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Abstract

Let an (r, s)-formation be a concatenation of s permutations of 7 distinct letters,
and let a block of a sequence be a subsequence of consecutive distinct letters. A
k-chain on [1,m] is a sequence of k consecutive, disjoint, nonempty intervals of the
form [ag,a1][a1 + 1,az]...[ax—1 + 1, ax] for integers 1 < ag < a1 < ... < ap < m,
and an s-tuple is a set of s distinct integers. An s-tuple stabs an interval chain if
each element of the s-tuple is in a different interval of the chain. Alon et al. (2008)
observed similarities between bounds for interval chains and Davenport-Schinzel
sequences, but did not identify the cause.

We show for all r > 1 and 1 < s < £ < m that the maximum number of distinct
letters in any sequence S on m + 1 blocks avoiding every (r, s + 1)-formation such
that every letter in S occurs at least k + 1 times is the same as the maximum size
of a collection X of (not necessarily distinct) k-chains on [1,m] so that there do not
exist r elements of X all stabbed by the same s-tuple.

Let D, ;(m) be the maximum number of distinct letters in any sequence which
can be partitioned into m blocks, has at least k£ occurrences of every letter, and
has no subsequence forming an alternation of length s. Nivasch (2010) proved
that Dsoq1(m) = O(mag(m)) for all fixed d > 2. We show that D, s(m) =

m—T2
( Lé[f]
©(mloglogm) and D5 2q42(m) = O(mag(m)) for all fixed d > 3.

) for all s > 2. We also prove new lower bounds which imply that D5 ¢(m) =
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1 Introduction

A sequence s contains a sequence u if some subsequence of s can be changed into u by a
one-to-one renaming of its letters. If s does not contain u, then s avoids u. A sequence s
is called r-sparse if any r consecutive letters in s are distinct. Collections of contiguous
distinct letters in s are called blocks.

A generalized Davenport-Schinzel sequence is an r-sparse sequence avoiding a fixed
forbidden sequence (or set of sequences) with r distinct letters. Bounds on the lengths
of generalized Davenport-Schinzel sequences were used to bound the complexity of lower
envelopes of solution sets of linear homogeneous differential equations [5], the complexity
of faces in arrangements of arcs [1], and the maximum number of edges in k-quasiplanar
graphs with no pair of edges intersecting in more than O(1) points [6, 14].

Let Ags(n) be the maximum length of any 2-sparse sequence with n distinct letters
which avoids alternations of length s+ 2. For s = 1 and s = 2, A\;(n) = O(n). However,
Hart and Sharir [7] showed that A\3(n) = ©(na(n)), such that a(n) denotes the inverse

Asln) _ 9,

Ackermann function. Nivasch [10] and Klazar [9] proved that lim,,_,. el

Agarwal, Sharir, Shor [2] and Nivasch [10] proved that A,(n) = n2ua@®'0(@m) ™)
for even s > 4 with ¢ = 252 Pettie [12] proved that As(n) = ©(na(n)2*™) and that
As(n) = n2u(M) £0@(m)'™) for 6dd s > 7 with t = %

In [10], similar bounds were also derived for a different sequence extremal function.
Let an (r,s)-formation be a concatenation of s permutations of r distinct letters. For
example abcddcbaadbe is a (4, 3)-formation. Define F, ;(n) to be the maximum length of
any r-sparse sequence with n distinct letters which avoids all (r, s)-formations.

Klazar [8] proved that F,3(n) = ©(n) and F,3(n) = ©(n) for every r > 0. Ni-
vasch proved that F,.4(n) = ©(na(n)) for r > 2. Nivasch [10] showed that F, s (n) =
n2ur(m) =0 ) for all » > 2 and odd s > 5 with ¢ = % Pettie [13] proved for r = 2
that Fg(n) = ©(na(n)2™) and that F,(n) = n2a*ME0@m™) for even s > 8 with
t = %1. When r > 3, Pettie proved that F,  (n) = n2uen)loga(m+0(a(n)’) for even s > 6
with ¢ = 4.

