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Abstract

For a graph G and a set F of connected graphs, G is said be F-free if G does
not contain any member of F as an induced subgraph. We let G3(F) denote the set
of all 3-connected F-free graphs. This paper is concerned with sets F of connected
graphs such that |F| = 3 and G3(F) is finite. Among other results, we show that
for an integer m > 3 and a connected graph T' of order greater than or equal to 4,
G3({K4, Ko m,T}) is finite if and only if 7" is a path of order 4 or 5.
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1 Introduction

In this paper, we consider only finite undirected simple graphs.

Let G denote the set of connected graphs with order greater than or equal to three.
For a graph GG and for F' € G, (G is said to be F'-free if G does not contain F' as an induced
subgraph and, for 7 C G, G is said to be F-free if G is F-free for every F' € F. For
an integer k > 1 and F C G, we let G;. denote the set of all k-connected graphs, and let
Gr(F) denote the set of all F-free graphs belonging to Gy. Thus

Gr(F) :={G | G is a k-connected F-free graph}.

This paper is concerned with subsets F of G such that Gi(F) is a finite set. In this
context, members of F are often referred to as forbidden subgraphs. For detailed historical
background and related results, we refer the reader to [3].

The following result can be found in [1]. (Here K, denotes the complete graph of order
n, P, denotes the path of order [ and, in general, K,,, ,,, denotes the complete bipartite
graph with partite sets having cardinalities m; and ms.)

Theorem A (Diestel [1]; Chapter 9). For F C G, Gy(F) is finite if and only if K,,, K1 m,
P, € F for some integersn >3, m > 2 and | > 3.

For k > 2, it is unlikely that a general result like Theorem A holds. Thus we confine
ourselves to the case where |F| is “small”. It is known that for any k > 2, there is no
F C G with |F| = 1 such that G(F) is finite. (See [3]; Theorem 2.) Further, those
subsets F of G with |F| = 2 for which Gi(F) is finite are determined for £ < 6 in [3].
Here we are interested in the case where |F| = 3. Note that a connected K o-free graph
is a complete graph. Hence if K5 € F, then Gi(F) is finite if and only if K,, € F for
some n > 3, and there is no point in forbidding two more graphs. Thus when we discuss
Gi(F) with |F| = 3, we usually assume K;5 ¢ F. For k = 2, the following theorem is
proved in [3].

Theorem B (Fujisawa, Plummer and Saito [3]). Let F be a subset of G with |F| = 3 and
Ko & F. Then Go(F) is finite if and only if one of the following holds:

(i) F ={Ks, Kom, P} for some integers m and | with m > 3 and 4 <1 < 5;
(11) .F = {Kg, K2,27P6},' or
(ili) F = {K,, Kim, B} for some integers n, m and | withn >3, m >3 and | > 4.

In the present paper, we investigate the case where |F| = 3 and & = 3. It is easy
to see G3({K3, K13}) = @. (See [3].) Thus when we consider Gs(F), we assume that
{K3, K3} € F, in addition to the condition that K, ¢ F. Before stating our results,
we make some more definitions.

Let n be an integer with n > 2. Let P = z125---x, be the path of order n, and let
Y1, Y2, 21 and zy be four distinct vertices different from z4,...,z,. Welet Y,, Y*, Q),, and
Q;, denote the graphs defined by

V(Ya) =V(Qn) = V(P)U{y,y2}, VI(Y))=VI(Q;,)=V(P)U{y1, 2 21,2},

THE ELECTRONIC JOURNAL OF COMBINATORICS 22(3) (2015), #P3.13 2



E(Y,) = E(P)U{zy1, 7192}, EY,) = E(P)U{x1y1,T1Y2, Tn21, Tn22},

E(@n) = E(Y,) U {yye} and  E(Q;) = E(Y,)) U{tys, 212}
(see Figure 1).

Qs I>o—o—o Q3 I>o—o—o<I
Figure 1: Graphs Y3, Y5, Q3 and Q)5

A caterpillaris a tree for which the removal of all endvertices leaves a path. A complete
bipartite graph of the form K ,, with m > 1 is called a star. Let Ty be the set of trees in
G —{ K2, K, 3} having maximum degree at most 3. Note that 7 does not contain a star.
Let 77 be the set of those caterpillars belonging to 7 in which no two vertices of degree
3 are adjacent. Let To = {P,Y,,,Y |l >4,m >3,n >3} Wehave 7o 2 T1 2 Ts.

Let G be a connected graph. A vertex v of G is called a cutverter if G — v is dis-
connected. If G has a cutvertex, GG is said to be separable; otherwise, it is said to be
nonseparable. Note that K, is a nonseparable graph. A maximal nonseparable subgraph
of G is called a block of G. When G is separable, the block-cutvertex graph of G is defined
to be the bipartite graph Z such that Z has as its partite sets the set of all cutvertices
of G and the set of all blocks of G and, for a cutvertex v and a block B, v and B are
adjacent in Z if and only if v is a vertex of B in G. It is a well-known fact that the
block-cutvertex graph of a connected graph is a tree. A cactus is a connected graph every
block of which is a complete graph of order two or a cycle. Let 7, be the set of those
cacti T in G — { K o, K3} such that all cycles of T" are triangles and in the block-cutvertex
graph of T', the distance between any two vertices corresponding to triangles of T" is a
multiple of 4. Let 7;* be the set of those members of 7;* whose block-cutvertex graph is

a path. Let 75" ={P,Qm,Q5, |l > 4,m >2,n > 1}. We have 7;* O T;* D 75"
Our main result is as follows.

Theorem 1.1. Let F be a subset of G with |F| =3, K12 & F and {K13, K3} € F, and
suppose that G3(F) is finite. Then one of the following holds:

(i) F = {Ks3, Kgpm, T} withm >3, where T € Ts;
(i) F={Ky, Ky, T} withm > 2, where T is a path;

(i) F = {Ks, Kom, T} with m > 2, where T € Ty in the case where m =2, T € Ty in
the case where 3 < m < 4, and T € Ty in the case where m > 5;
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(iv) F ={Ky, Kim, T} withn >4 and m > 4, where T is a path;

(v) F ={K3, Ky, T} withm >4, where T € Ty in the case where m =4, and T € T,
in the case where m = 5; or

(vi) F ={K,, Ki3,T} withn >4, where T € T;* in the case where n =4, and T € T
in the case where n > 5.

The converse of Theorem 1.1 does not hold. However, if (iv) of Theorem 1.1 holds,
then Gs(F) is finite by Theorem A. Also, as we shall state below in Theorem 1.5, if (v)
holds with m > 5, then G5(F) is finite. Further when m is “large” in cases (i) through
(iii) of Theorem 1.1, we can determine 7" as follows.

Theorem 1.2. Let m be an integer with m > 4, and let T € G — {K12,K13}. Then
Gs({ K3, K3, T}) is finite if and only if T' is a path of order 4 or'5 or T =Yj.

Theorem 1.3. Let m be an integer with m > 3, and let T € G — {Ki2}. Then
Gs({ K4, Ko, T}) is finite if and only if T is a path of order 4 or 5.

Theorem 1.4. Let m be an integer with m > 5, and let T € G — {K1 2, K13}. Then
Gs({ K3, Ko, T}) s finite if and only if T is either a path of order at most 7 or an
induced subgraph of Y3'.

