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Abstract

We establish some rank and crank analogs for partitions into distinct colors and
give combinatorial interpretations for colored partitions such as partitions defined
by Toh, Zhang and Wang congruences modulo 5, 7.
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1 Introduction and Motivation

Let p(n) be the number of unrestricted partitions of n, where n is nonnegative integer.
In 1921, Ramanujan [20] discovered the following congruences

p(bn+4) = 0 (mod 5)
p(Tn+5) = 0 (mod 7).
There exist many proofs in mathematical literature, for example [6, 7, 19].

In 1944, F. J. Dyson [10] defined the rank of a partition as the largest part minus the
number of parts. Let N(m,n) denote the number of partitions of n with rank m and let
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N(m,t,n) denote the number of partitions of n with rank congruent to m modulo ¢. In
1953, A. O. L. Atkin and H. P. F. Swinnerton-Dyer [3] proved

4

N(0’5’5”+4):N(1’5’5n+4)=---=N(4,5,5n+4)=p'(5n5+ :

and L
N(0,7,7n+5):N(1,7,7n+5):...:N<6’7,7n+5):p( n7+ )

Following from the fact that the operation of conjugation reverses the sign of the rank,
the trivial consequences are

N(m,n) = N(—m,n) and N(m,t,n) = N(t—m,t,n).

Hammond and Lewis [14] defined birank and explained that the residue of the birank
mod 5 divided 2-colored partitions of n into 5 equal classes provided n = 2,3or4 (mod 5).
F. G. Garvan [12] found two other analogs the Dyson-birank and the 5-core-birank.

In 2010, Chan [8] introduced the cubic partition a(n) as the number of 2-color parti-
tions of n with colors red and blue subjecting to the restriction that the color blue appears
only in even parts, and obtained the following congruence

a(3n+2)=0 (mod 3).

Another proof has been given by B. Kim [16]. He defined a crank analog M'(m, N,n) for
a(n) and proved that

M'(0,3,3n+2) = M'(1,3,3n+2) = M'(2,3,3n+2) (mod 3),

for all nonnegative integers n, where M’'(m, N,n) is the number of partition of n with
crank congruent to m modulo N. Later, B. Kim [17] gave two partition statistics which
explained the partition congruences about cubic partition pairs b(n). Here, b(n) is the
number of 4-color partitions of n with colors red, yellow, orange, and blue subjecting to
the restriction that the colors orange and blue appear only in even parts.

About further research of arithmetic properties of cubic partitions, overcubic partitions
and other colored partitions, some interesting results can be found in [18, 21, 23, 24].
The first author [25] of the present paper generalized Hammond-Lewis birank and gave
combinatorial interpretations for some colored partitions.

The paper is organized as follows. In Section 2, we introduce necessary notation and
some preliminary results. In Section 3, we aim to provide two partition statistics for two
colored partition congruences modulo 5. We establish six rank or crank analogs for six
colored partition with modulus 7 and give combinatorial interpretations in Section 4.

2 Preliminary results

For the two indeterminates g and z with |g| < 1, the g-shifted factorial of infinite order is
defined by

[e.9]

(z0)0 = [ J(1 = 2¢")

n=0
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where the multi-parameter expression for the former will be abbreviated as

[, B, 714l = (05 0)o (B3 @)oo - -+ (73 @) oo

The main purpose of this paper is to define rank and crank analogs for partition into
colors and prove colored partition congruences applying the method of [11], which uses
roots of unity. Jacobi triple product identity, the modified Jacobi triple product identity
and Winquist product identity are given as follows:

e Jacobi triple product identity [1, 4, 5, 13, 15]:

+0o0
>0 (1t a@an = fgrgfe,. o
e Modified Jacobi triple product identity [14]:

4.2¢.0/z ) = > (1) 2 2

n=0
e Winquist product identity [9, 22]:

(@ 0% [, q/=; 4% [2%, /2% q]
_ Z (_1)¢+jq3(;)+3(g)+j(1 — 304 3j) {2t gA-sisi) (3)

