y/q/log q). This upper bound is best possible up to a constant factor of at most
2. If ¢ is an odd power of an odd prime and satisfies some condition on irreducible
polynomials, then we improve the best known upper bound for x(ER,) substantially.
We also show that for sufficiently large ¢, every ER, contains a subgraph that is
not 3-chromatic and has at most 36 vertices.

Keywords: orthogonal polarity graphs; Turan number; forbidden subgraph; chro-
matic number

1 Introduction

Let ¢ be a prime power and let V' be a 3-dimensional vector space over F,. Let PG(2,q)
be the projective geometry whose points are the 1-dimensional subspaces of V' and whose
lines are the 2-dimensional subspaces of V. The Erdds-Rényi orthogonal polarity graph,
denoted ER,, is the graph whose vertices are the points of PG(2, ¢), and distinct vertices
(o, 1, 22) and (yo, y1,y2) are adjacent if and only if zoyo + 2131 + 222 = 0. One obtains
an isomorphic graph if the equation for adjacency is xoyo + oy2 = x1y1 (see [16]) and
it is this definition of F'R, that we will use. Throughout the paper, if G is a graph and
S C V(G), we will use G[S] to denote the subgraph induced by S.

These graphs were constructed independently by Brown [4], and Erdés, Rényi, and
Sés [7] and have many applications to problems in extremal graph theory. The graph ER,
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has ¢? + ¢+ 1 vertices, has %q(q+ 1)? edges, and has no 4-cycle as a subgraph. Fiiredi [9],
[10] proved that for ¢ > 15 a prime power, a graph with ¢* + ¢+ 1 vertices and no 4-cycle
has at most %q(q +1)? edges. The Erdés-Rényi graphs show that Fiiredi’s upper bound
is best possible. This is perhaps the most well-known application of ER, to extremal
graph theory, but there are many others. The interested reader is referred to [14], [13],
and [3] for applications of ER, to problems in hypergraph Turan theory, Ramsey theory,
and structural graph theory.

Because of its important place in extremal graph theory, many researchers have studied
the graph F'R,. Benny Sudakov posed the question of determining the independence
number of ER, (see [17]), and it has since been investigated in several papers. Mubayi
and Williford [16] proved that if p is a prime, n > 1 is an integer, and ¢ = p", then

(

%q?’/Q + %q + 1 if pis odd and n is even,
120¢3/2 . . .
o(ER,) > 733 if p is odd and n is odd,
q) = q3/2 f 9 d . dd
BV if p =2 and n is odd,
% —q+q¢"/* if p=2and n is even.

\

An upper bound a(ER,) < ¢*? + ¢*/?> + 1 can be obtained from Hoffman’s bound.
Therefore, the order of magnitude of a(ER,) is ¢*?. Godsil and Newman refined the
upper bound obtained from Hoffman’s bound in [11]. Their result was then improved
using the Lovdsz theta function in [6]. When ¢ is even, Hobart and Williford [12] used
coherent configurations to provide upper bounds for the independence number of general
orthogonal polarity graphs. When ¢ is an even square, the know upper bound and lower
bound for a(ER,) differ by at most 1. In the case when p is odd or when p = 2 and n is
odd, it is still an open problem to determine an asymptotic formula for a(ER,).

Since the independence number has been well-studied and its order of magnitude is
known, it is natural to investigate the chromatic number of ER, which is closely related
to a(ER,). As ER, has ¢®> + q + 1 vertices and o(ER,) = 0(¢*?), a lower bound for

X(ER,) is Ziﬁ;S > ¢/?. One may ask whether this lower bound actually gives the right
order of magnitude of x(FR,). We confirm this for ¢ being an even power of an odd

prime.

Theorem 1. If ¢ = p*" where p is an odd prime and r > 1 is an integer, then

X(ERy) < 2y/q+ O(\/q/logq).

2
g +q+1
a(ERy) 2

¢'/?. Any improvement in the coefficient of ¢*/? would give an improvement to the best
known lower bound on the independence number of ER, from [16]. The lower order term
O(q'/?/1og q) is obtained using probabilistic methods [2] and while the implied constant
is absolute, we have not made an effort to compute it. By using Brooks’ Theorem instead

This upper bound is within a factor of 2 of the lower bound x(ER,) >
1/2
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of the result of Alon et. al. [2], we obtain the upper bound x(ER,) < 4¢*/? + 1 for all
q = p*" where r > 1 is an integer and p is an odd prime.
When ¢ is not an even power, we first prove the following general theorem.

Theorem 2. Let g be an odd power of an odd prime and let r > 1 be an integer. If there
is a p € F, such that x> — p is irreducible in F[z], then

2r+5

X(ERgpr1) < g5+ (2r +1)g" ™ + 1.

Given an odd integer 2r + 1 > 3, there are infinitely many primes p for which there is
a p € F, such that 2?1 — 1 € F,[2] is irreducible (see Section 5 for more details), where
¢ is an arbitrary odd power of p. Our method can also be used to prove that if ¢ is a
power of any odd prime, then
X(ERg) < 6¢° + 1.

Here we do not need the existence of an irreducible polynomial 2* — p € F,[x].
For ¢ is an odd power of an odd prime, we have the following corollary.