Theorem 1.5. Let m be an integer with m > 5, and let T € G — {K1 2, K13}. Then
Gs({ K3, K1, T}) is finite if and only if T € Ts.

We prove Theorem 1.1 in Section 2. We prove Theorem 1.2 in Section 3, Theorem 1.3
in Section 4, Theorem 1.5 in Section 5, and Theorem 1.4 in Section 6. Our notation and
terminology are standard, and mostly taken from [1]. Exceptions are as follows. Let G
be a graph. For u,v € V(G), d(u,v) denotes the distance between u and v. When G
is connected, we define the diameter diam(G) of G by diam(G) = max{d(u,v) | u,v €
V(G)}. Let u € V(G). For an integer i > 1, we let N;(u) = {x € V(G) | d(u,z) = i}.
We write N (u) for Ny(u). We let d(u) denote the degree of w; thus d(u) = |N(u)|. When
we need to specify that the underlying graph is G, we write Ng(u) and dg(u) for N(u)
and d(u), respectively. We let A(G) = max{d(u) | u € V(G)}. For Y C V(G), we let
N(Y') denote the union of N(u) as u ranges over Y. For X, Y C V(G) with X NY = @,
E(X,Y) denotes the set of edges joining a vertex in X and a vertex in Y. When G is
connected, a block of G containing at most one cutvertex of GG is called an endblock of
G. When G is not necessarily connected, by a cutvertex of G, we mean a cutvertex of a
component of GG. Similarly, by a block (resp. an endblock) of G, we mean a block (resp.
an endblock) of a component of G. Note that isolated vertices of G are endblocks of G.
For an endblock B of G, a vertex of B which is not a cutvertex of GG is called an internal
vertex of B. For a graph H and an integer s > 2, we let sH denote the disjoint union of
s copies of H. For two graphs H, and Hs, we let Hy + H, denote the join of H; and H,.
Finally for s > 4, C, denotes the cycle of order s and, for ¢t > 5, we let W, = C;_1 + K;
denote the wheel graph of order t.
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In subsequent arguments, when we prove the finiteness of G3(F) for a given family
F, we bound the diameter and the maximum degree of a graph G in G3(F) from above,
and then bound the order in terms of the diameter and the maximum degree. For this
purpose, we make one easy observation.

Lemma 1.6. Let m > 2 and k > 3, and let G be a graph with A(G) < m and diam(G) <
k. Then |V(G)| < m*.

Proof. Let w € V(G). Then |N;(w)| < m(m — 1)"! for each 1 < i < k. Hence |V (G)|
L+m+ <Z2<i<k—1 m(m — 1>i_1) +m(m — 1)k_1 <mb 4 (22@@%1 mk_i(m - 1)i_1)
m(m — 1)kt =mk,

The bound m* in the above lemma is far from sharp, but we use it for the sake of

brevity.

[ /AN

2 A necessary condition

In this section, we prove Theorem 1.1. We start with several lemmas. The first two
lemmas are proved in [4] and [3], respectively.

Lemma 2.1 (Kochol [4]). For every integer g > 3, there exists a 3-connected 3-regqular
graph with girth g. In particular, for every integer g = 3, there exist infinitely many
3-connected 3-regular graphs with girth at least g.

Lemma 2.2 (Fujisawa, Plummer and Saito [3]). For F C G, if G3(F) is finite, then
{Kn, Kimym,} € F for some integers n, my and ms with n > 3, mg > my > 1 and
ma < 3.

Lemma 2.3. Let F be a finite subset of G—{ K 2, K13}, and suppose that G3(F) is finite.
Then F contains a member of Ty.

Proof. Let t = max{|V(F)| | F € F}, and let H = {G € G5 | G is a 3-regular graph
with girth at least ¢t + 1}. By Lemma 2.1, # is an infinite set. Since G5(F) is finite and
‘H is infinite, there exists G € H such that G contains a graph F' in F as an induced
subgraph. Since the girth of G is strictly greater than |V (F')|, F' is a tree. Since G is
3-regular and since F' # K o, K 3 by the assumption that F C G —{ K 5, K; 3}, it follows
that F' € 7. O

Lemma 2.4. Let my and my be integers such that ms > my = 1, my < 3 and (mq, ms) #
(1,2),(1,3),(2,2), and let T € G — {K1 2, K13}. Set F = {K3, Ky my, T}, and suppose
that G3(F) is finite. Then the following hold.

(i) We have T € T;.
(11) [f in addition, (mlu m2) ¢ {(17 4)7 (27 3)7 (27 4)}7 then T' € 7—2
Proof. By Lemma 2.3, T' € 7.
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(i) Foreach s > 5, the Cartesian product Cs x K> is 3-connected and { K3, K, m, t-free.
Since G3(F) is finite, this implies that there exists s > 5 such that Cs x K, contains
T as an induced subgraph. Since every member of 7, contained in C; x K, as an
induced subgraph belongs to 71, T' € T;.

(ii) By (i), T € T;. For each s > 5, let C?, denote the so-called lexicographic product of
(s and the null graph of order two; that is to say, V(C}) = {z;; | 1 <i<s,1<j <
2} and E(CL) = {x;jxiain | 1 <i<s,1 < j, h <2}, where first indices of the letter
x are to be read modulo s. Then C! is 3-connected and { K3, Ky, m, }-free. Hence
there exists s > 5 such that C? contains 7' as an induced subgraph. Since every
member of 7; contained in C? as an induced subgraph belongs to T3, T € 7Ts. O

Proof of Theorem 1.1. Let F be as in Theorem 1.1. By Lemma 2.2, {K,,, K\», m,} € F
for some integers n, m; and my with n > 3, mgs > m; > 1 and m; < 3. Write F =
{Kn7Km1,m27T}'

Case 1: F contains no star
In this case, 2 < my < 3, and we have T' € 7y by Lemma 2.3.

Subcase 1.1: m; =3

For each s > 3, P;+sK; is 3-connected and K3 ,,,,-free. Since T'is not a star and every
tree contained in P3;+ sK; as an induced subgraph is a star, P3+ sK; is also T-free. Since
Gs(F) is finite, this implies that there exists s > 3 such that P; + sK; contains K, as an
induced subgraph. Since Ps + sK is Ky-free, this forces n = 3. Now by Lemma 2.4(ii),
T € T3, and hence (i) of Theorem 1.1 holds.

Subcase 1.2: m; =2 andn >4

For each s > 3, K3+ sK; is 3-connected and K ,,,-free. Since every tree contained in
K3 + sK; as an induced subgraph is a star, K3 + sK; is also T-free. Hence there exists
s > 3 such that K3+ sK; contains K, as an induced subgraph, which implies n = 4. For
each t > 6, W, is 3-connected and {K,, Ks,,, }-free. Hence there exists ¢t > 6 such that
W, contains T" as an induced subgraph. Since T' € 7y and every member of 7, contained
in W; as an induced subgraph is a path, 7" is a path. Consequently (ii) of Theorem 1.1
holds.

Subcase 1.3: m; =2 and n = 3
Recall that T' € Ty. Also if 3 < my < 4, then T' € Ty by Lemma 2.4(i); if my > 5, then
T € T3 by Lemma 2.4(ii). Thus (iii) of Theorem 1.1 holds.

Case 2: F contains a star

Interchanging the roles of K,,, ,,, and 7" with each other if necessary, we may assume
that K, m, is the star of the smallest order contained in . Then m; =1, and my > 3
by the assumption that K; o € F, and T # K o, K; 3 by the minimality of ms.