1,]=—00

By replacing ¢ by ¢* in (3), splitting into two bilateral sums on right hand side of the
resulting equation, and replacing j — 7 — 1 in the first double sum, and ¢ — ¢ + 1 in the
second double sum, the resulting formula can be transformed as

e Modified Winquist product identity

(%)L [2, 20572 [2% /a2 P
+o0 . .
_ Z (_1)i+jq6(;)+6(%)+3ifj+l(2 + 30— 39){(x/q)¥¥73 — (2/q) 7B, (4)

4,j=—00

Dividing both sides by 1+ in (3) and applying L’Hopital’s rule for the limit x — —1,
we have
<=3 1—3i+35)(2 - 3i — 37)

(0% (@)= > q3($)+3(§)+j( ! _ (5)

4,j=—00

Divide both sides by 1 — ¢*/2? in (4) and utilize L’'Hopital’s rule for the limit z — ¢
to obtain
+oo . .
(@)@ = D0 (F) PRI 30 - 35)(3i + 3~ 2). (6)

4,j=—00
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After Andrews and Garvan [2], for a partition A, we define #()\) is the number of
parts in A and o(A) is the sum of the parts of A\ with the convention #(\) = o(\) = 0 for
the empty partition A\. Let P be the set of all ordinary partitions, DO be the set of all
partitions into distinct odd parts.

For a given partition A, the crank ¢(\) of a partition is defined as

CM%:{a», itr = 0;

wA) —r, ifr>1,

where 7 is the number of 1’s in A, w(A) is the number of parts in A that are strictly larger
than 7 and £(A) is the largest part in A\. By extending the set of partitions P to a new
set P* by adding two additional copies of the partition 1, say 1* and 1**, B. Kim [16, 17]
obtains
(q7?)00 _ Z wt(A)ZC*(A)qU*(A),
l2¢, 2764l S5

where wt(A), ¢*(A), and o*(\) are defined as follows. Denote the weight wt(\) for A € P*
by

1, ifa =1,
and denote the extended crank ¢*(\) by

1, i — 1%, 0r A = 1%
w“A)::{, ifA € P, A= 1% or A :

c(N), ifxeP;
0 if A\ =1;
C*()\) = Y l Y
1,  ifa=1%
1, A =1

Finally, denote the extended sum parts function ¢*(A) in the following way:

fM%:{dM,ﬁAeﬁ

1, otherwise.

3 Rank analogs for colored partitions congruences modulo 5

In this section, we establish two statistics that divide the relevant partitions into equinu-
merous classes and present the combinatorial interpretation for colored partition congru-
ences modulo 5.
We denote
Cl232 = {()\1, Ao, 33, 3)\4) | A1, Ao, Az, Ay € P}

For A € Cj232, we define the sum of parts s;232(\), and rank analog ry232(\) by

S1232 ()\) = 0'()\1) + U()\Q) + 30’()\3) + 30’()\4)
rizs2(A) = F#(A) — #(\2) + #(A3) — #(\a).
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The number of 4-colored partitions of n if sy232(A) = n having ri232(\) = m will be written
as Nc¢,,,,(m,n), and N¢,_,(m, t,n) is the number of such 4-colored partitions of n having
rank analog ry232(A\) = m (mod t). Now, summing over all 4-colored partitions A € Ci232

gives
No,y,,(m,n) = Z 1.
AEC 242,85 242 (N)=n,
71242 AN)=m
Since
T1232(A17 AQ) A37 A4) == —T1232<)\2, )\la )\4a )\3)a
hence

Nc,y,,(m,n) = Ne,,(=m,n) and  Ng,,(m,t,n) = Ng,,({t —m,t,n).

Then we have

Z Z N01232 (m’ n>zmqn - : (7)

== (245 Do (2714 D)o (26% 63) 0 (271 4% ¢ ) o

By putting z = 1 in the identity (7), we find

Z N01232 <m7 n) = C(n)v

m=—00

where ¢(n) is defined by Y > ¢(n)g" .

