A Generalization of Graham’s Conjecture

Huanhuan Guan* Pingzhi Yuan
School of Mathematic and Statistics School of Mathematics
Guizhou University of Finance and Economics South China Normal University
Guiyang 550025, P.R.China Guangzhou 510631, P.R. China
guanl1110h@163. com yuanpz@scnu.edu.cn

Xiangneng Zeng

Sino-French Institute of Nuclear Engineering and Technology
Sun Yat-Sen University
Guangzhou 510275, P.R. China

junevab@163.com

Submitted: Apr 15, 2015; Accepted: Sep 29, 2015; Published: Oct 16, 2015
Mathematics Subject Classifications: 11B50, 11B75

Abstract

Let G be a finite Abelian group of order |G| =n, and let S =g1 ... - g,—1 be a
sequence over GG such that all nonempty zero-sum subsequences of S have the same
length. In this paper, we completely determine the structure of these sequences.

Keywords: Graham’s conjecture; zero-sum subsequence; support of sequence

1 Introduction

Let G be a finite Abelian group (written additively), and let F(G) denote the free Abelian
monoid with basis GG, the elements of which are called sequences (over GG). A sequence of
not necessarily distinct elements from G will be written in the form

!
S=g1- ... 'QIZHgiZHng(S)Ef(G)7
i=1

geG

where g; € G are the terms of S and v,(S) > 0 is called the multiplicity of g in S. Denote
by |S| = [ the number of terms in S (called the length of S) and let supp(S) = {g € G :
vg(S) > 0} be the support of S.
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We say that S contains some g € G if vy(S) > 1, and a sequence T' € F(G) is a
subsequence of S if vy (T) < vy(S) for every g € G, denoted T|S. If T|S, then let ST
denote the sequence obtained by deleting the terms of T" from S. Furthermore, we denote
by o(S) the sum of S, i.e., o(S) = 3\, i = >gec Ve(G)g € G. We define

Z(S ) ={o(T) : T is a nonempty subsequence of S},

the set of subsums of S,

D (5= {Zgi [ 1< [1,]S]) with [1] = k}

k el

the set of k—term subsums of S, and for all k € N,

S8 = U S ad 328) =39

<k JEME >k j

Let S be a sequence in G. We define S a zero-sum sequence if o(S) = 0, a zero-sum
free sequence if 0 ¢ >"(5), and a minimal zero-sum sequence if ¢(S) = 0 and o(T) # 0
for any proper and nontrivial subsequence T" of S.

For a sequence S over (G, we define

h(S) = max{vy(S) | g € G} € [0,]S]], the maximum of the multiplicities of S.

Let C), denote the cyclic group of order n, where n € N, and G be a finite Abelian
group (written additively) with |G| > 1. By the Structure Theorem of Abelian Groups,
we have that G = C,,, ... ® C,,, where 1 <ny | ... | n, € N, r =r(G) is the rank of G,
and n, = exp(G) is the exponent of G. If ny = ... = n,, we denote G = CJ,.

Here and henceforth, n is a fixed integer greater than 1, and the cyclic group of order
n is identified with the additive group Z/nZ of the integers modulo n.

Graham [4] stated the following conjecture.

Conjecture 1. Let p be a prime and S be a sequence over Z/pZ of length p. If all
nontrivial zero-sum subsequences of S is of the same length, then the number of distinct
terms in S is at most 2.

In 1976, Erdés and Szemerédi [4] verified Conjecture 1 for sufficiently large prime p.
However, the proof was so complicated that the details for small primes were never worked
out. Recently Gao et al [5] proved the following result.

Theorem 2. (/5]) Let S be a sequence over Z/nZ of length n. If all nontrivial zero-sum
subsequences of S are of the same length, then the number of distinct terms in S is at
most 2.
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Our objects of study can be characterized in very simple terms. To be more specific,
let us recall several standard notions, see [11].

If S=ay-... ais asequence over Z/nZ, let @; be the unique integer in the set
{0,1,...,n — 1} which belongs to the congruence class a; modulo n, i = 1,... k. The
number @; is called the least nonnegative representative of a; modulo n.