Subcase 2.1: my; > 4
By Lemma 2.3, T' € 7.

Subcase 2.1.1: n > 4
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For each s > 7, let C? denote the square of Cy; that is to say V(C?) = {z; | 1 <i < s}
and E(C?) = {wwi1, vivire | 1 < i < s}, where indices of the letter x are to be read
modulo s. Then CSZ is 3-connected and { K, K, }-free. Hence there exists s > 7 such
that C? contains T as an induced subgraph. Since every tree contained in C? as an
induced subgraph is a path, T is a path. Hence (iv) of Theorem 1.1 holds.

Subcase 2.1.2: n =3
If my =4, then T' € T; by Lemma 2.4(i); if my > 5, then T' € 75 by Lemma 2.4(ii).
Thus (v) of Theorem 1.1 holds.

Subcase 2.2: my, = 3

By the assumption that {K;3, K3} € F, we have n > 4 and T" # Kj3. Thus T €
G —{Kip, Ki3, K3}

For a 3-connected 3-regular graph G, let Hg be the graph obtained by expanding each
vertex of G to a triangle (see Figure 2); more precisely, we define Hg by V(Hg) = {zu |
(u,v) € V(G) x V(G),uwv € E(G)} and E(Hg) = {ZysTuw | v € V(G),v,w € N(u),v #
w}U{ZypTyy | wv € E(G)}. Then Hg is 3-connected 3-regular and { K, K 3}-free and,
for v € V(GQ), By = Tuu TupsTuwsTuw ({V1,02,03} = N(u)) is a triangle of Hg. Also
each cycle of Hg which is not of the form B, with v € V(G) has length at least twice
as large as the girth of G and, for any u,u € V(G) with u # ', every induced path
in Hg joining B, and B, has even order. Hence every induced connected subgraph of
H¢ having order greater than or equal to four and strictly less than twice the girth of
G belongs to T,". On the other hand, by Lemma 2.1, the set {H¢g | G is a 3-connected
3-regular graph with girth at least (|V(7")| + 1)/2} is an infinite set. Hence there exists a
3-connected 3-regular graph G with girth at least (|V(7")| +1)/2 such that Hg contains T
as an induced subgraph. Note that |V (7T')| is less than twice the girth of G. Consequently
TeTy.

G Hg

e

Y

Figure 2: Graph Hg

Further for each s > 7, C? is 3-connected and { K, K 3}-free. Hence there exists s > 7
such that C? contains T as an induced subgraph. Since every member of 7 contained in
C? as an induced subgraph belongs to 7%, T' € T*.

Now assume n > 5. For each s > 4, let C denote the lexicographic product of C; and
Ky; that is to say, V(C?) ={z;; | 1 <1< 5,1 <j <2} and E(CY) = {2, ;it1n, Tin%i2 |
1 <i<s,1<j,h <2}, where first indices of the letter z are to be read modulo s. Then
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C% is 3-connected and {K,, K, 3}-free. Hence there exists s > 4 such that C¥ contains
T as an induced subgraph. Since every member of 77" contained in C? as an induced
subgraph belongs to 7", T € T;".
Thus we have T' € T;* if n =4, and T € 7, if n > 5. Hence (vi) of Theorem 1.1 holds.
This completes the proof of Theorem 1.1. O

3 Kj,,-free graphs

In this section, we prove Theorem 1.2. We first show that both G5({ K3, K3, Y3}) and
Gs({ K3, K3, Ps}) are finite.

Proposition 3.1. Let m > 4. Then G3({ K3, K3, Y3}) is finite.

Proof. Let G € G3({K3, K3 m, Y3}). We show that |[V(G)| < (m + 1)>.
Claim 3.1. diam(G) < 3.

Proof. Suppose that diam(G) > 4. Let z,y € V(G) be vertices with d(z,y) = 4, and let
Zoxy - - - x4 be a shortest z-y path in G. Since G is 3-connected, N(z9) — {z1, 23} # @.
Let z € N(x3) — {1, 23}. Since G is Ks-free, zxq, za3 ¢ E(G). Since d(zg,x4) = 4, z is
adjacent to at most one of o and z4. Hence {xq, z1, o, x3, 2} or {x4, x3, 22, 21, 2} induces
Y3, which is a contradiction. O

In view of Claim 3.1 and Lemma 1.6, it suffices to show that A(G) < m+ 1. Suppose
that A(G) > m+2. Let w € V(G) be a vertex such that d(w) = A(G), and let © € N(w).
Since G is K3-free, both N(w) and N(z) are independent. Since G is 3-connected, d(x) >
3. Take y1,y2 € N(x)—{w}. If [IN(w)—N(y;)| = 2fori=1or2, saya,b e N(w)—N(y;),
then {y;, z,w,a,b} induces Y3, a contradiction. Thus |N(y;) N N(w)| > d(w) — 1 for
each i = 1,2. Consequently |N(w) N N(y1) N N(y2)| = d(w) — 2 > m, which implies
that G[{w,y1,v2} U (N(w) N N(y1) N N(ys))] contains K3, as an induced subgraph, a
contradiction. O

Proposition 3.2. Let m > 4. Then G3({ K3, K3, Ps}) is finite.

Proof. Let G € G3({K3, K3m, Ps}). We show that |[V(G)| < (4m — 1)3. Since G is Ps-
free, diam(G) < 3. Thus in view of Lemma 1.6, it suffices to show that A(G) < 4m — 1.
Suppose that A(G) > 4m, and let w € V(G) be a vertex with d(w) = A(G). Since G is
Ks-free, N(w) is an independent set.

Claim 3.2. Let X C N(w), and let Y be a minimal subset of Nao(w) such that N(Y) 2 X.
Then |Y| < 2.

Proof. Suppose that |Y| > 3. Since G is K3-free, there exist vertices y;,ys € Y such that
y1ye ¢ E(G). By the minimality of Y, (N(y;) N X) — N(y3—;) # @ for each i = 1,2.
For i = 1,2, let 2; € (N(y;) N X) — N(y3—;). Then {y;,x1,w, 2,92} induces Pj, a
contradiction. O

Since G is 3-connected and N(w) is independent, N(Nz(w)) O N(w). Let Y be
a minimal subset of Ny(w) such that N(Y) O N(w). Then Y| < 2 by Claim 3.2.
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Hence there exists y € Y such that |[N(w) N N(y)| > d(w)/2 > 2m. Since G is 3-
connected and N(w) is independent, N(Ny(w) — {y}) 2 N(w) N N(y). Let Y* be a
minimal subset of Ny(w) — {y} such that N(Y*) O N(w) N N(y) (see Figure 3). Then
|Y*| < 2 by Claim 3.2. Hence there exists y' € Y* such that |N(w) N N(y) N N(y')| = m.
Since N(y) N N(y') # @, we have yy' ¢ E(G) by the assumption that G is Kjz-free.
Consequently G[{w,y,y'} U(N(w)NN(y)NN(y'))] contains K3, as an induced subgraph,
a contradiction. O

ve. y* Ny (w)

/
| N(w)

————

w

Figure 3: Vertex y and set Y*

Proof of Theorem 1.2. The ‘if” part follows from Propositions 3.1 and 3.2. Thus it suffices
to prove the ‘only if’ part. Suppose that Gs({ K3, K3,,,T'}) is finite. From Theorem 1.1,
it follows that 7" € T5. For each s > 2, let H, be the graph defined by V(H;) = {x;; |
1 <4, <2}U{y; | 1 <i<21<j<s)and E(Hy) = {xy 20, | 1 < j,h <
2y UA{zijyin |1 <4,5 <2,1 <h<shU{yi v, |1<j<s}. Then Hy is 3-connected
and {Ks, K3, }-free since m > 4. Since G3({ K3, K3, T'}) is finite, there exists s > 2
such that H, contains T as an induced subgraph. By inspection, we see that if F'is a
member of 75 contained in H, as an induced subgraph, then F' is a path of order 4 or 5
or F'=1Yj3. Hence T is a path of order 4 or 5 or T' = Yj3. ]

4 {K,4, K3, }-free graphs

In this section, we prove Theorem 1.3.