Corollary 3. Let ¢ = p°® for an odd prime p and an odd integer s > 3. Ift > 1 is the
smallest divisor of s such that x* — p is irreducible in F 5[] for some pu € F e, then

t+4
\(ER,) < _g: PR/ (/2 4

We encountered difficulties in extending this upper bound to the general case. In
particular, when p is a prime, we have not been able to improve the upper bound x(ER,) =
O(p/log p) which is obtained by applying the main result of [2].

Conjecture 4. Let p be an odd prime. For any integer r > 0,
WERpen) = O(p' 7).

Instead of working with E'R,, we work with a related graph that is a bit more suitable
for our computations.

Definition 5. Let ¢ be a power of an odd prime and A = {(a,a?) : a € F,}. Let G, be
the graph with vertex set F, x F,, and distinct vertices (z1,x2) and (y1,y2) are adjacent
if and only if

(xl,xg) + (yl,yQ) € A.

Let G be the graph obtained from G, by adding loops to all vertices (1, x2) for which
(21, 29) + (71, 22) € A. Vinh [18] proved that the graph G is a (¢*, ¢, v/2¢)-graph. Recall
an (n,d, \) graph is an n-vertex d-regular graph whose second eigenvalue max{|Az|, |An|}
is at most A\. Vinh used the fact that Gy is a (4%, q,/2q)-graph to count solutions to
Ty + x5 = (w3 + x4)* where (21,23) C B, (2,24) C C, and B,C C F2. For similar results
that are obtained using techniques from combinatorial number theory, see [5]. We prove
that Gy is isomorphic to an induced subgraph of the Erdds-Rényi orthogonal polarity
graph.
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Theorem 6. If q is a power of an odd prime, then the graph G, is isomorphic to an
induced subgraph of ER,.

In the course of proving Theorem 6 we will show how to obtain E R, from G, by adding
vertices and edges to G;. This will allow us to translate upper bounds on x(G,) to upper
bounds on x(ER,).

In addition to finding a proper coloring of ER,, we also investigate proper colorings
of small subgraphs of ER,. In particular, we obtain the following result concerning small
subgraphs of 'R, that are not 3-colorable.

Theorem 7. If q is a sufficiently large odd prime power, then ER, contains a subgraph
H with at most 36 vertices and x(H) > 4.

If F is a family of graphs, we say that a graph G is F-free if G does not contain a
subgraph isomorphic to a graph in F. One of the most well-studied problems in extremal
graph theory is to determine the maximum number of edges in an F-free graph with
n vertices, and then describe the extremal F-free graphs. When F contains bipartite
graphs, the structure of extremal F-free graphs is not very well understood and there are
few general results. A notable exception is when F = {C4}. A result of Fiiredi [10] states
that when ¢ > 15 is a prime power, an extremal Cy-free graph with ¢? + ¢ + 1 vertices is
an orthogonal polarity graph of a projective plane (see Section 5 for the definition of an
orthogonal polarity graph).

Let C" be the family of graphs with chromatic number r, and C; be the family of
graphs with at most k vertices and chromatic number r. Theorem 7 is motivated by the
following problem of Allen, Keevash, Sudakov, and Verstraéte [1].

Problem 8 (Allen, et al. [1]). Let F be a family of bipartite graphs. Determine if there
is an integer k such that
ex(n, FUCy) ~ ex(n, FUC").

When considering Problem 8, a question that arises is if every extremal F-free n-vertex
graph (here n is tending to infinity) must contain some member of C;,? In other words,
does forbidding C; actually have an effect on extremal F-free graphs. By Theorem 7,
one cannot take FR, to obtain a lower bound on the Turdn number ex(n, {Cy} UC}) for
k > 36 without modifying FR, in some way. It seems likely that for any integer r > 5,
there exists integers ¢, and f(r) such that for any ¢ > ¢, the graph ER, contains a
subgraph with at most f(r) vertices and chromatic number at least r.

In Section 2 we prove Theorem 6. In Section 3 we prove Theorems 1 and 2. In Section
4 we prove Theorem 7. Section 5 contains some concluding remarks.

2 Proof of Theorem 6

Let ¢ be a power of an odd prime power and A = {(a,a?) : a € F,}. Let F, = {b,...,b,}
and assume that b, = 0. Let F' = {b,} x F,. Then F'is a subgroup of F2 and we let

F,=F+ (b;,0)
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be the cosets of F' where F, = F. Add new vertices z1, ..., 2,y to G,. Make z; adjacent
to all vertices in F;, and make y adjacent to each z;. Call this graph H,. Observe that G,
is an induced subgraph of H,. We define an isomorphism ¢ from H, to ER, as follows.

1. For any b; € F, let ¢((0,b;)) = (1,0,27'b;).
2. For any bi,bj S Fq with b; 7é 0, let ¢((bl, bj)) = (17bi,2_1(bj — b?))
3. Let ¢(y) = (0,0,1) and ¢(z;) = (0,1,b;) for 1 <7 < gq.

We will show that ¢ is an isomorphism by considering the different types of vertices in
H,. Recall that the rule for adjacency in ER, is that (xo, 1, z2) is adjacent to (o, y1, y2)
if and only if zoys + x2y0 = T191.

