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Abstract

In this paper, we prove that every contraction-critical 2-connected infinite graph
has no vertex of finite degree and contains uncountably many ends. Then, by inves-
tigating the distribution of contractible edges in a 2-connected locally finite infinite
graph G, we show that the closure of the subgraph induced by all the contractible
edges in the Freudenthal compactification of GG is 2-arc-connected. Finally, we char-
acterize all 2-connected locally finite outerplanar graphs nonisomorphic to K3 as
precisely those graphs such that every vertex is incident to exactly two contractible
edges as well as those graphs such that every finite bond contains exactly two con-
tractible edges.
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1 Introduction

Since the pioneering work of Tutte [11] who proved that every 3-connected finite graph
nonisomorphic to K, contains a contractible edge, a lot of research has been done on
contractible edges in finite graphs. One may consult the survey paper by Kriesell [8] for
details.

For any 2-connected graph nonisomorphic to K3, we have the well-known fact that
every edge can either be deleted or contracted so that the resulting graph remains 2-
connected. This immediately leads to the following result.

Theorem 1. Let G be a 2-connected finite graph nonisomorphic to K3. Then the subgraph
induced by all the contractible edges in G is 2-connected.
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Wu [12] investigated the distribution of contractible elements in matroids and extended
Theorem 1 to simple 2-connected matroids. He also characterized all simple 2-connected
matroids M having exactly r(M)+1 contractible elements (where (M) is the rank of M)
as those matroids isomorphic to a graphic matroid of an outerplanar Hamiltonian graph.

Theorem 2 (Wu [12]). Let G be a 2-connected finite graph nonisomorphic to Ks. Then
every vertex of G is incident to exactly two contractible edges if and only if G is outer-
planar.

On the other hand, only a few results were known for contractible edges in infinite
graphs. For example, Mader [10] showed that every contraction-critical locally finite
infinite graph has infinitely many triangles. Kriesell [9] provided a method of constructing
contraction-critical k-connected infinite graphs (k > 2). In Section 3, we will prove that
every contraction-critical 2-connected infinite graph contains vertices of infinite degree
only and has uncountably many ends.

A natural way to extend Theorems 1 and 2 is to consider locally finite infinite graphs.
Notice that Theorem 1 is no longer true as demonstrated by the infinite double ladder
(the cartesian product of a double ray and Ks). The subgraph G¢ induced by all the
contractible edges is the disjoint union of two double rays and is not even connected.
Interestingly, the situation changes dramatically by looking at the graph from a topological
viewpoint as introduced by Diestel and Kiihn [4, 5, 6]. By adding the two ends of the
double ladder to G¢, the resulting closure G¢ is a circle and is 2-arc-connected. In
Section 4, we will prove that for every 2-connected locally finite infinite graph G, G¢ is
2-arc-connected.

Returning to Theorem 2, the backward direction is straightforward. For the forward
direction, by Theorem 1, G¢ is spanning and 2-connected. Since every vertex is incident
to exactly two contractible edges, G¢ is a Hamilton cycle. Then it is easy to see that G
is outerplanar. When extending to locally finite infinite graphs, we now need the non-
trivial statement that if G is a 2-connected locally finite infinite graph such that every
vertex is incident to exactly two contractible edges, then G¢ is a Hamilton circle. This
will be proved in Section 5. We will use it to prove an infinite analog of Theorem 2 for
any 2-connected locally finite graph G nonisomorphic to K3. Also we will show that G is
outerplanar if and only if every finite bond of G contains exactly two contractible edges.

2 Definitions

All basic graph-theoretical terminology can be found in Diestel [3]. Unless otherwise
stated, all graphs considered in this paper can be finite or infinite. An edge of a k-
connected graph is said to be k-contractible if its contraction results in a k-connected
graph. Otherwise, it is called k-non-contractible. A k-connected graph in which every
edge is k-non-contractible is called contraction-critical k-connected. We simply write 2-
contractible as contractible. Let G = (V, E) be a 2-connected graph. Denote the set of all
contractible edges in G by E¢ and the subgraph induced by all the contractible edges by
Ge = (V, E¢). Let X and Y be two disjoint subsets of V. An X-Y path P is a path such
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that only the starting vertex of P lies in X and only the ending vertex of P lies in Y.
Denote the set of all edges between X and Y by Eq(X,Y). If X and Y form a partition
of V, then Eqg(X,Y) is called a cut. A minimal non-empty cut is a bond. Denote the set
of all edges incident to a vertex x by Eg(z) and the set of all neighbors of x by N¢g(x).
Define Ng(X) := (U,ex Na(2))\ X. A set S of k vertices is called an k-separator if G — S
is not connected.