To define the Ackermann hierarchy let A;(n) = 2n and for k& > 2, A;x(0) = 1 and
Ar(n) = Ag_1(Ax(n — 1)) for n > 1. To define the inverse functions let ay(x) =
min {n : Ax(n) >z} for all k£ > 1. We define the Ackermann function A(n) to be A,(3)
as in [10]. The inverse Ackermann function a(n) is defined to be min {x : A(z) > n}.

Nivasch’s bounds on A¢(n) were derived using an extremal function which maximizes
number of distinct letters instead of length. Let Dgx(m) be the maximum number of
distinct letters in any sequence on m blocks avoiding alternations of length s such that
every letter occurs at least k times. Clearly D, i(m) = 0 if m < k and Dy x(m) = oo if
k < s—1and k < m. Nivasch proved that U (m,n) < k(Dsx(m)+n) [10], where U (m,n)
denotes the maximum possible length of any sequence on m blocks with n distinct letters
that avoids alternations of length s.

Nivasch also proved that Djs2441(m) = O(mag(m)) for each fixed d > 2 (but noted
that the bounds on D5 ,(m) were not tight for even k). Sundar [15] derived similar bounds
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in terms of m on functions related to the Deque conjecture.

Let F. s x(m) be the maximum number of distinct letters in any sequence on m blocks
avoiding every (r, s)-formation such that every letter occurs at least k& times. Clearly
Foox(m) =0if m < k and F,x(m) = oo if k < s and k < m. Every (r,s)-formation
contains an alternation of length s+ 1 for every r > 2, so Dy ,(m) < F, 5 (m) for every
r > 2. Nivasch proved that ¥, (m,n) < k(F.sx(m) +n) [10], where W] (m,n) denotes
the maximum possible length of any sequence on m blocks with n distinct letters that
avoids every (r, s)-formation.

Nivasch also proved for r > 2 that F, 42441(m) = O(may(m)) for each fixed d > 2
The recursive inequalities for the upper bounds on F, 424:1(m) in [10] also imply that
F, 46(m) = O(mloglogm) and that F, 424+2(m) = O(mag(m)).

Similar bounds were also derived on an extremal function related to interval chains. A
k-chain on [1,m] is a sequence of k consecutive, disjoint, nonempty intervals of the form
lag, ai][a; + 1,as]. .. [ag—1 + 1, ay] for integers 1 < ag < a3 < ... < ar < m. An s-tuple
is a set of s distinct integers. An s-tuple stabs an interval chain if each element of the
s-tuple is in a different interval of the chain.

Let (s x(m) denote the minimum size of a collection of s-tuples such that every k-chain
on [1,m] is stabbed by an s-tuple in the collection. Clearly (;x(m) = 0 if m < k and
Cs.k(m) is undefined if k < s and k < m.

Alon et al. [3] showed that (s(m) = (m[_ﬁLFJ) for s > 1, (34(m) = O(mlogm),
(35(m) = ©(mloglogm), and (3x(m) = @(maLgJ (m)) for k > 6. Alon et al. [3] observed
similarities between bounds for interval chains and Davenport-Schinzel sequences, but did
not identify the cause.

Let 7,5,(m) denote the maximum size of a collection X of not necessarily distinct
k-chains on [1,m] so that there do not exist r elements of X all stabbed by the same
s-tuple. Clearly 7, sx(m) = 0if m < k and n, sx(m) = o0 if k < s and k < m.

In Section 2 we show that 1, s x(m) = F, 41 4+1(m~+1) forallr > land 1 < s < k < m.

Lemma 1.1. (,x(m) = nesi(m) for all1 < s <k <m.