Case 1: Vertices of type (0, ;).
Let b; € F,. In H,, the neighborhood of (0,b;) is {z,} U {(x,2* = b;) : x € F,}. In
ER,, the neighborhood of (1,0,27'0;) is
{(0,1,0)} U{(1,2,=27"b;) : x € F,}. (1)
By definition, ¢((0,—b;)) = (1,0, —27'b;) and for x # 0,
o((z,2* — b)) = (1, 2,27 (2* — b; — %)) = (1,2, —27'b;).
This shows that (1) coincides with the set
{6(29)} U{o((z,2* = b)) : x € Fy}.

We conclude that for any b; € F,, (0,b;) is adjacent to v in H, if and only if ¢((0,b;)) is
adjacent to ¢(u) in ER,,.
Case 2: Vertices of type (b;,b;) with b; # 0.

Let b;,b; € F, with b; # 0. In H,, the neighborhood of (b;,b;) is

{zyU{(z —b;,2° —b;) - x €F,}.
In ER,, the neighborhood of (1, b;,2-1(b; — b?)) is
{(0,1,6)} U{(1,z,2b; — 27 (b; — b)) : v € F,}. (2)
We have ¢(z) = (0, 1,b;) and
O((b — i, bf = b;)) = (1,0, =271 (b; — b))
For y # b;,

o((y —bi,y? = b)) = (Ly—b,27" (1 = b — (y — b)?))
= (L,y—byyb; — 27 (b; + b7)).
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If we take z = y — b; in (2), we obtain
(Ly — b,y — 271 (b; + 7))

using the fact that 271 — 1 = —27!. We conclude that for any b;,b; € F, with b; # 0,
(b;, b;) is adjacent to w in H, if and only if ¢((b;, b;)) is adjacent to ¢(u) in ER,,.
Case 3: Vertices of type z;.

Let 1 < i < ¢ and consider z;. The neighborhood of z; is {y} U {(b;,z) : x € F,;}. In
ER,, the neighborhood of (0,1, ;) is

{(0,0, )} U{(L, b5, 2) : v € Fo} = {o(y)} U{(L, bi,7) : v € Fy .

If i = q, then ¢((07y)) = (1707 2_1y)' If 4 7& q, then ¢((blay)) = (1abi72_1(y - b?)) As Y
ranges over F ., we obtain (1,b;, z) for all x € F,.

We have not checked the neighborhood condition for y € V(H,) but since we have
considered all other vertices, this is not necessary.

3 Proof of Theorems 1 and 2

Throughout this section p is an odd prime and g is a power of p. The set [ consisting of
the nonzero elements of F, can be partitioned into two sets IF:I“ and F~ where

a € F} if and only if —a € F.

Observe that the vertices (z1,22) and (y1,y2) are adjacent in G, if and only if x; +y; = a
and x5 + y» = a? for some a € F,. This is equivalent to (z; + y1)? = To + yo. It is often
this relation that we will use in our calculations.

Lemma 9. (i) If F2 = {a0 +b:a,b € F,} for some § € F2 \ F,, then both
{(2,y0 +2) s 2,2 € F,y € T} and {(v,y0 +2) : v,z € Fy,y € F }

are independent sets in G.
(ii) If t = 3 is odd and Fpr = {ag+ -+ + a;_10""" : a; € F,} for some 6 € Fy, then both

t—3 —
{(wo+ -+ xp-3)00 7 ;0 + -+ Y107 yi € Fgye1 € F;}
and s
{(wo+ - +au-3202 50+ -+ Y10 s xi,y; € Fyoyen € F.}
are independent sets in G|.
Proof. We prove the first case of (i) as the proofs of the remaining statements are very
similar. Suppose (21,10 + 21) and (z2, Y20 + 22) are vertices in G, with x1, 29, 21, 20 € F,

and y1,yo € F}. Then (2, + 12)* € F, but (y1 + y2)0 + (21 + 22) & F, since y; + y2 # 0.
Therefore, the vertices (x1, 110 + 2z1) and (z2, Y20 + z2) are not adjacent. O
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Lemma 10. For any k € F;, the maps ¢y, or : V(G,) = V(Gy) given by
Pel(,9)) = (@ + by + ks + 202) and e((z,9)) = (ka, k%)
are automorphisms of G,.

Proof. Let k € F;. Suppose (71, 2) is adjacent to (yy,ys) so that (1 +y1)*> = 22 +y2. In
this case,

(x1+k+y +k)? = (21 +y1)? + 4dkay + dky; + 4K
= (29 + 4kxy + 2K%) + (4o + 4Ky, + 2k?).

This shows that (z1+k, vo+4kx, +2k?) is adjacent to (y; +k, yo +4ky; +2k?). Conversely,
if (z1 + k,zo + 4k, + 2k?) is adjacent to (y1 + k,yo + 4kys + 2k?), then it must be the
case that (z1 +41)* = 22 + o and so (z1, 1) is adjacent to (2, o).

To show that ¢ is an isomorphism it is enough to observe that (z1 + y1)* = T2 + 2
is equivalent to (kxy + ky1)? = k*xg + k?yo. O

3.1 q a square

In this section we prove the following.

Theorem 11. Let g be a power of an odd prime. The chromatic number of G2 satisfies
X(Gg2) <29+ O(q/logq).

