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Abstract

We study maximal K, ;-free graphs G of almost extremal size—typically, e(G) =
ex(n, Ky41) — O(n). We show that any such graph G must have a large amount
of ‘symmetry’: in particular, all but very few vertices of G must have twins. (Two
vertices u and v are twins if they have the same neighbourhood.) As a corollary, we
obtain a new, short proof of a theorem of Simonovits on the structure of extremal
K, 1-free graphs of chromatic number at least k for all fixed k > r > 2.
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1 Introduction

Let T, denote the Turan graph on n vertices with r partition classes of size [n/r| or [n/r]
each, and put t,,, := e(7},,). From Turdn’s theorem we know that ¢, , maximises the size
of a K, 1-free graph of order n. One of the best-known extensions of Turdn’s theorem is
the Erdés—Simonovits stability theorem, which says, in particular, that a K, i-free graph
on n vertices and ¢, — o(n?) edges can be turned into T;,,. by adding or removing o(n?)
edges. To phrase it qualitatively, a K, -free graph whose size is close to being extremal
looks essentially like the extremal graph. This behaviour has become known as stability
and has been extensively studied in various discrete structures.

In this paper we are concerned with different aspects of Turan stability. More con-
cretely, we shall study K, -free graphs G with e(G) = t,, — O(n) or e(G) = t,, —
O(nlogn). This is much closer to the Turdn threshold than the range of the Erdds—
Simonovits stability theorem and makes it possible to observe different aspects of stabil-
ity. Our results can therefore be viewed as a part of a larger programme of studying the
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‘phase transition’ of K, i-free graphs near the Turan threshold that has been emphasized
by Simonovits.

First, in Section 2 we give a new, short proof of a theorem on the maximum size of a
K, 1-free graph of chromatic number at least » + 1. This result was proved in the case
r = 2 by Andrasfai, Erdds, and Gallai [8]. The general case was first explicitly proved
by Brouwer [7], although implicitly it follows from earlier work of Simonovits [15]. It has
also been re-discovered several times [4, 9, 11].

Let

hn,r) — {tn,r —[2]+1, nz2r+1, 1)
by — 2, r+3<n<2r

and note that the second case is vacuous if r = 2.

Theorem 1.1. Ifn > r+3, then every K, 1-free graph of order n and size at least h(n,r)+
1 is r-colourable.

Unlike the Erdés-Simonovits theorem, which says that a K,.,-free graph on suffi-
ciently many edges is approximately r-partite, this theorem gives a condition for a K, ;-
free graph to actually be r-partite.

A natural generalisation of Theorem 1.1 would be to find the maximal number of edges
in a graph G with |V(G)| = n, w(G) = r and x(G) > k for every k > r + 1. It is easy to
see that the extremal number is of order ¢,,, — O(n): for instance, take the disjoint union
of a Turdn graph T,/ , and a finite order graph G’ with w(G’) = r and x(G’) > k. Note
that determining the constant in the linear term asymptotically as k — oo is essentially
equivalent to determining the asymptotic behaviour of the Ramsey numbers R(r + 1, k).
(This connection is discussed further in Remark 4.14.) We determine the constant exactly
in the first open case, k = r 4 2; see Theorem 4.8.

Another interesting problem is to determine the structure of the extremal K, -free
graphs of chromatic number at least k. One simple way to construct such graphs (more
efficiently than the trivial construction given above) is the following: take a finite order
graph G’ with w(G’) = r and x(G’) = k, and blow up an r-clique of G’ in a way that
maximises the number of edges. Let us call a graph (or, more precisely, a graph sequence)
simple if it is a blow-up of a bounded order graph. It is natural to ask whether the
extremal graph must be simple. This was answered in the affirmative by Simonovits for
r =2 in [16] and (as part of a more general result) for arbitrary = in [17].

Theorem 1.2. For each r > 2 and each k > r, there exists m(k,r) such that if G is
an extremal K, 1-free graph with chromatic number at least k, then G is a blow-up of a
graph G" with |V(G")| < m(k,r).

In other words, for every r and k, the sequence of extremal graphs G for w(G) < r
and x(G) > k is simple.

We shall use Theorem 1.2 to show that for any r and k, there is a quantity A, (k) that
determines the constant in the linear term in the extremal number for K, -free graphs
with chromatic number at least k. Thus, computing A, (k) is equivalent to determining
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the size of an extremal graph up to an additive constant. Moreover, our results show that
there exists a finite time algorithm that determines the extremal size exactly.

Recall that a graph G is called mazimal H-free or H-saturated if it is H-free but
adding any edge to G would create a copy of H as a subgraph. For H = K,,; the
corresponding saturated graphs are also called (r + 1)-saturated. In Section 3 we suggest
a new generalisation of Theorem 1.1, namely the study of K, ;-saturated graphs on many
edges; note that the extremal K, -free graph for a given chromatic number is a special
case. In the spirit of Theorem 1.2, we prove sharp bounds on how large e(G) must be in
order to guarantee that G is simple. Perhaps surprisingly, the thresholds for » = 2 and
for r > 3 are substantially different, with the proof being very short in the former case
and more involved in the latter.

Theorem 1.3. For every ¢ > 0, there exists a constant mo(c) such that every 3-saturated
graph G on n vertices with e(G) > t,2—cn is a blow-up of a graph on at most my vertices.

Let r > 3. For every ¢ > 0, there exists a constant m,(¢) such that every (r + 1)-
saturated graph G on n vertices with e(G) > t,, — (2 —e)n/r is a blow-up of a graph on
at most m, vertices.

In both cases, the result is sharp—see Examples 3.5 and 3.7.

Taking this study further, we obtain a sharp threshold for a maximal K, -free graph
to have a single pair of twin vertices (that is, vertices with identical neighbourhoods).
Clearly, this threshold must be lower than the bound in Theorem 1.3. We consider the
following theorem to be the main result of this paper.

Theorem 1.4. For every r > 2 there exists a constant ¢ > 0 such that if n is sufficiently
large, then every (r + 1)-saturated graph G on n vertices with e(G) = t,, — cnlogn has
a pair of twin vertices.

This result is sharp up to the value of the constant c—see Examples 3.9 and 3.11.

Note that unlike Theorem 1.3, in this case the bounds are similar for all values of r,
though the proof is still much shorter in the case r = 2 (see Proposition 3.8). As a
corollary of Theorem 1.4, we obtain a new, short proof of Theorem 1.2.

We consider one more way in which an (r + 1)-saturated graph may be ‘close’ to 1}, ,,
namely, by having a large complete r-partite subgraph. We shall show that if » > 3
and if ¢ is large enough, then there exist (r 4+ 1)-saturated graphs of order n with more
than ¢,,, — cn edges that are not simple (see Example 3.7). However, for all ¢ > 0, every
4-saturated graph with more than ¢, 5 —cn edges must contain a large complete tripartite
subgraph.

Theorem 1.5. For every ¢ > 0, every 4-saturated graph G on n vertices with e(G) >
tn3 — cn contains a complete tripartite graph on (1 — o(1))n vertices.

Let us note that the corresponding minimal degree (rather then graph size) conditions
for properties such as low chromatic number in a K, i-free graph have been extensively
studied. These questions will not be in the scope of our discussion. For a discussion of
these results, see, e.g., the survey [14, Section 2.4] and the references therein.
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The rest of this paper is organised as follows. In Section 2, we prove Theorem 1.1
and classify the extremal graphs. In Section 3, we prove Theorems 1.3, 1.4 and 1.5. In
Section 4, we prove Theorem 1.2. We then use this result to show that the quantity A, (k)
mentioned above determines the size of an extremal K, -free graph of chromatic number
at least k up to an additive constant. In Section 5, we state open problems arising from
our work.