N CTNEN GRS Ea

Theorem 1. Forn > 0,

c(5n + 2)‘

Neyaye (0,550 +2) = Ne, (15,504 2) = Ney, , (2,5,5n 4 2) = =

It can also prove the identity in Zhang and Wang [23]: ¢(5n 4+ 2) =0 (mod 5).

Proof. Suppose ( is primitive 5th root of unity. By setting z = ( in (7), we write

= m,_n __ 1
2 2 N (I = ] o

meZ n=0

1 2 -2 3 23 23 3
= X 14,0, Gq| 1467
(0% 7)o (7% %) o [ ]oo [ }oo
Using modified Jacobi triple product identity (2), the last two infinite products have
the following series representation

Z(_1>i+jq(i42rl)+3(ﬂ';1){c2i T R C—Qi}{cQj LY <—2j}‘

1,j=0
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Observe the congruence relation
i+ 1 I+ 1 i+ 1 |+ 1
(“; >+3 (j _g )+3 = 8{ (“; )+3 (J ; )+3} = (2i+1)2+3(2j+1)2 =0 (mod 5),

which can be reached only if i« = 2 (mod 5) and j = 2 (mod 5) since the corresponding
residues modulo 5 read respectively as

(2i4+1)>=0,1,4 (mod5), and 3(2j+1)*=0,2,3 (mod 5).

When i =2 (mod 5) and j =2 (mod 5), we have {¢* + (¥ 2+ -+ (2 H (¥ + (%2 +
<-4 ("%} = 0. We see that in the g-expansion on the right side of the last equation
the coefficient of ¢" is zero when n = 2 (mod 5). The proof of Theorem 1 has been
finished. m

Let
Ca2zz = {(2A1, 22, 3M3,3\4) | A1, Ao, A3, Ay € P}
For A € Cs232, we define the sum of parts s,232(\), and rank analog ryzz2(\) by

Sp232(A) = 20(\1) +20(A2) + 30(N3) + 30(\y)
reg(A) = () — #(A2) + #(As) — # (M)

Define Ng,,,,(m,n) as the number of 4-colored partitions of n if sy232(A) = n having
T9232(A) = m, and Ng,, ,(m,t,n) as the number of such 4-colored partitions of n having
rank analog ra232(A) = m (mod t). Now, summing over all 4-colored partitions A € Coz32
gives

Neyy, (myn) = Z 1.

A€C,242,55242 (A)=n,
79252 (AN)=m

Since
T2232()\17 AQ) A37 A4) == —T2232<)\2, )\17 )\4; )\3)a

hence
Ne,yn(myn) = Ney,,(—=m,n) and  Ng,,,(m,t,n) = Ng,.,(t —m,t,n).

Then we have

Z Z N02232 (m’ n)zmqn = ( ! (8)

— = 2% 4%)oo (2716 4%) o0 (203 )0 (271 4% %) 0

By putting z = 1 in the identity (8), we find

Z NCQQSQ (m’ n) = p(”)a

m=—00

where p(n) is defined by >~/ p(n)g" = I

(%4%)% (¢%¢3) %"
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Theorem 2. Forn > 0,

5n + k
Ny (0,5,5m + k) = No o (15,50 + k) = Ne, (25,5 + k) = Z225K) gy

243

ot

It can also prove the identity in Zhang and Wang [23]: p(5n + 1) = 0 (mod 5) and
p(5n +4) =0 (mod 5).