Proof. Let 6 be a root of an irreducible quadratic polynomial in F,[z] so that Fp. =
{af+b:a,b,€F,}. Assume that 6% = 1160+ o where pg, g € Fy. Let IT = {(z,y0+ 2) :
v,z € Fgy e FF}, I7 = {(v,y0 +2) 12,2 € Fj,y € F }, and J = [T UI". By Lemma
9, J is the union of two independent sets and so x(G2[J]) < 2. Let

S=J ().

keF,

By Lemma 10, each vy is an isomorphism and so x(G2[S]) < 2¢. Let X = V(Gp2)\S.
Since Ff UF, = [, we can write

S = {(z + kb,y0 + z + 4kfz + 2k*0*) : x, k,y,2 € F,,y # 0}.

Given a vertex (s,t) € V(Gyp2), say with s = so + 516 and t = t; +t16, we can take x = s
and k = s; to obtain

{(s0+ 510,90 + 2 + 451500 + 257 (110 + 10)) : y, 2 € Fy,y # 0} C S.
The second coordinate in the above subset of S simplifies to

(24 252p0) + (y + 45150 + 252 111)6.
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We can choose z = ty — 2suo and as long as t; # 4s150 + 2571, we can take y =
ty — 48189 — 252 uy. Otherwise, t; = 45159 + 2551, and 8o

X = {(s0 + 10,0 + (45150 + 2571)0) : 80, 51,0 € F,}.
Partition X into g sets X, where s € I, and
X, = {(50 + 59, (2511 +45852)0 + 1y : 89,15 € F,}.

Claim 1: For any s € F,, A(Gp[X4]) <q.
Let s € F,. A pair of vertices

(80 + 59, (25% 1y + 4589)0 + to) and (86 + g, (252 uy + 4sus)0 + vy),

both in X, are adjacent if and only if 4s%ug + (so + ug)? = ty + vy. If s, and ty are
fixed, then there are ¢ choices for us and once usy is fixed, v, is determined. Therefore,
the maximum degree of G2[X,] is q.

Claim 2: A(Gp2[X]) <2¢—1.
By Claim 1, a vertex in X, has at most ¢ other neighbors in X;. Let s,t € F,

where s # t. The vertex (s + sa, (25?11 + 4889)0 + t3) € X, is adjacent to the vertex
(t0 + ug, (28211 + 4tus)0 + v5) € X, if and only if

p1 (8% + 25t +12) + 2(s + t)sg + 2(s5 + t)uy = pu1(28% + 2t2) + 4ssq + 4tuy (3)

and
(S —f- t)2[1,0 + (82 + U2)2 = tg + Va. (4)

Equation (3) can be rewritten as
pr(s — )% = 2(t — s)sy + 2(s — t)us. (5)

Thus if sy and ¢ are fixed, then (5) and (4) determine uy and vy since 2(s —t) # 0. This
shows that a vertex in X, has exactly one neighbor in X; whenever s # t. Namely, given
the vertex (s + sa, (25%p1 + 4s552)0 + t3) € X, its unique neighbor in X; where t # s is
(t0 + g, (26?111 + 4tus)0 + v9) where

Uy =27y (s — t) + so and vy = (5 + 1)%ug + (289 + 27 i (s — t))? — to.

We conclude that a vertex x € X has at most ¢ neighbors in X, when x € X, and one
neighbor in each X for ¢ # s. Since X = U,ep, X, we have proved Claim 2.

Alon, Krivelevich, and Sudakov [2] proved that any graph with maximum degree d
with the property that the neighborhood of every vertex contains at most d?/f edges has
chromatic number at most ¢(d/log f) where ¢ is an absolute constant. A Cjy-free graph
with maximum degree d has the property that the neighborhood of every vertex contains at
most d/2 edges. Applying the result of [2] to G2[X], we obtain x(G2[X]) = O(2q/ logq).
Combining this coloring with our coloring of S, we obtain a proper coloring of G, with
2q 4+ O(q/ log q) colors. O
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To obtain a coloring of ER2 = H,2, we only need one additional color for the vertices
215, 22,Y. The vertices z1, ..., 2, form an independent set in Hp and so we use one
new color on these vertices. The vertex y has no neighbors in G2 and so we may use any
one of the 2¢ + O(q/log q) colors used to G to color y. This proves Theorem 1.

3.2 g not a square

In this subsection we prove the following result.

Theorem 12. Let g be a power of an odd prime. If r > 1 and for some p € Fy, the
polynomial x>t — i € F,[x] is irreducible, then

2r+5
3

X(Gger1) < g3t 4+ (2r + )¢t

Proof. Let t = 2r +1 > 3 be an odd integer. Suppose there is a p € F; such that the
polynomial ' — p € F,[z] is irreducible. Let 6 be a root of 2' — u in an extension field of
F,. We may view 6 as an element of F: and {1,60,...,6*} is a basis for F, over F,. For
2r+1 <1< 6r+ 3,

o — pf =i 2 1 <1< dr + 2,
T pP0Ar? if 4r 42 < < 6r 4+ 3.