2 A new proof of Theorem 1.1

In this section we prove Theorem 1.1 and classify the extremal K, ,;-free, non-r-colourable
graphs. As mentioned above, Theorem 1.1 has been proved several times. The proof that
we shall give is similar to that of Hanson and Toft [9], in that both arguments use Zykov
symmetrization (described below). However, our proof is otherwise rather different to the
one in [9], and it is shorter than any of the proofs of Theorem 1.1 of which we are aware.

The following construction shows that the bound in Theorem 1.1 is tight: take a copy
of T),_1, on partition classes Vi, ..., V,. Add a new vertex u and connect it to each
vertex in V3, ..., V, and to one vertex from each of V; and V5; call them v; and v,. Lastly,
remove the edge vivs. For n > 2r, if we take V; and V5 to be the smallest partition
classes, this construction achieves the bound of Theorem 1.1. On the other hand, for
r >3 and r + 3 < n < 2r this construction does not work, since the obtained graph will
be r-colourable. Instead, the extremal construction in this case is achieved by taking V;
and V3 to be the largest partition classes (of size 2), for a total of ¢, — 2 edges. In each
case, we call the resulting graph G, ,. It is easy to verify that G, , is K, 1-free and is not
r-colourable. Finally, for n < r 4 2, every K, ;-free graph on n vertices is r-colourable.
Note that in general the extremal graphs are not unique; we shall discuss this after the
proof of Theorem 1.1.

As mentioned above, in the proof of Theorem 1.1, we shall want to apply the Zykov
symmetrization, defined as follows. Given a graph G and independent vertices u, v €
V(Q), define Z,,(G) to be the graph obtained by replacing u with a twin of v. That
is, we delete all edges incident to u and insert edges between u and the neighbours of v
instead. Note that ‘being twins’ is an equivalence relation, giving rise to twin classes.

It is easy to see that w(Z,,(G)) = w(G \ {u}) and x(Z,,(G)) = x(G \ {u}), and, as
a consequence,

w(G) — 1 < w(Zu(G)) < w(G) (2.1)

and
X(G) =1 < x(Zu(@)) < x(G). (2.2)

Thus, if deg(u) < deg(v), replacing G with Z, ,(G) increases e(G), does not increase w(G)
and decreases x(G) by at most 1. Similarly, if deg(u) = deg(v), then we may apply either
Zyw O Zy,, with the same effects on w(G) and x(G), while keeping e(G) unchanged.
Let us call the Zykov symmetrization Z,,, increasing or an 175 if deg(u) < deg(v). The
following lemma is due to Zykov himself [18] and leads to his well-known proof of Turan’s
theorem. For the sake of self-containment we shall recall its short proof here.
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Lemma 2.1. If w(G) < 7, then there exists a sequence of increasing Zykov symmetriza-
tions transforming G into a complete s-partite graph for some s < r.

Proof. Observe that every pair of twin classes forms either an empty or a complete bipar-
tite graph. In the former case we can repeatedly apply an IZS and merge the two classes
into one. We continue doing so until there are no missing edges between vertices from
different twin classes, after which the obtained graph G’ is complete s-partite, where s
is the number of twin classes remaining. By (2.1), w(G’) < w(G) < r, so we must have
s < r, which proves the lemma. O

Proof of Theorem 1.1. We shall show that any non-r-colourable, K, ;-free graph G must
have at most as many edges as G, ,.

Step 1: We first use the Zykov symmetrization. Recall that the initial graph G
satisfies x(G) > r, and by (2.2), with each IZS the chromatic number decreases by at
most 1. Therefore, by Lemma 2.1, it suffices to prove that e(G) < h(n,r) for every
graph G such that w(G) <r, x(G) =r + 1 and x(Z,.,(G)) = r for some increasing 7, ,.
The latter implies that x(G \ {u}) = r, which in turn means that G can be properly
(r + 1)-coloured such that u is the only vertex with its colour.

So from now on let us assume that V(G) can be split into r + 1 independent sets
Vi,...,V,, and {u}. Observe that for each i, u must have a neighbour v; € V;, for
otherwise we could add u to some V; and so r-colour G. Furthermore, at least one edge
between some v; and v; is missing, for otherwise the v; and u would induce a copy of K.

Step 2: We now apply a series of edge switches as follows. If two neighbours of u
in different partition classes, say v € V; and w € V}, are not adjacent and u has another
neighbour in either V; or Vj, say v" € V;, then we remove the edge uv and add the edge vw.
At this point it does not matter what happens to x(G). However, it is crucial that after
this switch the resulting graph G is K, i-free. Indeed, because G [V \ {u}] is r-partite,
any copy F' of K, in G must contain u. This means that F cannot contain v, which
implies that a copy of K, must already be present in GG, a contradiction.

Continue the switches for as long as possible; the procedure will terminate since the
degree of u decreases after each switch. Once no more switches are possible, we end up
with a graph G’ such that u has precisely one neighbour in two of the partition classes,
say v1 € V; and vy € V5, with no edge between v; and v,.

Step 3: Now add all missing edges between every V; and V; with ¢ # j except for
v1v9, and between u and every V; with ¢ > 3. The obtained graph G is (r 4+ 1)-chromatic
and contains no K, 1. Moreover, its size is maximised if the sizes of V;, ..., V, are as close
as possible, resulting in e(G) = h(n,r). O

As was mentioned earlier, in general, the graph G/, , described above is not the unique
extremal example. We shall characterise the extremal graphs. (They were also charac-
terised in some of the earlier papers cited above). We let

s=s(n,r) = |n/r]. (2.3)

Given £, 1 </ < s—1, let G%} be the graph obtained from G, , as follows: let W C V;
with |W| = ¢, and, for each w € W, add the edge uw and remove the edge vow. (Note
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that G,, = GS%) If n = kr + 2 for some k > 2, then V; and V5 have different sizes.
Without loss of generality, let |[V1| = |V2|+1 = k+1. In this case, we may also modify G, ,
by connecting u to a set W’ C V5 with |[W’'| = ¢ and disconnecting v; from all elements

of W'. Let G;EQ denote the resulting graph and observe that GZ(Q > G’% ). Note that for
1 <4< s—1, both fo)r and G'TSQ are (r + 1)-chromatic and K, -free.

Theorem 2.2. Let r > 2 and n > r + 3. Let h(n,r) and s be as in (1.1) and (2.3),
respectively. If G is a K, 1-free graph of order n and size h(n,r) that is not r-colourable,
then there exists some 1 < ¢ < s—1 such that G = G%)r, or, if n = kr+2 for some k > 2,
then there exists some 1 < ¥ < s — 1 such that either G = G% or G = Gg?.

In the proof of Theorem 1.1, we provided an algorithm for transforming any non-r-
colourable K, i-free graph into the graph G,,, without decreasing its size. We classify
the extremal graphs by carefully examining this procedure in the case where the size of
the graph never increases. The proof of Theorem 2.2 is given in the Appendix.

3 Clique-saturated graphs

In this section we shall prove a number of stability results for (r + 1)-saturated graphs
near the Turan threshold, including Theorems 1.3, 1.4 and 1.5.
We shall make frequent use of the following result of Andrasfai, Erdds and Sés [5].

Theorem 3.1. Let r > 2. If a graph G on n vertices is K,,1-free and not r-colourable,
then there exists v € V(G) such that

3r —4

deg(v) <
°8(v) S 5y

n.

We shall also often use the following immediate corollary of Theorem 3.1.

Corollary 3.2. There ezists a function g(r,c) such that the vertex set of every K, -free
graph G of order n with e(G) > t,,, — cn can be split into a set F' with |F| < g(r,¢) and
an r-partite graph on V(G) \ F.