Proof. The proof of Theorem 2 is similar to Theorem 1. Replacing z by ¢ in (8), we get

. 1
ZZNC? »(m,n)¢"q" = 2 —1,2. 2 3 _1.3..3
== [€q% 1% %) o [Ca3, ¢ 713 43 o

1 2 422 ~-2 2 2 3 23 -2 3 3
= @ @B ) [, ¢ P 1 P 6],
Applying modified Jacobi triple product identity (2), we transform the last two infinite
products as follows

Z (_1)’L'+jq2(i-2-1)+3(j"2'1>{C2i + C2i—2 4ot C—Zi}{CQj + C2j72 4t C*Qj}'

i,j=0
It is not hard to check that the residues of q-exponent in the formal power series just
displayed 2(“;1) + 3(] ;1) modulo 5 are given by the following table:

Ni]0]1[2]3]4
0 0[2]1]2]0
1 [3]0[4]0]3
2 [4(1]0]1]4
3130403
a4 1of2[1]2]0

When i = 2 (mod 5) or j = 2 (mod 5), we have {¢* + (¥ 2 + .- + (2 (¥ +
(P72 4 ...+ (%} =0. We observe that in the g-expansion on the right side of the last
equation the coefficient of ¢™ is zero when n =1 (mod 5) and n =4 (mod 5). The proof
of Theorem 2 has been completed. O

4 Rank and crank analogs for colored partitions congruences
modulo 7

In this section, we define statistics that divide the relevant partitions into equinumerous
classes and provide the combinatorial interpretation according to [17] for colored partitions
congruences modulo 7 given in Toh [21], Zhang and Wang [23].

If we denote

0132—2 = {(2)\1,2)\2,)\3,)\4,)\5) | )\1,)\2 € P,)\g,)\4,)\5 € 73*},
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then we can call them as partitions into 5-colors.
For the set of the colored partitions, we define the sum of parts sy3p-2()), a weight
wtysg-2(A) and a crank analog ¢y3o-2(A) by

S130-2(A) = 20(A1) +20(Ny) + 0% (A3) + 0" (N\g) + " (X5)
wtysg2(N) = (=1)FCIFFOD (N wt(Ng)wt(As)
cs9—2(A) = "(A3) +2¢"(Ag) + 3¢"(Xs),

where the definitions of P*, o*(\), wt(\) and c¢*(\) are presented in section 2. Let
Meg,,_,(m,n) denote the number of 5-colored partitions of n if s135-2(\) = n (counted ac-
cording to the weight wt;sy-2(A)) with analog of crank cj35-2(A) = m, and M¢ , _,(m,t,n)
denote the number of 5-colored partitions of n with analog of crank cysy-2(\) congruent
to m (mod t), so that

Me,,, ,(m,n) = > Wiisg—2(N).

A€C)8y-2,8135—2(A)=n,
c135—2(A)=m

Then we have

D2 Moy, ,(m,n)2"q" = (2% ¢*)5 (4 9)3 , 9)

== [2q,271q, 2%q, 272q, 23q, 2% ¢; ¢

By putting z = 1 in the identity (9), we find

Z ‘]\40132—2 (m’ n) = Q(po,ﬁ) (n)a

m=—0o0

. 0o n ;)00 2.4%)2,
where Q(PO@ (n) is defined by ano Q(m@ (n)q = (‘IKI(Q)ZOQ(ZEQ)OO - (%q;g)éo ’

Suppose w is primitive seventh root of unity. By letting z = @ in (9), we have

> 2. .,2\2 . 3 2. 92 ) 4
Z ZM0132_2 (m’n)wmqn _ (q g )oo(Q7q)oo _ (q ;q >OO<Q7q>oo‘

— [wq, wq, w?q, w2q, wiq, w3q; ql (¢":0")oo

Utilizing product identity (6), we compute the numerator of the right hand side of last
identity as follows

io (—1)i+g8(2)+60G)T3i-3+1 (9 4 35 — 35)(34 + 35 — 2). (10)

4,j=—00

We illustrate that the residues of g-exponent in the formal power series just displayed
6(;) + 6(;) + 3i — j + 1 modulo 7 are given by the following table:
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J\i|0]|1/2[3|4|5]|6
0 |1{4]6/0[0]6]4
1 10[3|5]6[6]5|3
2 |5|1]3 (44|31
3 12[5|0[1]1]0]5
4 15111341413 ]|1
5 |013]5|6]6|5]3
6 |[1{4]6/0[0]6]4