This identity will be used frequently throughout this subsection. Define

I ={(zg+ 20+ + 2,10 yo + - 4 y207) zi,Y; € Fy,yar € IF;“}
and

I ={(zo+z0+ -+ 2,10y + -+ y2,07) 1 i,y € Fy oy, € F 1

By Lemma 9, both IT and I~ are independent sets. Let J = IT U ™. Since J is
the union of two independent sets, x(Gg[J]) < 2. For k € Fy, the map ¢y ((z,y)) =
(z + k,y + 4kx + 2k?) is an isomorphism of Gy by Lemma 10. Let

S = U Ve 4t 027 (J)

(mr,l..,xgr)elFZ'*'l

We properly color the vertices of S with at most 2¢" ™! colors. Let X = th\S . It remains
to color the vertices in X. To do this, we will proceed as follows. By Lemma 10, for any
k € Fy., the map ¢x((z,y)) = (kx, k*y) is an isomorphism of Gg. Let 1 < 1 < 2r and
consider ¢y (X). Let Y, = S N ¢p(X). The graph G,[Y]] is isomorphic to a subgraph
of G4[S]. We have shown that x(Gg[S]) < 2¢"™! and so x(Gg[Y]]) < 2¢"t* for any
1 <[ < 2r. Therefore, we can properly color the vertices in

b (V) = ¢, (S) N X
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r+1 r+1

with at most 2¢"*' colors. This gives a proper coloring that uses at most (2r + 1)2¢
colors. The only vertices that have not been colored are those that are in the set

Z = X N (X)) N g2 (X) N+ O hger (X).

We are now going to show that if (sg + -« + $2,0%", g + - - - + t2,0%*") € Z, then each t; is

determined by sg, ..., ss.. This will allow us to prove an upper bound on the maximum
degree of G,[Z] and we can then color G [Z] by applying Brooks’ Theorem.

We will use the following notation for the rest of this section. If s € Fyt, then sq, ..., 59,
will be the coefficients of s in the unique representation s = sg + 510 + - - - + 59,.0°" where
s; € F,. Given a 2r + 1-tuple (2o, 21, ..., 29,) € Fg"“, define

r—1
(20,21, .-, 20) = 222 + 4 Z ZiZor_j.
5=0

Claim 1: If (sq + -+ + 89,0%" tg + - - + 12,0*") € X, then

t2’!’ = 04(80, S1y-+ 45 827")-

Proof of Claim 1. A vertex in S is of the form
(2o + @10+ @0+ Tl o+ Y0
+4(x, 0" + -+ 29,.0* ) (o + -+ T 1077 + 22,07 + -+ T9,0%7)?)

for some z;,y; € Fy, and o, € F;“ UF, = F,. The coefficient of #?" in the second

coordinate is
r—1

Yor + 227 4 4 Z TjTor_j.
=0

Thus, given any vertex (s, t) € F2,, we have that (s,t) € S unless

r—1
toy = 282 + 5;S9p_;
2r — r jo2r—j-
Jj=0

Claim 2: If 1 <1< 2r and (s,t) € X N ¢g(X), then

lo—1 = ,LLOé(Sl, Si41s -5 S2ry /’L71507 s 7”718171) if 1 < l < T,

and
t2l—2'r—2 = ,U?()C(Sl, Si4-15 -+ 5 S2ry :U’_1807 R 7M_lsl—1) itr+1 < [ < 2r.
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Proof of Claim 2. Suppose (s,t) € X N ¢pg(X). There is an (z,y) € X such that (s,t) =
¢o((x,y)). From the equation (s,t) = (6'x,6%y) we obtain by equating coefficients of
6%, 0, ..., 0% in the first component,

x; =8 for 0 <1< 2r — 1 and px; = 8;_9,4yq for 2r — 1+ 1 <0 < 2r. (6)

If 1 <1 < r, then we obtain ty_; = pys, by considering the coefficient of #%*~! in the
second component. Similarly, if r +1 <1 < 27, we obtain ty_s,_o = ?ys, by considering
the coefficient of §*~2"=2 in the second component. Since (x,y) € X, we have by Claim
1 that

Yor = (T0, T1, - - -, Tor). (7)
Using (6), we can solve for the x;’s in terms of the s;’s and then substitute into (7) to
complete the proof of Claim 2. n

For 0 < k < 2r, let
Us={{i,j} c{0,1,...,2r} :i+j = k(mod 2r + 1)}.

Given {i,7} € {0,1,...,2r}, let

1 iI<iv <o

Hiigy = pwoif2r+1<i+j<4r—1.

Claim 3: Suppose (s,t) € Z. If 1 <1< r, then

tgl_l = 2usl2+r + 4 Z u{i,j}sisj.

{t,j}€U21

f0<I<r—1, then

tzl = 2812 +4 Z H{i,j}sisj-
{ivj}EUQZ

Proof of Claim 3. First suppose 1 < [ < r. By Claim 2,
lor—1 = Ma<$l7 Si415 -+ -5 S2ry /L71807 ce 7,uilsl71>~
Using the definition of o, we get that

log—1 = M(2852+r + A4S sim1 A+ S S+ Sy s

+ SyuSor+ -+ Sitr_1S14041))

= 2usi, T4 D s
{,j}€V2-1

Assume now that 0 <! < r — 1. By Claim 2,

2 -1 —1
loy = a<Sl+T+17 Sl4r425 -+ -3 S2r, b S0, ..o, 1 5l+r)~

We can now proceed as before using the definition of . O
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Claim 4: Let s,z € Fy. If 0 <1 < 2r, then the coefficient of §' in (s + x)? is

