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Abstract

In this paper, we classify 2-closed (in Wielandt’s sense) permutation groups
which contain a normal regular cyclic subgroup and prove that for each such group
G, there exists a circulant I' such that Aut(I') = G.

1 Introduction

In 1969, Wielandt [15] introduced the concept of the 2-closure of a permutation group.
Let G be a finite permutation group on a set €, the 2-closure G® of G on € is the
largest subgroup of Sym(€2) containing GG that has the same orbits as G in the induced
action on Q x €, and we say G is 2-closed if G = G®). It seems impossible to classify
all 2-closed transitive permutation groups. However, certain classes of 2-closed transitive
groups have been determined. For example, in [16, 17| the author determined all 2-closed
odd-order transitive permutation groups of degree pg where p, ¢ are distinct odd primes.
In this paper, one of our main purposes is to classify all 2-closed permutation groups with
a normal regular cyclic subgroup, see Theorem 1.2. Recall that a permutation group is
reqular if it is transitive and the only element that fixes a point is the identity. And for
more information about the 2-closures of permutation groups containing a cyclic regular
subgroup, see also [7].

Another research topic of this paper is the study of the automorphism groups of
(di)graphs. The full automorphism group of a (di)graph I' must be 2-closed since any
permutation of the vertex set that preserves the orbits of Aut(I") on ordered pairs preserves
adjacency. However, not every 2-closed permutation group is the full automorphism group
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of some (di)graph. Therefore, the concept of 2-closed groups is more general than the
concept of the full automorphism groups of (di)graphs, and the classification of 2-closed
groups is closely related to the study of the full automorphism groups of the corresponding
digraphs. In this paper, in order to determine 2-closed groups that contain a normal
regular cyclic subgroup, we also study circulant digraphs, that is Cayley digraphs of
cyclic groups. See Section 2 for a more detailed explanation.

Furthermore, we discuss the following representation problem. A digraph I' with
vertex set (2 is said to represent a permutation group G < Sym(Q2) if Aut(l') = G. In
this case, we also say that the permutation group G has a digraph representation I'.

Digraph representation problem: given a 2-closed group G, is there a digraph I" that
represents G

Suppose the digraph I' represents a 2-closed group G < Sym(€2). Then for any g €
Sym(£2), to determine whether g lies in G we only need to test if g preserves the single
2-relation given by the arc set of I', instead of checking all G-invariant 2-relations. We say
a digraph I" is arc-transitive if Aut(I") is transitive on the arc set of I'. This means, the
arc set of ' is actually a minimal Aut(I')-invariant 2-relation. Suppose further that the
2-closed group G can be represented by an arc-transitive digraph I'. Then a permutation
g lies in G if and only if g leaves invariant the minimal G-invariant 2-relation given by
the arc set of I'. We will show that there are arc-transitive digraph representations for
most 2-closed groups that contain a normal regular cyclic subgroup, see the remark after
Lemma 3.12.

Replacing digraph with graph, we obtain the graph representation problem which asks
for an undirected graph to represent a 2-closed group. These two questions have previously
appeared in the literature, see for example [1, 4]. Clearly, the graph version problem is
much more complicated than the digraph one. Since we are interested in understanding
the concept of 2-closed groups, we concentrate on the digraph representation problem in
this paper.

A regular permutation group is 2-closed, and in 1980, Babai [2] proved that with five
exceptions, every finite regular permutation group occurs as the automorphism group of a
digraph. This is the famous DRR (digraphical regular representations) problem [2]. It is
proved in [14] that for any prime power ¢, the semilinear group I'L(1, ¢) can be represented
by an arc-transitive circulant digraph. Moreover, it is shown in [16, 17] that every 2-
closed odd-order transitive permutation group of degree pg has a tournament digraph
representation. As for graphical representation problem, see for example [3, 6, 8, 9, 10, 13].

In this paper, we will prove that every 2-closed permutation group G with a normal
regular cyclic subgroup is the full automorphism group of a circulant digraph. We may
suppose that G = Z,, X G acting on Z,, naturally where Gy < Aut(Z,). We first describe
the necessary and sufficient condition for Gy such that G is 2-closed. For the detailed
explanation of notation, see Section 2 and Section 3.3.1.

Conditions 1.1. Letn = 2d1pg2 cooplt dy >0, dy,...,dy =1, t > 1 wherepa, ..., p; are

distinct odd primes (also write py = 2). And let Aut(Z,) = Aut(Zga, ) X - -+ X Aut(Z o) =
t

D1 Dy --- Dy, where D; is the direct factor subgroup of Aut(Z,) that fizes each component
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of the elements of Z,, except for the i-th component. So D; = Aut(pri) for eachv. In fact
D; induces a faithful action on the subgroup Zp;li. Note that the induced action Dy on the
subgroup Zsa, is permutation isomorphic to ((—1)*) x (5*)(dy = 3), the multiplicative group
of units of the ring Zqya, acting on the additive group Zya, , let ¢ : ((—1)*) x ((5)*) — Dy
be the corresponding group isomorphism.