Proof. Let X be a collection of k-chains on [1,m] so that there do not exist 2 elements
of X that are stabbed by the same s-tuple. Then by the pigeonhole principle, | X| is
the minimum possible size of a collection Y of s-tuples such that every k-chain in X is
stabbed by an s-tuple in Y. ]

The last lemma and the equality in Section 2 imply that Dsioxi1(m + 1) < (sx(m)
for all 1 < s < k < m. This implies that Dy (m) < (m 2 ]) for all s > 2, D5¢(m) =

15
O(mloglogm), and Dj442(m) = O(mag(m)) for d > 3
In Section 3 we construct alternation-avoiding sequences to prove lower bounds on

Dy r(m). We prove that Dy g 4(m) = (mL—JJ%W) for all s > 2. Furthermore we show that
2

Ds6(m) = Q(mloglogm) and Ds2442(m) = Q(:may(m)) for d > 3. Thus the bounds on
(

D5 4(m) have a multiplicative gap of O(d) for all d.

THE ELECTRONIC JOURNAL OF COMBINATORICS 22(3) (2015), #P3.19 3



2 Proof that F, ;11 ,+1(m + 1) = 1y 5k (M)

We show that F, g1 541(m +1) = n.5x(m) for all > 1 and 1 < s < k < m using maps
like those between matrices and sequences in [4] and [11].

Lemma 2.1. F, o1 p1(m+1) < npsp(m) forallr > 1 and 1 < s < k< m.

Proof. Let P be a sequence with F, o1 ,11(m + 1) distinct letters and m + 1 blocks
1,...,m + 1 such that no subsequence is a concatenation of s + 1 permutations of r
different letters and every letter in P occurs at least k+ 1 times. Construct a collection of
k-chains on [1,m| by converting each letter in P to a k-chain: if the first £+ 1 occurrences
of letter a are in blocks ag, . . ., ax, then let a* be the k-chain with " interval [a;_1, a; — 1].

Suppose for contradiction that there exist r distinct letters qq,...,q, in P such that
qi,...,q; are stabbed by the same s-tuple 1 < j; < ... < js < m. Let jo = 0 and
Jjs+1 = m + 1. Then for each 1 < 7 < s+ 1, g, occurs in some block b, ; such that
buni € [Ji—1 + 1, ;] for every 1 < n < r. Hence the letters q,...,q make an (r,s + 1)-
formation in P, a contradiction. O]

Corollary 2.2. Dyi9ji1(m+1) < (i(m) for alll < s <k < m.
The bounds on (s, (m) in [3] imply the next corollary.
Corollary 2.3. Dy, 4(m) < (m_ﬁ]) for s > 2, Ds5(m) = O(mlogm), Dsg(m) =

L3]
O(mloglogm), and D5 y(m) = O(;HCML%J (m)) fork >T1.

To prove that Fi. s 1pr1(m+1) = nosx(m) forall r > 1 and 1 < s < k < m, we
convert collections of k-chains into sequences with a letter corresponding to each k-chain.

Lemma 2.4. F, o1 p1(m+1) Znesp(m) forallr 21 and 1 < s <k <m.

Proof. Let X be a maximal collection of k-chains on [1,m] so that there do not exist r
elements of X all stabbed by the same s-tuple. To change X into a sequence P create a
letter a for every k-chain a* in X, and put a in every block ¢ such that either ¢* has an
interval with least element ¢ or ¢* has an interval with greatest element 7 — 1.

Order the letters in blocks starting with the first block and moving to the last. Let
L; be the letters in block ¢ which also occur in some block 5 < 7 and let R; be the letters
which have first occurrence in block .

All of the letters in L; occur before all of the letters in R;. If a and b are in L;, then
a appears before b in block 7 if the last occurrence of a before block 7 is after the last
occurrence of b before block 7. The letters in R; may appear in any order.