Let G be a locally finite graph. A ray is a 1-way infinite path, a double ray is a 2-way
infinite path, and the subrays of a ray or double ray are its tails. An end is an equivalence
class of rays where two rays are equivalent if no finite set of vertices separates them.
Denote the set of the ends by 2(G). We define a topological space, denoted by |G|, on G
together with its ends, which is known as the Freudenthal compactification of G as follows.
View G as a 1-complex. Thus, every edge is homeomorphic to the unit interval. The basic
open neighborhoods of a vertex x consists of a choice of half-open half edges [xz), one for
each incident edge xy, where z is any interior point of zy. For an end w € Q(G), we take
as a basic open neighborhood the set of the form: C/(S,w) := C(S,w) UQ(S, w) U E(S, w),
where S C V is a finite set of vertices, C'(S,w) is the component of G — S in which every
ray from w has a tail, (S, w) is the set of all ends whose rays have a tail in C'(S,w),
and E(S, w) is the set of all interior points of edges between S and C'(S,w). Let H be a
subgraph of G. Then the closure of H in |G| is called a standard subspace and is denoted
by H. We say H contains a point z of |G| if x € H.

Let X and Y be two topological spaces. A continuous map from the unit interval [0, 1]
to X is a path in X. A homeomorphic image of [0,1] in X is called an arc in X. This
induces an ordering < for the points in the arc. The images of 0 and 1 are the endpoints of
the arc. An arc in X with endpoints x and y is called an z-y arc. A homeomorphic image
of the unit circle in X is called a circle in X. A (path-)component of X is a maximal
(path-)connected set in X. X is 2-connected (2-arc-connected) if for all z € X, X \ z is
connected (arc-connected). We say X can be embedded in Y if there exists an injective
continuous function ¢ : X — Y such that X is homeomorphic to ¢(X) in the subspace
topology of Y. Then ¢ is called an embedding of X in Y. Take Y to be R2. A component
of R?\ ¢(X) is called a face of ¢(X) in R?. A graph G is planar if G can be embedded in
R2. A graph G is outerplanar if there exists an embedding ¢ of G in R? such that there
is a face f of ¢(G) in R? whose boundary df contains all the vertices of G. Chartrand
and Harary [2] characterized outerplanar finite graphs as precisely those graphs that do
not contain a K 3- or K4- subdivision.

Suppose A is an arc in |G| and «x is a vertex in A. Then the vertex immediately before
x in A if exists is denoted by x~ and the vertex immediately after x in A if exists is
denoted by z*. An arc in |G| is an w-arc if the end w is one of its endpoints and unless
otherwise stated, it corresponds to the image of 1. Following Bruhn and Stein [1], we
define the end degree of an end w in GG as the supremum over the cardinalities of sets of
edge-disjoint rays in w, and denote this number by degs(w). In fact, they proved that this
is equal to the supremum over the cardinalities of sets of edge-disjoint w-arcs in |G|. For
a subgraph H of GG, define the degree of w in H as the supremum over the cardinalities
of sets of edge-disjoint w-arcs in H which is denoted by degy(w).
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3 Contraction-critical 2-connected infinite graphs

It is well-known that the only contraction-critical 2-connected finite graph is K3. However,
there are infinitely many contraction-critical 2-connected infinite graphs as shown by the
following construction due to Kriesell [9]. Define Gy := ) and let G; be any 2-connected
finite graph. Suppose we have constructed G,, such that G,,—1 € G,. For each edge zy
in F(Gp) \ E(Gn-1), add a new z-y path of length at least 2. The resulting graph is
Grny1- Repeat the process inductively. Then the graph G := (J;5, G; is a contraction-
critical 2-connected infinite graph. Note that G has no vertex of finite degree and has
uncountably many ends. We will show that this holds in general for any contraction-
critical 2-connected infinite graph. First, we state a fundamental fact about contractible
edges in 2-connected graphs.

Lemma 3. Let G be a 2-connected graph nonisomorphic to K3 and e be an edge of G.
Then G — e or G/e is 2-connected.

Now, we can develop some tools that will be used for the rest of the paper.

Lemma 4. Let G be a 2-connected graph nonisomorphic to Ks, and e and f be two
non-contractible edges of G. Then f is a non-contractible edge of G — e.

Proof. By Lemma 3, G — e is 2-connected. Since V(f) is a 2-separator of G, V'(f) is also
a 2-separator of G — e and f is a non-contractible edge of G — e. O

Lemma 5. Let G be a 2-connected graph nonisomorphic to K3 and F be a finite subset

of E(G).
(a) If G — F is disconnected, then F' contains at least two contractible edges.

(b) If G — F is connected but not 2-connected, then F' contains at least one contractible
edge.

Proof. For (a), suppose F' contains at most one contractible edge. Then by Lemma 3
and 4, we can delete all the non-contractible edges in F' and the resulting graph is still
2-connected, a contradiction.