Proposition 4.1. Let m > 3. Then G3({ Ky, Ko, Ps}) is finite.

Proof. By part (i) of Theorem B, there exists a positive integer t = ¢(m) such that every 2-
connected { K3, Ko ,, P5}-free graph has order at most t. Let G € G3({ K4, Ko, P5}). We
show that |V (G)] < (3(3m—1)t/2)3. Note that diam(G) < 3. Thus in view of Lemma 1.6,
it suffices to show that A(G) < 3(3m — 1)t/2. Suppose that A(G) > 3(3m — 1)t/2, and
let w € V(G) be a vertex with d(w) = A(G). Since G is { Ky, Ko, Ps}-free, GIN (w)] is
{K3, Ko m, Ps}-free.

Let F' be a component of G[N(w)]. If F has two or more blocks which are not
endblocks, then F' contains Ps as an induced subgraph, a contradiction. Thus F' has at
most one block which is not an endblock, which implies that at least two thirds of the
blocks of F' are endblocks. Since F' is arbitrary, it follows that at least two thirds of
the blocks of G[N(w)] are endblocks. Now suppose that G[N(w)] has at most 3m — 1
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endblocks. Then G[N(w)] has at most 3(3m — 1)/2 blocks. Since d(w) > 3(3m — 1)t/2,
it follows that there exists a block B of G[N(w)] with |V(B)| > t. Since G[N(w)] is
{K3, Ko, P5}-free, this contradicts the definition of t. Thus G[N(w)] has at least 3m
endblocks. Let By, ..., Bs, be endblocks of G[N(w)]. Since G is 3-connected, we see that
for each 1 < i < 3m, there exists an internal vertex x; of B; such that N(x;) N (V(G) —
({w} U N(w))) # @ (see Figure 4). Set X = {xy,...,23,}. Then X is an independent
set of G, and we have N(Ny(w)) 2 X. Let Y be a minimal subset of Ny(w) such that
N(Y) D X. If |Y| < 3, then there exists y € Y such that |[N(y) N X| > m, and hence
Gl{w,y} U (N(y) N X)] contains K5, as an induced subgraph, a contradiction. Thus
Y| > 4. Since G is Ky-free, there exist vertices yi,y2 € Y such that y;yo € E(G). By
the minimality of Y, (N(y;) N X) — N(y3—;) # @ for each i = 1,2. For i = 1,2, let
x, € (N(y;) N X) — N(ys3—;). Then {y;, 2}, w, x5, yo} induces Ps, a contradiction. O

/) \ Naw)

Figure 4: Endblocks B; and vertices z;

Proof of Theorem 1.3. The ‘if” part follows from Proposition 4.1. Thus it suffices to prove
the ‘only if” part. Suppose that Gs({ K4, Ka,,, T'}) is finite. From Theorem 1.1, it follows
that T"is a path. For each s > 2, let H, be the graph defined by V(H,) = {z;, v, | 1 <@ <
3,1<j<s}and E(Hy) = {zixj, yinyjn | i # j. 1 < h <shU{ayjn|i# 7,1 <h<s}
(see Figure 5). Then Hj is 3-connected and {Ky, Ky, }-free. Hence there exists s > 2
such that H, contains T' as an induced subgraph. Since every induced path of H, has
order at most 5, 7" has order at most 5. Since T' # K; » by assumption, it follows that T’
is a path of order 4 or 5. O

Y11 Y21 Y31 Y12 Y22 Y32 Yi,s Y2,s Y3

Figure 5: Graph H
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5 K n-free graphs

In this section, we prove Theorem 1.5. We first prove a lemma, which we also use in
Section 6.

Lemma 5.1. Let n > 3, and let G be a 3-connected {Ks,Y, }-free graph. If n = 3,
let tin) = 7; if n > 4, let t(n) = 3n + 10. Then diam(G) < t(n). In particular,
diam(G) < 3n + 10.

Proof. Let t = t(n), and suppose that diam(G) > t+ 1. Let x,y € V(G) be vertices such
that d(x,y) =t + 1, and let P = xox;---x41 be a shortest z-y path in G. Since G is
3-connected, N(x;) — {z;_1, 211} # & for each 1 < i < t. Let a, € N(x;) — {mi_1,Tir1}-

Case 1: n =3

We first show that N(x3) N N(z5) = {x4}. By way of contradiction, suppose that
|N(z3) N N(x5)| = 2. Then we may assume we have chosen 2 and zf so that 25 = zf €
(N(x3) N N(x5)) — {x4}. Since d(zg,xs) = 8 and G is Ks-free, we get N(a%) NV (P) =
{zs, 25}, N(2y) N V(P) C {xy, 23}, N(x7) N V(P) C {5, 27}, and 223, 2377 & E(G).
Since neither {zg, ¥, x1, T2, T3, T4, x4} nOT {24, T4, 5, T6, T7, T8, T4} induces Y3, this forces
N(@)NV(P) = {z1,z3} and N(24)NV(P) = {x5, x7}. But then {zs, 2, 3, x4, x5, x6, 2}
induces Y5, a contradiction. Thus N(z3) N N(z5) = {z4}.

Choose z € N(x3) — {2, 24}. Since {x9, 2, 3, 24, x5, x6, vt} does not induce Y3 and
N(z3)NN(x5) = {4}, we get zzt € E(G). Since d(z1, x5) = 4, it follows that 212 € E(G).
Since z € N(x3) — {2, x4} is arbitrary, this implies N(z1) N N(z3) = {x2}; in particular,
rixs ¢ E(G). Letting z = 24, we also get 4ot € E(G) and xy2% ¢ E(G). Since
{zo, ), 21, T2, x5, x4, 25} does not induce Y5, we now obtain zjzy € E(G). Similarly,
xhat € E(G). But then xor o) abriatarrs is an xo-zs path of length 7, which contradicts
the fact that d(z, zs) = 8.

Case 2: n >4

Claim 5.1. For 0 <i<t—n—1,if [N(x;) N N(2it2)| = 2, then 2}, 1 %iin1 € E(G).
Forn <i<t—1,if [N(z;) " N(xi42)| = 2, then x;_, 12, ni3 € E(G).

Proof. Let 0 < i <t—mn—1, and assume that |N(z;) N N(x;12)| = 2. Let u € (N(z;) N
N(wi42)) — {xit1}. Since d(xg,x¢41) =t + 1 and G is Ks-free, we have N(u) NV (P) =
{@i, oo}, N(2) 1) {20, 21, - o Tigny2} € {@ign—1, Tiyni1} and vl . & E(G). Since
{Zig1,u, Tiga, oo Tigng1, Tigngo, Tiyppiq b does not induce Y)Y, this implies @), 1 @iyn—1 €
E(G). Thus the first assertion is proved. We can similarly verify the second assertion. [

Claim 5.2. There is no integer i with n < i <t—n —2 such that |[N(z;) N N(x;12)| > 2
and |N(ZL‘H_1) N N(I‘Z+3)| > 2.