P is a sequence on m + 1 blocks in which each letter occurs k + 1 times. Suppose
for contradiction that there exist r letters ¢, . .., ¢. which form an (r, s + 1)-formation in
P. List all (r,s 4+ 1)-formations on the letters ¢y, ...,q, in P lexicographically, so that
formation f appears before formation g if there exists some ¢ > 1 such that the first ¢+ — 1
elements of f and g are the same, but the i'* element of f appears before the i** element
of gin P.
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Let fo be the first (r,s + 1)-formation on the list and let m; (respectively p;) be
the number of the block which contains the last (respectively first) element of the 4"
permutation in fy for 1 < ¢ < s+ 1. We claim that m; < p;;1 for every 1 <1 < s. Suppose
for contradiction that for some 1 < i < s, m; = pit1. Let a be the last letter of the ¢
permutation and let b be the first letter of the (i 4+ 1)% permutation.

Then a occurs before b in block 7; and the b in 7; is not the first occurrence of b in
P, so the a in 7; is not the first occurrence of a in P. Otherwise a would appear after b
in ;. Since the a and b in 7; are not the first occurrences of @ and b in P, then the last
occurrence of a before m; must be after the last occurrence of b before m;. Let f; be the
subsequence obtained by deleting the a in m; from fy and inserting the last occurrence of
a before ;. Since the last occurrence of a before m; occurs after the occurrence of b in the
it" permutation of fy, fi is also an (r, s + 1)-formation. Moreover, f; occurs before f; on
the list. This contradicts the definition of fy, so for every 1 < ¢ < s, m; < pia1-

For every 1 < j <rand 1 <4 < s+ 1, the letter ¢; appears in some block between

p; and 7; inclusive. Since m; < p;yq for every 1 < i < s, the s-tuple (my,...,7,) stabs
each of the interval chains ¢f,..., ", a contradiction. Hence P contains no (r,s + 1)-
formation. O

The idea for the next lemma is similar to a proof about doubled formation free matrices
in [4].
Lemma 2.5. F, (m) < (r — 1)(’””[&?1) for everyr > 1 and 1 < s < m.

2

Proof. Let P be a sequence with m blocks such that no subsequence of P is a concatenation
of s permutations of r distinct letters and every letter of P occurs at least s times. An
occurrence of letter a in P is called even if there are an odd number of occurrences of a
to the left of it. Otherwise the occurrence of a is called odd.

Suppose for contradiction that P has at least 1+ (r — 1)(7”[%51) distinct letters. The

2

number of distinct tuples (my,...,ms)) for which a letter could have even occurrences
in blocks my, ..., m|s) is equal to the number of positive integer solutions to the equation
(I+zy)+. .+ (2 +tois) = mtlif siseven and (1+x1)+. . .+ (1+z s ) +214 5y = m
if 5 is odd.

Since for each s the equation has (m_@

B ) positive integer solutions, by the pigeon-
2

hole principle there are at least r distinct letters ¢y, ..., q. with even occurrences in the
same |3 | blocks of P. Then P contains a concatenation of s permutations of the letters
qi,---,qr, a contradiction. O

m—[3]

The last lemma is an alternative proof that Dy s(m) < ( B ) since Dgiq5(m) <
2

F,ss(m) for all s,m > 1 and r > 2.
3 Lower bounds

In the last section we showed that Dgyq4(m) < (mt—ﬁf?) for s > 2. The next lemma
2
provides a matching lower bound.
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Lemma 3.1. D, s(m) > ( ) foralls > 2 and m > s + 1.

Proof. For every s > 1 and m > s+ 1 we build a sequence X,(m) with (mgﬁ]) distinct
letters. First consider the case of even s > 2. The sequence X,(m) is the concatenation
of m — 1 fans, so that each fan is a palindrome consisting of two blocks of equal length.

First assign letters to each fan without ordering them. Create a letter for every 5-tuple
of non-adjacent fans, and put each letter in every fan in its 3-tuple. Then order the letters
in each fan starting with the first fan and moving to the last. Let L; be the letters in fan
7 which occur in some fan j < ¢ and let R; be the letters which have first occurrence in
fan 1.

