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Abstract

A theorem of Meinardus provides asymptotics of the number of weighted par-
titions under certain assumptions on associated ordinary and Dirichlet generating
functions. The ordinary generating functions are closely related to Euler’s gener-
ating function [[p2, S(2*) for partitions, where S(z) = (1 — 2)~!. By applying a
method due to Khintchine, we extend Meinardus’ theorem to find the asymptotics
of the Taylor coefficients of generating functions of the form [[r; S(axz*)% for se-
quences ag, by and general S(z). We also reformulate the hypotheses of the theorem
in terms of the above generating functions. This allows novel applications of the
method. In particular, we prove rigorously the asymptotics of Gentile statistics and
derive the asymptotics of combinatorial objects with distinct components.

Keywords: Meinardus’ theorem; asymptotic enumeration; Dirichlet generating
functions; models of ideal gas and of quantum field theory

1 Introduction

Meinardus [11] proved a theorem about the asymptotics of weighted partitions with
weights satisfying certain conditions. His result was extended to the combinatorial objects
called assemblies and selections in [5] and to Dirichlet generating functions for weights,
with multiple singularities in [7]. In this paper, we extend Meinardus’ theorem further to
a general framework, which encompasses a variety of models in physics and combinatorics,
including previous results.

Let f be a generating function of a nonnegative sequence {c,, n >0, ¢y = 1}:

f(Z) = Z ann’ (1)

n=0
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with radius of convergence 1. As an example, consider the number of weighted partitions
¢, of size n, determined by the generating function identity

chzn = H(l — M ] < 1, (2)
n=0 k=1

for some sequence of real numbers b, > 0, k > 1. If b, = 1 for all £k > 1, then ¢, is the
number of integer partitions. Meinardus [11] proved a theorem giving the asymptotics of
¢, under certain assumptions on the sequence {b}.

The generating function in (2) may be expressed as []p, (S (zk))bk, where S(z) =
(1 — 2z)~!. This observation allows the following natural generalization. Let f in (1) be
of the form:

F(2) =T (Staxz™)™, (3)
k=1
with given sequences 0 < ax < 1, b = 0, k£ > 1, and a given function S(z).

This is a particular case of the class of general multiplicative models, introduced
and studied by Vershik ([16]). In the setting (3), in the case of weighted partitions,
a combinatorial meaning can be attributed to the parameters ay, br. Namely, if by = 1,
then a; can be viewed as a properly scaled number of colours for each component of size k,
such that given [ components of size k, the total number of colourings is al. Equivalently,
to each particular partition of n, say n =Y, jiki, is prescribed the weight [, ai’l. On
the other hand, if a;, = 1, then given [ components of size k, the total number of colourings
equals the number of distributions of by indistinguishable balls among [ cells, so that in
this model b, has a meaning of a scaled number of types prescribed to a component of
size k.

Yakubovich ([18]) derived the limit shapes for models (3) in the case ap = 1, k >
1, under some analytical conditions on S and b;. Note that past versions [5]-[7] of
Meinardus’ theorem deal with the asymptotics of ¢,, n — oo, when a, = 1, k > 1,
for three cases of the function S, corresponding to the three classic models of ideal gas
in statistical mechanics, namely, Maxwell-Boltzmann, Bose-Einstein and Fermi-Dirac.
They are mathematically equivalent to aforementioned combinatorial models: assemblies,
weighted partitions and selections, respectively. In this context, n is a total energy of a
system, which is partitioned into integer energy levels kq, ..., k,, so that n = j1k +... +
Inkn, Where jq, ..., J, are occupation numbers which are equal to the numbers of particles
at corresponding energy levels.

Our objective in this paper is to derive the asymptotics ¢,, n — oo, in the general
framework (3). We suppose that S(0) = 1 and that S(z) can be expanded in a power
series with radius of convergence > 1 and non-negative coefficients d;:

SOEDILS @

THE ELECTRONIC JOURNAL OF COMBINATORICS 22(4) (2015), #P4.32 2



with dy = 1, and that log S(z) can be expanded as
log S(z) = &7, (5)
j=1

with radius of convergence 1. We note that the assumption d; > 0, j > 0 is necessary for
the implementation of the Khintchine probabilistic approach (see (19),(21) below).

From (3) and (5) one can express the coefficients Ay, of the power series for the function
log f(z), with radius of convergence 1:

log f(2) = ZAkzk, Ay = Z bjaf/jﬁk/j. (6)
k=1

Jlk

We define the Dirichlet generating function for the sequence Ay :
D(s)=> Ak, (7)
k=1

which by virtue of (6) admits the following representation
D(s) =D > bi&a(k) ™, (8)
k=1 j=1

as long as R(s) is large enough so that the double Dirichlet series in (8) converges abso-
lutely. If ay =a, 0 <a <1 forall k> 1, then D(s) can be factored as

D(s) = Dy(s)Dg,a(s), (9)
where .
Deals) =Y a'g5
j=1
and

Db<8) = ibkk'_s. (10)
k=1

The greater generality of (3) than in previous versions of Meinardus’ theorem will allow
novel applications. The proof of Theorem 1, stated below, is a substantial modification
of the method used in [5, 6, 7].

We suppose that A, and D(s) satisfy conditions (1) — (1), which are modifications
of the three original Meinardus’ conditions in [11].