Proof. Suppose that there exists an integer ¢ with n < i <t —n — 2 such that |N(z;) N
N(xiy2)| = 2 and |[N(241) NN (2;43)| = 2. Then by Claim 5.1, 2}, 1% _ni3, Tj 9Titn €
E(G). This implies |N(2j—p+1) N N(Zi—pny3)| = 2 and |[N(2i40) N N(Tipni2)| = 2. Let
Q be the set of z;-z;13 paths of order 4, and let X = (U V(Q)) — {zi, 7iys}. Since
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G — {x;, z;43} is connected and V(G) — (X U {x;, x;43}) # 9, there exists z € X such
that N(z) — (X U{x;,x13}) # 9. By the definition of X, z is adjacent to x; or z;,3. By
symmetry, we may assume zz; € E(G). Then there exists 2’ € X such that x;z2'z; 3 is
an ;-3 path. Now take w € N(z) — (X U{x;, z;43}). Since |N(Tiyn) VN (Zipni2)| = 2,
we obtain wzx;; 3 € E(G) by applying the second assertion of Claim 5.1 to the path
XLy 22 Wi 3Ty -y, But then xzwx; 3 € Q, which contradicts the fact that
wé X. O

Claim 5.3. Forn+2 <i<t—2n, we have z_z},, , € E(G) or zix;,, , € E(G) or
Ti1Tign € E(G).
Proof. Suppose that «jz;, | ¢ E(G). Since {;_1,%},2;, ..., Titn-1, Titn, Tj 1,1} does
not induce Y}, ziz;1 90 € E(G) or o}, Tiin-3 € E(G). First assume that 2jx; 1, € E(G).
Since 0 <@ < t—n—1, wehave 2}, 71,1 € E(G) by Claim 5.1. Sincen < i <t—n—2
and n < i4+n—2 < t—n—2, 2 T3, T, Tign—2 & E(G) by Claim 5.2. Since
{@i, @iy, Ti1,s - - Tigens Tignt1, Ty, b does not induce Y, and G is Ks-free, it follows that
v x5, € E(G), as desired. Next assume that @, 2;1,3 € E(G). Arguing as above,
we get #i_,x; € F(G) by Claim 5.1, and @} %11, 2, , 2%itn-a ¢ E(G) by Claim 5.2.
Since {Zi_2, T}_1, Ti1, ..., Titn—2, Titn—1,Ti,_o} does not induce Y,y and G is Kz-free, it
follows that «}_ 2}, , , € E(G), as desired. O
Let j = n+ 2. Since t > 3n + 10, we have n + 2 < j < t — 2n. Hence it follows
from Claim 5.3 that 2%_,2%,,. , € E(G) or 252, | € E(G) or 2},,2%,, € E(G). Since
d(zj-1,Tjin—2) = d(xj,Tj4n_1) = d(Tj41,%j4n) = n — 1, this forces n = 4, and hence
t =22 and j = 6. In particular, ziz} € F(G) or agzy € E(G) or zhal, € E(G). Let
s € {5,6,7} be an integer such that 2z, , € E(G).

Claim 5.4. For4 <i <11, if ja} 5 € E(G), then x; 2, 5 € E(G).

Proof. If « sx} ¢ € E(G), then x;xjx; g2}, v;6 is a path, which contradicts the fact
that d(z;,zi46) = 6. Thus ) 427, ¢ E(G). Suppose that 2] .2 , ¢ FE(G). Then
T 0% 5, T g% & E(G). Sincen+2 =6 <i+2 < i+3 < 14 =1-—2n, this
together with Claim 5.3 implies ;. , € F(G) and zj 2} ;. € E(G). It now follows
that x4 2], 2, 4@, ;2,47 is a path, which contradicts the fact that d(x;1,zi47) =6. O

Recall that 2z, 4 € E(G). Since 4 < s < s +2 < s+ 4 < 11, by repetitively apply-
ing Claim 5.4, we obtain a/ 2! ., o, 2, - @, o' o € E(G). Since 2ia) 4, 2. cxl. g €
E(G) and d(z5, xs49) = 9, we get N (2, 5) N {Zsys5, Tst6, Tst7, Thyg} = D and N(z),¢) N
{Zsy2, Ty 5, Tsqs, Topa} = @. Since G is Ks-free, it follows that {Zsy2, T} 5, Ts13, Tota, Toys,
Toi6, Toyr, Ty} induces Yy, which is a contradiction.

This completes the proof of Lemma 5.1. O

Proof of Theorem 1.5. Let n > 3, and let G € G3({ K3, K1, Y,"}). Then by Lemma 5.1,
diam(G) < 3n + 10. Since G is {Kj3, Ky, }-free, we also have A(G) < m — 1. Hence
V(@) < (m—1)**10 by Lemma 1.6. Thus Gs({ K3, K1, Y, }) is finite. Since n > 3 is
arbitrary, this proves the ‘if” part. The ‘only if’ part follows from Theorem 1.1. O
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6 {Ks, Ky n,}-free graphs

In this section, we prove Theorem 1.4. We first prove several lemmas.

Lemma 6.1. Let m > 2, and let G be a {K3, Ky ,,}-free graph. Let H be a connected
induced subgraph of G with order n > 2 and let x € V(H), and suppose that dg(x) >
(m—1)(n—2)+t+1. Then G contains as an induced subgraph the graph obtained from
H by adding t pendant edges to x.

Proof. Since G is Ks-free, Ng(z) — V(H) is independent and no vertex in Ng(z) — V(H)
is adjacent to a vertex in Ng(z) N V(H). Since G is Ky p,-free, we see that for each
2 € V(H) — ({x} U Ng(z)), 2’ is adjacent to at most m — 1 vertices in Ng(z) — V(H).
Set Y = Ng(2) N (Upev )iy No(@) UV (H)). It follows that [Y| < (m —1)(n —1 -
dy(z))+dy(r) < (m—1)(n—2)+ 1. Hence |Ng(z) —Y| > t. Now if we let Z be a subset
of Ng(z) —Y with |Z| =t, then V(H) U Z induces the desired graph. O

Lemma 6.2. Let m > 2, and let G be a {Kj3, Ky, }-free graph. Let P be an induced
path of G with order n > 2, and suppose that both endvertices of P have degree at least
(m—1)(n—1)+ 2. Then G contains P,io as an induced subgraph.

Proof. Applying Lemma 6.1 to one of the endvertices of P with H = P, we get an induced

path P’ of order n+1 and, applying Lemma 6.1 to the other endvertices of P with H = P’,

we obtain a path of the type desired. O
Similarly, we obtain the following lemma.

Lemma 6.3. Let m > 2, and let G be a {K3, Ky,,}-free graph, and let P be an induced
path of G with order n = 2, and suppose that both endvertices of P have degree at least
(m—1)n+3. Then G contains Y, as an induced subgraph.

Proposition 6.4. Let m > 5. Then G3({ K3, Ko, Y5 }) is finite.