In the first block of fan ¢ all of the letters in L; occur before all of the letters in R;. If
a and b are in L;, then a occurs before b in the first block of fan ¢ if the last occurrence
of a before fan i is after the last occurrence of b before fan i. If ¢ and b are in R;, then
a occurs before b in the first block of fan 7 if the first fan which contains a without b is
before the first fan which contains b without a.

Consider for any distinct letters x and y the maximum alternation contained in the
subsequence of X,(m) restricted to z and y. The maximum alternation is constructed
starting with a fan that contains only x, and successively adding adjacent fans. Any other
fans which contain x without y or y without x add at most 1 to the alternation length.
Any fans which contain both z and y add 2 to the alternation length. If x and y occur
together in i fans, then the length of their alternation is at most (3 —4) 4 (5 —4) +2i = s.

Every pair of adjacent fans have no letters in common, so every pair of adjacent blocks
in different fans can be joined as one block When the m — 1 fans are concatenated to form
X,(m). Thus X,(m) has m blocks and (", ) letters, and each letter occurs s times.

For odd s > 3, construct Xs(m) by addlng a block r after X_1(m — 1) containing all
of the letters in X 1(m — 1) such that a occurs before b in r if the last occurrence of a
in X, 1(m — 1) is after the last occurrence of b in X;_1(m — 1). Then X (m) contains no
alternation of length s+1 since X;_;(m—1) contains no alternation of length s. Moreover

X,(m) has m blocks and (",_; T 7 ) letters, and each letter occurs s times. O
The next lemma shows how to extend the lower bounds on D,y s(m) to F. s s(m).

Lemma 3.2. F,. x(m) > (r — 1)Fosrx(m) forallr > 1 and 1 < s <k < m.

Proof. Let P be a sequence with Fj,(m) distinct letters and m blocks such that no
subsequence is a concatenation of s permutations of two distinct letters and every letter
occurs at least k times. P’ is the sequence obtained from P by creating » — 1 new

letters aq, ..., a,_1 for each letter a and replacing every occurrence of a with the sequence
ai...qp_1q.
Suppose for contradiction that P’ contains an (r, s)-formation on the letters ¢, . . ., g,.

Then there exist indices ¢, j, k, [ and distinct letters a, b such that ¢; = a; and g, = b;.
P’ contains a (2, s)-formation on the letters ¢; and g, so P contains a (2, s) formation on
the letters a and b, a contradiction. Then P’ is a sequence with (r — ]—)FQ,s,kz( ) distinct
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letters and m blocks such that no subsequence is a concatenation of s permutations of r
distinct letters and every letter occurs at least k& times. O

Corollary 3.3. F, (m) = (r — 1)(mL_JJ%W) forallr =1 andm > s> 1.

The proof of the next theorem is much like the proof that Ds s441(m) = Q(3magy(m))
for d > 2 in [10]. The only substantial difference is the base case.

Theorem 3.4. Ds¢(m) = Q(mloglogm) and Dssq12(m) = Q(imag(m)) for d > 3.

We prove this theorem by constructing a family of sequences that avoid ababa. For
all d,;m > 1, we inductively construct sequences Gg4(m) in which each letter appears
2d + 2 times and no two distinct letters make an alternation of length 5. This proof uses
a different definition of fan: fans will be the concatenation of two palindromes with no
letters in common. Each palindrome consists of two blocks of equal length.

For d,m > 1 the blocks in G4(m) containing only first and last occurrences of letters
are called special blocks. Let Sq(m) be the number of special blocks in G4(m). Every
letter has its first and last occurrence in a special block, and each special block in G4(m)
has m letters.

Blocks that are not special are called regular. No regular block in G4(m) has special
blocks on both sides, but every special block has regular blocks on both sides.

The sequences G1(m) are the concatenation of m + 1 fans. In each fan the second
block of the first palindrome and the first block of the second palindrome make one block
together since they are adjacent and have no letters in common. The first palindrome in
the first fan and the second palindrome in the last fan are empty.