For (b), suppose all edges in F' are non-contractible. Then by Lemma 3 and 4, we can
delete all edges in F' and G — F' is still 2-connected, a contradiction. 0

Lemma 6. Let G be a 2-connected graph nonisomorphic to Ks. Let {z,y} be a 2-separator
of G and C be a component of G —x —y. If |Eg(x,C)| is finite, then Eg(x,C) contains
a contractible edge.

Proof. Note that y is a cutvertex of G — Eg(x,C). By Lemma 5(b), Eg(x,C) contains a
contractible edge. 0

Lemma 7. Let G be a 2-connected graph nonisomorphic to K3 and x be a vertex of G.
Suppose all edges incident to x are non-contractible. Then
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(a) x has infinite degree.

(b) For any edge xy incident to x, every component of G —x —y contains infinitely many
neighbors of x.

Proof. For (a), Suppose z has finite degree. By applying Lemma 5(a) to Eg(z), = is
incident to at least two contractible edges, a contradiction.

For (b), let C' be a component of G —z —y. By Lemma 6, Eg(x, C') contains infinitely
many edges. 0

Theorem 8. Let G be a contraction-critical 2-connected infinite graph. Then every vertex
of G has infinite degree and G has uncountably many ends.

Proof. By Lemma 7(a), every vertex of G has infinite degree.
Next, we will construct a rooted binary infinite tree T" in GG together with edges incident
to each vertex of T' with the following properties:

(1) The root of T is denoted by z.

(2) The vertices of T" are denoted by Zy,n,..n, Where k € N and n; € {0,1} for 1 <i < k.
For k = 0, define z,,p,..n, 1= .

(3) Each vertex @, n,. n, of T is adjacent to two vertices @, n,. n.0 a0d Tpyny. n,1 in 1.

(4) For each vertex x,,n,. n, of T, there exists an edge @, n,. n.Ynins..n, i1 G such that
Yning..n, does not lie in 7.

(5) The subtree of T rooted at @y pn,. n, is defined as

e o
Toing.ny, = T[Ui:o U(ml,mQ,_.,,mi)e{oJ}i LA —— I

k :
For fixed ny,no, ..., ng, szo{xnlmmnj,ynlm_“n]} separates T ny. 0 a0d Tpy iy np1 I0
G.
Each ray in T' starting at x is of the form: xz,,, Ty 0, Tringng - - -- Let R =z, Ty n,

Tnyngns - - - ANd Q 1= TTp, Tonymy Tmymams - - - e two distincet rays in 7'. Then there exists
a smallest k such that n; = m; for all i < k and nyy1 # mgs1. By property (5) above,
Ufzo{wnmmnj,ynm.,,nj} separates R and @ in G. Therefore, each ray in T starting at x
belongs to a unique end of GG, and G has uncountably many ends.

Now, it remains to construct 7T inductively. Let x be any vertex in G. Define
To := ({z},0). Choose any edge incident to = in G, say xy. Let Cy and C; be any
two components of G — x — y. Let x5 be a neighbor of x in Cy and x; be a neigh-
bor of x in C). Define T} := ({z, zo, 21}, {zx0,22:}). Note that Ng(Cy) C {x,y} and
Ng(Cy) C{x,y}. Also, G — Cp and G — C are both connected.

Suppose we have constructed the rooted binary tree T), where

-----

k=L
E(Ty) = Ui:() U(nl,n27,,,7ni)e{o71}i{xnmz---nixmnz--.mov Tryng..n; Tnyng.ni1 } Such that
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(i) each vertex xp,n, n, (0 < i < k) lies in a connected subgraph C,,p, », of G (for
1= 07 Tning..m; = Ly Yning..mn; = Y and Cn1n2...ni = G)a

(i) for each vertex x, n, n, (0 < i < k), we have found an edge Z,,ny. 0 Yniny..n;, that
lies in (), p,..n; such that Cy,p,. n0 and Chypy. n,1 are two components of Cyy iy, —
Tnyng..n; — Yning..m; that are adjacent to =, n,. ni

(111> for ﬁXGd ni,no, ..., 1Ny (1 < { < k); NG(Cnlng...ni) g U;;B{xnlng...njaynlng...nj}a
(iv) for fixed ny,ng,...,n; (1 <i < k), G— Chyny. n, is connected.