Proof. Let G € G3({K3, Kom, Y5 }). We show that |V (G)| < ((6m—3)(3m—2)(m—2)+1)".
By Lemma 5.1, diam(G) < 7. Thus it suffices to show that A(G) < (6m—3)(3m—2)(m—
2) 4+ 1. Suppose that A(G) = (6m —3)(3m —2)(m —2) +2, and let w € V(G) be a vertex
with d(w) = A(G). Since G is Ks-free, N(w) is independent. In particular, for any two
vertices x, 2" in N(w), {x,w, 2’} induces P3. Choose a € N(w) so that d(a) > d(z) for all
x € N(w). If two vertices in N(w) have degree at least 3m, then by Lemma 6.3, G contains
Y, as an induced subgraph, a contradiction. Thus all vertex in N(w) — {a} have degree
at most 3m — 1. Let B C N(w) — {a} be a maximal set such that N(b) N N(V') = {w}
for any b, € B with b £ V.

Suppose that |B| < 6m — 3. Since B € N(w) — {a}, |(Upep N()) — {w}]| < (6m —
3)(3m —2). Since G is Ky p-free and (U,ep N (D)) —{w} € No(w), |[N(y) NN (w)| < m—1
for all y € (Uyep N(5)) — {w}. Hence [{z € N(w) | N() (1 (Upep N(B)) — {w}) # 2} <
(6m—3)(3m—2)(m—1). Since |N(w)—{a}| = (6m —3)(3m —2)(m —1)+ 1, there exists
b* € N(w) —{a} such that (N(0*) N (Uyes N (b)) —{w} = @. Then BU {b*} satisfies the
condition that N(b) N N(0') = {w} for any b,/ € BU {b*} with b # b, which contradicts
the maximality of B. Thus |B| > 6m — 2.
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Since G is 3-connected, |N(b) — {w}| > 2 for every b € B. For each b € B, let vy, up, €
N(b)—{w}. Fix avertex by € B. Foreach b € B—{by}, we have E({vy,, up, }, {vb, up}) # O
because {vp,, Up,, bo, W, b, vy, up} does not induce Y;". Since |B—{by}| = 6m—3, this implies
that vy, or wuy, is adjacent to at least 3m — 1 vertices in {vy,up | b € B —{bo}}. We may
assume | N (vp,) N{vp,up | b€ B —{bo}}| = 3m — 1. Then d(vy,) = 3m. Since d(w) > 3m
and wbyvy, is an induced path of G of order 3, G contains Y5 as an induced subgraph by
Lemma 6.3, a contradiction.

This completes the proof of Proposition 6.4. O

Before proving the finiteness of G5({ K3, Ko, Pr}), we state an important part of the
proof as a separate lemma.

({ K3, Ko, Pr}). Then there exist no vertices

Lemma 6.5. Let m > 5, and let G € G3
)= 2(m —1)" and d(b) > 2(m —1)".

a,b € V(G) such that d(a,b) =2, d(a

Proof. Suppose that there exist two vertices a,b € V(G) such that d(a,b) = 2, d(a) >
2(m—1)" and d(b) > 2(m —1)". Since d(a,b) =2, ab ¢ E(G). Let w € N(a) N N(b), and
let A= N(a) — N(b) and B = N(b) — N(a). Since G is Kz-free, N(w), N(a) and N(b)
are independent sets, and hence N(a) — {w}, N(b) — {w} C Ny(w). Since G is K ,,-free,
|IN(a) NN (b)| <m—1, and hence |[A| > 2(m—1)"—m+1and |B| > 2(m—1)"—m+1.
Since G is 3-connected, G — w is 2-connected. Let k£ be the maximum order of an induced
a-b path in G — w.
We consider three cases according to the value of k.

Case 1: k=3

Note that it follows from the assumption of this case that N(a) U N (b) is independent.
Since G — w is 2-connected, it also follows that [(N(a) N N(b)) — {w}| > 2. Let ¢;,¢q €
(N(a) N N(b)) —{w} with ¢; # cs.

Note that we have N(z)N(N(a) UN(b)) = @ for each x € AU B because N(a)U N (b)
is independent. Let Ay = {z € A| N(z) C N(w)} and Ay = A — Ay. For each z € A,
we define u, € N(x) as follows: if x € Ay, let u, € N(z) — {a}; if z € Ay, let u, €
N(z) — N(w). For A" C A, let Uy = {u, | v € A'}. Let By ={y € B| N(y) C N(w)}
and By = B — By. For each y € B, we define v, € N(y) as follows: if y € By, let
vy, € N(y) —{b}; if y € By, let v, € N(y) — N(w). For B' C B, let Vi ={v, | y € B'}.

Claim 6.1. For A" C A, |Ua| = |A'|/(m —1). For B'C B, |Vg/| > |B'|/(m — 1).

Proof. Let A" C A. Suppose that |Ua/| < |A’|/(m — 1). Then there exists u € Uyas such

that u = u, for some m vertices z in A’. Hence G[{a,u} U (N(a) N N(u))] contains Ko,

as an induced subgraph, a contradiction. Thus |Ua/| > |A’'|/(m — 1). Similarly, we get

\Ve/| = |B'|/(m —1) for B’ C B. O
We consider two subcases.

Subcase 1.1: A, =Qor B1 =9

We may assume that A; = @. By Claim 6.1 and the fact that |Ag| = |A| = 2(m —
DT—m+1> (m—1)2 |Us| = m. Since |B] > 2(m —1)"—=m+1 > (m— 1)?
|Vg| = m by Claim 6.1. Since G is K3-free, it follows that if both ¢; and ¢, are adjacent
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to all vertices in Vg, then G[{c1,c2} U Vg contains K, ,, as an induced subgraph, a
contradiction. Thus ¢,v, € E(G) for some h € {1,2} and some y € B. Then since
vy & N(a) UN(b), acybyv, is an induced path. Note that Uy, € N(w). Since G is Ky -
free, |N(cp) NU4,| < |N(cp) N N(w)| < m— 1. Since |Uy,| = m, there exists © € Ay such
that u,c, € E(G). Then u,zacyb is an induced path. Since N(a) U N(b) is independent,
ry & E(G). Since k = 3, we also have u,y, xvy, u,v, ¢ E(G). Consequently the path
ugzzacybyv, is an induced path of order 7, a contradiction.

Subcase 1.2: A, # J and B; # @
Let z € Ay and y € By. Then since u,, v, € N(a)UN(b)UN(w) and k = 3, u,zawbyv,
is an induced path of order 7, a contradiction.

Case 2: k=4

Let Hy,..., H, be the components of G[AU B|. Let 1 < i < p. Suppose that there
exists x € V(H;) such that dy,(x) > m. We may assume that © € A. Then Ny, (z) C B,
which implies that G[{b} UV (H;)] contains K5 ,, as an induced subgraph, a contradiction.
Thus A(H;) < m — 1. Since H; is Pr-free, we also have diam(H;) < 5. Consequently
|V(H;)| < (m —1)° for each 1 <4 < p. Since |[AU B| > 2(2(m —1)" —m + 1), it follows
that p > 2(2(m —1)" —=m +1)/(m —1)> > 3(m — 1) + 2. Since k = 4, |V (H;)| > 2 for
some i. We may assume that |V (H;)| > 2. Let a1b; € F(H;) with a; € A and b; € B.