The power of ¢ is congruent to 2 modulo 7 only when ¢ =; 0 and 7 =; 3. Since the
coefficient of ¢" on the right side of the last identity is a multiple of 7 when n = 2
(mod 7), and 1+ @ + @? + @w® + w? + @® + @’ is a minimal polynomial in Z[w], we must
have the result following as

Theorem 3. Forn >0 and 0 <1 < j < 6, we have
Me,,, ,(i,7,Tn + 2) = Mec,,, , (,7,7n+2) (mod 7).

It can also prove the identity in Toh [21]: Q oz (7Tn +2) =0 (mod 7).
Next we define

014442—7 — {()\1, )\2, )\3, )\4, 2)\572)\67 2)\772)\872)\9) ‘)\1, )\2, )\3, )\4 E DO,
A5, A6 € P, A7, Ag, Ag € P*}.

For A = (A1, Ao, A3, Ag, 2X5, 2X6, 2A7, 2Ag, 2)\g), we denote the sum of parts sjagaa-7(N), a
weight wtj1410-7(A) and a crank analog c¢ja419-7(\) by

s11412-7(A) =0(A1) + 0(X2) + 0(As) + 0(Ay)
+ 20(X5) + 20(XNg) + 207 (A7) + 20" (Xg) + 20" (Ng)
Wtyagag—7(N) =(—1)FOIH#O) (A )wt (A )wt( o)
Cragao-1(A) =c* (A7) + 2¢*(Ag) + 3" (Ng).

Finally define M¢ , ,._,(m,n) as the number of 9-colored partitions of n if s14419-7(\) = n
with crank analog cj1440-7(\) = m counted according to the weight wt a415-7(\) as follows:,

MCI444277 (m,n) = Z wtyagag-7(N).

AEC 4 45-7,814445-7(N)=N,
Cragap—7(A)=m

Let Mc,,,4, - (m,t,n) denote the number of 9-colored partitions of n with crank analog
C1a419-7(A) congruent to m (mod t).
Then we have

> o (=4 )@ )2
Z Z Mol4442_7(m,n)z 7 = [2¢%, 212, 22q%, 222, 22q%, 232 ) (11)

meZ n=0
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By replacing z by 1 in the identity (11), we discover

Z MC’1444277 (mv n) = 7(”)7

m=—0Q

where (n) is defined by >~ 7 v(n)¢" = ((;2‘1;;722))%. (see [23]).

Theorem 4. Forn > 0,

Me 4, (0,7, 0 +2) = Mc, ,, (1,7, Tn+2)=--- = Mc,,, ,(6,7,7n+2) (mod 7).
It can also prove the identity v(7n +2) =0 (mod 7).

Proof. Put z = w in (11) and apply product identity (6) substituting ¢ — —¢ to obtain

ZZ . (m, n)=™q" = (qq)(q )3
tat2=7 2 3 —3.2. 2
meZ n=0 s [?qu qmg7w Q7WQ7W Q7Q]oo

- & q(glz q(1641)o:1 = B ((114._q114)OO Z o) +oa)+ai- T2+ 31— 35)(3i + 3] - 2).

4,j=—00

We discover that the double sum of the last identity is similar as (10). Then we can use
the same congruence relations. Since the coefficient of ¢" on the right side of the last
identity is a multiple of 7 when n =2 (mod 7), and 1 + @w + @? + @® + @* + @® + @ is
a minimal polynomial in Z[w], we deduce the theorem. [

If we denote
Chzg = {(A1, A2, 2A3, 204, 2X5) | A1, A2, Az, Mg, A5 € P

It can be said as partitions into 5-colors. For A = (A1, Ay, 2A3, 2y, 2)5) € C29, we define
the sum of parts sjzo(A), a weight wq25(A) and a rank analog ry25(A) by

s120(A) = (A1) +0(X2) + 20(N3) + 20(Ay) + 20(X5)

w122()\) = (—1)#0\5)

riza(A) = #(A1) — #(X2) + 3#(Xs) — 3#(\).