Now, for each vertex @,,n,. n, in T, since it has infinite degree and Ng(Zpiny..n,) \
Ching..ny © N (Cryny..my,) 1s finite by (iii), all but finitely many neighbors of 2,5, ., lie
in Cpyny..n,- Let 2z be aneighbor of z,,,. n, 0 Chying..ny, a0 B 1= Chyyng. oy — Tryng.omg — 2-
Suppose B is connected. Since B’ := G — Cyny. n, is connected by (iv), B and B’ are
the only two components of G — %y n,.n, — 2. By Lemma 7(b), B’ contains infinitely
many neighbors of x,,,,, n», contradicting No(Zn,ny.ny.) \ Cning..ny © Na(Chying...ny, ) Which
is finite by (iii). Therefore, B is not connected.

Note that at least one component of B is adjacent to 2y, p,. n,. If not, then, by the 2-
connectedness of G, each component of B has a neighbor in N¢(Chyny. n) € G—Chyng..ny-
By (iv), this implies G — @y, n,..n, — 2 is connected, a contradiction. Suppose there are
two components of B, say D and D', that are both adjacent to x,,n, n,. Then choose
Yning..ng ‘= %5 Cning..npo .= D and Cy p,. 1 = D'. Suppose only one component of B is
adjacent to xp,pn,. n,, say C. Each component of B other than C' is adjacent to z by the
connectedness of C, n,. n, and has a neighbor in Ng(Chiny.n) € G — Chyiny.n,, by the
2-connectedness of G. Denote the union of components of B other than C by C’. Since
G—Chying. ny, 1s connected by (iv), C" := G[(G—Chpny. ., )UC'] is connected. Hence, C' and
C" are the only two components of G — 2y, p,..n, —2 and Ng(C') = {@p ny..ny, 2} Let 2’ be
a neighbor of ;. n, in C. Then one component D of Cy ny..n — Tnyng..m, — 2 contains
z and C'. Since G' — Ty ny..n, — 2’ 1S DOt connected, D cannot be the only component of
Cring..ng — Tnyng..n, — 2 - Let D' be any component of C,pn,. ny — Tnyng..ny, — 2 Other than
D. Then D' lies in C' and Ng(D') C {xn,ny..m;, 2} U (Na(C) — 2) = {Znyny..np, 2’} Now,
choose Ynyny..ny =2, Cryng..mpo = D and Cp g pp1 = D'

In both cases, Tning..nYning..mp i€ I Cpipny oy, and Chpinympo and Cpipyonp1 are
two components of Cpiny. ny — Toning.mg — Ynang..m, that are adjacent to zp,pn, n,. Let
Tnyng..n0 De a neighbor of T ny. n, I Chyng..ngo A0 Ty, n,1 be @ neighbor of 2, n,
n Cnlng...nkl' Since Cnlng...nko g Cn1n2...nk and Cnlnz...nkl g Cn1n2...nka NG(Onlng...nkO) g

NG(Cnlng...nk> U {xnlng.“nk’ynlng.“nk} g U;?:o{xnlng...njaynlnz...nj} and NG<Cn1n2...nk1) g

Nea(Cring.ni) UL Tniny. s Ynyng.ng b U?:(){Imm-..nwymm---nj} by (iii). By the connect-
edness of Cy,,ny..n,, every component of Cy ny.ny — Tning..n, — Ynins..n, Nas a neighbor in
{ZTnins..nps Yning..my, 3 For ngr1 € {0, 1}, denote the union of the components of Cy, ;. n, —
Tping..np = Yning..ny Other than Cp g npney DY Unysy - Then G2 ny. oy Yning..ne I Uny ] 18
connected. Since Tpyn,. ., € G—Ching..ngs Tnyng.ng 1 Tning..n, € E(G) and G —Chy ny. o,
is connected by (iv), G — Cpiny.png s := GU(G = Cring..ny.) U Tngng.ony Yning.omy, Y Uny ] 18

connected.
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Define Ty 41 where V(Ty1q) = Ufiol U(mmr“,m)e{()’l}i Tnyny..n; and

E(T’H—l) = Uf:l) U(nl,nz,...,ni)e{o,l}i{xn17"b2.--nixn1n2mni0> xmnz---nizmnznﬂil}'

Finally, define T := |J;—, Tk It is easy to see that 7" satisfies properties (1) through (4).
Let 2y and z; be any vertices in T},,,,, . n,0 and T3, n,1 respectively. Then zj is of the form
Tring...nkOpips...p; While z1 is of the form Tryng..nplaige.. ;- We have 2y = T ny.n.0p1po..ps €
Cring..ngpipa..pi S Crnangongopips.pin S oo C Chpngomgo and 21 = Tning..nglqige..p; €
Cn1n2.~~nk1q1q2~--q]' - Cn1n2.~-nk1q1QQ--~qJ‘71 c...C C”l”Qu-”kl' Therefore, Tn1n2.~-nk0 - Cn1n2-~~nk0
and Toyny. i1 € Chyng.onp1- Since U;?:O{xnmmnj,ynmmnj} contains both Ng(Ch,ny...n0)
and Ng(Chyny..ng1), it separates Cpyng. o a0d Chyny. n,1 in G and thus separates T, ny. 00
and T, n,..n,1 in G. Hence, Property (5) holds for 7" and the proof is complete. O

4 Subgraph induced by all the contractible edges

In this section, we will extend Theorem 1 to any 2-connected locally finite infinite graph
G and prove that G¢ is 2-arc-connected. Note that Lemma 5(a) implies that every vertex
is incident to at least two contractible edges. Hence, G¢ is spanning. Using the following
two lemmas, it is easy to see that G¢ is arc-connected.