Proof. Take F' to be the set of vertices of G with degree at most g:j‘n. This set must be

of bounded size, otherwise e¢(G) < t,—|p» + g::‘lln|F| < tn, — cn, a contradiction. The

remaining vertices induce, by Theorem 3.1, an r-partite graph. O

3.1 Finite-size reductions

Here we prove Theorem 1.3, which gives the minimum number of edges that guarantees
that an (r + 1)-saturated graph is simple.
We begin by proving Theorem 1.3 in the case r = 2.

Theorem 3.3. For every ¢ > 0 there exists mo(c) such that every 3-saturated graph G on
n vertices with e(G) > t, 2—cn is a blow-up of a (triangle-free) graph H with |V (H)| < ma.
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Proof. 1f GG is bipartite, then because it is 3-saturated, it must be complete bipartite, and
we are done. If GG is not bipartite, then by Corollary 3.2 it is composed of a large bipartite
graph Gy, = (U, W, E,) and an exceptional vertex set V, with |V.| < ¢(2,¢). Now, partition
the vertices of U and W according to their V.-neighbourhoods: for every X C V,, define

UX = {UEU . NVC(U)IX},

and Wy analogously. Let u € U and w € W, and let X = Ny, (u) and Y = Ny, (w),
so that u € Ux and w € Wy. If X NY = (), then u and w must be adjacent, since G
is 3-saturated. On the other hand, if X NY ## (), there can be no edge between u and
w, as it would create a triangle. Hence, the neighbourhoods of w and w are completely
determined by their V_-neighbourhoods, meaning that for any X C V., any two vertices
u1, ug € Ux are twins (the same holds in Wyx). Since there are at most Vel possible
V.-neighbourhoods, we conclude that G has at most |V| +2 - 2/¢l twin classes. Thus, the
statement of the theorem holds with my(c) = ¢(2,¢) 4 2 - 2929, O

As observed earlier, extremal triangle-free, (> k)-chromatic graphs are 3-saturated. As
was mentioned in the Introduction, it is easy to construct a triangle-free, (> k)-chromatic
graph with ¢, 9 — ¢xn edges. Thus, as an immediate corollary of Theorem 3.3 we obtain
Theorem 1.2 (Simonovits’ Theorem) for r = 2.

Corollary 3.4. For each k > 2 there exists a constant m(k,2) such that if G is an
extremal triangle-free, (> k)-chromatic graph, then G is a blow-up of a graph G' with
V(G| < m(k,?2).

The following construction demonstrates that the bound of Theorem 3.3 is sharp in
the following sense: given a function f(n) that tends to infinity (no matter how slowly),
there exist 3-saturated graphs G with e(G) = t, 2 —nf(n), yet with an unbounded number
of twin classes.

Example 3.5. We may assume that f(n) < 1log,n. Let S be a set of f(n) vertices, let
U and W be disjoint sets of 2/(") vertices each, and divide the rest of the vertices equally
into two sets U’ and W’. We give different vertices of U distinct neighbourhoods in .S and
do the same for vertices in W: for each I C S, let u; be the vertex in U with Ng(us) = I,
and define w; similarly. Join u; and wy if and only if I and J are disjoint. Finally, add all
edges between U’ and W', between U’ and W, and between U and W’'. It is not hard to
see that the resulting graph G is 3-saturated. Also, G has at least 2/(™*! + f(n) distinct
neighbourhoods.
Since f(n) < 3log,n, we obtain

e(G) > |U[W'| + U |IW]+ [UIW] >tz — 22/

> tpo — nTw — 22f(n) > tmg — nf(n),

)

as claimed.
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Now we prove Theorem 1.3 for all » > 3.

Theorem 3.6. For every r > 3 and every e > 0 there exists m,(¢) such that every (r+1)-
saturated graph G on n vertices with e(G) > t,, —(2—¢)n/r is a blow-up of a (K,41-free)
graph H with |V (H)| < m,.

Proof. Let F be the set of vertices of G’ with degree at most (1 —1/r —&/(2r* +3))n. By
arguing as in the proof of Corollary 3.2, we find that F' has bounded size and G[V \ F]
is r-partite; call its partition classes Vi, ..., V.. We claim that for any set X C F with
k < r — 2 vertices, the common neighbourhood of the vertices in X contains at least
en/(r* + 1) vertices from each of some r — k — 1 partition classes. Indeed, if X C F does
not satisfy the claim, then

}:mgu)gmpwk+m(@ 5":>+0uy

roorz41

Because there are at most (’2“) = O(1) edges between vertices of X and k < r— 2, we have

2—¢  k(r—1)—2  k+2

e(G\ X)>tn, — = . n—r2+16n+0(1)
E(r—1) r2+1—r(k+2)
= tpyr — O(1
’ r ne r(r2+1) en+0(1)
>tn—k,r7

a contradiction.

Given X C F with k < r — 2 vertices, call the k 4+ 1 partition classes in which the
vertices of X have the smallest number of common neighbours X -small and the remaining
ones X -big. By the assumption on degrees in V' \ F, if v; and v, are vertices in X-small
classes that are both in the common neighbourhood of X, then they cannot be adjacent:
vy and vy have at most 2en/(2r? + 3) + O(1) < en/(r* + 1) total non-neighbours in each
X-big class V;, so they must have a common neighbour in Ny, (X). Thus, if v; and vy
were adjacent, then vy, vy, the vertices of X and their common neighbour in each of the
r — k — 1 X-big classes would induce a copy of K, .

Now consider two arbitrary non-adjacent vertices in different partition classes, say
vy € Vi and vy € V5. Let J = Np(v1) N Np(ve). We shall show that any two vertices
wy € Vi and wy € Vo with Np(wy) N Np(wy) = J are also not adjacent. This will imply
that the neighbourhood of every vertex in V' \ F' is determined by its F-neighbourhood,
resulting in a finite number of twin classes.

Since G is (r +1)-saturated, adding the edge v;vy would create a copy of K, ;. Hence,
there exist sets X C F and Y C V \ F such that if the edge v;vy were present, then
{v1,v2}UXUY would induce a copy of K,,;. If | X| = r—1, then we are done immediately,
as adding the edge w;wy would, using X, also create a copy of K,,1. So we may assume
that | X| = k < r — 2 and apply the above split into X-big and X-small classes.

Denote the vertices of Y by vs, ..., v,_xy1; different vertices must lie in different V;.
Since the number of big classes is » — k — 1, two of the vertices vy, ..., v,_,y1 must be in
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small classes. As shown above, these two vertices cannot be adjacent, and the only way
this can happen is if v; and v, are in small classes. In this case, w; and w, are also in
X-small classes, and are therefore not adjacent, as claimed. O

The following construction shows that Theorem 3.6 is sharp up to a o(n) error term,
which means that the thresholds for an (r 4 1)-saturated graph to be simple are truly
different in the cases r = 2 and r > 3.

Example 3.7. Let n € N, let m = (1/2)log,n and let M = (m%); note that M < /n.
Take the Turdn graph 7;,_;, and let Vi, ..., V. denote its partition classes. Let W; C Vi,
Wy C Vo and Wy C Vi with [Wi| = M and |[Ws| = |W3] = m. Add a new vertex v to G
and join it to all of the vertices of the W; and to all of the vertices of V; for j ¢ {1,2,3}.
Remove all edges between different W;. The resulting graph G’ satisfies

r—3
r

e(G) =ty 1, —2mM —m* + L (n — 1)J +M+2m=t,, — 2771 +o(n).

Now we add a matching between W5 and Wj3. Also, for each w € W; we select a
subset U, C Ws of size m/2 such that different vertices of W; correspond to distinct
subsets. We then join w to U,, in W5 and to W5\ Ny, (U,,) in Ws. (Observe that we have
added only m +mM = o(n) edges.)

It is easy to check that the obtained graph G is (r+1)-saturated. Moreover, no vertices
in W; are twins, so GG has an unbounded number of twin classes.

3.2 Twin-free saturated graphs

Now we prove Theorem 1.4, which gives an upper bound on the number of edges in a
twin-free, (r + 1)-saturated graph.
We begin by proving Theorem 1.4 in the case r = 2.