Condition (I). The Dirichlet generating function D(s), s = o + it is analytic in the
half-plane ¢ > p, > 0 and it has » > 1 simple poles at positions 0 < p; < p2 < ... < py,
with positive residues Ay, As, ..., A, respectively. It may also happen that D(s) has a
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simple pole at 0 with residue A,. (If D(s) is analytic at 0, we take Ay = 0). Moreover,
there is a constant 0 < Cy < 1, such that the function D(s), s = o +it, has a meromorphic
continuation to the half-plane

H = {S o= Co}
on which it is analytic except for the above r or r + 1 simple poles.
Condition (II). There is a constant C; > 0 such that
D(s)=0 (|t|01) , t—o00

uniformly for s = o + it € H.
Condition (II1).
The following property of the parameters ay, by holds:

bpal> > Cok? ™' k>1, Cy >0, (11)
where
lo = mll’l{j >0 dj > 0} (12)

Moreover, if [y > 1 then for some fixed € > 0 and for small enough ¢,
Pr -1
2ZAke sin?(rka) > (1 +24 e) logd], (2)'<lal<1/2, lo>1, (13)

where Ay is as defined in (6).
In order to state our main result, we need some more notations, which were also used
n [7]. Define the finite set

r—1

{de —pr): dy € 7, Z&k22}ﬂ(0,pr+1}, r>1, (14)

k=0

where we have set pp = 0 and let Z, denote the set of nonnegative integers. Let 0 <
o <oy <o < g < pr + 1 be all ordered numbers forming the set Y,. Clearly,

a; = 2(pr — pr—1), if the set Y, is not empty. We also define the finite set
T, =T, U{p,—pe: k=0,1,....r —1}, (15)

observing that some of the differences p, — pr, k=0, ...,r — 1 may fall into the set T,.
We let 0 < Ay < Ay < -+ < Ay, be all ordered numbers forming the set T,.

Theorem 1 Suppose conditions (I) — (I11) are satisfied.
Suppose that ¢, has ordinary generating function of the form (3), where 0 < ap < 1
and by = 0, k > 1, that (11) in Condition (I11) is satisfied for a constant Cy > 0, and

that
2

d52logS( Y>0, ¢>0. (16)
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We then have, as n — oo,

24pr—2A —As
Cp ~ Hn 2(ppr+1)0 exp (Z Pl npr+1 + Z hl Z Kslnprfwrl >’ (17)

s:As<py

where H, P, h; and K, are constants. In particular, if r = 1, then Ky; = 0 for all s and
L,

1 !
P = (1 + p—) (AT (py + 1))/ HD
1

and
1-2A
H =% (2014 p1)) V2 (AT (py + 1)) 2010
where
O = lir%(D(s) — Aps™) (18)
5—

and v is Euler’s constant.

Remark The sums in (17) could be taken from [ = 1 to r and Py and fLOKO,g absorbed
into H, but we prefer not to do that as the constants in (17) arise naturally from the
proof of Theorem 1. The constants P, K, in (17) are calculated by the recursive method
of [7]. We do not repeat the description of the method here.

Theorem 1 generalizes the seminal results by Khintchine [10] and Meinardus [11], as
well as their extensions in [5, 7], and implies the results therein, including expansive
weighted partitions, for which S(z) = (1 —2)"Y ap =1, k> 1 and by = k"', k > 1 for
some r > 0.

Example This example shows that (11) is not implied by the other hypotheses of
Theorem 1. Let a; = 1 for all k, let b, = k**~! and let & = k”2~1, where 0 < p; < po.
Then, D¢1(s) = ((s+ 1 — pa), Dp(s) = ((s+ 1 — py1), where ¢ is the Riemann zeta
function, and D(s) = Dy(s)D¢1(s) has simple poles at p; and p,. Moreover, S(z) =
exp (Dope; kP2712*) has radius of convergence 1 and it is easy to check that (16) is satisfied.
However,(11) is violated.

As in [5]-[7], the proof of Theorem 1 is based on the Khintchine type representation
10

Cp = e"‘sfn(e"s)IP’ (U,=n), n=>=1, (19)

where § > 0 is a free parameter,

S (a2t (20)

=

fn(z) =

k

Il
i

is the n-truncation of f in (3), and U,, n > 1 are integer-valued random variables with
characteristic functions defined by

n 27rikza—k§) b
Pn(a) = E (e™U) H , n=1 «a€eR. (21)

Pt akeflw)
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Khintchine established (19) for the three basic models of statistical mechanics. For general
multiplicative measures (19) was stated in equation (4) of [5]. It remains to analyze each
of the three factors of the right hand side of (19).

The proof of Theorem 1 is similar in form to proofs in [5, 6, 7], however there are
notable differences. The form of the generating function f(z) in (3) is much more gen-
eral than in the cases of the aforementioned classic combinatorial structures(=models of
statistical mechanics). Also recall that in the previous papers, the parameters a; in (3)
were always taken to be equal 1. However, we still have a nice representation of D(s)
given in (9), which allows us to proceed with the Meinardus-Khintchine method. The
basic method of proof is an analysis of the three factors of (19) when ¢ = ¢, is chosen to
be the solution of the equation EU,, = n, n > 1. The convexity assumption (16) is made
in order to guarantee that there exists a unique solution 4,, whose asymptotics we may
obtain. Regarding conditions (1), (II), and (I11), conditions (I) and (I]) are similar to
the corresponding conditions in [7], in which Dirichlet generating functions with multiple
poles were considered. An asymptotic equation for d, is obtained from condition (/) and
(II) by using Mellin transforms and then changing the contour of integration. Assump-
tion (13) of Condition (/I1) is stronger than the original condition of Meinardus, however
here it is used to prove a local limit theorem, the proof of which requires, in addition,
assumption (11), which involves both a; and by.

The proof of Theorem 1 is contained in Appendix A.

Two historical remarks

1. Khintchine’s probabilistic approach for asymptotic enumeration resulted in the
representation (19). Explaining his idea to replace the saddle point method with a local
limit theorem, Khintchine wrote in [10]:” ... the main novelty of this approach consists of
replacing the complicated analytical apparatus (the method of Darwin-Fowler) by .. .the
well developed limit theorems of the theory of probability ...that can form the analytical
basis for all the computational formulas of statistical mechanics.” In [5], the practical
advantages of this idea regarding the asymptotic problems considered was explained.