Let S = a;-...-a; be a sequence of integers. We write m x S = (may) - ... (may)

where m is a integer.
If g is an integer coprime to n, multiplication by g preserves the zero sums in Z/nZ

and does not introduce new ones. Hence a sequence S = aj - ... - a; is zero-free if and
only if the sequence g* S = (gay)-...- (gag) is zero-free. This fact motivates the following
definition.

Let S and T be sequences over Z/nZ. We say that S is equivalent to 7' and write
S =T if T can be obtained from S through multiplication by an integer coprime to n and
rearrangement of terms. Clearly = is an equivalence relation. Otherwise, we say that S
is not equivalent to 7" and write S 2 T

More recently, Grynkiewicz [8] gave an exhaustive list detailing the precise structure
of S and showed that the result holds in an arbitrary finite Abelian group. He proved the
following result.

Theorem 3. (/8/) Let G be an Abelian group of order n and let S € F(G). Suppose there
is a unique v € [1,n] such that 0 € Y (S). Then |supp(9)| < 2.
If G is non-cyclic, then G = (h) ® (g) = Cy @ Cop, 7 = § = 2m and

n4+4 n/2—x
S=g"t or S=g"(h+g)"*T or S=g"*" (h +— g) :

where g € G, h,g" € G\ (g),0rd(g) = 5,ord(h) =2 and x € [1,5 — 1] is odd.

2

If G = Z/nZ, then S is one of the following:
(i) S =2 1" g, where g € Z/nZ.
i) S = 2" g, where n is even and g € Z/nZ is odd.
(ii) 9, g

(iti) S = 1""2(™2)2 where n is odd and r = "FL.

(iv) S = 2n/2+e )2~ where n =2 (mod 4) and x € [0,% — 1] is even, and r = 2.

14
(nT 2 2

(U) S =~ 1n/2+x

)*/27% where n is even and x € [0, % — 1] with % —x odd, and r =

For the proof in the case where G is a general Abelian group, Grynkiewicz [8] used the
result of the Devos-Goddyn-Mohar Theorem [2]. The main purpose of the present paper
is to give an exhaustive list detailing the precise structure of the sequences for a slight
generalization of Graham’s Conjecture without using the Devos-Goddyn-Mohar Theorem.
The following are our main results.
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Theorem 4. Let G be a finite Abelian group of order n with r(G) > 2, and let S be
a sequence of length n — 1 over G. If all nonempty zero-sum subsequences have the
same length r € [1,n — 1], then G = Cy & Cyy,,. Moreover, either m = 1,7 = 3 and
S = [Lea\0y 9 or'S = 0g1g2, where r=m= 1 and g1,92 € G\ {0} are distinct, or
r =5 =2m and S is one of the following:

(i) S=g""",
(i) S =g"%g,
(iii) S =g"g'(29 — ),
(iv) S =g+ (h+g)27'",
where g € G, h,g' € G\ (g), ord(g) = 5, ord(h) =2 and z € [0, 5 — 4].

Theorem 5. Let S be a sequence of length n — 1 over G = Z/nZ. Suppose that all
nontrivial zero-sum subsequences of S have the same length r € [1,n — 1], then S is one
of the following:

e S=1"2.¢g where g € Z/nZ and g # 1.

e S=1"3.0-2andr =1.

e S=1"3.2.(n—1) and r = 2.

e S=1"3.22 gndr =n — 2.

o S 13 ()2 where n is odd, and r = "I

o S =2"1 wheren is even, and r = 7.

o S 2""2. ¢ wheren is even and § is odd, and r = 5

e S=2"3.g.(4—yg), wheren is even and G is odd, and r = %.

o S=2". (2 4+2)"17" where n is even, % is odd, u>% —1 and r = %.

o S=1"- (5 +1)", wheren is even, u> 5 —1 andr = 3.

en==06andS=1%2-3%1-3%-4 or2%.33.

en="7and S=1%.33

en=28andS=1* 33

Corollary 6. Let G be a finite Abelian group of order n and let S be a sequence of length
n — 1 over G. If there is an integer r > 0 such that all nonempty zero-sum subsequences
of S have length r, then |supp(Sz~1)| < 2 for some x € supp(S).