Proposition 3.8. For each e > 0, if n is sufficiently large, then every 3-saturated graph G
of order n with e(G) > n*/4 — (1/20 — €)nlogy n contains a pair of twins.

Proof. The argument is similar to the proof of Theorem 3.3. Let G be as in the state-
ment of the proposition. By Theorem 3.1, we can produce a bipartite subgraph of G' by
iteratively removing a set I’ of m vertices of degree at most 2n/5 = n/2 —n/10. Hence,
each vertex removed increases the average degree of the remaining graph by 1/10 + o(1).
As G\ F is triangle-free, it has average degree at most |V (G) \ F|/2, and so the bound
on e(G) implies that m < (1 — ¢’)log, n, i.e., that (n —m)/2 > 2™.

Let Vi and V; be the partition classes of G \ F. By the same argument as in the
proof of Theorem 3.3, the neighbourhoods of vertices in V; and V, are determined by
their neighbourhoods in F'. Then the bound on m implies that two vertices of the larger
partition class will have the same F-neighbourhood, which means that they are twins. [J

Now we show that Proposition 3.8 is best possible up to a constant factor in the
n log, n-term.
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Example 3.9. Fix m and let n = 2m + 4log, m. We build a graph G on n vertices as
follows. Let Sy, So, Uy, Uy, By and By be pairwise disjoint sets of vertices with |B;| = m
and |S;| = |U;| = logym for i = 1, 2. Add all edges between S; and S, between U; and Us
and between B; and Bs. Give different vertices of By distinct neighbourhoods in S;, and
similarly for By and S;. Place matchings between U; and S; and between Us and Ss.
Finally, if u; € U; and s; € S; are adjacent, then we join u; to all vertices of By \ Np,(s1),
and similarly for each us € Uy and its neighbour sy € Ss.

It is easy to see that G is twin-free and 3-saturated. Furthermore, each vertex in
B := By U By has m neighbours in B and log, m neighbours outside. Thus,

e(G) > m*+ 2mlog,m = t,o — (1 + o(1))nlog, n.
Next we prove Theorem 1.4 for every r > 3.

Proof of Theorem 1.4. Let G be an (r + 1)-saturated graph on n vertices with no twins.
Our aim is to show that, provided n is sufficiently large, e(G) < t,,, — ¢'nlogn for some
constant ¢/(r) ; 0.

We may assume that G is not r-partite: as observed earlier, if GG is r-partite, then it
must be complete r-partite, which implies that every vertex has a twin. Let F} be the
set of vertices of degree at most (3r — 4)n/(3r — 1) given by Theorem 3.1. Note that
G[V \ Fi] is r-partite and |F;| < ¢;logn for any constant ¢; > 0 (otherwise e(G) <
tn|Fy)r T g::‘lln|F1| < t,, — canlogn for some positive constant ¢ and we are done). In
particular, we may assume that

1] X 9 It. .
|Fi| < logy n (3.1)

1
2(r —2)
Let Vi, ..., V, be the colour classes of G[V \ Fi|; each of the V; must have (1/r — o(1))n
vertices, or else e(G) < t,,, — w(n?), and we are done.

We partition the vertices of Vi according to their neighbourhoods in F;. Let W; be
an arbitrary partition class and let A; C F; denote the common neighbourhood of the
vertices of Wi. If |[Wi] > 1, we may assume that A; # (), for otherwise, if w € W; and
v € V; for some i # 1, then we may add the edge wv to G without creating a copy
of K,41. However, GG is assumed to be (r + 1)-saturated, which means that all such edges
are already present; consequently, all vertices in W, are twins, a contradiction.

Let Hy be the (r — 1)-uniform hypergraph with vertex set Vo U - - UV, consisting of
all cliques (vy,...,v,_1) such that vy, ..., v, are all adjacent to some a € A;. Let Cy
be a minimum vertex cover of Hy. If |Cy| > - logy|W;|, then we stop. Otherwise, we set
Fy = A; U ] and partition the vertices of W; according to their neighbourhoods in F5.

We continue the process inside each partition class as follows. After the jth partition,
we consider sets WW;, each of which has common neighbourhood A; C Fj. Once again, if
|W;| > 1, then we may assume that A; # (). We let H; be the (r — j)-uniform hypergraph
with vertex set Vo U --- UV, consisting of all cliques (vq,...,v,_;) such that vy, ..., v,_;
form an r-clique with some a4, ..., a; € A;. We let C; be a minimum vertex cover of H;.
If |C;| < % logy|Wj], then we set Fj4; = A; UC; and continue. Otherwise, we stop.
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We shall show that this process must stop after at most 7“ — 2 steps. Observe that
H,_5 is a graph. Suppose for a contradiction that |C,_s| < % log,|W,_s|. (In fact, our
argument shows that |C,_5| > log,|W,_2|.) We have assumed that none of the vertices in
W, _5 are twins, but our assumption on |C,_s| means that there must exist wy, wy € W,._o
such that Ng__,(w1) = N¢,_,(ws). Hence, there exists s ¢ C,_5 such that sw; € E(G)
but swy ¢ E(G). Because G is (r + 1)-saturated, there exists a set K of r — 1 vertices
such that if we added the edge sws to G, then s, ws, and the vertices of K would induce
a copy of K,.;. Observe that A,_5 contains exactly r — 2 vertices of K. Indeed, if
|A,—o N K| < r — 3, then some edge of H,_3 would be disjoint from F,_,, contradicting
the definition of F,_5. On the other hand, if A,_ contained all » — 1 vertices of K, then
{s, w1} U K would induce a copy of K,,; in G, which is again a contradiction.

Let s’ be the vertex of K that is not contained in A,_,. Note that this implies that
s'w; ¢ E(G). Then the fact that ws is adjacent to &' € K and our assumption that
Ne, ,(w1) = Ne,_,(wy) mean that s' ¢ C,._o. However, the definition of s" also implies
that ss’ is an edge in H,_5 with no vertices in C,_5, a contradiction.

Thus, for some j < r — 2, we have 7(H;) > = log,|W;|, where 7 denotes the size
of a minimum vertex cover. It is well known that if H is a t-uniform hypergraph, then
T7(H) < tv(H) (simply remove the vertices of a maximum matching), which means that we
have v(H;) > clog,|W;|. Let M be a maximum matching of H; and let (v, ...,v,_;) € M.
For each w € Wj, one of the edges wvy, ..., wv,_; is absent from G, because by the
definition of Hj, there exist vertices ay, ..., a; € A; that form a clique of size r with the
v;. Thus, there are at least c|W;|log,|W;| non-edges between W, and V (H;).

The procedure above defines a partition W of V;. In view of the argument above, we
wish to bound )y, oy, |W|log,|W| from below. We begin by observing that, by Jensen’s

inequality,
il . 1l
Z _log ’W’7
2, ] 752 i > %

which is equivalent to the inequality

Wl

Wwew

(3.2)

Because |Vi| = (1/r — o(1))n, in order to obtain the claimed upper bound on e(G), it is
therefore enough to show that there exists € > 0 such that |[W| < n'~¢.

Recall that at each step j of the partition process, we refined W;_; by considering
vertices with the same neighbourhood in F; := A;_; U Cj_;. Thus, for all j > 1, we have

|Fj| = [A ] + |Cia| < Fja| +|Cjl. (3.3)

If W € W is such that we do not partition W after step j, then [Cj_1| < = log,|W;_4|.
Thus, if we iterate the upper bound on |Fj| in (3.3) and apply (3.1), we find that

o2
IW| < 25l ¢ or=DIAREIZNr-2-9ICH < of logant (53 lomn o 1 (3.4)

)
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which is what we wanted.
It follows from (3.2) and (3.4) that

v
Vil <ty — denlogyn,

e(G) < ty, — c|Vi|log, W <

as claimed. This completes the proof. O

Observe that in the proof of Theorem 1.4, we did not need to assume that G was
twin-free, only that it contained a twin-free independent set of size cn for some ¢ > 0.
Thus, Theorem 1.4 (or, more precisely, its proof) has the following corollary.