Let Gy < Aut(Z,).
(i) ifi>2,d; =1 and p; =5, then D; & Gy.

)
(ii) ifi > 2 and d; > 2, then D; N Gy < Zp,_1.
)

(iv) if di =4, then either |D1 N Gyl < 2 or |D1 NGyl =4 and Dy NGy £ (p(5%)).
The main result of this paper is the following theorem.

Theorem 1.2. Suppose G = Z, ¥ Gy acting on Z, naturally where Gy < Aut(Z,). Then
G is 2-closed if and only if Gy satisfies Conditions 1.1. Moreover, if G is 2-closed then
G can be represented by a circulant digraph.

2 Preliminary results and notation

First we introduce some concepts and notation concerning Cayley digraphs. Given a finite
group H, and a subset S C H\{1}, the Cayley digraph I' = Cay(H, S) with respect to S is
defined as the directed graph with vertex set H and arc set AI' = {(g,sg9) | g € H,s € S}.
Moreover, a Cayley digraph of a cyclic group is called a circulant. It is easy to check
that the right regular representation H is contained in Aut(T"). In fact, a digraph is
a Cayley digraph if and only if its automorphism group contains a regular subgroup.
Moreover let Aut(H,S) = {0 € Aut(H) | S = S}, then each element in Aut(H,S)
induces an automorphism of the Cayley digraph I' = Cay(H, S). It is proved in [10] that
the normalizer of H in Aut(T") is H x Aut(H, S). We say a Cayley digraph T’ = Cay(H, S)
is normal if H is normal in Aut(T), that is, Aut(T) = H x Aut(H, S), see [10, 18]. So
the automorphism group of a normal circulant must be a 2-closed group that contains a
normal regular cyclic group. Conversely, we will show that each such 2-closed group is
the automorphism group of some normal circulant.
Throughout the rest of this paper, let Z,, be an abstract cyclic group of order n and let
G < Sym(Z,) be a transitive permutation group which contains a normal regular cyclic
group Z,, where
Zpy={g:x—axgVr e Z,| g€ Z,}. (1)

Therefore G is a semidirect product Z, % Gy for some subgroup Gy < Aut(Z,) acting
naturally on Z,,. Since Z,, = Z,, we may also write G = Z,, x Gy directly. Our goal is to
determine all such 2-closed groups.
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The mail tool used in this paper is the Kovacs-Li classification of arc-transitive cir-
culants [11, 12]. Praeger and the author [14] refined the Kovacs-Li classification and
obtained the following theorem.

Theorem 2.1. [14, Theorem 1.1] Let G = Z,, X Gy < Z,, x Aut(Z,,) acting naturally on
Zpn. Then, up to isomorphism, there is a unique connected Z,-circulant I' on which G
acts arc-transitively. Moreover either Aut(I') = G or one of the following holds.

(a) n=p>=5isprime, I' = K,, and G = AGL(1,p);
(b) n=bm >4, where b > 2, p divides m for each prime p dividing b, ' = L[K});

(¢c) n = pm, where p is prime, 5 < p < n, and ged(m,p) = 1, I' = X[K,] — p.3,
Go = Aut(Z,) x H < Aut(Z,) x Aut(Z,,), and ¥ is a connected (Z,, x H)-arc-
transitive Z,,-circulant.

We point out that up to isomorphism, in the above theorem I' can be defined as
Cay(Z,, 2%) where z is a generator of Z,, and 2“° is the orbit of z under Gy. Moreover,
if case (b) happens, then the group Z, has a subgroup Y of order b, and I" = Cay(Z,, 5)
where S is a union of Y-cosets each consisting of generators for Z.

As a simple application of Theorem 2.1, we determine the 2-closed transitive permu-
tation groups of degree p where p is a prime.

Corollary 2.2. Let p be a prime. Let G < Sym(€Q) be a 2-closed transitive permutation
group of degree p. Then there exists a digraph representing G. Moreover, G is one of the
following.

1. The symmetric group S, (p = 2) which is 2-transitive on Q.

2. An affine subgroup Z, x Z, wherep >3, 1 <k < (p—1) and k|(p — 1).
Conversely, each group of the above two types is 2-closed.

Proof. Suppose G is a 2-closed transitive permutation group of degree p. By a classical
result of Burnside, G is either 2-transitive or is affine. If G is 2-transitive, then G = G =
S, and p > 2. If G is not 2-transitive, then G = Z, x Z where p > 3,1 < k < (p—1)
and k|(p — 1).

For the converse, note that .S, is the full automorphism group of the complete graph
K, and so S, is indeed 2-closed. Next, let G = Z, x Z where p > 3,1 <k < (p—1) and
k|(p —1). By Theorem 2.1, there is a connected arc-transitive circulant I" of order p such
that Aut(I') = G, and so G is 2-closed. O

Remark: If p = 2,3 then S, = Z, x Aut(Z,) is 2-closed; and if p > 5 then Z, x Aut(Z,)
is not 2-closed.
We also need the following theorem.