2. The Khintchine-Meinardus method used in this work covers a variety of models
given by generating functions F(8) = f(e%) exhibiting exponential asymptotics, as § —
0% (see Lemma 1 below) which are essentially implied by Meinardus Condition 1 of the
main theorem. In this connection note that there exists a rich literature (see e.g. [2])
devoted to the case of moderately, i.e. non exponentially, growing F(6), 6 — 0. Such
models are studied by a quite different singularity analysis.

2 Gentile statistics

Gentile statistics is a model studied in physics [4, 13, 15], which counts partitions of an
integer n with no part occurring more than n—1 times, where 1 > 2 is a parameter. When
1 = 2, Fermi-Dirac statistics are obtained and when 1 = co, Bose-Einstein statistics, with
uniform weights by = 1, k > 1 result. As far as we know, no rigorous derivation of the
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asymptotics of Gentile statistics has previously been given, although Theorem 2 below
was anticipated in approximation (23) of [13]. In this work we derive the aforementioned
theorem as a special case of our Theorem 1.

Gentile statistics are Taylor coefficients of the generating function

f(z) = H 1—Zk, |z] <1, 71> 2 is an integer.
—z
k=1

We remark that there is another natural interpretation of the Gentile statistics, which
is the number of integer partitions with no part size divisible by 7, where part sizes can
appear an unlimited number of times. Gentile statistics fit into the framework (3) of
Theorem 1 with

1—2"

S(z) = , , |z] <1, m>2 is an integer
-z

and a, =b, =1, k>1.

Theorem 2 Gentile statistics have asymptotics

[ K
o~ | L3R
47

k=14/C2)(1 =n71), mn>=2 is an integer.

where

Proof We will show that all the conditions of Theorem 1 are satisfied for Gentile statistics.
In order to show that (16) holds for n > 1, we calculate

d2 s 66 ,,7267]5
357085 = Gy T e oy
We have
d n¥” e [e"(2—dn) — (24 6)]
dn (e —1)2 (em —1)3
ne™g(nd)
(em —1)%

where g(z) = e*(2—x)—(2+x). Taking the derivative of g produces ¢'(z) = e*(1—2)—1 <
0 for > 0, which, together with ¢g(0) = 0, implies that g(x) < 0 for > 0. Combining
this with the fact that % log S(e7?) = 0, if n = 1, we conclude that (16) holds, for all
n> 1.

It remains to be shown that conditions (I) — (I11) are satisfied for the model consid-

ered. We have
O X, [ LIk Likn
log £(2) = (—. - —.) <,
- J J
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and so, by (6), (7) and (8),

D(s) = > 1( _(jk‘?)s)

1j=

= ((s)C(s + )T =7n").

Conditions (/) and (II) are satisfied with any 0 < Cj < 1 because of the analytic
continuation of the Riemann zeta function and the well known bound

Cle+iy) =O(lyl%), y— oo, (22)
for a constant C' > 0, uniformly in z. It is easy to check that Iy = 1 and byay, = 1 = kP,
where p; = 1, and so (11) is satisfied. Hence condition (/1) is satisfied. Moreover,

r=1,po=0,p1 =1, Ag=1limsD(s) =0, 4; =((2)(1 —n"),

s—0
0= lin(l) D(s) = ¢(0) logn.

By the argument preceding Proposition 1 in Appendix A, this says that the integrand
9,°T'(s)D(s) has a simple pole at s = 0 with residue © = ((0)logn and a simple pole at

s = 1 with residue ¢(2)(1 — )5 1. As a result, in the case considered &, = hj/*n=1/2 —

A~ C
2 hon !l 4+ O(n~ 2 1), Where hy and hg are defined by (35) and (36), and we arrive at
the claimed asymptotic formula for ¢,,. [

3 Asymptotic enumeration for distinct part sizes

Weighted partitions fit our framework (3) with S(z) = (1 —2)"!, a, = 1, k > 1 and
weights b,. When b = 1, k > 1, Theorem 1 gives the principal term in the asymptotical
expansion of the number of partitions of n, obtained by Hardy and Ramanujan in their
famous paper [9]. If S(2) =1+ 2, a, =1, by = k"%, r >0, k > 1, then ¢, enumerates
weighted partitions having no repeated parts, called expansive selections. The asymptotics
of expansive selections were also studied in [6].

In this section, we find the asymptotics of ¢, induced by the generating function

oo
:g Cn 2"

n=0 k=

[e o]

(14+ k7925, |2] <1, ¢>0. (23)
1

The model fits the setting (3) with S(2) =1+2, by =1, ap =k~ k> 1 and it can be
considered as a colored selection with parameter k£~ proportional to the number my of
colors of a component of size k, e.g. m;, = y*k~9, for some y > 1. A particular case of the
model, when ¢ = 1 was studied in Section 4.1.6 of [8] where it was proven, with the help
of a Tauberian theorem, that in this case

lim ¢, = e 7 (24)

n—o0
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and it was established the rate of convergence of ¢,, n — oco. Also, in [8] it was shown
that ¢, is equal to the probability that a random polynomial of order n is a product of
irreducible factors of different degrees. In [12], Section 11, it was demonstrated that ¢,
can be treated as the probability that a random permutation on n letters has distinct
cycle lengths, and another proof of (24) was suggested. The generating function (23) is
discussed in [2] and the method therein applied when ¢ > 1 to give the rate of decay n™?
of ¢,, up to an unspecified constant. By elementary techniques we show below that for
q>1, ¢, ~W(g)n? where W(q) := >~ ¢, In Appendix B, an expression for the
constant W (q) as an infinite product is derived.

Finally, note that in [12], (11.35), it was shown that for ¢ = 2, the generating function
f(2) can not be analytically continued beyond the unit circle.

Theorem 3 Let -
ch = H (1+k7%25), 2| < 1.
k=1

If 0 < g < 1, then ¢, has asymptotics given by (17) with r = max{j > 1:1—¢qj > 0}
and pp =1— ql, l=1,...r. If ¢ > 1, then, for a constant W(q) > 0 depending only on q,

Cn ~ Wi(gn™4, (25)
asn — 0o.