Corollary 3.10. For every e > 0 there exists § > 0 such that if G is an (r + 1)-saturated
graph of order n and e(G) > t,, —onlogn, then at least n —en vertices of G- have twins.

When we apply Corollary 3.10, we shall only use that if G is (r + 1)-saturated and has
a twin-free set of size cn, then e(G) < t,,, —nf(n), where f(n) tends to infinity with n.
Now we show that Theorem 1.4 is best possible up to the value of the constant c.

Example 3.11. The construction is similar to Example 3.7. For n sufficiently large, we
construct a twin-free, (r + 1)-saturated graph on n vertices as follows. Let H be the
disjoint union of 7),_,, and r isolated vertices uy, ..., u,. Let Vi, ..., V. denote the
colour classes of the copy of T},_, .

Let m be a quantity to be defined later and let M = (m"/LQ). We partition V;U--- UV,

into three families of sets {Wl(i)};l, {Wéi)}zzl and {Wéi)};l
have Wl(i) c Vi, WQ(i) C V41 and W?fi) C Vito (where the addition is modulo ), as well as
that ‘le)‘ = M and !WQ(Z)| = ‘Wg(l)‘ = m. It follows that

such that for each i, we

n=r(M+2m+1). (3.5)
Because m = o(M), (3.5) implies that
M ~n/r, (3.6)

which in turn implies that
m ~ log, n. (3.7)

Now we modify H in order to make it twin-free and maximally K, -free. For each 17,
t=1, ..., r, we modify H[Wl(i) U W;i) U Wél)] as in Example 3.7. Then we connect u; to
all vertices of W\ U} U Wéi) and to all vertices of each Vi, k ¢ {i,i+ 1,742} (mod ).
Finally, we add a maximal set of edges among the u; in order to saturate the graph.

Let G denote the resulting graph. It is easy to check that G is both (r + 1)-saturated
and twin-free. Moreover,

e(G) = tn_m,—r(2Mm+m2_Mm—m)+7«<T (n—r)+2m+M> —I—e(G[{ul, . ,ur}]).

r
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It then follows from (3.5), (3.7) and (3.6) that
e(G) =t,, —r(Mm+ m? —m) +O0(n) = tny —TrMm+ O(n) =t,, —nlogyn+ O(n),
which is what we wanted to show.

The results of this subsection show that the threshold for the property that an (r+1)-
saturated graph G has a pair of twins is e(G) = t,,, — O(nlog, n). We have not attempted
to locate the threshold precisely, and leave this as an open problem.

3.3 Large complete r-partite subgraphs

In this section, we prove Theorem 1.5, which says that if ¢ > 0, then every 3-saturated
graph of order n with at least ¢,3 — cn edges contains an almost-spanning complete
tripartite subgraph. We shall need two basic facts.

Lemma 3.12. If G is triangle-free tripartite graph on (m,m,m) vertices then e(G) <

1,2
t3m73 —am-.

Proof. Observe that if G' has average degree at most 3m/2, then we are done. So, letting
Vi, V4 and V3 denote the colour classes of G, we may assume that there exists a vertex,
say v € V1, with at least m/2 neighbours in each of V5 and V5. As G is triangle-free, N(v)
must be an independent set, and so e(G) < t3,,3 — }lm2, as claimed. O

As an immediate consequence, we obtain:

Lemma 3.13. If G is triangle-free tripartite graph on (a,b, c) vertices, where a < b < c,
then ¢(G) < totpres — % HJ a’.

a

Proof. Simple observe that Tj, 44103 contains |b/a] edge-disjoint copies of T3, 3 and apply
Lemma 3.12. 0

(Let us note that the maximum size of a triangle-free tripartite graph is studied in
detail in [6].)
Now we are ready to give the proof of Theorem 1.5.

Proof of Theorem 1.5. By Corollary 3.2, we may assume that there exists a set V, C V
with |V.] < M = M(c) such that G[V'\ V,] is tripartite. Let Vi, V5 and V3 be the partition
classes of V' \ V.. For each v € V,, define A,, B, and C, to be its neighbourhoods in V7,
V5 and V3 such that |A,| < |B,| < |Cyl.

First note that for every v € V,, G[A,UB,UC,] is triangle-free and tripartite. It follows
from Lemma 3.12 that |A(v)| = O(y/n), for otherwise e(G) < t,3—w(n), a contradiction.

Next we pick a (large) constant C' and split V, into ‘small’ and 'large’ vertices: that
is, we set V, = V, UV}, where v € V; if |A,| < C and v € V, otherwise. Notice that if
v € Vp, then by Lemma 3.13 we have |B,| < ¢'n, where

d = (% + 0(1)>.
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Now consider the set

W::V\(V;u U Au UBU>.

veEVe veV,

Putting W; := W NV;, we have that |W;| > n(1/3 — M) + o(n) for each i. Let U =
Ve U Uyey, Av and note that [U[ < (C'+ 1)M. We now partition the vertices of W
into a finite number of classes according to their neighbourhoods in U. Let w; € W,
and wy € Wy, We claim that whether w; and wy are adjacent depends solely on their
neighbourhoods in U. If Ny (wy) NNy (w2) is not independent, then w; o ws, for otherwise
we would have a copy of K4. On the other hand, if Ny (w;) N Ny(ws) is independent but
wy and wy are not adjacent, then there exist v € V, and v € V3 such that wy, wy, v and
u would induce a copy of K, if the edge wiws were added. By the definition of W, this
can only happen if v € V; and u € A,. But then u, v € U, so Ny(w;) N Ny(ws) is not
independent, a contradiction. This proves the claim.

To summarise, W can be split into at most 3 - 2IVl < 3. 2(C+DM (lagses such that
each pair of classes induces either an empty or a complete bipartite graph. Now consider
only those classes in each W, that are of size at least 24/(M + ¢)n. Each pair of them
belonging to different 1W; must form a complete bipartite graph, otherwise e(G) < t,, 3—cn,
a contradiction. Hence, their union forms a complete tripartite graph with at least

[W;i| — 216FIM 9 /(M + ¢)n > n(1/3 — ¢ M) + o(n)

vertices in each colour class. Since C' was arbitrary and ¢ — 0 as C — oo, this gives a
complete tripartite graph on (1 — o(1))n vertices, which is what we wanted. O

We do not have corresponding results for K, i-saturated graphs with r > 4, and so
we leave this as an open problem.

4 Extremal Graphs for the Chromatic Turan Problem

In this section we shall apply Theorem 1.4 to give a new proof of Theorem 1.2 for r > 3
that is much shorter than the original proof by Simonovits [17]. Recall that for r = 2
this result was proved in Corollary 3.4. Before we embark on the proof of Theorem 1.2
for arbitrary r, we need to introduce some notation.

Let G be a graph with w(G) = r and let C be an r-clique in G such that the quantity

1s maximised. Define

A(G) = (r = DIV(G)| = ) deg(v). (4.1)
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The above expression can also be written as

A(G) = Y (r—1—degu(v)). (4.2)

veV(Q)

Due to our assumption that G is K, ;-free, the right hand side of (4.2) is non-negative,
whereby it has a well-defined minimum over all graphs G with w(G) = r and x(G) > k:

Ar(k) - w(G)in&n(GmAT(G)'
We define Cj . to be the minimal order of a graph realising A, (k).

Recall from Section 2 that if u, v € V(G) then the Zykov symmetrization Z, ,(G)
replaces v with a twin of v. In Section 2, we required that u and v not be adjacent. Here
we extend the notion of Z, , to the case when u and v are adjacent as follows: we make
u a twin of v and remove the edge uv.