Lemma 9 (Diestel [3]). Let G be a locally finite graph. Then a standard subspace of |G|
1s connected if and only if it contains an edge from every finite cut of G' of which it meets
both sides.

Lemma 10 (Diestel and Kiithn [6]). If G is a locally finite graph, then every closed
connected subspace of |G| is arc-connected.

Theorem 11. Let G be a 2-connected locally finite infinite graph and Ge be the subgraph
induced by all the contractible edges in G. Then G¢ is arc-connected.

Proof. Let F be any finite cut of G. By Lemma 5(a), F' contains at least two edges in
G¢. Hence, G¢ is connected by Lemma 9. By Lemma 10, G is arc-connected. [

Next, we prove that G¢ is 2-connected.

Lemma 12. Let G be a 2-connected locally finite infinite graph and x be a point of |G]|.
Suppose there is a partition (X, X') of V(G \z) such that Eq(X, X') is non-empty and all
edges in Eq(X, X') are non-contractible. Then G contains a subdivision of a 1-way infinite

ladder L consisting of two disjoint rays: R = xoPyx1Paxs... and R' := x) P\ Py}, . ..
with the rungs of the ladder being xoxy, 1127, X225, . . ., all of which are X-X" edges such
that © ¢ L.

Proof. Since G is 2-connected, |Eg(X, X')| > 2 unless x is a vertex and |Eq(X, X')| = 1.
Consider any X-X' edge xox{, that does not contain x. Let C' be the component of
G — g — x, containing x and C; be a component of G — xy — z{, not containing =.
Suppose we have constructed the finite ladder L; consisting of two disjoint paths
Ry = xoPix1 Pyxs . .. w1 Py, and R, := xy P2 Pyxly . .. x)_ Plx), with the rungs of the
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ladder being zoz(, z12), . . . zxx), all of which are X-X" edges such that L, C G[CyUzoUz()
and G[C' U Ly — x — ] is connected. Let Cyi; be a component of G — x; — ) not
containing 2. Then Cjy,1 C C} and Cy;1 N L = 0. By applying Lemma 6 to Eg (g, Cri1)
and Eg(x),, C41), there exist contractible edges xpyr1 and 2y, ., where yp1 € Ciq
and y,,, € Cpqq1. Since x ¢ Cpyq and all edges in Eg(X, X') are non-contractible,
Yr+1 € X and ;. € X'. Choose a path Q41 in Ciyq between y; 11 and y;.,,. Then there
exists an X-X' edge o412}, on Qrq1 such that V(yp1Qri17k41) € X and 7, € X'.
Define Pry1 := T3¥kr1 UUkr1Qrr1Th+1, Piy1 = T U1 Qrr 10 q 15 Rigr = RrpU Py,
w1 i= R UP and Ly := LyUP,1UP; Uxg 2, . Note that Ly, C G[CyUzoUzy]
and G[C'U Ly41 — Tpq1 — 2),4] is connected.
Define R := J,oq Bi, B = Uyso By, and L := U Lr- Then L C G[Cy U 2o U ]
and z ¢ L. O

Theorem 13. Let G be a 2-connected locally finite infinite graph and G be the subgraph
induced by all the contractible edges in G. Then G¢ is 2-connected.

Proof. Suppose G¢ is not 2-connected. Then there exists a point z in G¢ such that
Gc \ 7 is not connected. Let U and U’ be two disjoint non-empty open sets in |G| such
that Go\x C UUU, (Ge\2)NU # 0 and (Go\z)NU’ # (). Define X := (G \2)NUNV(G)
and X' := (G¢ \ #) NU' NV(G). Since G¢ is spanning, X U X’ = V(G \ z). Suppose
U contains an interior point a of an edge bc of G¢. Then G \ « contains half edges [ba]
or [ca] of be. By the connectedness of half edge, U contains b or ¢. Suppose U contains
an end w of |G|. Then U contains a basic open neighborhood of w, say C(S,w), and thus
contains infinitely many vertices. The same arguments hold for U’. Therefore, both X
and X' are non-empty. Since G \ z is connected, Eg(X, X’) is non-empty.