Theorem 2.3. [5, Theorem 5.1] Let G; < Sym(§;) and Gy < Sym(€dy) be transitive
permutatwn grou s Conszder the natural product action of Gy X Gg on Q1 X 9. Then

(Gl X Gg (2)
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Finally, we fix the following notation. Let A < Sym({2). Suppose that Ap is the
setwise stabilizer of B C Q and g € Ag, we denote Ag to be the induced permutation
group on B by Ap and denote ¢” to be the induced permutation on B by g.

3 2-closed groups containing a normal regular cyclic group

In this section we classify 2-closed groups G that contain a normal regular cyclic group
Z,. With notation in Section 2, we may suppose that G = Z,, x Gy < Z,, x Aut(Z,,) acting
naturally on Z,. We first handle the special case that n is a prime power in Subsection
3.1 and Subsection 3.2. The notation needed for the statement of Theorem 1.2 is given
in Subsection 3.3.1 and the proof is given in Subsection 3.3.2.

3.1 The case n = p® with p an odd prime

Let n = p? where p is an odd prime and d > 2 is an integer. Then Aut(Z,) = Z(,—1) X Zya-
is a cyclic group. We take a@ € Aut(Z,) such that o(a)) = p, then there exists v € Aut(Z,
with order p?~! such that a = 71"‘#2. We first look at the action of o on Z,,.

Let H = Z,a-1 be the unique subgroup of Z, of order p*~. Let N = Z, x Aut(Z,).
Then the cosets of H form a block system B of N on Z,,. Denote B = {By = H, By, ..., B,}.
Since the elements in B, ..., B, are of order p?, v fixes each block setwise and % is a
p?~t—cycle for each i > 2. However, ~ fixes the point 1 € H = By, so the order of 47! is
strictly less than p?~!. It then follows that « fixes B; pointwise and is fixed point free on
each B; for i > 2.

On the other hand, let N gj be the induced permutation group of the setwise stabilizer

A

Np, on B;. Then NB; = Zpa-1 ¥ K and K; =2 Aut(Zja-1), (Zpdfl is defined in equation
(1)). For each i > 2, since 47 is fixed point free, we have that v% = 77 where 1 # y; €
H < Z, and 7 € K,. Since T normalizes Zpd717 (vPi)? = gl (9P ir 1) 1T = anT? where ajzy
is some element in Zpd_l. By induction, we have that for each k > 1, (y%1)* = a;, 7% where
a;, 1s some element in Zpd—l. Since P is of order p?~! and ZApdfl N K; = {1}, we have
that 7 = 1. Since 7 € Aut(Zpa—1) = Zpq X Zya-2, " = 1. Recall that o = A7 it
then follows that o is 9%15 i for some x; € Z, with order p. Note that z; may not equal
x; for 2 <@ < j < p, but they are all of order p. We have proved the following lemma.

Lemma 3.1. Let a € Aut(Z,a) with order p. Let B={By = H,B,, ..., B,} be the cosets
of the subgroup H where H < Z,a 1is of order p?l. Then « fizes By = H pointwise and
for each i > 2, aP is i:f for some x; € Z, with order p.

Corollary 3.2. Let n = p® and Z, = (2). Let Z, < Z, be the subgroup of order p.
Suppose that G = Z, x Gy where Gy < Aut(Z,). Then the coset 2Z, C 250 if and only if

pllGol.

Remark: Let S = 20 and ' = Cay(Z,, S). If case (b) of Theorem 2.1 occurs for I', then
27, C 2% That is why we consider this corollary.
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Proof. Let Aut(Z,a) = (1) x (v) = Zp—1 X Zya-1 and a = A?*™* . Then p||Gy| if and only
if € Go.

Let B = {B1 = H,B,,..., By} be the cosets of the subgroup H where H < Z, is of
order p?~!. Then it is easy to show that u fixes B; setwise, and permutes Bs, ..., B, as
a (p — 1)-cycle.

By Lemma 3.1, if o € Gy then 22, C 2%o_ Conversely, suppose that 24, C 2%, Note
that the generator z € By, for some k > 2 and 22, C Bj. By the action of 1 and v, we
conclude that o € G. O

Proposition 3.3. Let n = p? where p is an odd prime and d > 2. Let G = Z, x Gy <
Z, x Aut(Z,) acting naturally on Z,. Then G is 2-closed if and only if Gy < Z,_;.
Moreover, if G is 2-closed then G can be represented by an arc-transitive circulant.

Proof. As defined at the beginning of Subsection 3.1, let o € Aut(Z,«) be an element of
order p. Let B = {B; = H, B,,...,B,} be the cosets of the subgroup H where H < Z
is of order p?~1.