Let Nc,,(m,n) denote the number of 5-colored partitions of n if s129(A) = n (counted

according to the weight wy25())) with rank analog r129(A) = m, and Ng , (m,t,n) denote
the number of 5-colored partitions of n with rank analog 7129(\) congruent to m (mod t),

hence
N0122(m, n) = Z w122()\).

AEC 24,8(N)=n,
r125(X)=m

By considering the transformation that interchanges A\; and Ay, A3 and A4, we get

Ney,,(m,n) = N, (—=m,n), Ng, (m,t,n)= Nc, (t—m,t,n).

THE ELECTRONIC JOURNAL OF COMBINATORICS 22(4) (2015), #P4.17 10



Then we have

) i Noo, (m,n)2"q" = (03 0) . (12)

— (26 D)oo (27105 1) (220%; ¢*) oo (272073 4%

By putting z = 1 in the identity (12), we check
Z Nec,,,(m,n) = a(n),

where a(n) is defined by >~  a(n)q" = m. (see [23]).
Suppose w is primitive 7th root of unity. Substituting z = w into (12), we have

> i Ne,,, (m,n)@™q" = (0% ¢%) oo

(@q, q/w: 4] [73¢%, /73 6] o

meZ n=0
_ o7 9/7% 4 (68 70, 4/ 7% 67
(47547
Zi>0(_1)i(w2i 422 4. 4 w_zi)q(lgl) Z?ifoo(_l)ngij(;)H

(475470

The last line depends only on modified Jacobi identity (2) and classical Jacobi identity (1).
If and only if i =; 3, we have @ + @w* 2 +--- + @ 2 = 0. Obviously

07 1 =7 07 67 07 .] =7 07
+ 1 1, 2=,1,5; ] 1 ) =~ 1,6;
(” )a CTTY and 2(‘7)+jz7 T (13)
2 37 1 =7 2a 4a 2 47 J =7 2a 5a
6, ©=73; 2, m=73,4.

The power of ¢ is congruent to 6 modulo 7 only when (’;1) =7 6 and 2(;) +j=701in
which case i =7 3 and j =7 0 and the coefficient of ¢™*° in the last identity is zero. Since
1+ @+ w?+ @+ @'+ @’ + @° is a minimal polynomial in Z[w], our main result is as

follows.

Theorem 5. Forn >0,

Ny, (0,7,7n+6) =Ng, (1,7, 70 +6) = Now, (2,7, Tn+6) = --- = Now, (6,7, +6)
~a(Tn +6)
—
It can also prove the identity a(7n + 6) =0 (mod 7).
Denote

Clsgsa-7 = {(A1, A2, Az, Ay As, 206, 227, 208) | A1, Ao, Az, Ay, Ay € DO, Xg, A7, As € P*}.
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We call the elements of C'5459-7 8-colored partitions. For A € Cisys0-7, we define the sum
of parts sys4s9-7(\), a weight wtis459-7(A) and a crank analog cys450-7(\) by

Spsgsa-1(A) = (A1) F0(Ag) +(A3) + (A1) + a(X5) + 207 (Ng) + 207 (A7) + 20" (Ng)
wtysgsa-7(A) = wt(Ne)wt(A7)wt(Ag)
Cisg5a-7(A) = "(Xg) +2¢" (A7) + 3¢ (Xs)-

Let Mc,,;, .(m,n) denote the number of 8-colored partitions of n if sy5450-7(\) = n
(counted according to the weight wtysgso-7(A)) with crank analog ¢i5450-7(A) = m, and
Mc,, 5,7 (m,t,n) denote the number of 8-colored partitions of n with crank analog
C15450-7(A) =t (mod m), so that

MCIQ452 7(m n) - Z wt15452—7(/\).