There is a letter for every pair of fans and the letter is in both of those fans. The
letters with last appearance in fan ¢ are in the first palindrome of fan i. They appear
in fan ¢’s first palindrome’s first block in reverse order of the fans in which they first
appear. The letters with first appearance in fan ¢ are in the second palindrome of fan .
They appear in fan ¢’s second palindrome’s first block in order of the fans in which they
last appear. For example, the sequence G1(4) is isomorphic to the following sequence,
such that () denotes special block boundaries, [| denotes regular block boundaries, and
() denotes fan boundaries:

([(abed)[debal) ([al(aefg)lgfel) (lebl(behi)[ih]) ([hfel(cfh)[i) ([iigd](dgii)l])

Lemma 3.5. G1(m) contains no alternation of length 5.

Proof. Let x and y be any two letters in G (m). If x and y do not occur in any fan together,
then clearly the subsequence of G1(m) restricted to x and y contains no alternation of
length 5. If x and y occur together in a fan, then their common fan contains an alternation
on z and y of length 2 or 3. By the construction of G;(m), this alternation is extended
to length at most 4 by the occurrences of x and y outside the common fan. O]
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For all d > 1 the sequence G4(1) is defined to consist of 2d + 2 copies of the letter 1.
The first and last copies of 1 are both special blocks, and there are empty regular blocks
before the first 1 and after the last 1.

The sequence G4(m) for d,m > 2 is constructed inductively from G4(m — 1) and
Ga—1(Sa(m —1)). Let f = Sy(m — 1) and g = S4—1(f). Make g copies Xj,..., X, of
G4(m — 1) and one copy Y of G4_1(f), so that no copies of G4(m — 1) have any letters in
common with Y or each other.

Let @Q; be the i*" special block of Y. If the [ element of Q; is the first occurrence of
the letter a, then insert aa right after the {** special block of X;. If the [ element of Q;
is the last occurrence of a, then insert aa right before the I*" special block of X;. Replace
Q; in Y by the modified X; for every i. The resulting sequence is G4(m).

Lemma 3.6. For all d and m, G4(m) avoids ababa.

Proof. Given that the alternations in Gy(m) have length at most 4 for all m > 1, then
the rest of the proof is the same as the proof in [10] that Z,;(m) avoids ababa. O

Let Ly(m) be the length of Gy4(m). Observe that Lg(m) = (d + 1)mSy(m) since each
letter in G4(m) occurs 2d + 2 times, twice in special blocks, and each special block has m
letters.

Define Ny4(m) as the number of distinct letters in G4(m ) and My(m) as the number
of blocks in Gy4(m). Also let X4(m) = ]\;‘jm and Vy(m) = (m) and
Vy(m) as in [10].

Lemma 3.7. For all m,d > 1, Xq(m) < 2d + 2 and Vy(m) > 7.

Proof. By construction Si(m) = m+ 1 for m > 1, Sg(1) = 2 for d > 2, and Sy(m) =
Sa(m — 1)S4_1(Sa(m — 1)) for d,m > 2. Furthermore M;(m) = 3m + 3, My(1) =2d + 4
for d = 2, and Md(m) = Md(m— 1)Sd,1(Sd(m — 1)) —|—Md,1(5d(m — 1)) — Sd,l(Sd(m— 1))
for d,m > 2.

Thus Sz(m) = Sa(m — 1)(Sa(m — 1) + 1) < 2(S2(m — 1))? and Sy(1) = 2. Since
S'(m) = 22"~ satisfies the recurrence S'(1) = 2 and S’(m + 1) = 2(8(m))?, then
22m_1 < Sg(m) < 22m_1. For d = 2, Sd(2) = QSd_l(Z) and Sl( ) =3. So Sd< ) =3 x 2d_1.

For d > 2, My(2) = (2d + 3)(3 x 297%) + My_1(2) and M;(2) = 9. Hence My(2) =
(6d + 3)2¢-1.

Then X;(m) = 3 for all m, X4(1) = d+ 2 for all d > 2, and X4(2) = 2d + 1 for all
d>2. Ford,m > 2, Xy(m) = Xy(m —1) + Xd‘léf?g:)l))_l.