2 Preliminaries

Given two subsets A and B of an Abelian group G, their sumset is the set of all pairwise
sums, denoted A+ B = {a+b:a € A,b € B}. From the basic properties of addition, we
have that A+ B = B+ A, and that the sumsets of more than two sets, denoted 25:1 A; =
(3! a;:a; € A;}, is well defined. We often use the convention that Y ics Ai = {0}. For
sumsets with a single element set, we abbreviate {z} + A to = + A. Substraction of sets
is defined similarly, for instance, —A ={—a:a€ A} and A—B={a—b:a € Abc B}.
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Arithmetic progressions over an arbitrary Abelian group G (with length [ and differ-
ence d) are sets of the form {a+id : i = 1,2,--- I} with o,d € G and | € Z, and
are closely related to the prototypical cases that arise when studying sumsets with small
cardinality.

For a zero-sum free sequence S, we say that a term = € supp(9) is a I-termif | > (S)| =

1> (Sz7Y)| + 1.

Definition 7. ([7], Definition 5.1.3) A sequence S € F(G) is called smooth if S =
(n1g)(n2g)- ... (ng), where |S| €N, g€ G, 1 =ny < -+ <ny,n=ny+---+n; < ord(g)
and > (S) ={g,..., ng} (in this case we say more precisely that S is g-smooth).

Let S be a sequence in an Abelian group G. Note that > (S)U{0} = {0,g:1} +--- +

{0, g}, where S = gy - ... g. In particular, > (ST)U {0} = O_(T) U{0}) + {0,091} +
-+ {0, g} for any nontrivial sequence T' € F(G). With this observation in hand, the
following lemma is easily verified.

Lemma 8. Let A C G\ {0} be a finite nonempty subset of an Abelian group G. Let
b e G\ {0} and |{0,b} + ({0} U A)| = |A] +2. Then AU {0} is the union of some
arithmetic progression with difference b and (possibly) some disjoint H — cosets, where
H = (b).

Let G be an Abelian group. If A and B are subsets of G and g € G, then r,(A, B)
denotes the number of different representations of g as asum of g =a+0b (a € A,b € B).
The following results will be needed.

Theorem 9. (Addition theorem of Kemperman-Scherk) Let G be an Abelian group,
and A, B be nonempty subsets of G. Then for each element g € A+ B,

[A+ B| = |A| + |B| = r4(A, B).

The following result characterizes all zero-sum free sequences S with | > (5)| < 2[S|—1.
Moreover, if the equality holds, then S is one of the forms of (ii), (iii), (iv) and (v).

Theorem 10. ([13], Theorem 1.1) Let G be a finite Abelian group and let S be a zero-sum
free sequence over G with | > (S)| < 2|S| — 1. Then S is one of the following:

(1) S is a-smooth for some a € G.
(ii) S = a*b, where k € N and a,b € G are distinct.
(iii) S = a*b!, where k > 1> 1 and a,b € G are distinct with 2a = 2b.
(iv) S = a*t'(a —b), where k > 1> 1 and a,b € G are distinct with 2a = 2b.

(v) S = a*be, where ord(a) = k + 2 and b,c € G\ {(a) are distinct with b+ ¢ = a and
b—cé€ (a). In this case, > (S) = (a,b,c) \ {0}.
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Lemma 11. ([11], Proposition 2) Suppose a sequence S = Ta is zero-sum free over the
Abelian group G and |>(S)| = |D(T)| + 1, let H = (a) denote the subgroup of G
generated by a, then:

(1) > (T) is the union of a progression {a,2a,3a,...,ka} and some cosets (maybe
empty) of H = {(a) where 1 < k < ord(a) — 1.

(i) o(T) = ka.
(i1i) a is the unique element of G with such property.

Lemma 12. A sequence of n — 1 integers in the interval [0,n — 1], assuming two distinct
values, has a nonempty subsequence with sum =0 (mod n).

Proof. See [1]. O
Theorem 13 (Savchev-Chen Structure Theorem [11]). Let S € F(C,,) be a zero-sum free

n

sequence of length |S| =1 > 4. Then there exists a sequence ay - ...-a € F(Z), with
a; € [1,n — 1], such that

(i) S = (arg)- ... (ag) for some g € supp(S5), and
(i) >(S)=1{9,2g,...,(a1 + ...+ @)g}.