)\6015452—7 7515452—7(A):n=
C15459—7(A)=m

Then the generating function is

Z f:M015452—7 (m7n>zmqn = _ ( K ) (q a ) 5 . (14)

meZ n=0 [Zq27z 1q ,2’2(] y R q ,qu = 3q2;q ]oo

By putting z = 1 in the identity (14), we discover

oo

Z M015452*7 (m’ n) = V(”)?

m=—0oQ

where v(n) is defined by >~ v(n)¢" = (*‘1_"12)550.
Theorem 6. Forn >0,

Mc 0,7,7n+6) = Mc, 5, (1,7, Tn+6)=---= M, .(6,7,7+6) (mod7).

154597 (
It can also prove the identity v(7n +6) =0 (mod 7).
Proof. By replacing z by w in (14), we write

Zi]\fc L(myn)@"¢" = (—q:¢%)5 (q )3,

(wq?, wlq?, w?q?, w2¢?, wiq?, w32 4%

meZ n=0
_ (el (q 7*)x
(5 ¢M) o
Consider

(@:9)% [¢* 4, 4: ] Z Z 1)7+9(2i + 1)g(2) 7,

=0 j=—00
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which can be deduced by Jacobi identity (1) and (2).
Replacing ¢ by —¢q in the last identity, we have the following series representation

(ol = - 3 (DB @i+ gl

If and only if i =7 3, we have 2i+1 =7 0. We see that in the g-expansion on the right side
of the last equation the coefficient of ¢" is a multiple of 7 when n = 6 (mod 7) referring
to (13). The proof of Theorem 6 has been finished. O

Let
C’1523 = {()\17 )\27 )\37 )\47 )\57 2>\672)\77 2)‘8> | )\17 >\27 )\37 >\4 € 7)7 )\57 )\67 )\77 )\8 € P*}

We can say them as partitions into 8-colors. For A € (593, we denote the sum of parts
S1593(N), a weight wtyse3(A\) and a crank analog ¢ys9s(A) by

s1503(A) = (M) +0(Xa) +0(X3) + (M) +0"(X5) +20"(Xs) + 20" (A7) + 20" (Xs)
wtisgs(A) = wt(As)wt(Ag)wt(A7)wt(Ag)
c1s3(A) = #(A1) — #(A2) + 24 (X3) — 24 (M) + 3¢ (X5) + " (Xg) + 2¢" (A7) + 3¢ (Ns).

The number of 8-colored partitions of n if sy593(\) = n with crank analog c¢y593(A\) = m
counted according to the weight wts53()) is denoted by Mc , ,(m,n), so that

1593 (m7 n) - Z Wi1593 ()\)

AeC 5,3,5,543 (A)=n,
¢1543(A)=m

Mc

The number of 8-colored partitions of n with crank analog c¢1s93(\) congruent to m (mod t)
is denoted by Mc . ,(m,t,n). The following generating function for M¢ . ,(m,n) is

Z Z M01523 (m’ n)zmqn

meZ n=0
_ (4 9)o(@®; 4%)% (15)
[2q,271q, 2%q, 272q, 3¢, 273q; 4] [26%, 271 ¢, 2242, 27 2¢, 23¢2, 2 3¢% ¢%)

By setting z = 1 in the identity (15), we find

Z M01523 (m7 n) = u(n),

m=—0Q

where p(n) is defined by >~ 7 pu(n)g" = m.
Theorem 7. Forn >0,

Mec,;,,(0,7, +6) = Mc, (1,7, 70 +6) =+ = Mc,,(6,7,7n +6) (mod 7).
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It can also prove the identity p(7n +6) =0 (mod 7).