(s172 + 21y2)” + 2 Z Py (si +xi) (s + ;) if 1is even,

{ivj}eUl
and
M(3r+l/2+1/2 + xr+l/2+1/2)2 +2 Z ﬂ{i,j}(si + .Z'i)<8j + Z’j) if [ is odd.
{i’j}eUl

Proof of Claim 4. Consider

2r

(S + :L’)2 = Z(SZ + $i>2¢92l + 2 Z (82' + .Z‘i)(Sj + ZEj)QH_J.
=0 0<i<y<2r

The claim follows from the definitions of p jy, U, and the identity 6% = po*~! for
1<k < 2r. ]

Claim 5: If (s,t), (x,y) € Z and (s + x)? =t + y, then
(S — Tppy)? 4+ 2 Z pgigy (i —xi)(sj —xj) =0 for 1 <1<,
{i,5}€U21-1

and
(sp—m)* +2 Z P (si — ) (s; —x;) = 0 for 0 <1 <.
{’Lj}EUQl

Proof of Claim 5. By Claim 4, equating coefficients of 1,6, ...,6?" in the equation (s +
T)? =t +y gives

t21—1 + Yo1—-1 = ,u(sl+r + Z)?l+r)2 + 2 Z M{z’,j}(si + {L’Z‘)(Sj + ZEj) if 1 < [ < T,
{i,j}€Un_1

and
tor + Yo = (s1+21)° + 2 Z Py (si +ai)(s; +a;) if0<I <.
{i.5}eUx

Now we apply Claim 3 to t9,_1 and g9 _1. This gives
2u(siy, +a7,) + 4 Z figigy (i85 + Tiwj) =
{i,j}€U21

p(sipr + a)? 42 Z 1gi iy (si + @) (55 + ;)
{t.7}€U2-1

for 1 <1 < r. This can be rewritten as

(e — 2 +2 ) gy (s —@i)(sj — ;) = 0.
{Z’,j}EU2171
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A similar application of Claim 3 (and Claim 1 in the case of to, and ys,.) gives
(=) +2 D pagpsi—zi)(s; —a;) =0
{imj}EUZl
for0<i<r. O
We are now ready to find an upper bound on the maximum degree of the subgraph

of G induced by Z. Fix a vertex (s,t) € Z. Suppose (z,y) is a neighbor of (s,?) with
(z,y) € Z. By Claim 5, (xo, ..., %) € F2""" is a solution to the system

sy — T4r)® + 2 Z iy (si — ) (s; — ;) =0 for 1 <1 <,

{i,j}€Ua 1
and
(sp—m)* +2 Z Py (si— i) (sj —xj) =0for 0 <1<
{ivj}EUm
If we set z; = s; — x; for 0 < i < 2r, then we see that we have a solution to the following
system of 2r + 1 homogeneous quadratic equations in the 2r + 1 unknowns zg, ..., 29,41:
uzlzw +2 Z pgighzizg =0 for 1 <1<,

{i,j}€V21-1

and
zl2 +2 Z pgigrzizg =0 for 0 <10 <.

{irj}eUQZ
Lemma 13. The number of solutions (2, ..., 22,) € Fg’"*l to the above system of 2r + 1
homogeneous quadratic equations is at most

2r + 5q43l“.
3

Proof. Let m be the largest integer such that m < @ If there is set T of size m such

that each z; in the set {z; : i € T’} either is zero or is determined uniquely by the z;’s
in the set {z; : j € {0,1,...,2r}\T}, then there are at most ¢> '~ solutions. We will
show there are at most (m + 1) choices for the index set 7" which implies that we have at
most (m + 1)g?" =™ solutions in total.

Let A be the 2(r —m+1) x m matrix with entries in F,, where for 1 < i < 2(r—m+1)
and 1 < j < m, the (i, j) entry of A is the coefficient of z;_; in the equation

Woemri(i-1)/2 + 2 Z Pk 2k = 0
{k €U (i—1)/2) 1

if ¢ is odd, and the coefficient of z;_; in the equation

Z72n+(i—2)/2 +2 Z Py ez = 0
{k} €U (ma (i-2)/2)
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if 7 is even. If A is the matrix formed in this way, then one check that

2m—1 ~2m—2 <2m-3 - -- Zm
Z2m  *A2m-1 *2m—-2 - -- Zm+1
A= | 2m+1 22m Z2m-1 ... Zm+2
Zor Z2r—1  RA2r—2 .- Z2r—m+l
2(r+1) _ T
As m < =5, we have 2(r —m +1) > m. Let x = (20,21,...,2m-1)" and
_9—1 ) _ ir
27 Uit (i-1) 2 Z{k,l}eUg(mHi,l)/g),l Py 2ez if 4 is odd
b — {k,1}n{0,1,...,m—1}=0
; =

. 71 . - . . .
27 2y (i—2) )2 Z{k,l}eUg(m+(i,2>/2> [0} 2120 if 7 is even
{&,1}n{0,1,....m—1}=0

for 1 <i<2(r—m+1). Let b= (b1, ba, ..., bap—ms1))”-
We next show an upper bound m + 1 for the possible choices for the index set T'. Let
r; be the i-th row of A so that

Ty = (Z2m—1+(i—1)7 2om—2+4(i—1)5 #2m—3+(i—1)y+ - - » Zm—l—(i—l))-

If r; = 0, then we take T' = {m,m + 1,...,2m — 1}. We assume 1, # 0 for the rest of
the proof of the lemma.