Note that each vertex in N(a) N N(b) is an isolated vertex in G[N(a) U N(b)]. Since
G — {a,b} is connected, this implies that for each 2 < ¢ < p, there exists z; € V(H;)
such that N(z;) — ({a,b} U N(a) U N(b)) # @. Let X = {z; | 2 < i < p}. Let
Ay ={x € AnNX | N(z)—({a,b}UN(a)UN (b)) C N(w)} and A; = (ANX)—Ay. For each
x € ANX, we define u, € N(x) as follows: if x € Ay, let u, € N(x)—({a,b}UN(a)UN(b));
if © € Ay, let u, € N(z) — ({a,b} U N(a) U N(b)) — N(w). For A’ C AN X, let
Ug ={u, |z €A} Let By={ye BNX | Ny)— ({a,b} UN(a)UN (b)) C N(w)} and
By = (BNX)— By. For each y € BN X, we define v, € N(y) as follows: if y € By, let
vy € N(y)—({a,b}UN(a)UN(b)); ify € By, let v, € N(y)—({a,b}UN(a)UN (b)) —N(w).
For B' C BNX, let Vg = {v, | y € B'}. Note that |Ag|+ A1+ |Bo| +|B1| = | X| =p—1.
Arguing as in the proof of Claim 6.1, we obtain the following claim.

Claim 6.2. For A’ C ANX, |Ua| =2 |A'|/(m—1). For B C BNX, |Vg/| > |B'|/(m—1).

Here we consider the following three subcases:
(1) |Ag] > (m —1)% or |By| > (m — 1)
(2) |Ao] < (m —1)? and |By| < (m 2 and, moreover, we have A; # & and B, # &;
(3) |Ag] < (m —1)%* and |By| < (m 2 but we have A} = @ or B; = @.

Subcase 2.1: |Ay| > (m — 1) or |By| > (m — 1)?

We may assume that |Ag| > (m — 1)%. By Claim 6.2, |Ua,| = m. Note that Uy, C
N(w). Since G is Ky p,-free, |N(a1) N Uys,| < m —1. Since |Uy,| = m, there exists z € Ay
such that u,a; € F(G). We may assume that z = z5. Since xs and b; belong to distinct
components of G[A U B], x3by € E(G). Since |B] 2 2(m —1)"—m+1>2(m —1)°> >
\V(Hy)| + |V (Hs)|, B— (V(H) UV (Hy)) # @. Let y € B— (V(H;) UV (Hs)). Then

—1)
—1)

THE ELECTRONIC JOURNAL OF COMBINATORICS 22(3) (2015), #P3.13 15



ya1,yra € E(G). Since k = 4, we also have u,,by, u.,y ¢ F(G). Since u,, & N(a)U N(b),
we now see that the path u,,xsaa1b1by is an induced path of order 7, a contradiction.

Subcase 2.2: |A4y| < (m —1)? and |By| < (m — 1)? and, moreover, we have A; # & and
Bl 7& %]

Let z € Ay and y € B;y. By the definition of X, x and y belong to distinct components
of G[A U BJ, and hence zy ¢ E(G). Since u,,v, ¢ N(a) UN(b) U N(w) and k = 4, it
follows that the path w,rawbyv, is an induced path of order 7, a contradiction.

Subcase 2.3: |Ay| < (m —1)? and |By| < (m — 1)2, but we have A; = @ or B, = &
We may assume that A; = @. Then 3(m —1)? +1 < p—1 = |Ag| + |Bo| + |B1| <
|Bi| + 2(m — 1)?, and hence |B;| > (m — 1)> + 1. On the other hand, since |A| >
2(m—1)"—=m+1> (m—1)%2(m—1)> > |Ag|(m—1)° = |[AQUA|(m—1)® = |[ANX]|(m—1)°
and since |V (H;)| < (m — 1)® for each 2 < i < p, there exists ¢ with 2 < ¢ < p such that
V(H;)NA# @ and x; € A. We may assume that V(Hy) N A # @ and 2o ¢ A. Then
x9 € B, which implies |V (Hs)| > 2. Let agby € E(H,) with as € A and by € B. Now since
|By — {z2}| > (m—1)%, |Vp,_{s,3] = m by Claim 6.2. Since G is Kj-free, it follows that if
both b; and b, are adjacent to all vertices in Vg, _{a,), then G[{b1, b2} UVp, _(s,}] contains
K5, as an induced subgraph, a contradiction. Thus b,v, ¢ E(G) for some h € {1,2}
and some y € By — {x5}. We may assume that y = x3. Since |A| > 2(m —1)"—m+1 >
3(m —1)° > |V(H)| + |V(Ho)| + [V(Hs)|, A= (V(Hi) UV(H) UV (Hs)) # 2. Let
x e A— (V(H)) UV(Hy) UV(Hs)). Since vy, € N(a) U N(b) and k = 4, the path

xraapbpbrsv,, is an induced path of order 7, a contradiction.

Case 3: k> 5

If k = 5, then by Lemma 6.2 and the assumption that d(a) > 2(m — 1)" > 4(m —
1) +2and d(b) = 2(m —1)" > 4(m — 1) + 2, G contains P; as an induced subgraph, a
contradiction; if k£ > 6, then by Lemma 6.1 and the assumption that d(a) > 2(m — 1) >
4(m — 1) + 2, G contains P; as an induced subgraph, a contradiction.

This completes the proof of Lemma 6.5. U

Proposition 6.6. Let m > 5. Then G3({Ks, Ko, Pr}) is finite.

Proof. Let G € G3({K3, Kom, Pr}). We show that |[V(G)| < (4(m —1)"(2(m —1)"+m —
2)%)5. Since diam(G) < 5, it suffices to show that A(G) < 4(m—1)"(2(m —1)"+m —2)5.
Suppose that A(G) > 4(m —1)"(2(m —1)"+m —2)° + 1, and let w € V(G) be a vertex
with d(w) = A(G). Since G is Ks-free, N(w) is independent. Let L = {z € V(G) |
|N(z) N Na(w)| = 2(m —1)7"}. By Lemma 6.5, |[LN N(w)| <1 and LN Nay(w) = &.

Case 1: |L| > 2 and [LNN(w)| =1

Let a € LN N(w) and b € L — N(w). Since b &€ N(w) U Na(w), we have b € N3(w),
and hence ab ¢ FE(G). By Lemma 6.5, N(a) N N(b) = @. Let y € N(b) N No(w) and
v € N(y) N N(w). Since ab ¢ E(G), N(a) N N(b) = @, and N(w) is independent, it
follows that the path awwvyb is an induced path of order 5. Hence by Lemma 6.2 and the
assumption that d(a) > 2(m —1)" > 4(m —1)+2 and d(b) = 2(m —1)" > 4(m — 1) + 2,
G contains P; as an induced subgraph, a contradiction.
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Case 2: |L|>2and LN N(w) =2

Let a,b € L with a # b. Then a,b € N3(w). If ab € E(G), then N(a) N N(b) = &
by the assumption that G is Ks-free and, if ab ¢ FE(G), then N(a) N N(b) = @ by
Lemma 6.5. Hence in either case, we have N(a) N N(b) = @. Let A = N(a) N Na(w)
and B = N(b) N Na(w). Let y € B and v € N(y) N N(w). Since G is Ky ,,-free,
IN(y) N N(w)| < m — 1. Since G is Ky n-free, it follows that [((U,ennnw) N (W) U
N(y))NA| < (IN(y)NN(w)|+1)(m—1) < m(m—1). Since |A| = 2(m—1)" = m(m—1)+1,
A= ((Unengyrwio N)UN() £ 2. Take 2 € A— Uy V() UN(y)). Since
v € N(y)NN(w), we have zv, zy ¢ E(G). Take u € N(z)NN(w). By the choice of z, u ¢
N(y) N N(w), and hence uy ¢ E(G). Consequently the path zuwwvyb is an induced path
of order 6. Now by Lemma 6.1 and the assumption that d(b) > 2(m —1)" > 4(m —1) +2,
GG contains P; as an induced subgraph, a contradiction.