Suppose z is a vertex or an end of G. Then all edges in E¢ (X, X’) are non-contractible
and (X, X’) is a partition of V(G \ z). Suppose z is an interior point of an edge e. Then
all edges in Eg(X,X’) are non-contractible unless e € Eg(X,X’) N Ec. Note that,
Eq(X, X') — e is non-empty as G is 2-connected and every edge in Eg(X, X’) — e is non-
contractible. Let e = yy’ where y € X and ¢y € X’. Suppose X = {y}. By Lemma 5(a),
since ¥ is incident to at least two contractible edges, there is a contractible X-X’ edge
other than e, which is impossible. Therefore, | X| > 2. Now, all edges in Eqg(X —y, X’)
are non-contractible and (X —y, X’) is a partition of V(G \ y). In both cases, by Lemma
12, G contains a subdivision of a 1-way infinite ladder L such that = ¢ L.

Let w be the end of |G| containing R and R’. Note that w # z. Since G¢ is span-
ning, G¢ \ = contains all the ends of |G| except possibly x. Without loss of generality,
assume w € U. Since U is open, there exists a basic open neighborhood C’(S,w) cU.
Since x(, 2, 2, ... € X' C U’ converge to w, all but finitely many of them lie in C’(S, w),
contradicting U N U’ = (). O

Finally, we prove the main result of this section, namely, G is 2-arc-connected.
This follows from a theorem by Georgakopoulos [7] concerning connected but not path-
connected subspaces of locally finite graphs. Note that since |G| is Hausdorff, path-
connectedness is equivalent to arc-connectedness.
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Theorem 14 (Georgakopoulos [7]). Given any locally finite connected graph G, a con-
nected subspace X of |G| is path-connected unless it satisfies the following assertions:

(1) X has uncountably many path-components each of which consists of one end only;
(2) X has infinitely many path-components that contain a vertex; and

(3) every path-component of X contains an end.

Theorem 15. Let G be a 2-connected locally finite infinite graph and G be the subgraph
induced by all the contractible edges in G. Then G¢ is 2-arc-connected.

Proof. Suppose G¢ is not 2-arc-connected. Then there exists a point z in G¢ such that
G¢\z is not arc-connected. Note that G \z is connected by Theorem 13. By Theorem 14,
G¢\x has uncountably many path-components each of which consists of one end only. Let
w and w’ be two such path-components of G¢ \ z. Since G is arc-connected by Theorem
11, there exists an arc A joining w and w’ in G¢. Now, z must lie in A for otherwise
w and w’ would lie in the same path-component of G¢ \ 2. But the path-component of
G¢ \ o containing w also contains [wAz), a contradiction. O

5 OQOuterplanarity of 2-connected locally finite graphs

As mentioned in the introduction, in order to extend Theorem 2 to locally finite infinite
graphs, we would like to prove that for any 2-connected locally finite infinite graph G, if
every vertex is incident to exactly two contractible edges, then G¢ is a Hamilton circle.
This requires several lemmas listed below.

Lemma 16. Let G be a locally finite graph. Then every arc in |G| whose two endpoints
are ends contains a vertez.

Proof. Suppose A is an arc in |G| whose two endpoints are ends w; and ws. Then there
exists a finite set S of vertices such that C(S,w;) and C(S,ws) are distinct. By the
connectedness of A, A contains a vertex of S. 0

Lemma 17. Let G be a locally finite graph and w be an end in |G|. Then every w-arc A
in |G| contains a vertex, say z, and zA contains a ray starting with z.

Proof. Denote the starting point of A by a. First, we show that A contains a vertex. If
a is a vertex, then we are done. If a is an end, then it is true by Lemma 16. If a is an
interior point of an edge xy, then by the connectedness of A, A contains x or y.

Let z be a vertex in A. By the connectedness of zA, zA contains an interior point
of an edge incident to z, say zz;. Then the connectedness of zA implies zz; lies in zA.
Repeat the above argument for z; A and so on. We obtain a ray that starts with z and
lies in zA. O
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Lemma 18. Let G be a locally finite graph and w be an end in |G|. Let Ay and A be two

w-arcs in |G| that are disjoint except at w. Then, for all finite subset S of V(G), C(S,w)
contains a subarc AlwA, of AjwAs and there is an A|-A} path in C(S,w).

Proof. Let x1 be the last point of A; that lies in .S and x5 be the last point of A, that lies
in S. By Lemma 17, 1A contains a ray R; starting with x; and x5 A contains a ray Rs
starting with x5. Let y; be the neighbor of x; in R; and y, be the neighbor of x5 in R,.
Then y; AjwAsys, lies in O(S, w). Also there is a y;-y, path in C'(S,w) which automatically
contains a y; A1-y2 Ao path. O

We also need a result on the characterization of a topological circle in |G| in terms of
its vertex and end degrees.