Lemma 14. A sequence of n — 2 integers in the interval [0,n — 1|, assuming more than
two distinct values, has a nonempty subsequence with sum = 0 (mod n). Furthermore,
if S is a zero-sum free sequence with length n — 2, then S = 2"~ 2 or S = a3 - 22z with
=0 (mod n) and n > 4.

Proof. See [1]. O

Let G be a group and D(G) be the Davenport’s constant of G, i.e., the smallest integer
d such that every sequence S over G with |S| > d satisfies 0 € > (S). In the following,
we give some properties of D(G).

Lemma 15 ([6], Proposition 5.1.4 and Theorem 5.8.3).

(i) Let G be a finite Abelian group and S a zero-sum free sequence over G. If |S| =
D(G) — 1, then > (S) = G\ {0}.

(i1) Let G = C,, ® C,, with 1 < ny < ny. Then D(G) =nq +ny — 1.
Lemma 16 ([9], Lemma 2.2, Theorem 2.4 and Theorem 5.1).

i) Let G be a noncyclic finite Abelian group. Then D(G) < 9L+ 1, and equality holds
2
when G =2 Cy @ Oy,

(i) Let G be a finite Abelian group of rank greater than 2. Then D(G) < % + 2.

(i1i) D((Z/pZ)") =r(p— 1)+ 1 for prime p and r > 1.
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Next we discuss the shortest length of zero-sum subsequence of a sequence S with
length n — 1 over a finite Abelian group G with |G| = n, and the result will be used
throughout the proof of our main results.

Before stating the main result explicitly, we first introduce the important concept of
setpartitions, which will be used throughout this thesis. Let S be a sequence. A
n-setpartition of S is a partition of sequence S into n nonempty subsequences Ay, ..., A,
such that terms in each subsequence A; are all distinct, allowing the A; to be regarded as
sets.

Lemma 17. Let G be an Abelian group of order |G| = n and let S be a sequence of length
n—1. If0 & Zgh(S)H(S), then S is one of the following:

(i) G=C,,S=g"" and ord(g) = n.
(i1) G = C%,supp(S) = G\{0} and h(S) = 1.

Proof. Obviously, 0 ¢ supp(S). First we consider the case h(S) = n — 1. Then S =
g" ', g#0and g € G. If ord(g) # n, then ord(g) < h(S) and ord(g)g = 0, which is a
contradiction. Hence we have ord(g) =n, G = C,, and S = g" 1.

For the case h(S) = 1, we have supp(S) = G \ {0}. If there exists some g € G such
that 2¢g # 0, then g # 0, (—g)g|S and —g + g = 0, which is a contradiction. Therefore
we have 2¢g = 0 for all g € G, and thus G = Cj, r € N.

Suppose that 2 < A(S) < n — 2. We choose b € supp(S) with v,(S) = h(S). Since
h(S) > 2, we have ord(b) > 3. By Bialostocki’s result in [1], the existence of a (h +
1)—setpartition is straightforward, where h = h(S). For any (h + 1)—setpartition A =
Ao Ay -+ Apyq of S, we set B; = A; U{0} for i € [0,h]. It is clear that 0 is a unique
expression element in Z?:o B; in view of S being zero-sum free. If there exist two distinct
integers j, k € [0, h] such that |B; + By| > |B;| + |Bx|, then by the addition theorem of
Kemperman-Scherk, it follows that

1> (Bo---By)| = B+ B+ > B

Ty
> |Bi+Bi+|> Bl-1
Ty
> |Bj|+|6k|+Z|Bi|_(h_2)
5.k
h
> Z|Bi|—h+1
1=0
> n+ 1.

By the assumptions, we have a contradiction. By the addition theorem of Kemperman-
Scherk, it follows that |B; + B| < |B;| + [Bx| — 1 cannot hold. Therefore we have
\B; + Bi| = |B;j| + |Bx| — 1 for any j, k € [0,h],7 # k and | > (By---By)| = n.
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Now we choose a special setpartition A = AgA; - - - Ap, such that Ay = {b} and b ¢ A,.
By Bialostocki’s result in [1], the special (h 4 1)—setpartition exists. If there exists an
integer k € [1,h] such that (b) C By, then we have 0 € b+ A, C > g)4,(5), which is
impossible. Let k € [1, h] be arbitrary. Since [{0,b} + Bg| = |Be| +2 — 1 = | Ax| + 2 and
(b) € By, Lemma 8 implies that By, is the union of {0,b,2b, ..., uxb} and some (b)-cosets,
where 0 < uy, < ord(b) — 2. Moreover, since b ¢ By, we have uy, = 0.