Proof
The case 0 < g < 1.
We will apply Theorem 1. Assumption (16) is easy to verify. We have

log f(= Zlog(l—i— ) I g <t
and so, by (6) and (8),
D(s) = D(s;q) = Z Z(_lyil (kj)_ - <s 1]3;5+qy

k>1 j>1

We claim that the function D(s;q) allows analytic continuation to the set C except for
the polesin H, :=={s=1—-¢j, j=1,2,..., ¢ < 1}. Changing the order of summation,
we write

O
ZZ SHW] =Y 5 C(s+aj), R(s)>0,s¢H.  (26)
=1 k>1 j>1 J
Note that

¢( - =14 P(s;),
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where the function ®(s;¢) is analytic for s € C\ H,, and moreover
O(siq) =0(27"), j—oo, >0,
uniformly in s from any compact subset of C\ H,. This implies that the series
(-1~
) o 2(s59)
Jj=1

converges absolutely and uniformly on any compact subset of C\ H,. By the Weierstrass
convergence theorem, this implies that the series above is analytic in the above indicated
domain. Since the function

> (_jffl - (2 1) + 1)

j=z1

is analytic in C, our claim is proven. This allows us to conclude that condition I of
Theorem 1 holds with » = max{j > 1 : 1 — ¢j > 0} simple positive poles at p, =
1—q(r—1+1),1=1,...r and with 0 < Cy < 1 defined by

f(r+Dg—1—¢ O<e<(r+1l)g—1, if (r+1)g<2
| any number in (0, 1), if (r+1)g > 2.

Condition (I7) follows from (22) and (26). Finally, [, = 1 in the case considered
because S(z) = 1+ z and byar, = k9 = kP! and so (11) is satisfied. Hence condition
(I117) is satisfied, by Lemma 1 in [5] which states that the bound (11) on by supplies (13).

The poles p; = 1 — gl are such that their differences are multiples of ¢ and so T,
defined by (15) will contain the multiples of ¢ in (0, p, + 1]. However, the set T, defined
by (14) may contain additional elements. For example, taking dy = 2 and all other d, = 0
in (15) gives 2p, = 2(1 —¢) <2 —q = p, + 1 and so 2p, € T,. It will be the case that
3p, € T, if and only if ¢ > 1/2. The set T, defined by (15) will also contain p, (taking
k = 0). Thus, the A\s; will contain the multiples of ¢ and of p, =1 — ¢ in (0, p, + 1]. The
coefficients K, in (17) are implicitly given by the recursion

.
néPrtt — E hy6Fr =Pk = o(n™1),

k=0

which comes from Proposition 1 of [7]. Note that the definition of Y, is motivated by the
solution of the above recursion. To find the K; in examples such as this one, for which
0, has a series expansion, one would probably want to find the asymptotic solution of the
recursion above by computer.

The case g > 1.
Theorem 1 is not applicable in this case, because all poles 1 —¢qj, 7 > 1, ¢q > 1 of the
function D(s;q) in (26), are negative. From

f(z) = H(l + 2P = chz”, 2| <1, co=1 g>1 (27)
k=1 n=0
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we have
o

FO=TJa+k =W() <0, g>1, (28)

k=1

since the convergence of the infinite product in (28) is equivalent to the convergence of
the series

Z k™1 < oo, ¢q>1.
k=1
By (27) and (28),
W) = en g1 (29)
n=0
In proving that lim,, ., n%, = W(q), we define

1(1+1)/2

)
S e
k=0

Two key facts follow from the definitions of f and f;:

i) =TT+ 2% =

0<cd <ep, 1<l<k; V=cp, 12k k=0,1,...1, (30)

Also note that cg) counts the number of distinct partitions of k with parts at most [ and

that
(n—k—1)(n—k)

2 Y

AP 00 k> (31)

1(1+1)
2

because fi(z) is a polynomial in z of degree . From (27) we obtain the recurrence

relation

cn =n"lcg+(n—1)"% 4+ -+ (n—n")"c,

(= = )Y 2 ), 22 (32)

where, by virtue of the second fact in (30),

(%], if n is odd;

| —1, ifnis even.

The condition (31) is equivalent ton —1 >k > k! :=n+ % — %\/871 + 1 and it expresses
the fact that dictinct partitions of kf ~ n — v/2n, n — oo with largest part at most
n—k ~+/2n, n — oo do not exist. Hence, (32) can be written as

Y — kY " n—k\ ? 5 n—k\"" k1
nle, = E ( - ) cr + E ( - ) cr + E ( - ) c,(C ), (33)
k=0 k=n¢+1 k=n*+1
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for some € > 0. The expression (33) and the first fact of (30) imply the bound

k*

n—k\ n—Fk\ !
9 < n < n _ q/2
ncn\( - ) ch\< - ) Wi(q) = O(n?%), n — oo,
k=0
and so
cn=0(n"9?%), n— oo
The first fact of (30) now produces ¢ ¥ < ¢, = O(k~9/2), which implies that the

third sum of (33) is of order

0(1) i (”_k@)_qck:()(m(M)_q S a0,

n
k=n*+1

where the last step holds because lim,,_, M = /2 and because the last sum is
the tail of a convergent series. Similarly, in the second sum, "T_k > "_n"* > 1/2, which
implies that the second sum also vanishes as n — o0o. As a result, the main contribution
comes from the first sum, for which ”T_k T 1 termwise as n — 00, so that the limit of the
first sum as n — oo is W (q) by dominated convergence. ]

Remark: Comparing the asymptotics of ¢, in the cases 0 < g < 1,¢g=1and g > 1

it is clearly seen that ¢ = 1 is a point of phase transition.