Proof of Theorem 1.2. Let G be an extremal K., ;-free graph on n vertices with chromatic
number at least k. Suppose for a contradiction that, as n — oo, the number of twin classes
in GG also tends to infinity.

As was pointed out in the Introduction, it is immediate that there exists a constant ¢ =
c(k,r) > 0 such that e(G) > t,, — cn. Thus, by Corollary 3.2, G can be made r-partite
by removing a set F' of O, (1) vertices. Let Vi, ..., V, be the partition classes of the
remaining subgraph; each of them must be of size (1 + o(1))n/r, or else we would have
e(@) <ty — w(n?), a contradiction.

Note that G is (r 4+ 1)-saturated. Let T; C V; denote the subset of vertices with twins.
Since e(G) exceeds the bound of Corollary 3.10, each T; has size t; := |T;| = (1+o0(1))n/r.

Claim 4.1. We may assume that each T; forms a single twin class, that each pair (T;,T;)
induces a complete bipartite graph, and that there exists ¢ > 0 such that for all i and j,

D IVNT] > dfti — ). (4.3)
i=1

Proof of Claim 4.1. First, it is easy to see that if u, v € T;, then deg(u) = deg(v): if
not, then either Z, ,(G) or Z,,(G) is K,11-free, is (= k)-chromatic and has strictly more
edges than G, a contradiction. So, by applying Zykov symmetrization within each V;, we
may assume that each T} is a single twin class. (Note that because we only symmetrize
vertices that have twins, this process will not decrease x(G).)

Therefore, for all ¢ and j, G[T; U Tj] is either empty or complete bipartite. Because
ti = (1 + o(1))n/r for all ¢, we must have E(T;,T;) # 0 for all ¢ and j: otherwise,
e(G) < ty, — w(n?) a contradiction. Hence, for all i and j, G[T; U T;] must be complete
bipartite.

It remains to show that (4.3) holds. Since, by assumption, the number of twin classes
in G is unbounded, so must be the left hand side of (4.3). Hence, if (4.3) does not hold,
then there exist ¢ and j such that t; —t; = f(n), where f(n) tends to infinity with n. In

THE ELECTRONIC JOURNAL OF COMBINATORICS 22(3) (2015), #P3.9 15



this case we have >\, |[V;\T;| = o(f(n)). Then the fact that all edges are present between
different 7; implies that if v; € T; and v; € Tj, then deg(v;) — deg(v;) = (1 — o(1)) f(n).
Therefore, if we replace v; with a twin of v;, then we obtain a graph with strictly more
edges than G that is K,,i-free and (because we have symmetrized vertices that have
twins) is still (> k)-chromatic, which is a contradiction. This proves the claim. O

Let
T = maxt; and t = mint;.

Let G’ be the graph obtained by identifying ¢ of the vertices of each T;. Then G’ has
n' :=mn —r(t — 1) vertices; moreover, n’ is at least the number of twin classes in G, so by
assumption n’ tends to infinity with n.

We want to show that G’ has a large twin-free independent set. Indeed, observe that
n <r(T—t)+ >, |V;\Ti|. It follows from Claim 4.1 that there exists ¢ > 0 such that
for some i, we have |V; \ T;| = ¢n’. The set V; \ T; is twin-free by definition, so, if n (and
hence n’) is large enough, Corollary 3.10 implies that

e(G') <ty — O/

for some large constant C'.
Let H"” be a K, ;;-free, k-chromatic graph on ¢ = Cj, vertices such that A, (H") =
A, (k) (recall that Cy, was defined as the smallest order of such a graph). Let K C V(H")
be a clique that achieves the value of A.(H”) and let H' be the graph on n’ vertices
obtained from H” by blowing up each vertex of K by a factor of (n' —¢)/r + 1. Observe
that
e(H') =ty —cn'

for some small constant ¢ and that
AT(H/) - AT(H”> - Ar(k)a

where the value of A, (H') = A, (k) is realised in H' by the same clique K. In particular,
we have

e(H') > e(G") (4.4)

and
A(H') < A(G). (4.5)

For each i, let v; € V(G') denote the vertex obtained by identifying the t vertices
of T;. Thus, we obtain G from G’ by blowing up each v; by a factor of t. Let H be the
graph on n vertices obtained by blowing up each v € K C H’ by a factor of . Denote
C={v,...,u.} CV(G). It follows from (4.1), (4.4) and (4.5) that

e(G)=e(G)+ (t—1) Z dego(v) + (t —1)° (g)

veV(G")

<elG)+ (t— 1)((7" —1)n' — AT(G')) + (t —1)? (;)
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<e(H)+ (t—1)((r—1)n' = A(H')) + (¢ — 1) (;)
= e(H),
contradicting the extremality of G. m

Remark 4.2. As mentioned in the Introduction, Theorem 1.2 is only a special case of
Simonovits’s result in [17]. Theorem 1.2 was first proved in the more general setting of
‘chromatic conditions’—properties that are natural generalizations of statements such as
‘G has chromatic number at least £’. (For a precise statement, see [17, Definition 1.5].)
It is not hard to verify that our proof of Theorem 1.2 extends to K, ,-free graphs that
satisfy these more general conditions. Simonovits’s result also extends to a larger class of
forbidden subgraphs than the class of complete graphs.

With Theorem 1.2 at our disposal, it is straightforward to derive a formula for the
asymptotics of the extremal numbers for K, ;-free, (> k)-chromatic graphs. In fact, the
coefficient in the linear term can be conveniently described using the quantity A, (k).

Theorem 4.3. Letr > 2 and let k > r + 1. If G is a K,41-free, (= k)-chromatic graph
mazximising e(G) over all such graphs of order n, then

A (k)

r

1+ Opr(1). (4.6)

Given a graph H of order ¢ with w(H) = r, the following lemma tells us which of its
blow-ups to order n maximises e(G).

Lemma 4.4. Let H be a graph on { vertices with w(H) = r and let G be a blow-up of H
with |V (G)| = n. For large n, e(G) is mazimised up to O(1) by letting C' be an r-clique
wm H for which the quantity

> deg(v)

is maximised and by blowing up each v € C by a factor of (n —€)/r + 1.

The proof of the lemma is a variant of the proof Turan’s theorem due to Motzkin and
Straus [13] (see also [1]). Nevertheless, we include the details of the argument.

Proof. Observe that up to a O(1) error term, maximising e(G) is equivalent to determining

¢
maX{Q Z T, Zazl =n,x; > 1 for all z}
vivj€E(H) i=1
Letting y; = x; — 1, this is equivalent to determining
¢ ¢
max{Q( Z Yiyj + Zyl deg(v;) + e(H)) : Zyl =n—1{y; >0 for all z} (4.7)
i=1

vivj€E(H) i=1
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Thus, given y € R, we define

¢
fly) =2 Z Yiy; + 2 Zyi deg(v;) + 2e(H).

ViVj EE(H)

By compactness, the maximum in (4.7) is achieved. Suppose that y is a vector that
achieves the maximum in (4.7) with the minimum number of non-zero entries and let C' =
{i 1 y; > 0}. We claim that C corresponds to a clique in H. Suppose to the contrary that
i1, 12 € C'but vivy ¢ E(H) and, for t with —y; <t < yo, let y, = (y1+t, 92 —t, Y3, - - -, Yo)-
If deg(vy) # deg(va), then it is easy to see that there exists t # 0 such that f(y;) > f(y),
a contradiction. Otherwise, by assumption, f(y;) achieves its maximum value on the
interval —y; <t < yp at ¢ = 0. Because vivy ¢ E(H), f(y:) is linear in ¢, and because it
achieves its maximum on the interior of the interval, it is a constant function of ¢. Thus,
if we let t = g9, then we obtain a vector with fewer non-zero entries than y that also
achieves the maximum in (4.7), a contradiction.