For any g € By, \ {0,b}, k € [1,h], if g ¢ (b) and g & B; for some t € [1, h]\{k}, then
removing ¢ from B, and appending g to By, it yields a new setpartition B = B,B; - - - B;z.
By the structure of By, it is easy to see that 13, is not the union of {0,b,2b, ..., ub} and
some (b)- cosets, which is impossible. If g € (b), then g & Bj,. Removing g from B and
appending g to By, it leads to a contradiction as above (B, U {g} is not of that form).
Therefore we obtain that By = {0, b}, B, is the union of {0} and some (b)-cosets and
B; = B, U{b} for i € [1,h — 1].

If there exists an element g € By \ {0} such that g + By € By + (b), then, since
g € By \ (b) by the description of the B; given above, it follows that there exists some
by € By \ (b) such that g + by ¢ By + (b). Since the description of B; ensures that
b1 + (b) C Bi, we have that the entire coset b; + (b) is disjoint from B; + (b). Thus
removing ¢ from Bj, and appending ¢ to By, it yields a new setpartition B = lS’IOZS’/1 = -B;l
such that (B, + B;) \ (By + (b)) contains some (b)-cosets. Since ord(b) > 3 and h > 2, it
follows that |B] + By| = |B;| + [(b)| = |B,| + 3 = |B;| + |By|, which is a contradiction.

If every g € B, \ {0} satisfies g + By C By + (b), we have By + By, = By + (b), which
implies |By| > |H|+ 1, where H = (b). Recall that |By+B,| = |Bi|+|Br| —1 > |Bi|+ |H|,
where H = (b); the latter inequality follows in view of the description of B,. However,
|By + By| > |Bi| + |H| is not possible in view of By + B, = By + (b) = B; + H and the
description of B; given above, which makes a contradiction. This completes the proof. [

3 The proof of the main results

In order to prove our main results, we need to state a property.

Property. Let G be a finite Abelian group of order n and S be a sequence of length
n—1 over G. Let T be a nonempty zero-sum subsequence of S. Setting U = ST, If
any nonempty zero-sum subsequence of S has length r € [1,n — 1], then the following
statements hold:

(i) |T| =r < D(G) and [U| = n—1—1r < D(G) — 1, where D(G) is Davenport’s
constant.

(i) T is a minimal zero-sum subsequence, and U is zero-sum free.
(i4i) For every x|T, v ¢ »__,(U).
Next we give the proof of Theorem 4.

Proof of Theorem 4. First we observe that if the rank of G is greater than 2, then,
by Lemma 16(ii), we have D(G) < |4£| + 2. If |G| = 9, then we have 2D(G) < |G| — 1,
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and so there exist two disjoint nonempty subsequences S; and Sy of S such that o(S;) =
o(S3) = 0, which is impossible. If |G| < 8, then G = Cy & Cy ® Cy,r = D(G) = 4 and
S = ngc\{o} g, which is also impossible.

Now we assume that the rank of G is 2 and let G = C} & O}, with £ > 2 and
m > 1. Then by Lemma 15(ii), we have D(G) = km + k — 1. By Property(i), we obtain
2D(G) — 1 > |G| — 1. It follows that we have k = 2,G = Cy @ Cy,,, and D(G) = 2m + 1,
or G = (C? and D(G) = 5.

Suppose that G = C? and D(G) = 5. By Property, we have 4 < r < 5. By Lemma 17,
we have h(S) = r—1> 3. Let g|S with v,(S) = h(S). Then o(¢*) = 0, which contradicts
that r > 4. Therefore we have G = Cy @ Cy,,, in which case D(G) = 2m + 1 by Lemma
15.