Proof. By letting z = w in (15), we get

Z Z MC'1523 (m7 n)wmqn

mez n=0
_ (4 9)oo (% 4°)3%
[wq, @ 'q, @%q, @2, @q, @G5 ] [0 TP @, w TP, P w R g
_ (@9)3%(¢* )5
(07500 0M) s
Investigating product identity (5), splitting the bilateral sum with respect to i into

two unilateral sums, the numerator infinite products on the last line of the last formula
have the following series expression

oo  +oo

(@02 ZZ (5432 +](1+3Z+3j>2(2+3l 3j). (16)

1=0 j=-—o00

We check that the residues of g-exponent in the formal power series displayed 3(’“) +
3(2) + 7 modulo 7 are presented by the following table:

Ni]O[1]2[3[4]5]6
0 [0[3[2][4[2]3]0
1 [1[4]3]5|3[4]1
2 [5]1]0[2[0]1]5
3 [5[1]0[2[0[1]5
4 [1(4[3][5]34]1
5 [0[3[2[4[2[3]0
6 [2]5]4[6[4]5]2

If and only if 3(i;1) + 3(;) +j =6 (mod 7), we have i =; 3 and j =; 6. Since the
coefficient of ¢" on the right side of the last identity is a multiple of 7 when n = 6
(mod 7), and 1+ @ +w@w? + @* + @w? + @® + @’ is a minimal polynomial in Z[w], we finish
the proof of Theorem 7. O

Consider
Chzg2g-s = {(A1, A2, 2A3, 204, 205,26, 207) | A1, A2 € DO, A3, Ay € P, A5, A6, Az € P}

We call them as partitions into 7-colors. For A € (C|2429-3, we define the sum of parts
S12429-3(\), a weight wtj2429-3(A) and a crank analog ¢12420-3(\) by

81242273<>\) = 0'(/\1) + 0'(/\2) + 20’(/\3) + 20'(/\4) + 20" (/\5) + 20'*()\6) + 20'*()\7)
Wtageo-s(N) = (=1)#FCF#FOD (At (Ng)wit (A7)
c12429-3(A) = " (A5) +2¢"(Xg) + 3¢ (A7).
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Let Mg, ,, 5(m,n) denote the number of 7-colored partitions of n if si2425-3(\) = n
(counted according to the weight wt 2420-3(\)) with crank analog ¢j2429-3(\) = m, so that

MC'1242273 (m7 n) = Z wWti2429-3 (/\)

AEC 2425-3,81242,—3(N)=n,
c12429-3(A)=m

The number of 7-colored partitions of n with crank analog cj2429-3(A) = m (mod t) is de-
noted by M¢ m,t,n). Then the two variable generating function for Mg m,n)
is

12422—3< 12422—3(

e L2\2 (2. .2\5
S5 Moy, (myn)emg" = Ca 0050 oo

2 ~—142 52,2 ~—2,2 ,3,2 ~—3,2.,2
== (2%, 271 %, 2°¢%, 27262, 237, 2 3% P

If we simply put z = 1 in the identity (17), and read off the coefficients of like powers of
q, we find

Z M01242273 (mv n) = B(”)v

m=—o00
where §(n) is defined by Y > B(n)q" = ((;2'1_;522));2’;.
Putting z = w in (17) gives
n%nz_;MCIQ422_3 )= [w¢*, @', ¢, w7, WP, @
_ 6?3 )
(@)

Substituting ¢ — —¢ into identity (16), the numerator infinite products have the
following series expression

Sl 1\ | (GH1) g (1) 1g(d) L 1 ' 1 — 37
(R = 3 3 (- (B LA L5 2 3))

i=0 j=—o0

It is easy to find that the power of ¢ is congruent to 6 modulo 7 if and only if ¢ =7 3
and j =; 6 considering the congruence relations in the proof of Theorem 7. Since the
coefficient of ¢" on the right side of the last identity is a multiple of 7 when n =7 6, and
1+ @+ @+ @+ @'+ @ + @ is a minimal polynomial in Z[w], our main result is as
follows:

Theorem 8. Forn >0 and 0 <1t < 7 < 6, we obtain
Mec 5 (1,7, T +6) = M, ,, (5,7, 70+ 6) (mod 7).

It can also prove the identity 8(7n +6) =0 (mod 7).
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