Case 3: |L| <1

Let Hy,..., H, be the components of G[(N(w) U Nay(w)) — L]. Let 1 < i < p. Take
x € V(H;). Smce G is { K3, Ky }-free, [N(z) N N(w)| < m — 1. Since x §Z L we also
have |N(z) N Ny(w)| < 2(m—1)"—1. HencedH( ) < |N(z)NN(w)|+|N(z )ﬂNQ( )| <
2(m —1)" 4+ m — 2. Since x € V(H;) is arbitrary, A(H;) < 2(m —1)" +m — 2. Since H;
is P;-free, we also have diam(H;) < 5. Thus |V(H;)| < (2(m — 1)" + m — 2)° for each
1 <i < p. We have V(H;) N No(w) # @ for each 1 < i < p because N(w) is independent.
Let ¢ = |{i | V(H;) " N(w) # @}|. (Note that in the case where & # L C N(w),
it is possible that V(H;) N N(w) = & for some i.) Without loss of generality, we may
assume that V(H;) N N(w) # @ for each 1 < i < ¢ and V(H;) N N(w) = @ for each
g+1 < i < p Since [N(w) — L] > d(w )—1 > 4(m — 1)"(2(m — 1)" + m — 2)°,
we have ¢ > |[N(w) — L|/(2(m — 1)" + m — 2)> > 4(m — 1)". Since G is 3-connected,

— ({w} U L) is connected. Let P be a shortest V(Hl)-((N(w) U No(w)) — L —V(Hy))
path in G — ({w} U L). Then |V(P)| > 3. Let y;, z; and z3 be the first three vertices
of P. Then y; € V(H;) N Ny(w) and 2z, € N3(w). Let wziy; be a shortest w-y; path
in G[V(H;)U{w}|. Then wxiy;z129 is an induced w-z, path of order 5. Since 2, ¢ L,
|N(21) N No(w)| < 2(m —1)" — 1. In particular, z; is adjacent to at most 2(m —1)" — 1 of
the H;, 1 <i < q. If zp & No(w), then similarly, 2, is adjacent to at most 2(m — 1)7 — 1
of the H;, 1 <1 < gq; if 25 € No(w), then clearly 2z, is adjacent to at most one of the H;,
1<i<q (note that it is possible that zo belongs to H; for some i with ¢ + 1 < ¢ < p).
Thus 2 is adjacent to at most 2(m — 1)" — 1 of the H;. Since ¢ > 4(m — 1)7, there exists
J with 2 < j < ¢ such that neither z; nor z is adjacent to H;. Since V(H;) N N(w) # @
and V' (H;) N Ny(w) # &, there exist o € V(H;) N N(w) and y € V(H;) N Ny(w) such
that zoys € E(G). Then ysxowxiyi2129 is an induced path of order 7, a contradiction.

This completes the proof of Proposition 6.6. O

Proof of Theorem 1.4. The ‘if ’ part follows from Propositions 6.4 and 6.6. Thus it suffices
to prove the ‘only if’ part. Suppose that gg({Kg, Kg .m,L'}) is finite. From Theorem 1.1,

it follows that 7" € T5. For each s > 2, let H" be the graph defined by V(H") =
{z1, 20,23} U{yin, zin | 1 <0< 2,1 < h < s} and E(H§1 ) = {z1z2} U{zyin, x32ip |
1<i1<2,1< h<3}U{ylthh|1 i,7 < 2,1 < h < s} (see Figure 6). Then HY is

THE ELECTRONIC JOURNAL OF COMBINATORICS 22(3) (2015), #P3.13 17



3-connected and { K3, K, }-free. Since Gs3({ K3, Ko, T'}) is finite, there exists s > 2 such
that H" contains T as an induced subgraph. Since every tree contained in HY as an
induced subgraph has diameter at most 6, diam(7") < 6. Now for each ¢ > 3, let P = zx5

be a path of order 2 and C' = y1y5 - - -y2y1 be a cycle of order 2¢, and let Ht(Q) be the
graph defined by V(Ht@)) =V(C)UV(P) and E(Ht(z)) = FE(C)UE(P)U{z1y2i_1, T2Yo; |
1 < i < t} (see Figure 6). Then H® is 3-connected and {K3, Ko }-free. Hence there
exists ¢ > 3 such that Ht(Z) contains 71" as an induced subgraph. Observe that if F' is a

member of 75 contained in Ht(Q) as an induced subgraph, then F'is a path or an induced
subgraph of Y5*. Therefore T is either a path of order at most 7 or an induced subgraph

of Y. O
Hél) T 9 Ht(Q)
<7
€
Y11 }{ { }{ Ya,s
21,1 22,8 X2
T3

Figure 6: Graphs HY and Hfz)

7 Concluding remarks

In this paper, we have considered three forbidden subgraphs which generate a finite set in
the class of 3-connected graphs. As we have seen in Theorem 1.1, there are six types. For
many of them, we have given a characterization. The cases which remain uncharacterized
are the following:

(a) F = {K3, K33, T}, where T' € Ty;

(b) F = {K4, K55, T}, where T is a path of order at least 4;

(c) F={Kj3,Ks4,T} and {K3, K53, T}, where T € Ty;

(d) F ={Kjs, Ko, T}, where T € Ty;

(e) F ={Kj3,K14,T}, where T € Ty;

(f) F ={K,, K3, T}, where n > 5 and T € T,';

(g) F ={K4, K13, T}, where T' € T;*.

In cases (a)-(d), F does not contain a star. In these cases, we can give a bound on the
diameter of T'.
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Proposition 7.1. Let F be a subset of G with |F| = 3. Suppose F does not contain a
star and G3(F) is finite. Then F contains a tree of diameter at most 8.

Proof. Since F does not contain a star, it follows from Theorem 1.1 that F can be written
in the form F = { K, Kmlva,T} Where n e {3 4} my € {2,3}, my > my and T € 7.

Let s > 2. Let 0@ = o500 06! be a cycle of order 6 for each 1 <
i < s, and deﬁne a graph H by V( s) = {ao, b0, co} U (U<ics V(C®)) and E(H,) =
{aoaj ,bo b(Z , Co c J11<i<s1<j<2u (U1<Z<S E(C®)). Then H, is 3-connected

and {K,, K, mQ} free. Hence there ex1sts s > 2 such that H, contains 71" as an induced
subgraph. However, H, does not contain Pjy as an induced subgraph. Therefore the
diameter of T"is at most 8. O

In (a)—(d), we have T' € Ty and hence A(T") < 3. By combining this fact and Proposi-
tion 7.1, we see that the order of T is bounded. Thus the number of triples in these cases
is finite. On the other hand, in cases (e)—(g), where the triple contains a star, Proposi-
tion 7.1 gives no further information about F. In fact, Theorem A shows that in these
cases, there exist infinitely many F such that G3(F) is finite.

We add that for (a) and (b), and for the case where F = {Kj3, K24,T} in (c), the
determination of 7" has recently been completed in [2].
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