Claim: If i > 1 and r; 1 € SpanFq{rl, ..., 7}, then

Zm+its € SpanFq{zm, Zmaly -y Zmaio1) for j=0,1,....,m — 1.

Proof of Claim. We prove the claim by induction on j. Suppose
Tig1 = Qa7 + -+ -+ QyTy (8)

for some «a; € F,. By considering the last coordinate, we get that

i
Zmai = E O Zmy(j—1) € SpanFq{zm, ey Zmio1}

j=1
establishing the base case j = 0. If 2,14, € SpanFq{zm, oy Zmaiet ) Tor 0 < jo <K m—2,
then by (8),
7 i—1
“mtitjo+l = Z QG Zmpjo+1+(j—1) = XiZmtitjo T Z Qj Zm+ji+jo -
j=1 j=1
By the inductive hypothesis, this is in Spang {2, ..., Zmyi-1}- O
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By the Claim, if there is an i € {1,2,...,m — 1} such that r;;; € Span]Fq{rl, ce T
then there exist m z;’s that are uniquely determined by the other z;’s and we can take
T = {zZmsis Zmritly - - -, Z2mri—1}. Otherwise, ry, ..., r, are linearly independent which
implies that the rank of A is at least m. It is at this step where we need m < @ as
we require the number of rows of A, which is 2(r — m + 1), to be at least m. Since the
rank of A is at least m, there is at most one solution x to Az = b. In this case we take
T ={0,1,...,m— 1} and each of {29, z1, ..., Zm—1} is determined by {z, Zm+1, .- ., 22, }.

Altogether, we have at most

o+ 1)g% < P2
solutions which proves the lemma.
O
By Lemma 13, the maximum degree of G[Z] is at most @q%ﬂ. Therefore,
W(G) < T2 H 1)
O

We obtain a coloring of ER; from a coloring of G as before. We use one new color on
the vertices z1, ..., z;, and then give y any color that is used on G . This gives a coloring
of ER, that uses at most %q%ﬂ + (2r + 1)¢"*! + 1 colors which proves Theorem 2.

4 Proof of Theorem 7

The following lemma is easily proved using the definition of adjacency in Gy.

Lemma 14. Suppose o, o, oy, are distinct elements of Fy such that

2 2

ozi—i-ozj:aQ,ozj—i-ozk:b, and oy + o; = ¢

for some a,b,c € F,. If x+y=a, y+2z=>, and z+x = ¢, then {(z,w), (y,a;), (z,04)}
induces a triangle in G,.

Given an odd prime power ¢, let x : F, — {0, £1} be the quadratic character on F,.
That is, x(0) = 0, x(a) = 1 if a is a nonzero square in F,, and x(a) = —1 otherwise. For
the next lemma, we require some results on finite fields (see Chapter 5 of [15]).

Proposition 15. Let g be an odd prime and f(z) = ayx®+ a1z +ag € F [z] where ay # 0.
If a? — 4agay # 0, then

> x(f(e) = —x(az).

celfy
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Proposition 16 (Weil). If f(z) € F,[z] is a degree d > 1 polynomial that is not the
square of another polynomial, then

Yo X(f@)| < (d=1)va.

z€lf,
Lemma 17. If g > 487 is a power of an odd prime, then there are elements a, ..., a5 € Fy
such that o, ..., a5 are all distinct, and
X(Oé,; + ozj) =1

for1 <1< j<bh.

Proof. Choose a; € F; arbitrarily. There are qg—l nonzero squares in [y so we can easily
find an ay € F\{0, a1} such that x(a; + a2) = 1. Observe that this implies oy # —a;
otherwise y(aj + a2) = 0. Assume that we have chosen oy, ..., ax € [ so that ag, ..., ay
are all distinct and

x(ai+a;) =1
for1 <i<j<k Let
k
fla)=TJ0 + x(es +2))
=1

and X = {8 € F, : f(B) = 2F}. If B € F, and f(B) # 0, then x(c; + ) € {0,1} for
1 <i < k. We have x(a; + ) = 0 if and only if § = —«;. Therefore, there are at most k
distinct 8’s in F, such that 0 < f(83) < 2* which implies

PIX|+ k2T = Y fa) =g+ ) Zx(H($+a)>~

z€F, 0£SClk] z€Fq  \a€S

For any i € [k, erqu X(o; +x)=0. Forany 1 <i<j <k,

D x(@ + (i + )z + o) = —1

z€lF,

by Proposition 15. When k = 2, if q_32_33'22 > 3+ 1, then | X| > 4 and we can choose
an az € F,\{0, a1, as} that has the desired properties. When k € {3,4}, we use Weyl'’s
inequality to obtain a lower bound on | X|. Observe that since ay, ...,y are distinct, no
product (z + ;) -+ (x 4+ ;) for 1 <4y < --- <4 < k is the square of a polynomial in