Appendix A The proof of Theorem 1

The first step in the proof is to find the asymptotics of F(§) := f(e™°), as § — 0%, because
that will help us estimate f,(e~°) for an appropriate choice of § = d,. This is done in
Lemma 1 below by using the Mellin transform method of Meinardus and Condition (I)
on the poles of D(s). In the probabilistic approach initiated by Khintchine, the free
parameter 0 = 4,, is chosen to be the solution of the equation

EU, =n, n> 1. (34)

We introduce the notations
ho=ph, l=1,.. .7 (35)
ho = — A, (36)

where the h; are defined in (45). In Proposition 2 below we use the fact that the equation
(34) for 6,, can be written as

/

(~log(fue™))  =n, n>1 (37)

0=0n
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to derive the facts (38), (39), and (40). In [7], by a careful analysis of the equation (37)
the following expansion of 9,,, n — oo was derived:

[Tr|
50 = (hy)7Pin m T + 3 Ko~ wt 4 o(nY), (38)
s=1

where K, do not depend on n, and the powers A, are as defined in (15). In [7] it was also
shown that

fule™) ~ F(8,), n — oo, (39)

and, moreover, that

(log fu(e™), = (log F(8));, + ex(n). (40)

for k=0,1,2,3, where ¢,(n) -0, n—o0, k=0,1,2,3.

We now analyze the three factors in the representation (19) when 6 = J,, is given by
(38).

(i) It follows from (38) that the first factor of (19) equals

nén __ 7 pr+l P T_)\lg
e —exp{(h ) nat 4 K.on'ortt 4 ¢, } (41)

5: s <pr

where A\; € T, and ¢, — 0, n — o0.
(7i) For [ =0,1,...,r

(00) " = ()™ 07+ Y Kn T+ (D),

s:As<py

where €,(I) - 0, n — oo, [ = 1,2,...r, and where the coefficients K, are obtained
from the binomial expansion for (6,) ”, based on (38) and the definition (15) of the set
T,. Consequently, substituting § = 4,, into the expression (44) for F(d) in Lemma 1 below
gives

log fn Z hl MHTLWH + Z hy Z K, an pr+1 +

s:As<py

A A .
( 0 logn — 0 log hr> + €, €, — 0, n — 0. (42)
pr+1 pr+1

(77i) The asymptotics of the third factor of (19) are given by Theorem 4, which is a
local limit theorem, and which is proved using condition (I17). The proof uses ideas from
[3]. As a result of Theorem 4, we have

1 2+pr 2+pr

il ) (pr+1) n_ 2(pr+1) n — oo
vV 27TK2 ( ’ ’

for a constant Ky = h,.p.(p- + 1).

P(U,=n) ~
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Finally, to completely account for the influence of all » 4+ 1 poles pg, p1,..., pr, We
present the sum of the expressions (41), (42) obtained in (i),(ii) for the first two factors
in the representation (19) in the following form:

n(S _I'logfn Zplnﬂrﬂ +Zhl Z K lnpr+1

s:As<py

—l—( Ao lo Ao
n_
o1 8T

r

log BT> + €n,

where P, denotes the resulting coefficient of =y
If » = 1, then (37), (62) produce

n=h16, """+ hodt + 0650 +e(n),

with e(n) — 0, n — oo, which is analogous to equation (54) of [5]. The previous equation
can be inverted as in [5], giving

~

s ho
8y =h 0T 4 —= 7l O A, 43
1 0 O (43

ﬁ:{ plc_?_p if p12007

ﬁ, otherwise.

Substituting (43) into the previous asymptotic estimates of the three factors in (19),
obtained in (7) — (#ii), proves the asymptotic formula (17) for ¢,.

where

We now present the results to which we refered in the summary above.

Lemma 1 (i) Asd — 07,

F(6) = exp (Z hid~P — Aglog é + M (9, C’O)> : (44)

1=0

where 0 < Cy < 1, pg =0,
hl = Alr(pl)7 | = 1,...,’/", (45)
hO = 00— IVAO)
1 —Cp—+ioco
M(5;Cy) = — §7°T(s)D(s)ds = O(6°), 6 — 0,
27TZ —Co—1i0c0

and where © is as in (18).
(ii) The asymptotic expressions for the derivatives

<log .7-"(5)) "

are given by the formal differentiation of the logarithm of (44), with
(M(5;CoNF = O(6% k), k=1,2,3, 6§ — 0.
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Proof We use the fact that e, u > 0, is the Mellin transform of the Gamma function:

1 V4100
et = 5 u °I'(s)ds, u>0, R(s)=v>0. (46)

V—100

Applying (46) with v = p,. + €, € > 0 we have

log F(8) = Y bylogS (are )

k=1

= Z by Z fjaie_éjk
k=1 j=1
X 1 €+pr+ioco

= Zzbk&aiQ_ﬂ'i/ ' (07k)°T'(s) ds
k=1 j=1 etpr—ico

1 e+pr+00

= — 07T(s) > Y bijaj(jk) " ds

2700 J ey po—ico k=1 j=1
1 €+pr—+ico .

= 5 . 0 °T'(s)D(s)ds, (47)
where we have used (6),(7) and (5)-(8) at (47). Next, we apply the residue theorem for
the integral (47), in the complex domain —Cy < R(s) < pr + ¢, with 0 < Cp < 1,¢ > 0.
By virtue of condition (/), the integrand in (47) has in the above domain 7 simple poles
at pp > 0, Il =1,...,r. The corresponding residues at s = p; are equal to: A;,0~"T'(p),
l=1,...,r.

By the Laurent expansions at s = 0 of the Gamma function I'(s) = % —v+...,and
the function D(s) = 242 + © + - -, the integrand §—*D(s)['(s) may also have a pole at
s = 0, which is a simple one with residue O, if Ag = 0,0 # 0, and is of a second order with
residue © —yAy — Aglogd, if Ag # 0. In the case Ay = © = 0, the integrand 6 *D(s)['(s)
is analytic at s = 0.