We may thus assume that C' corresponds to a clique. Now we observe that

(=07 =(+-+uw)’ =2 v+ _yl=fly) =2 yideg(vi) —2e(H)+ > _v7.

ijeC ieC ieC ieC

It follows that f(y) is maximised when the quantity

Z(yf — 2y; deg(v;)) (4.8)

iceC

is minimised. Recalling the assumption that ), - y; = n—/ and computing the Lagrange
multipliers, we find that the quantity in (4.8) is minimised when

y; — deg(i) = y; — deg(j)

for all ¢ and j, which shows that the y; must differ by constants (with respect to n).
Observe that if we shift constant weights in order to make all weights in C' equal to (n —
0)/|C|, then we change f, and hence e(G), only by a constant. For this choice of y, we
have .
1) = 0= 02 (1= ) 200 ) Y dea)
ieC

which is maximised when |C| = r and ), . deg(v;) is maximal. This completes the
proof. O]

The next result follows from Lemma 4.4 by straightforward calculations.

Corollary 4.5. Let H be a graph on { vertices with w(H) = r. If a graph G of order n
1 a blow-up of H with the mazximum number of edges, then

A (H)

= t —
e(G) nr .

-n+ O(1).
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It is now a short step to complete the proof of Theorem 4.3.

Proof of Theorem 4.3. Corollary 3.4 (for r = 2) or Theorem 1.2 (in general) implies that
G is a blow-up of a fixed size graph. The result then follows from Corollary 4.5. m

Remark 4.6. With additional work, one can show that there exists a finite time algorithm
that, for each r and k, determines the extremal size of a K, -free, (> k)-chromatic graph
exactly. Indeed, by Theorem 1.2, it suffices to consider blow-ups of finitely many graphs.
The extremal value is determined by analysing the quadratic programming argument in
the proof of Lemma 4.4 more carefully. We omit further details. We also note that
Simonovits [16] observed that such an algorithm exists for r = 2.

Remark 4.7. Theorem 4.3 also holds for graphs that satisfy the chromatic conditions
discussed in Remark 4.2. (If A is a chromatic condition, then (4.6) holds with A, (k)
replaced by A, (A), which we define to be the minimum value of A,(H) over all K, ;-free
graphs H satisfying A.)

Recall that Theorem 1.1 gives the largest number of edges in a K, i-free, (= k)-
chromatic graph where £ = r 4+ 1. As an application of Theorem 4.3, we shall establish
the analogous result for k = r + 2, up to a O(1) error term.

Theorem 4.8. Let G be a K,11-free, (=1 +2)-chromatic graph that mazimises e(G) over
all such graphs of order n. If r =2, then

e(G) =tpo — %L + O(1),

and if r > 3, then
2
e(G) = tny — — + O,(1).
r
By Theorem 4.3, in order to prove Theorem 4.8, it is enough to determine A, (r + 2)
for all » > 2.

Lemma 4.9. We have Ay(4) = 3.

Let us note that Lemma 4.9 was also proved in [16].

Proof. Let H be a triangle-free graph and let v and w be adjacent vertices of H such
that |V (H)| — deg(v) — deg(w) = Ag(H) (cf. (4.1)). Let S denote the set of common non-
neighbours of v and w. Because v and w are adjacent and H is triangle-free, |V (H)| —
deg(v) — deg(w) is exactly |S|. We claim that if |S| < 2, then H is 3-colourable.

First, suppose that |S| = 1 and let S = {x}. Then, because N(v) and N(w) are
independent sets, we may give colour 1 to each vertex in N(w) (including v), colour 2 to
each vertex in N(v) (including w), and colour 3 to z.

Second, suppose that |S| = 2 and let S = {z,y}. If x and y are not adjacent, then we
may give colour 3 to both of them. Otherwise, we modify the colouring above: we give
colour 3 to z, colour 1 to y and colour 3 to all vertices of N(y) N N(w). Because x and y
are adjacent, they have no common neighbours, and so we have properly 3-coloured H.

It follows that A2(4) > 3. Finally, A2(4) = 3 is realised when H is the Grétzsch graph
and v and w are adjacent vertices whose degree sum is 8. O
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Now we establish a relation between extremal numbers for different values of r and k.
Lemma 4.10. We have A, (k) < A—1(k —1).

Proof. Take a graph H that realises A,_;(k—1) and add a new vertex u adjacent to every
vertex of H. Then A,.(H U{u}) = A,—1(H) = A,_1(k — 1), and the result follows. O

Next, we give a lower bound on A,.(k).
Lemma 4.11. We have A.(k) > k — .

Proof. Let H be a graph with w(H) =r and x(H) > k and let C C V(H) be an r-clique
that achieves the value of A,.(H). Let S = {v ¢ C : degn(v) = r — 1}. We observe
that H[C' U S] is r-colourable: after properly colouring C, give each v € S the colour of
its non-neighbour in C, and observe that because w(H) = r, if u, v € S have the same
non-neighbour in C, then they are independent. Because x(H) > k, it follows that H
must contain at least k —r vertices not in C'U S, and our assumption that H is K, -free
means that each such vertex is adjacent to at most r —2 vertices of C. It follows from (4.2)
that each such vertex contributes at least 1 to A,.(H), which proves the lemma. ]

In order to prove Theorem 4.8, it remains to compute A,.(r+2) for all » > 3. However,
it turns out to be enough to determine A3(5), which we now do.

Lemma 4.12. We have A3(5) = 2.

Proof. Lemma 4.11 implies that Az(5) > 2. To show that equality holds, we define a
graph H as follows. Let vy, vo and v3 be the vertices of a triangle. Let a5 and b5 be
adjacent to v; and wvq, let bys and co3 be adjacent to v, and vz, and let aq3, b13 and ¢35 be
adjacent to v; and vs. Let x be adjacent to v; and to both of the a;;, let y be adjacent
to v3 and to both of the ¢;;, and let x and y be adjacent to each other and to all of the
b;;. Finally, if (4, j) # (k, ), let a;; be adjacent to cg.

By inspection, H is K,-free and A3(H) = 2. We shall show that H is not 4-colourable.
Let f: V(H) — N be a proper colouring of H and, for each i, let f(v;) = ¢. We shall
show that no matter what colours we give to x and y, some vertex must receive colour 5.
If we let f(x) = 3 and f(y) = 1, then neither ay3 nor co3 can receive colours 1, 2 or 3,
which means that one of them must receive colour 5. In the same way, if we let f(z) =3
and f(y) = 2, then either a2 or ¢;3 must receive colour 5, and if we let f(x) = 2 and
f(y) = 1, then either a3 or cy3 must receive colour 5. Finally, if we give colour 4 to either
x or y, then no matter what colour we give to the other, some b;; must receive colour 5.

It follows that A3(5) = A3(H) = 2, as claimed. O

Proof of Theorem 4.8. The result for r = 2 follows from Lemma 4.9 and Theorem 4.3. If
r > 3, then Lemmas 4.10, 4.11 and 4.12 imply that A, (r +2) = 2. The result then follows
from Theorem 4.3. O

It is possible to determine Ay (k) for other small values of &, as in the following case.

Proposition 4.13. We have Ay(5) = 6.
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We omit the proof; the argument is similar to the proofs of Lemmas 4.9 and 4.12.

Remark 4.14. Using results from Ramsey theory, it is possible to give good asymptotic
bounds on As(k). (We note that this connection was also observed in [16].)

First, letting fa(k) denote the minimum order of a triangle-free graph with chromatic
number at least &, it is not hard to show that there exist constants C, C'y > 0 such that

Cik*logk < fo(k) < Cok*log k. (4.9)

Indeed, Ajtai, Komlds and Szemerédi [2, 3] and Kim [12] proved that there exist constants
1, ¢o > 0 such that for every ¢ > 2, the Ramsey number R(3,t) satisfies
2 t2
— < R(3,t) < co——.