Suppose first that Gy € Z,-1, that is p||Gyl, then a € Gy. By Lemma 3.1, « fixes
By, = H pointwise and for each i > 2, o is 55? for some z; € Z,, with order p.

Let 1 # 8 € Sym(Z,) such that 3 fixes every element of By, ..., B, 1 and % = o,
That means 5% = ifp, (recall that & : 2z +— zz for any z € Z,). We claim that
B € (Zya x ()@ and so B € G®. Take any pair (y1,y2) € Zn X Z,. 1f both y; and ys
belong to B, then (y1,y2)? = (y17,, yox,) is in the orbital (y;,y2)¢. Suppose next that
exactly one of {y1, v} lies in B,, say y» € B,. Since the stabilizer G,, is the conjugate
of Gy in G by an element in Zn, a conjugate of a, say p, is in G,,. Therefore 3P
equals (p?)P» for some j € {1,...,p—1}, and so (y1,42)” € (y1,72)¢. It then follows that
B € (Zyax{a))?® < GP. However, since j fixes By and B, pointwise, 8 ¢ Z,a x Aut(Z,q),
and so # ¢ G and G is not 2-closed.

Suppose next that Gy < Z,_1. Let S = 260 where z € Zya is an element of order p?
and let I' = Cay(Z,,S). Since (p,|Go|) =1, pt |S| and so S is not a union of cosets of
any subgroup of Z,,. By Theorem 2.1, Aut(I") = G and so G is 2-closed. This completes
the proof. O

Remark: In above proof, note that 3 is in (Z,« x (a))®. Hence we actually proved that
(Zya x ()@ £ Za x Aut(Z,a) where o € Aut(Z,q) is of order p.

3.2 The case n = 2% for d > 2

Notation: For convenience, in this subsection we write Z,, additively as the group Z,, of
integers modulo n, so in this case

Ty =Tn={t:9g—>g+z|zecZ,)}
Moreover Aut(Z,) is the multiplicative group Z! so that i* € Aut(Z,) denotes the map

7.
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3.21 d=2:
In this case, Aut(Zy) = ((—1)*) = Z,. We have the following result.

Lemma 3.4. Suppose that Zy < G < Zy x ((—1)*) = Ds. Then G is 2-closed and is the
full automorphism group of an arc-transitive circulant.

Proof. Either G = Z, is regular or G = Dg. Note that Aut(Cay(Zy,{1})) = Z, and
Aut(Cay(Zy, {1,—1})) = Dg = Z4 X Zs, this proves the lemma. O

Remark: By [14, Lemma 2.3], a connected arc-transitive circulant I' is both normal
and of lexicographic product form if and only if I' = Cay(Z4, {1,—1}) and Aut(I") =
7, x Aut(Zy). In this case the orbit 14v(24) = {1 3} = 1 + 7, is a coset of Z5.

3.2.2 d>3:

In this case, Aut(Z,) = ((—1)*) X (5*) = Zy X Zya—». Denote N = Z,, x Z¥. Let H be the
unique subgroup of Z, with order 2¢72. Let By = H,B, =1+ H, By =2+ H,B; =3+ H
be the cosets of H, then B = { By, By, By, B3} forms a complete block system of N on Z,.

We first study the action of 5*. By computation 5* preserves each block B;, we
determine the induced permutation (5*)5 next. Since B; U Bj consists of all elements of
order 2¢, (5*)B1 and (5*)P% are 29 2-cycles. As By = (4) = Zyi» and By U By = (2) =
Zqa-1, it is easy to deduce that (5%)P2 is a product of two 2¢73-cycles (if d = 3, then (5*)P2
is trivial). Therefore the orders of (5*)P1 and (5*)5* are 2772, the order of (5*)P2 is 2473,
and the order of (5*)P0 is 227 (if d = 3, then the order is 1).

Case 1: d =3

In this case, n = 8 and Aut(Zg) = ((—1)*) x (5*) = Zy X Zy. By computation, 5* fixes
By and B, pointwise, and the induced action (5%)51 = 451 and (5*)5 = 45, The element
(—1)* fixes By pointwise and ((—1)*)52 = 4Pz,

Lemma 3.5. Let Zg = (z). Suppose that G = Zg x Gy where Gy < Aut(Zg) = ((—1)*) x
(5*). Then the coset z + Zy C 290 if and only if 5* € Gy where Zy = (4) is the subgroup
of order 2.

Proof. Note that both z and z + Z, are contained in By or Bs and (—1)* interchanges
two blocks By and Bj. The result follows from the analysis of the actions of (—1)* and
5* easily. O]

Proposition 3.6. With above notation, let G = Zsx Gy where Gy < Aut(Zg) = ((—1)*) x
(5*). Then

1. if Gy = Aut(Zg) then G is not 2-closed.

2. if Go 5 Aut(Zs) and Gy # (5*), then G is 2-closed and can be represented by an
arc-transitive circulant.