To apply the residue theorem, we bound the aforementioned domain by two horizontal
contours |J(s)| = ¢t > 0. By condition (/I), the integral of the integrand 6—*I'(s)D(s),
over the horizontal contours —Cy < R(s) < € + p,, |S(s)] =t > 0, tends to zero, as
t — oo, for any fixed § > 0. This gives the claimed formulae (44), where the remainder
term M (9; Cp) is the integral taken over the vertical contour —Cj + it, —oo < t < 00.
This proves (7).

In order to prove (ii), one differentiates the logarithm of (44) with respect to § and
estimates the remaining integral in the same way as above. ]

We will need the following bound on by.

Proposition 1 Let the double series D(s) defined by (8) converge absolutely in the half-
plane R(s) > p, for some p > p,. Then the following bound holds

bpal = o(kF), k — oo, (48)
where ly is defined by (12).
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Proof We observe that [y defined by (12) satisfies

lp=min{j > 1:& # 0}, (49)

The assumed absolute convergence of the double series in (8) implies the absolute
convergence for p > p, of the iterated series

j=1 ‘7 k=1
Consequently,
b
%<oo forall 7>1:& #0.
k=1
Hence, ’
bk(lg€ .
?—>0, k— o0, forall j>1:& #0.
The latter implies (48). |

Proposition 2 For sufficiently large n there is a unique solution of (34) and that solution
satisfies (38), (39), and (40).

/
Proof For each n > 1, the function (— log(f,(e™° >>>5 is decreasing for all § > 0 because
of (16). Moreover, setting

d=14d(n) = C’n_ﬁ,c > 0, (50)
we have
' e !
(—los(fule™) = (<logF@)smy = . (= brlogSare™))
(m) Rt 5(n)
— (—log F(9) 0( Z b a *W%zo)
k=n+1
Pvcﬁ@mm,0>o (51)

Here the step before the last follows because for ¢ defined by (50) we have nd = Cnoit —
00, n — 00, because of Lemma 1 (i) and due to the fact that

—<10g S(aze™" )> ~ &ualoe 0RO oo,

uniformly for k& > n + 1, where [, satisfies (49). The last step in (51) results from
Lemma 1 (i7) and (48). For n sufficiently large, the right hand side of (51) is > n, if
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C > (pyh,)~*Y and < n otherwise. This and (16) say that for a sufficiently large n,
(37) has a unique solution d,,, which satisfies

8 ~ (prhy) 000 w5 n = o0, (52)

where h, is defined as in (44). We proceed to find an asymptotic expansion for 6, by
using a refinement of the scheme of Proposition 1 of [7]. We call any 4,,, such that

(—log fﬂ<€_5));:(§" —n—0, n—oo (53)

an asymptotic solution of (37). We will show that it is sufficient for (53) that 4, obeys
the condition
(—log F(6));_5. —n— 0, n— oo. (54)

By Lemma 1, we have
(—1log F(8)) ~ heped "7, 6 =0,

so that (54) implies

O ~ (hrpr)ﬁnfﬁ, n — oo. (55)
Next we have for alln > 1
log fn(e";") = log F(0,) — Z bi. log S(ake’kg”). (56)
k=n+1

Applying the same argument as in (51), we derive the bound

Z ( — by log S(akek‘s));z& =o(l), n— oc. (57)

k=n+1

Now, (56) and (57) show that (54) implies (53). We will now demonstrate that the error
of approximating the exact solution d, by the asymptotic solution d, is of order o(n™").
By the definitions of 6, d,, we have

(—1ogsule™).

Next, applying the Mean Value Theorem, we obtain

‘( — log fn(e"s"))/ — ( — log fn(e’gn))

/!
- <— log fn(e_5)>6 s =6 6 0, n— oo. (58)

= 67L =O0n

/

, - (59)

= ‘(571 — Sn)<log fn(67“")>”

where ) )
Uy, € [min(dy, d,), max(d,, 4,)].

By (58), the left hand side of (59) tends to 0, as n — oo, while, by virtue of (52),(55),

" pr+2

(108 fule™)) ~ prlpe+ D002 = 0@ H), n—v00.  (60)

Un
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Combining (59) with (60), gives the desired estimate

6n —On| =o0(n™h), n— oo (61)

An obvious modification of the argument in (51) allows also to conclude that

Z brlog S(are™™") =0, n — oo.
k=n+1

As a result, (39) is valid.
By (i) of Lemma 1 we have

(108 ]—"(5)); _ Z s (M CO));. (62)

This is exactly the starting point of the analysis of 4, in Proposition 1 of [7]. We may
therefore apply Proposition 1 of [7], which provides detailed asymptotics for §,,, and (61),
to conclude that (38) holds.
Finally, by an argument similar to the one for the proof of (57) we see that (40) holds,
as well. ]
The following estimate is central to our proof of Theorem 4.

Proposition 3 Recall that ¢,(«) is defined by (21) and that ly is defined by (12). Then
we have for all a« € R,

log |on()| = log|pn(a;d,)| = —2 Z Ape " sin®(1ka) + €, (63)
k=1
< o i bral2e=o0% sin? (ralyk) (64)
= S2(e=1/800) kY o),
k:(Sloén)fl
where €, — 0 as n — 0.
Proof We write log |¢, ()], o € R, as
1 — , .
log |pn(a)] = 5 Z b {log S(are*™ ) + log S(are > ) — 21log S(are ")}
k=1

1 — , '
= 3 E bi {log S(axe™ ™ ) + log S(are > *kn) — 21og S(are )}
k=1

+0 ( > bkgloaﬁge—k5n10> (65)

k=n+1
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1 & ‘ .
= 5 Z by {log S(ake%rzka—kén) + IOg S(ake—szka—k5n> _ 2logs(ak€_k5n>}
=1