C1 X ( ) ) X G2 log t
In other words, every triangle-free graph on n vertices has an independent set of size at
least c3v/nlogn, while there exist triangle-free graphs on n vertices with no independent
set of size more than c4y/nlogn. The upper bound in (4.9) then follows from the fact
that any graph G satisfies |V (G)| < a(G)x(G). The lower bound can be derived using
a greedy algorithm: we repeatedly colour a largest independent set with a single colour
and then remove it from the graph. As the resulting graph is still triangle-free, we may
recursively apply the lower bound on «(G) to obtain the claimed upper bound on x(G).
(See [10, pp. 124-125] for details.)

It follows from (4.9) that there exist constants cs, ¢g > 0 such that

csk?logk < Ag(k) < cgk?logk.

To see this, let H be a triangle-free, k-chromatic graph on at most cgk? log k vertices. We

have
Ao(k) < Ao(H) < [V(H)| < c6k? log k.

On the other hand, given a triangle-free, k-chromatic graph H with vertices v and w
realising Ao(H), put F = H \ (N(v) U N(w)). Since x(F) > k — 2, (4.1) and (4.9) imply
that

Ao(H) = |V(F)| = Ci(k — 2)*log(k — 2) > csk*log k,

for a suitably chosen constant ¢;. Since this holds for every H, we conclude that As(k) >
csk?log k, as claimed.

It is possible to derive asymptotic bounds on A, (k) for fixed r > 3 in a similar fashion.
However, the existing bounds on R(r + 1,t) for fixed r > 3 are too far apart to give
matching upper and lower bounds on A, (k).

5 Open Problems

For the convenience of the reader, in this section we state precisely the open questions
mentioned at various points in the paper. The first two relate to Theorem 1.4 and its
consequences. The latter two concern generalizations of Theorem 1.5.

THE ELECTRONIC JOURNAL OF COMBINATORICS 22(3) (2015), #P3.9 21



Problem 5.1. For » > 2, determine the supremum of all values ¢ such that if n is
sufficiently large, then every (r + 1)-saturated graph G on n vertices with e(G) > t,, —
cnlog, n has a pair of twins.

Remark 5.2. Let ¢, be the supremum defined in Problem 5.1. Observe that Proposition 3.8
and Example 3.9 imply that 1/20 < ¢ < 1. For r > 3, Example 3.11 implies that ¢, < 1.
On the other hand, following the proof of Theorem 1.4 while being a little more careful
about the calculations gives the lower bound ¢, > 1/r(r — 2).

The next question asks for the best possible result along the lines of Corollary 3.10.
Question 5.3. Let r > 2 and let ¢ < ¢,. For n sufficiently large, if G is an (r + 1)-

saturated graph on n vertices with at least ¢, , — cnlog,n edges, what is the smallest
number of vertices with twins that G may contain?

The proof Theorem 1.5 shows that a 3-saturated graph of order n with enough edges
must contain a complete tripartite subgraph of order n — O(y/n), but we do not know
whether this is best possible.

Question 5.4. What is the smallest function f such that given ¢ > 0, every 4-saturated
graph G of order n with e(G) > t,3 — cn contains a complete tripartite graph on at
least n — f(c,n) vertices?

The final question asks whether Theorem 1.5 extends to larger values of r.

Question 5.5. Given r > 4 and ¢ > 0, does every (r+ 1)-saturated graph of order n with
at least t,,,, — cn edges contain a complete r-partite subgraph on (1 — o(1))n vertices?
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Appendix

Proof of Theorem 2.2. Let G be as in the statement of the theorem. Because e(G) is
maximal, we may assume that no edges were added to G during Step 3 of the algorithm
described in the proof of Theorem 1.1. Let us therefore consider Step 2 of the construction.
Because we did not add any edges to G in Step 3, we may assume that the graph G’
obtained from having performed the switches in Step 2 is isomorphic to G, ,. Now, if
G was transformed into G’ by switches, then we can transform G’ into G by a series of
inverse switches. To perform an inverse switch, we need a pair (v, w) with v € V; and
w € V;, i # j, such that uwv, vw € E(G’) and uw ¢ E(G').

By the definition of G,,,, we must have w € Vi \ {v1} or w € Vo \ {ve}. If we let
v = v9 and repeatedly choose w € Vi \ {v1}, then after each inverse switch, we obtain the

graph G} for some ¢. Similarly, if we let v = v; and repeatedly choose w € V5 \ {v2},
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then we obtain either G,(f ). or (if n = kr 4 2 for some k > 2) G'TEQ for some ¢. This means
that throughout this process, the graph remains K, i-free and is not r-colourable.

Now we show that performing any other inverse switch creates a graph that does not
satisfy the hypotheses of the theorem. First, we may not join u to vertices in both V;\ {v; }
and V5 \ {v}: if, for some wy; € Vi \ {v1} and wy € V5 \ {02}, we added the edges uw,
and uw, and removed the edges viwy and vowy, then for j = 3,..., 7, there exist v; € V
such that {u,w;, we,vs,...,v,.} would induce a copy of K, ;. Second, we may not join u
to all of V; (respectively, to all of V3), because the resulting graph would be r-colourable:
we could give colour 2 to u and give colour 1 to vy (respectively, to vy).

Finally, we may not have v € V for any 7 > 3. Indeed, suppose that for some
w € Vi \{v} and v € V3, say, we added the edge uw and removed the edge wv. If Vj
contains a vertex x besides v (as must be the case if n > 2r + 1), then there exist vertices
v; € Vi, i =4, ..., r, such that {u,w, vy, z,vy,...,v,.} would induce a copy of K, ;. If
|V3| = 1, then n < 2r, and in particular, |Vj| = |V,| = 2. In this case, the resulting graph
would be r-colourable: letting y € Vo with y # vy, we could give colour 1 to v and vy,
colour 2 to v and w, colour 3 to v; and vy, and, for i =4, ..., r, colour 7 to all vertices
of V;.

Hence we may assume that G can be transformed into some G% ). or some G;l(zr) (where
1 <0< s—1) by aseries of [ZS’s in Step 1 of the algorithm. In what follows, we assume
that G can be transformed into G” = G%)r for some ¢; the other case is nearly identical.
Observe that because e(G) is maximal, each IZS leaves the number of edges unchanged,
meaning that at each step we symmetrize two vertices of equal degrees. Again, reversing
the procedure, G” can be transformed into GG by a series of inverse symmetrizations: take
two twins = and y, remove = and add a new vertex z’ such that deg(z') = deg(y), 2’ # y
and N(z') # N(y). Letting W = Ngv(u) N V4, it is easy to see that the only twins in G”
are pairs of vertices from W, pairs of vertices from Vi \ W, pairs of vertices from V5 \ {v2},
and pairs of vertices from some class V; with ¢ > 3. (If |Vi| = |V4] = 1, then v, and v, are
twins, but this contradicts our assumption that n > r + 3.)

If 2, y € Vi \ W and 2’ is a twin of some w € W, then the resulting graph G is
isomorphic to Ggf}fl). Similarly, if z, y € W and 2’ is a twin of some w € V; \ W, then
G = G%;l). (In this case, if £ = 2 and 2’ is a twin of vy, then G is isomorphic either to
GS?,)ﬂ or to GITE%«)) Any other inverse symmetrization would create a copy of K, ;: in all
other cases, either 2’ has pairwise adjacent neighbours in all of the Vj, or 2’ is adjacent
to u and to vertices in all but one of the Vj, all of which are adjacent to one another and
to u.

Thus, our extremal graph G must be either of the form G% ) or of the form G;SL;T) for
some 1 < ¢ < s — 1. This completes the proof. O]
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