3. if Go = (5*), then G is 2-closed and can be represented by a circulant.
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Proof. (1) Suppose first that Go = Aut(Zs). Let 8 € Sg such that § fixes By, By and
Bs pointwise and P2 = 452, Take any pair (y1,y,) € Zs X Zs. If both y; and y,
belong to Bs, then (y1,12)? = (yl,yg)zl is in the orbital (yi,12)¢. Suppose next that
exactly one of {y1 yg} belongs to Bs, say ys € Bs. It is straightforward to check that
(y1,92)° = (y1, yz) if y1 € Bo. Let Gy be the point stabilizer of point 1, then Gy is the
conjugate of Gy by 1 € Z,. Let oy be the correspondlng conjugate of 5* in GG;. It follows
that (y1,v2)”® = (y1,92)** if y1 € B1 U Bs. Hence 3 € G®. However since /3 fixes 0 and 1,
B ¢ G and so G is not 2-closed.

(2) In this case, 5* ¢ Go. Let S = 190 and let I' = Cay(Zg, S). It follows from Lemma
3.5 and Theorem 2.1 that G = Aut(I") and is 2-closed.

(3) Finally we show that Zg x (5*) is 2-closed. Let S; = 1" = {1,5} and S, = 267 =
{2}. Let I" = Cay(Zs, S1 U S2). By [12, Theorem 1.3], it is easy to deduce that I" is not
arc-transitive. Suppose g € Aut(I") such that ¢ fixes 0 and 1, it is straightforward to
check that g = 1. We conclude that Aut(I') = Zg x (5*) as required. O

Case 2: d >4

Let oo = (5%)2"" be an element of order 4 in (5*). By the analysis of action of 5*, we
deduce that « fixes By pointwise and o(a?) = 2, o(aP') = o(a??) = 4.

Suppose first that d = 4, then o = 5*. By direct computation, o2 = 852, o
and o = :ZB3.

Next suppose d > 5. Denote N = /Y Zy. Note that Ngi" = ngfz x K; where
K; = Aut(Zya—2) for each i € {1,2,3}. Since (5*)Pi is fixed point free on B; for i = 1,2, 3,
(5*)Bi = QZBZ'TZ- where 0 7é Yi € Zn and 7; € K;. Since 7; normalizes Zoa—z, ((5%)Pi)? =
gjf i(mjf "T[ V7T = alﬂ Where a9 1s some element in ng 2. By induction, we have that
foreach k > 1 ((5*) 1)F = ay,7F where alk is some element in ng 2. Since 7; € Aut(Za-2)
and d > 5, de = 1. By the order of o®i, we have that aPi = :U , where x1,x3 € Z, are
of order 4 and x5 = 297! is the unique 1nvolut10n in Z,. In addltlon, 21, = 25 = 2471,
Therefore we have proved the following lemma.

B _ }Bi

Lemma 3.7. Suppose d > 4. With above notation, let o = (5*)261_4 be an element of
order 4 in (5*). Then « fizes By pointwise, o> = (2-1)B2 oPr = 3B for some z, € Z,
with order 4 and a®* = §:§3 for some x3 € Z,, with order 4.

Corollary 3.8. Letn =2¢ for d > 4 and let Z, = (z). Suppose that G = Z,, x Gy where
Go < Aut(Z,) = ((—=1)*) x (5*). Let a € (5*) be of order 4. Then

1. the coset z+ Z; C 25 if and only if o € Gy where Z, < Z,, is the subgroup of order
4.
2. the coset z + Zy C 2% if and only if o® € Gy where Zy < Z, is the subgroup of

order 2.

Proof. By Lemma 3.7, we have that z + Z, C 290 if a € G and z + Z, C 20 if a? € Gy.

With the notation in Lemma 3.7, suppose that z 4+ Z, C 2%°. Note that z € B; or By
and z + Z4 C B; or Bj respectively. Since (—1)* interchanges B; and Bs, it is easy to
deduce that o € Gy. Similarly, if z + Z, C 290 then o? € Go. O
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Proposition 3.9. With above notation, let G = Z, x Gy < Z, x Aut(Z,) where n = 2¢
ford>4. Ifa= (5" € Gy, then (Z, x (a))? £ Z, x Aut(Z,). In particular, G is
not 2-closed on Z,,.

—B

Proof. Let 1 # 3 € Sym(Zsa) such that 3 fixes By, By, Bs pointwise and 35! = (24-1)
is of order 2. Therefore 35! = (a?)B1. We will show next that 8 € (Zya x {a))® < G®).
Take any pair (y1,y2) € Z, X Z,. If both y; and y» belong to By, then (y,4,)" =

(y1,92)* " is in the orbital (yy,12)¢. Suppose next that exactly one of {y1,2} belongs
to By, say y2 € B;. By Lemma 3.7, (y1,1)° = (yl,yg)a2 if y; € By or By. Let G3 be
the point stabilizer of point 3, then Gy is the conjugate of Gy by 3 € Z,. Let as be the
corresponding conjugate of « in G, it follows from Lemma 3.7 that (y1,y2)° = (y1, y2)
if y; € Bs. Thus 8 € (Zya x ()@ < G?). However since 3 fixes By and Bs pointwise,
B & Zy x Aut(Zya) and so (Zye x (a))® £ Zya x Aut(Zya). In particular G is not
2-closed. O]

Next we will show that if a ¢ G then G is 2-closed. Note that a ¢ Gy is equivalent
to the condition that either |Gy| < 2 or |Go| = 4 and Gy £ (5*).
We first discuss the case that a? ¢ Gy.