+o0 ( i k:pe_k&"lo) (66)

k=n+1
1 0o '
_ 5 Z bk Zéja/ief]kén (627mjka + 6727mjka . 2) +e, (67)
k=1 j=1

= -2 Z Z beéjale % sin®(mjka) + €,

k=1 j=1
= -2 Z Ageton Sin2(7r€a) + €, (68)

/=1

where €, — 0, n — 0o, (65) and (66) use (48), (67) uses (52) which implies kPe~*onlo —
0, n — 00, k> n+ 1 and any p > 0. Finally, (68) follows from (6).
As for the inequality (64), defining 7 to be 7 = §,, — 2mia, o € R, we have

10g|¢n(a)| = (1ngN( _T> - logfn( _5n))
kT)|2
- Z bi 1o 52 ?kee—kan)

- ; Zbk log (1 S (age™m) — |5(ak€_k7)|2)

S2(agekon)

S%(are ko) —|S(are*7)|?
< ——Zbk 52 (ape—"on) ’ (69)

where the last inequality is because S?(are %) — [S(are )2 > 0, for all a € R and
because log(l —z) < —z, 0 < 2 < 1. Recalling (4) and (12), we obtain for all « € R,

S2(ageom) — |S(are™))? = 4 Z dyd,alm e HFmkon gin2 ((1 — m)rak)
0<l,m<oo
> Adyale " sin?(ralok), k=1,2,...,

which allows us to continue (69), arriving at the desired bound:

—onlok gin?(ralok)
log |n ()| < —2dl02bka T lare )
n —bnlok qi2
1€ sin(madok)
S 2, Z br.ay; S2(ayeFon)
k:(Sloén)71
< o 2y 2”: bral?e=00% sin? (ralyk)
= 52(6—1/8l0) kS 0% ),
k‘Z(SZo(Sn)_l

THE ELECTRONIC JOURNAL OF COMBINATORICS 22(4) (2015), #P4.32 19



where the last step is because d; > 0, [ = 1,2,..., because 0 < a; < 1 and because
1 < 5(2) < oo is monotonically increasing in 0 < z < 1. n

Theorem 4 (Local Limit Theorem) Let the random variable U, be defined as in (20),
(21). Then

P(Up=n) ~ ———
27 Var(U,,)
~ 1 (5n)1+pr/2
V2K,
~ ! (izr);"t‘r”nfﬁ, n — oo,

:

27TK2

for a constant Ky = h.p.(pr + 1).

Proof We take § =4, in (21) and define

pr+2

ap = ap(n) = (8,) 2 logn. (70)

We write

1/2 '

P(U, =n) = On(a)e 2™ doy = I} + Iy,
~1/2
where a0
Il — / d)n(Q)@_anadCY

— a0

and

—ag ) 1/2 )
I :/ ¢n(a)e_2”’"“da+/ bn(a)e 2™ dq.

1/2

The proof has two parts corresponding to evaluation of the integrals I1 and I, as n — oo.
Part 1: Integral I;. Defining B, and T,, by

B2 = (log fu(c™?))

for n fixed we have the expansion in «

" n

and T, = —<log fn(e_6)> (71)

0=0n 0=0bn

Pn(a)e™>™* = exp (2mia(EU, — n) — 27°a’ B + O(a®)T,,)
= exp (—27r2a2B,2L + O(OzS)Tn), a — 0,
where the second equation is due to (34). By virtue of (44) and (40) we derive from (71)
that the main terms in the asymptotics for B2 and T, depend on the rightmost pole p,

only:
By ~ Ka(8,) 772, (72)
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T, ~ K3(6,)""3 n— o0

where Ky = h.p,(p-+1) and K3 = h,p,(p,+1)(p, +2) are obtained from (71) and Lemma
1. Therefore, by virtue of (70),

B2al — oo, Thal — 0, n — oo.

Consequently, in the same way as in the proof of the local limit theorem in [5],

1

\/2rB%’ "

— 00, (73)

1N

and it is left to show that
I, =o(l1), n — 0. (74)

Part 2: Integral I,. We rewrite the upper bound in (64) in Proposition 3 as
log [én()] < ~CVi(a), acR,

where C' > 0 does not depend on n and

Vo) :== Z bralle 0 sin?(ralok).
k=(8l05n)71

It is enough to consider a > 0, as the case o < 0 is exactly the same.
We split the interval of integration [y, 1/2] into subintervals:

[, (27) 10, U [(27) 10,,1/2] if [p =1

and
[, (27l0) 16,) U [(27lo) 16, (200) T U [(200) 71, 1/2] if Ig > 1.

Our goal is to bound, as n — oo, the function V,,(«) from below in each of the subintervals.
Firstly, we show that on the first two subintervals for [y > 1, the desired bound is implied
by the assumption (11) in condition (I17).

In the first subinterval [y, (21p)1d,], lo = 1 we will use the inequality

sin®(rz) >4 ||z ||*, » €R, (75)
where || x || denotes the distance from z to the nearest integer, i.e.

| 2 ||= {z} if {z} <1/2;
1 —{z} if {z} > 1/2.

(see [3] for the proof of (75)). By (11) and (75), we then have

(210571)71
V() 2 4e72 0 Y Cok? ' | adok |I°, a €R, Ip > 1. (76)
k=(4100,)~1
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In the first subinterval,
H Oélok H: Oélok', 1 < k < (2l05n)717 l(] = 1,
so that (76) and (70) produce

(2l06n)_1
V(o) > 4Cye V21202 Z kPt
k=(4lp6n) 1L

~ A4Ce P (p, +2)  B0d((2l06,) 7 = (4lod,) 7 R), n— 0.
By (70) and (64) this gives the desired bound in the first subinterval:
log |pn(a)| < —Clog®’n, C >0, n— oco. (77)

For the second subinterval we will apply the argument in the proof of Lemma 1 in [5].
Given o € R\ {0}, define the function P(«,d,) by

(78)

where [x] denotes the integer part of x and the inequality holds for n large enough. The
lower bound for the zeta sum (see (17) in [5]), supplies the bound