We prove by induction on d that X;(m) < 2d + 2 for all m,d > 1. Observe that the
inequality holds for X;(m), X4(1), and X4(2) for all m,d.

Fix d and suppose X4 1(m) < 2d for all m. Then X (m) < Xg(m — 1) + 221

)~

Hence Xq(m) < Xa(2) + (24 = 1) 5202, Sa(n) ™ =24+ 1+ (2 — 1) 1, Saln .

Since Sy(m) > 2S4(m —1) for all d,m > 2, then Y 7, Sy(n)~* < 2Sd( )yl = 3><21d*2 <
5 for all d > 2, 50 X4(m) < 2d + 2. Hence Vy(m) = Aml — (@gmsam) > O

The lower bounds on D5 94+2(m) for each d > 2 are proved in the following subsections.

THE ELECTRONIC JOURNAL OF COMBINATORICS 22(3) (2015), #P3.19 8



3.1 Bound for d =2

1 d =2, et m, = Ma(i) and m, = No(i). Then m, = Xo(i)(0) < 65,(9) < 6(22) <
22't2 for 4 > 1. Then i = Q(loglogm;), so

_Lai) _ Va()Ma(i)  iM(0)
’ ~ 12

6 6

= Q(m;loglogm;).

We use interpolation to extend the bound from m; to m. Let ¢ and ¢ satisfy m; <
m < m;y1 and t = [ ]. Concatenate ¢ copies of G(i) with no letters in common for a
total of at least | ™ |n; = (2(mloglogm) letters. Hence Ds¢(m) = 2(mloglogm).

3.2 Bound ford =3

We prove that S3(m) < Az(2m) following the method of [10]. Since S3(m) = S3(m —
1)S5(S3(m — 1)) < Sy(Ss(m — 1))2 < 22272 then let F(m) = 2272 and
G(m) = 22". Then 2F(m) = 27"~ < 22" = G(2m) for every m > 0. Thus
Sy(m) < FOD(8(1)) < 2P0 (85(1)) < G (255(1)) = Ay(2m).

Let m; = M;(i) and n; = N3(i). Therefore m; = X3(i)55(:) < 853(i) < A3(2i + 2)
for i > 1. So i = Q(as(m;)) and n; = N3(i) = L38(i) = V3(i)é‘/[3(i) > 1M3(l = Q(m;as(m;)).
Then D5,8( m) = Q(mas(m)) by interpolation.

3.3 Bound ford > 4

For each d > 4 we prove that Sg(m) < Aq(m + 2) for m > 1 by induction on d. Since
Sy(m) = Sy(m — 1)S3(Ss(m — 1)) < S3(Sy(m — 1))2, then let F(m) = S3(m)?. Since
4F(m) < Az(4m) and A4(3) > 454(1), then S4(m) < FMm=D(5,(1)) < 4Fm=1(8,(1)) <
AUV (454(1)) < Ag(m +2).

Fix d > 4 and suppose that S;_1(m) < Ag_1(m + 2). Define F(m) = S;_4
Since 4F(m) < Ay 1(4m) and Ag(3) > 4S4(1), then Sy(m) < F=D(S,(1)
AFM=D(5,(1)) < AT TV (484(1)) < Ag(m + 2).

Fix d > 4. Let m; = My(i) and n; = N4(i). Then m; = ( )Sa(7) < (2d + 2)S4(7) <
(2d + 2)Ag(i +2) < Ag(i +3). Then i > ag(m;) — 3, so n; = 244 — ValMati) > Mal) _

(3

La(i
2d-+
m;og(m;)). By interpolation Ds o440(m) = Q(3mag(m)) for d > 4.

2d+2 = 4d+4

Corollary 3.8. If r > 2, then F,46(m) = n,35(m) = Q(mloglogm) and F, 42412(m) =
Nr3,2d+1(m) = Q(3mag(m)) for d > 3.
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