Lemma 19 (Bruhn and Stein [1]). Let C' be a subgraph of a locally finite graph G. Then
C' is a circle if and only if C' is connected and every vertex and end of |G| in C' has degree
two in C.

Now, we can proceed with the proof.

Theorem 20. Let G be a 2-connected locally finite infinite graph and G¢ be the subgraph
induced by all the contractible edges in G. If every vertex of G is incident to exactly two
contractible edges, then G¢ is a Hamilton circle.

Proof. Since G¢ is spanning, G contains all vertices and ends of |G |_By Theorem 11,
G is arc-connected. Obviously, every vertex of G has degree two in G¢. Therefore, it
remains to prove that every end of |G| has degree two in Ge.

Claim 21. Let A be an arc in Go and x be a vertex in A. Suppose that both z~ and x*
exist in A. Let y be any neighbor of x other than x~ and x*. Then every x—-xz+ arc in
|G| intersects {z,y}.

Proof. Since xz~ and zz™ are the only contractible edges incident to z, zy is non-
contractible. Lemma 6 implies that G — x — y has exactly two components, and x~ and
% lie in different components. By the connectedness of an arc, every x~-x* arc in |G|
intersects {z, y}. O

Claim 22. Let w be an end in |G|. Suppose Ay and Ay are two edge-disjoint w-arcs in
Ge. Then Ay and Ay can intersect only at the ends of |G| with the only possible exception
being that the starting points of Ay and As are the same verter.

Proof. Obviously, A; and A, cannot intersect at an interior point of an edge. Suppose
Aj and As intersect at a vertex x. If x is not the starting point for both A; and As, then
the degree of x in G¢ is at least three, a contradiction. 0

Claim 23. Let w be an end in |G|. Suppose Ay and Ay are two edge-disjoint w-arcs in
Gc such that the starting points of Ay and Ay are distinct vertices. Then there exists an
end W' in |G| such that there are three w'-arcs in G that are disjoint except at ' unless

Al N A2 = {W}
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Proof. Suppose A; N Ay # {w}. Let w' be the first point of A that intersects A;. By
Claim 22, ' is an end in |G| different from w. Then A;w’, Asw’ and wAjw' are the
required three w’-arcs. 0

Claim 24. Let w be an end in |G|. Suppose there are three edge-disjoint w-arcs in Ge.
Then there ezists an end w' in |G| such that there are three w'-arcs in G that are disjoint
except at w'.

Proof. Let A;, Ay, As be three edge-disjoint w-arcs in G¢. By Lemma 17, for each i €
{1,2,3}, A; contains a ray R;. Denote the first edge of R; by z;y;. By Claim 22, yy, ys, y3
are all distinct. Therefore, without loss of generality, we can assume that the starting
points of Ay, Ay, A3 are all distinct vertices. Consider A; and As. If Ay N Ay # {w}, then
the claim follows from Claim 23. Suppose A; N Ay = {w}. If Ay N A3 # {w}, then again
the claim follows from Claim 23. Therefore, suppose Ay N A3z = {w}. But then, A, Ay, A3
are the desired three w-arcs. 0

Claim 25. For each end w in |G|, degg.(w) < 2.

Proof. Suppose there are three edge-disjoint w-arcs in G¢. By Claim 24, there exists
an end w’ in |G| such that there are three w'-arcs in G that are disjoint except at w'.
Denote these three w’-arcs by A, As, A3. By Lemma 16, without loss of generality, we
can assume Aq, Ay, A3 start with vertices a1, as, az respectively.

By applying Lemma 18 to A; and A with S = {ay, as}, we obtain an aj A;-af A, path
P. Let z1 = PN Ay, xo = PN Ay and z be the neighbor of z; in Q). If P intersects As,
then interchange A, and As. Therefore, without loss of generality, there is an a] A;-a5 A,
path P that does not intersect As.

Now, apply Lemma 18 to 234, and Az with S = V(P). We obtain an x5 A,-As path
Q not intersecting P. Let y» = Q N a3 Ay and y3 = Q N Az. By Claim 21, Q) cannot
intersect Asx,, and @ cannot intersect both Ajx; and z{ A;. Suppose Q N Ajxy # 0.
Let y be the first vertex of @ that lies in Ajx;. Then z7 A1yQy Asw’ Az is an x -2 arc
not intersecting {x1,z}, contradicting Claim 21. Suppose Q Nz A; # (). Then there is
an x] A;-As subpath in Q not intersecting A,, and we interchange A; and Ay. Therefore,
without loss of generality, we can assume that there is an x5 A,-Az path @ that does not
intersect P U A; U Asx;, . Let ug be the neighbor of y, in () and ug be the neighbor of y3
in Q.