F,[z]. By Weyl’s inequality, for any 1 < iy < --- <4 <k,

Z (@ + i) (2 + )| < 1Vg

z€lF,

The hypothesis on ¢ implies that ¢ is large enough so that |X| > 5 when &k = 3, and
|X| = 6 when k = 4. Therefore, we can inductively choose oy and as so that a, ..., s
satisfy all of the required properties. O
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Choose elements a1, ..., a5 € F; satistying the properties of Lemma 17. Let

a; + Oéj = CL?J-
for 1 <17 < j < 5. Since a; # —a, no a;;’s are zero. For 1 <17 < j <k <5, let x; 4,
Yijk, and z; j, be any elements of [F, that satisfy

Tijk + Yijgk = Qig,  Yijk + Zijk = Gk, and zjjx + Tije = Qi

Then the vertices (z;;k, @), (Yijk, @), and (2; jx, ou) form a triangle in G, and this holds
forany 1 <i<j <k <5.

Now we use these triangles, which are in Gy, together with the new vertices 21, ..., 24,y
that are added to G, to from H, = ER, to obtain a subgraph with chromatic number at
least four. For 1 < i < 5, the vertex z,, is adjacent to all vertices of the form (z, a;). The
vertex y is adjacent to each z;. Consider the subgraph H, whose vertices are y, 2o, , - - - ; Zas
together with all (2 ;x, i), (Yijk, @), and (2 ;k, ) for 1 <i < j < k < 5. Suppose we
have a proper 3-coloring of this subgraph, say with colors 1, 2, and 3. If the color 1 is
given to three distinct vertices z,’s, say zq,, Za,, and 2, , then only colors 2 and 3 may be
used on the triangle whose vertices are (x; ;x, @), (Yijk, ), and (z; jx, ax). Therefore, all
three colors must be used to color the vertices in the set {zq,, ..., 24 } but then no color
may be used on y. The number of vertices in this subgraph is at most 1 + 5 + (2)3 = 36.

5 Concluding Remarks

The upper bounds of Theorems 12 and 2 can be improved for large ¢ by applying the
result of Alon et. al. [2] to the graph G[Z] instead of using Brooks’ Theorem. We have
chosen to use Brooks” Theorem as then there is no issue of how large the implicit constant
is, and because we believe that the upper bound should be closer to O(qt/ 2.

Using a similar argument as the one used to prove Theorem 2, we can prove the
following.

Theorem 18. If q is a power of an odd prime, then
X(Gqs) < 6q2.

A consequence is that x(ER,) < 6¢* + 1 whenever ¢ is a power of an odd prime.
Unfortunately, we were not able to extend this bound to the general case. In the ¢? case,
one can explicitly compute the relations satisfied by vertices in X (see Section 3.2) and
then use these equations to bound the maximum degree of G;s[X]. Dealing with the set
X is one of the main obstacles in our approach.

We remark that if one could improve the bound in Lemma 13, it would improve our
result in Theorem 2. It seems likely that Lemma 13 could be strengthened enough to
improve the bound in Theorem 2 all the way down to

X(ERgr+1) < (2r + 1+ 0(1))g" .
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Perhaps this can be done using techniques from algebraic geometry.

The conditions on ¢ for which there exists an irreducible polynomial z* — p € F,[z] are
known (see Theorem 3.75 of [15]). Let ¢ be a power of an odd prime and let ¢ > 3 be an
odd integer. Let ord (s, q) be the order of p in group F;. Then 2' — i € Fy[2] is irreducible

q—1

if and only if each prime factor of ¢ divides ord(u, ¢) but does not divide TR Since Fy

is cyclic, for any divisor d of ¢ — 1, there is an element a € F; with ord(a, ¢) = d. As long

as t divides ¢ — 1, we can choose an element p € F; so that ¢ divides ord(u, ) but ¢ does
Org(u{Q)‘
the upper bound y(ERy) < @q%“ + (2r +1)¢"* 4+ 1 in this case. For a fixed t > 3,
Dirichlet’s Theorem on primes in arithmetic progressions implies that there are infinitely
many primes p such that p = 1(mod t). Then for any ¢ which is an odd power of such p,
we have ¢ = 1(mod ).

not divide Therefore, if ¢ = 1(mod t), then Theorem 2 applies and we obtain

The graph FR, is an example of an orthogonal polarity graph. Let II be a finite
projective plane of order ¢ with point set P and line set £. A polarity of 11 is a bijection
m:PUL — PUL such that ¢(P) = L, ¢(L) = P, ¢* is the identity, and point p is
on line [ if and only if point ¢(l) is on line ¢(p). A point p for which p € ¢(p) is called
an absolute point. The polarity ¢ is called orthogonal if it has exactly ¢ + 1 absolute
points. The corresponding orthogonal polarity graph is the graph with vertex set P,
and vertices p; and p, are adjacent if and only if p; € ¢(p2). The graph ER, is an
orthogonal polarity graph which can be obtained from the projective plane PG(2,¢) and
the polarity that sends the point (z,y, 2z) to the line [z,y, 2], and sends the line [z, y, z]
to the point (x,y,z) (loops in this graph must be removed to obtain ER,). There are
non-desaurgesian projective planes that have orthogonal polarities and this leads us to
the following problem.

Problem 19. Determine if there is an absolute constant C' such that the following holds.
If G is an orthogonal polarity graph of a projective plane of order ¢, then

x(G) < Cq'2.
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