Lemma 3.10. With above notation, let n = 2¢ for d > 4. Let G = Z, x Gy. Suppose
o® ¢ Gy. Then G is the full automorphism group of an arc-transitive circulant and so G
18 2-closed.

Proof. Let S = 190 be the orbit of 1 under Gy, and let I' = Cay(Z,,S). Since a? ¢ Gy,
it follows from corollary 3.8 that S is not a union of cosets of any subgroup of Z,,. By
Theorem 2.1, Aut(I') = G as required. O

It remains to show that if G = Z,, x G where o? € Gy but a ¢ Gy then G is the full
automorphism group of some circulant. We will prove this in Proposition 3.15 when we
handle the more general case.

3.3 The general case.
3.3.1 The notation for the main theorem.

We explain Conditions 1.1 in more detail first.
Let
n=2MpP . pl Ay >0, dy, .. d =1t 21

where po,...,p; are distinct odd primes. For convenience, we also write p; = 2. In
addition, the notion p||n means pf|n but p“*™ f n.

Let G = Z, x Gy acting on Z, naturally where Gy < Aut(Z,). In order to reduce
the proof in the general case to the prime power case, we choose the product action form
to describe G. Let Z,, be the unique subgroup of Z, of order m for m|n. Then we may

write

L = Zoay X ZPSQ X e X prt ={(z1,...,21) = 2120 - 2|2 € prlm where p; = 2}.
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For any g = (g1,...,9t) € Zn, we have §: (z1,...,2:) = (2101, ..., 2:9:). Moreover,
Aut(Zn) = Aut(szl) X o0 X Aut(Zpdt) =D1Dy--- Dy,

where D; is the direct factor subgroup of Aut(Z,) that fixes each component of the
elements of Z,, except for the -th component. So D; = Aut(Z a;).

In fact D; induces a faithful action on the subgroup Z 4 " With notation in §3.2,
if dy > 3 then the induced action D; on the subgroup Zle is permutatlon isomorphic
to ((—1)*) x (5*)(d; > 3), the multiplicative group of units of the ring Z,a, acting on
the additive group Zse,. Let ¢ : ((—1)*) x ((5)*) — D; be the corresponding group
isomorphism.

The normalizer of Z, in Sym(Z,) is

N = Zy 3 Aut(Zy) = (Zyn 2 Aut(Zga, ) X -+ X (Z 0, % Aut(Z 4,))

acting on Z, by the natural product action. Therefore G = Zn % Gy < N has the natural
product action.

We need the following two easy observations in the proof below.
(1) Note that when i > 2, Aut(qui) = Zp-1 X Z ai-1. Conditions 1.1 [ii] is equivalent to
a; ¢ Gy where a; € D; = Z,,_; X sz'iifl is of order p;.

(2) When i = 1 and d; > 4, denote oy = ¢((5*)2" ") € Dy, then the order of a; is 4.
Conditions 1.1 [iv] is equivalent to ay ¢ Gy.

3.3.2 The proof of Theorem 1.2.

Lemma 3.11. With notation in Subsection 3.3.1, suppose G = Zn ¥ Go where Gy <
Aut(Z,). If Gq fails to satisfy one of conditions 1.1, then G is not 2-closed.

Proof. 1f condition (i) does not hold, then there exists an odd prime p; > 5 where i > 2
such that p;||n and D; < Go. In this case we take K = Z, x D;. By hypothesis, K is the
subgroup of G which fixes each component of elements of Z,, except for the i-th component.
Hence the action of K on Z, is the product action of K x {1} on Z, = Z,, x Z » where

K =~ K acts on Z,, naturally. It follows from Theorem 2.3 that K @ =(K ) X {1} By
the remark after Corollary 2.2, @ ¢ Z,, x Aut(Z,,). Since G® > K@ we have that
G is not 2-closed in this case.

If condition (11) does not hold, then there exists an odd prime p; where 7 > 2 such that
P ; € Gy in this case, we take K = qu X (;) < G. Hence the

action of K on Zn is the product action of K x {1} on Z, = Z 4, X Zn where K = K
o
acts on Z ¢; naturally. By the remark after Proposition 3.3, 2 ¢ Z a; X Aut(Z a;).
The same argurnent as above proves that G is not 2-closed in thls case elther
Suppose 24||n and d; > 3, suppose also that either condition (iii) or (iv) fails. Take
K = /Z\S x Dy if d = 3 and take K = 22?1 X (1) if dy > 4. By the same argument as
above, it follows from Proposition 3.6(1) and Proposition 3.9 that G is not 2-closed. [
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Lemma 3.12. With notation in Subsection 3.3.1, suppose G = Zn x Gy where Gy <
Aut(Z,) and Gy satisfies Conditions 1.1. Let S = 290 where Z, = (z), and let I' =
Cay(Z,,S). Then exactly one of the following holds.