Finally, apply Lemma 18 to 1 4; and yo A, with S = V(P U Q). We obtain an z} A;-
ys Ay path R not intersecting P U Q. Let 2y = RN A; and 2, = RNy  A;. By Claim
21, R cannot intersect A;x; and R cannot intersect Asy, . Also, R cannot intersect both
Azys and yi Asz. Suppose R N Azy; # 0. Let z be the last vertex of R that lies in
Aszys . Then yz A3z Rz Asw Azys is an y; -y3 arc not intersecting {ys, us}, contradicting
Claim 21. Suppose R Nys Az # 0. Let 2’ be the first vertex of R that lies in y3 A3.
Then y, Aswo Py A2 R2 Asw Ayyy is an y, -y arc not intersecting {yo, us }, contradicting
Claim 21. Therefore, RN (Ajz] UAyy; UA3UPUQ) = 0. But, yy AswoPryAyz1 R2o Asyy
is an y, -y, arc not intersecting {y», us}, contradicting Claim 21. U

Claim 26. For each end w in |G|, degg.(w) = 2.
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Proof. Let x be a vertex in G¢. Since G¢ is arc-connected, there is an w-arc A in G¢
joining x to w. Let y be the neighbor of x in A and a be an interior point of zy. Since
G is 2-connected, G¢ \ a is connected. Suppose G — xy is not connected. Then there
exist two disjoint nonempty open sets U and V in |G| such that Go —zy C U UV,
UNGe—axy# P and VNGe —axy # 0. If z,y € U, then UU[z,a)U[y,a) and V are two
disjoint open sets in |G| both intersecting G \ @, and their union contains G¢ \ a, which
is impossible. If z € U and y € V', then U U [z, a) and V Uy, a) are two disjoint open sets
in |G| both intersecting G¢ \ @, and their union contains G¢ \ a, which is also impossible.
Therefore, Go — xy is connected and is arc-connected by Lemma 10. Let A’ be an z-w
arc in Go — zy. If yAw N A’ contains a vertex u, then u has degree at least three in G¢,
a contradiction. Let w’ be the first point in yAw N A" which is an end. If W’ # w, then
degg,. (w') = 3 contradicting Claim 25. Therefore, w’ = w and we have degg,.(w) > 2. By
Claim 25, degg,. (w) = 2. O

We are now ready to prove the infinite analog of Theorem 2.

Theorem 27. Let G be a 2-connected locally finite graph nonisomorphic to K. Then the
following are equivalent:

(1) FEvery vertex of G is incident to exactly two contractible edges.
(2) Every finite bond of G contains exactly two contractible edges.

(3) G is outerplanar.

Proof.

(2) = (1) Trivial.

(1) = (3) By Theorem 2, this is true for finite G. Therefore, assume G is infinite.
Suppose every vertex of G is incident to exactly two contractible edges. By Theorem
20, G¢ is a Hamilton circle. All edges in E(G) \ E¢ are chords of G¢ and are non-
contractible. Consider any chord zy of G¢. Since every vertex of G is incident to exactly
two contractible edges, by Lemma 6, G — x — y consists of exactly two components C
and C,. Without loss of generality, assume that 7Gey~ C C; and y*Gez~ C Cs. Then
there is no chord of G¢ between 2t Gey~ and y*Gez~. Hence, no chords of G are
overlapping. Embed G¢ in a circle of R? and denote the embedding by ¢. Now, draw
every chord zy of G¢ as a straight line segment between ¢(x) and ¢(y) in R%. This shows
that G is outerplanar.

(3) = (2) Let B be a finite bond of G between two components X and Y of G — B.
By Lemma 5(a), B contains at least two contractible edges. Suppose B contains three
contractible edges x1y1, X2y, x3ys such that x1,x9, 23 € X and y1,1y0,y3 € Y. Since X
and Y are connected, there exists a path P in X joining x; to x5 and a path @) in Y
joining y; to yp. Let C':= P U x1y1 U Q U x9ys. Obviously, x3ys ¢ E(C'). Take any x3-P
path P’ in X joining z3 to P at x and any y3-Q path @' in Y joining y3 to Q at y. Let
R = P'Ux3ys UQ'. If R = x3y3, then x3y3 is a chord of C'. Since x3ys is contractible,
the two components of C' — x3 — y3 are joined by a path, say R. Then CURU R’ is a
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K,-subdivision and G is not outerplanar. Suppose R’ # x3ys. If both z-y paths in C are
not edges, then C'U R’ is a K 3-subdivision and G is not outerplanar. If one of the two
-y paths in C is an edge, then without loss of generality, assume x5 = x and y, = y.
Since oy, is contractible, the two components of (C'U R') — xo — y5 are joined by a path,
say R. Then C'U RU R’ is a K -subdivision and G is not outerplanar. O
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