P(a,6n)

5—1
> sin’(rka) > - (79)
k=(88,)~!
provided
On

Observing, that by definition (78), n > P(ly, d,) > (20,) ' > (85,) ! we rewrite (79)

as

P(loa,6n) 51
Z sin®(rkloa) > %, lo > 1, (81)
k=(8lo6,) 1
for
(27ly) 16, < a < (20)7F, Do = 1. (82)

We now write P for P(ly, d,). For a € R and [y > 1, we have

n

P
Z bralle R sin? (ralgk) > Z CyokPr=te bk gin? (ralyk)

k=(8[05n)_1 k=(8[0(5n)_1
P
> Che Ploon Z kP~ sin®(malok)
k=(8lo(5n)_1
= Q(a).
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In order to get the needed lower bound on @Q(«), we take into account that for all «
obeying (82), % < Po, < %(1 + 27) := d. Applying (81), we distinguish between the
following two cases: (i) 0 < p, < 1 and (ii) p, > 1.

For o in (82), we have in case (i),

&

2 g1 *dlo(g pro.— 035 pr

Qa) = C’ge*Plo‘S"PpT*l(Bén)*l > %edlo

(p(;n)prl5;pr >

and in case (ii),
Q(a) = Coe 0% (85,)7Prt1(818,) ™! = Coe™ Mg Pro—rrist == Cyo, .

Finally, combining this with (64) gives the desired upper bound on log |, («)| for all « in
(82) and n sufficiently large:

log |pn(a)| < —=C9,,°", C > 0. (83)

Remark: If [ > 1, then sin?(ralgk) = 0, k > 1 when o = [;* < 1/2, so that in the
third subinterval [(2l5)~*,1/2] the above bounds are not applicable.

In the third subinterval [(2lp)~*,1/2], ly > 1 we apply (13) in condition (/17). By
(63) and (13) we have for n large enough,

fn(@)] <OnTET e >0, (84)

Comparing the bounds (77), (83), (84) with the asymptotics (73), (72) proves (74). m

Appendix B A representation of W (q)

In this appendix we derive representations of the function W(q) in the case of rational
q > 1. The infinite product

F(z)::ﬁ(H%), 2eC, g¢>1, (85)

k=1

is a Weierstrass representation of an entire function F' with zeroes at {—k?, k =1,2,...}.
This follows from Theorem 5.12 in [1], since > ;- k™7 < oo, ¢ > 1. Note that W(q) =
f(1) = F(1), ¢ > 1. We now show that in the case when ¢ > 1 is a rational number, a
modification of the argument in [17], p.238 allows us to decompose the value F(1) in (85)
into a finite product of values of a canonic entire function of finite rank. (For the definition
of a rank of entire function see Chapter X1 in [1]). Let ¢ = 7%, where my > my > 1 are
co-prime integers. We write

1+k‘%—H—km_al - ﬁ( = m1)>,
2 —

=1 km2 km2
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where

20— 1
a;(my) = exp (MO, I=1,...,m

my
are all m-th roots of —1, such that 0 < arg(ay(mq)) < 2m, I =1,...,my.
Consequently,
T a(m m
wio =TITT (1- ). o= (56)
k=1 1=1 kme ma

Next, introduce the function

Fz) = :1 <1+ i )exp <§: (_Z)p> ) (87)

b
p=1 k‘mzp

which is a canonical form of an entire function of finite rank ms with zeroes

{—k:m%, k::1,2,...}.

Observing that Y "Y (ay(mq))” = 0, p = 1,...,my, by the definition of a;(my), | =
1,...,my, and rewriting (87) as

we derive from (86):
W(g) =[] f(=au(m)), (88)

for rational g > 1.
For my > 1, we will consider now the function

[(z) := eQ(Z)#, (89)
2f(2)
where @(z) is a polynomial in z that will be defined below. The preceding discussion
yields that [ is a meromorphic function in C with simple poles at (—km%), k=0,1,....
Now our purpose will be to obtain for the function I' an analog of Gauss formula for the
gamma function. We recall the definition of generalized Euler constants:

Vo = lim ke —/ x”%dx
(e [
_ fim { Sy 1 — logn, if a=1;

n 1 lfail .
Yoheige — o if 0<a<1

n—oo
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(Note that 7, = =y is the standard Euler constant). This allows us to write the function

1 2 € C in the following form:

2f(2)’
1 1 — k;m% 2 (—z)P
N (e AEE
Zf(Z) n—oo g ] z+ kTT? 1 kmgp
mo P
= exp ( - Z<_1)p_v(p/m2)>
p=1 p
1 'VVL27p
! mo —(—z)™2 ma—1 (_1)pzp (n mo _ 1)
x lim ) N\ ™ eXp | —me Z
n—oo HZ:O (z + kmﬁ) o p(mg — p)

Setting now in (89) Q(z) = Z;El(—l)p%%p/m), we arrive at the desired representation
of the function

: ) o e (1p (o7 1)
['(z) = lim (n) —"n = exp | —mq Z (90)
e T, (z + kmi) — p(ms —p)

Under my = 1, (90) becomes the Gauss formula for the gamma function.
In the case ¢ > 1 is an integer, (88) conforms to the explicit expression for W(q) in
[17], p.238-239. In fact, after substituting in (87) mgy =1 and p = 1 we have

f(z)zﬁ(l—l—%)e_i, z2e€C

k=1
and by the Weierstrass factorization theorem for the Gamma function,
~ e V*

f(Z):m,

where « is Fuler’s constant. Thus, when ¢ > 1 is an integer,

ze C\{-1,-2,...}.

q

Wio) =T (r0 - aa))

=1

Taking into account that the numbers ay(q), I = 1,...,q are pairwise conjugate and that
['(z) =TI'(2), z € C, the last expression can be written as follows:

lq/2]

W) =[] (0 - a@)P) . g>1

=1
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