1. G 1is the full automorphism group of I' and so G s 2-closed and can be represented
by an arc-transitive circulant.

2. 24||n, dy >4, and o? € Gy N Dy.
3. 23||n, and D1 N GO = <§Z5(5*)> = ZQ.

4. n=4m where m > 1 is odd. Dy NGy = Dy = Zs, that is Gy = Aut(Zy) x K where
K < Aut(Z,,).

Moreover, in the latter three cases, I = X[K)] is a lexicographic product and the pointwise
stabilizer of {1, z} in Aut(T') preserves each coset of Zs.

Proof. Suppose that G is not the full automorphism group of I'. By the condition (i),
for any odd prime p; > 5 such that p;||n, we have Gy # Aut(Z,,) x H for some H <
Aut(Z,,,). It then follows from Theorem 2.1 that case (b) of Theorem 2.1 occurs for I'.
That is n = bk > 4 where b > 2 and I' = X[K,]. Moreover, the group Z, has a subgroup
Y of order b and S is a union of Y-cosets each consisting of generators for Z,,.

Recall that n = 2%pd...p%  Suppose that p;|b for some j € {1,...,t}. Then
2Z,, C S where Z,, is the subgroup of order p; and d; > 2 by Theorem 2.1 (b). Let
z = (21,...,2) where z; is a generator of qui for each i. Thus 27, C S = 250 implies

that 2;Z, C szijO
that b = 2! is a power of 2. Similarly, by Corollary 3.8, Lemma 3.5 and the action of
Aut(Z,), the condition (iii) and (iv) imply that b must be 2 and one of cases 2-4 happens.

Suppose next that one of cases 2-4 occurs. Thus I' = X[K,] where ¥ = Cay(Z,,/Z,, S)
and S = {sZ,|s € S}. Moreover, by [14, Lemma 2.3], the set {xZ,|z € Z,} forms a block
system of Aut(I'), and so Aut(I') = Z5  Aut(X).

Let Gy = Go/{a?) in case 2, and let Gy = Go/(D; N Gy) in case 3 or 4. Then
Go < Aut(Z,/Z,) and S = (27Z,)%. Note that Gy satisfies Conditions 1.1, it follows that
S is not the union of cosets of any subgroup of Z,/Z,. By Theorem 2.1, ¥ is normal and
Aut(X) = (Z,/Z,) x Gy. Therefore the pointwise stabilizer of {1, 2z} in Aut(T') preserves
each coset of Z,. O

in the j-th component. By Corollary 3.2, the condition (ii) implies

Remark: Suppose G satisfies Conditions 1.1. By the above lemma, G can be represented
by an arc-transitive circulant if and only if G does not arise in any of the cases 2-4 of
Lemma 3.12.

Next we will show that if one of cases 2-4 occurs then there exists a circulant I' which
is not arc-transitive such that Aut(I') = G. We discuss case 4 first.

Lemma 3.13. Suppose n = 4m where m > 1 is odd and G = Zy,, X Gg where Gg =
Aut(Zy) x K and K < Aut(Z,,). Suppose further that Gy satisfies Conditions 1.1. Then
G is 2-closed and can be represented by a circulant.
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Proof. Let z = 2129 € Z4,, where 2z is a generator of Z, and 25 is a generator of Z,,. Let
S; = 2% and I'y = Cay(Zyn, S1). By Lemma 3.12, S is the union of some cosets of Z, =
(22). Let Sy = 25° C Z,, and Ty = Cay(Zyy, Ss). Thus By = Z, By = 22y, By = 2*Z,,
and Bs = 237, are the connected components of I's.

Let S = S;U S, and T' = Cay(Zym, S). Suppose first that I" is arc-transitive. Note
that S consists of elements of order 4m and S5 contains elements of order m. We observe
that S is not the union of cosets of any subgroup. By [12, Theorem 1.3], T' = X[K;] — b.%
where n = br, 4 < b < n and ged(b,r) = 1. Thus writing Z, =Y x M with Y = Z, and
M = Z,, we have that S = Y\ {1} xT and 7" C M\ {1}. Analyzing the orders of elements
of S, we have that b = p; is prime, p; > 5 and p;||m as (b,7) = 1. As z¢o Cc Y \ {1} x T,
D; = Aut(Z,,) C Gy, contradicting the condition (i). Thus I' is not arc-transitive.

Let P be the point stabilizer of Aut(I') on vertex 1. Since P > Gy, P has two orbits
Sy and Sy and so Aut(I") = Aut(I'y) N Aut(ly)

Assume that g € Aut(T') fixing 1 € By and z € B;. Consider 2 € By N zS; which
is adjacent to 2. Tt follows from Lemma 3.12 that g fixes each coset of Z, = (2%).
Hence (22)7 € {22, 2222} = 227, and ¢ fixes both z € By and 2z € Bs. Moreover, as
g € Aut(I'y), we conclude that ¢ must fix By, By, By and Bj setwise. Therefore, g fixes
22, Continuing in this fashion, we conclude that g fixes 23, 2%, ... and so on. Thus g = 1
and P = Gy. It follows that Aut(I') = G as required. O

It remains to handle case 2 and case 3 in Lemma 3.12. By Lemma 3.12, we may
suppose that 8|n and G = 7. x G where Gy < Aut(Z,). Let S; = 2 where Z,, = (2)
and let Sy = (22)% C Z,/5 = (2%). We construct I' = Cay(Z,, S1US;). We will show that
I" can represent G in both case 2 and case 3. In order for proving this, let I'y = Cay(Z,,, S;)
and T'y = Cay(Z,,S2) we need to study I'y and I';. Note that I'; has been studied in
Lemma 3.12. We study I'y in the following lemma.

Lemma 3.14. Suppose that case 2 or 3 of Lemma 3.12 occurs. With above notation,
we have that Ty = 2.Cay((2%),S,). Let Az = Aut(Cay({z?),5,)) and Ay = Aut(T,).
Then Ay = Azl Zy. Moreover, Cay((z?),S2) is a mormal arc-transitive circulant and

As = (22) x G5

Proof. Let A; = (2%) and Ay = 2(2?). Then T’y = 2.Cay(({z?), S) such that A; and A,
are two connected components of I's. Thus Ay = A3 Zs.

Let Gy = Go/{a?) in case 2, and let Gy = Go/(D; N Gy) in case 3. Note that Gy
preserves Ay, it is easy to check that the induced permutation group GOAl ~ Gy and
G5 < Aut((2?)). Also S = (22)G0Al is an orbit of G5. Since Gy satisfies conditions
in Theorem 1.2, Sy is not the union of cosets of any subgroup of (z?). By Theorem 2.1
and Conditions 1.1, we conclude that Cay((z?), S3) is normal and Aut(Cay((z?),S)) =
(2%) x G5 O

Proposition 3.15. With notation in Subsection 3.3.1, suppose G = Z, x Go where
Go < Aut(Z,) and Gq satisfies Conditions 1.1. Suppose further that case 2 or 3 of Lemma
8.12 occurs. Let Sy = 290 where Z, = (2) and let Sy = (22)%°. Let I = Cay(Z,,S;1 U S,)
and let P be the point stabilizer of vertex 1 in Aut(I'). Then
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1. T s not arc-transitive, and S, Sy are two orbits of P.
2. For any g € Aut(I") such that g fizes 1 and z, we have that g = 1.
3. Aut(l') = G = Z, x Gy. So T is normal and G is 2-closed.

Proof. (1) Suppose, to the contrary, that I' is arc-transitive. Note that S; consists of
elements of order n and Sy contains elements of order n/2 # n. Also observe that S is
not the union of cosets of any subgroup. By [12, Theorem 1.3], I' = X[K;] — b.2, where
n=>br,4<b<nandged(b,r) =1. Thus writing Z, =Y x M withY = Z, and M = Z,,
we have that S =Y \ {1} x T and T'C M \ {1}. Analyzing the orders of elements of S,
by conditions (i)(ii) we have that b = 4. As (b,r) = 1, 4||n, contradicting the fact that
8|n. Thus I is not arc-transitive. As P > G, Sy, Se are two orbits of P.

(2) Let I'y = Cay(Z,,S:1), I'y = Cay(Z,,S5;) and A; = Aut(I'y), Ay = Aut(I'y). It
follows from (1) that Aut(I') = A; N As.

Let g € Aut(T") such that ¢ fixes 1 and z. By Lemma 3.12, g preserves each coset
of Z, and so (22)9 € {22, 222"/2}. Moreover, since z> € Sy and g preserves Sy, we have
(2%)9 € Sy. By the proof of Lemma 3.14, we have that 22Z, ¢ S, and so 2222 ¢ Ss.
Thus g fixes z2. Let A; = (2%) and Ay = 2(2?) be two connected components of T'y. By
Lemma 3.14, g®t € Aut((z?)) fixes A; pointwise. Now g fixes z and 2? and consider (2*)9.
Using the same argument we deduce that g fixes A, pointwise and so g = 1.

(3) It follows from (2) that P = G and so A = G = Z, x Gy. Therefore T' is normal
and G is 2-closed on Z,. O

Theorem 1.2 now follows from Lemma 3.11, Lemma 3.12, Lemma 3.13 and Proposition
3.15.
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