If 0 € supp(S), then SO~! is a zero-free and 4m—2 = |G|-2 = |S|-1 < D(G)—1 = 2m,
and so m = 1. Tt follows that G = C% and S = 0g;gs, where g, g2 € G \ {0} are distinct.
In the following argument, we consider 0 ¢ supp(S), and so r > 2. We shall show
2m — 1 < r < 2m + 1. Let T be a zero-sum subsequence of S. If » > 2m + 2, then
|T| =r > D(G), and there exists a zero-sum subsequence T of T" with length < r, which
is a contradiction. If » < 2m — 2, then n —r > 2m + 1 = D(G), and so there exists a
zero-sum subsequence of ST~!, which is also a contradiction. Next we divide into three
cases to discuss the result.

Case 1: r =2m+ 1. If 0 ¢ >, 5,,(5), then by Lemma 17, we have r = 3,m =1
and S =[] cc (0 9- Next we consider 0 € - g),,(5), then h(S) = r — 1 = 2m. Take
alS satisfying v,(S) = h(S) > r — 1 = 2m. Then a*4@|S shows that r = ord(a) < 2m,
contrary to case hypothesis.

Case 2: r = 2m — 1. Let T|S be a zero-sum subsequence of length r. Let U = ST
Then |U| = 2m = D(G) — 1, and so, by Lemma 15(i), > (U) = G \ {0} and | > (U)| =
2|U| — 1. By Property(iii), for any a € supp(7T), we have a € supp(U), i.e.,

supp(T') € supp(U).

By Theorem 10, we distinguish four subcases.

(i) U = a®b, where © = 2m — 1,ord(a) = 2m and b ¢ (a). If a ¢ supp(T), then
T = b*™~1 which is not possible since T is zero-sum free. If a € supp(T), then a*™|S,
and o(a®™) = 0, which contradicts r = 2m — 1 # 2m.

(i) U = a®(a + g)¥, where x + y = 2m,ord(a) = 2m,ord(g) = 2 and y is odd. Then
T = a*(a+ g)" with s+t =2m — 1. However, o(T') # 0, which contradicts o(T") = 0.

(iii) U = a®(a+ g)¥g, where x +y = 2m — 1,ord(a) = 2m, and ord(g) = 2. Obviously,
g ¢ supp(T). Then T' = a*(a+g)" with s+t = 2m—1, and so o(T") # 0, which contradicts
o(T)=0.

(iv) U = a®bc, where © = 2m — 2,ord(a) = x +2 = 2m, and b,c € G\ (a) are distinct
with b4+ ¢ = a and b — ¢ € (a). Obviously, (a) Nsupp(7T) = @. Otherwise, there exists
sa € supp(S), with s € [1,2m — 2], such that either a®™~* - sa is a zero-sum subsequence
with length 2m — s+ 1 < r, where s > 3, or a®" 571 .sa-b- c is a zero-sum subsequence
with length 2m — s +2 > r, where s = 1,2. By Property(iii) and > (U) = G \ {0}, we
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have T'=0° or T' = ¢® with s = 2m — 1. If o(T) = 0, we have (2m — 1)u = 4m. That is
to say, u =4, m = 1, and r = 1, which contradicts o(7") = 0 since ged(2m — 1,2m) = 1.

Case 3: r = 2m. By Lemma 17, we have h(S) > r—1=2m—1. We set g € supp(5)
with h(S) = v,(S). Let T" = Sg~%). Then ord(g) = 2m and supp(T') N {g) = @. In
particular, for any a,b € supp(T'), we must have 2a,2b,a + b € (g).

If |T'| =0, then S = g*™ .

If |T'| =1, then S = g* 2. ¢ with ¢ ¢ (g).

If |T'| = 2, then T' = hyhy with hy, ho ¢ (g), and hy + hy = lg, where | € [1,2m — 2].
But then g™~ hy - hy is a zero-sum subsequence, which force h; + hy = 2g.

If |T'| > 3, choose any subsequence hihyhs|T". Then as shown in the prev10us case,
hi 4 hy = hi + hs = hy + hg = 2g, which implies h; = hy = hs, and so |[supp(T")| = 1. In
addition, 2h; = 2g implies hy = g + h with ord(h) = 2. Therefore, by h(S) = v,(5), we
have S = ¢*" (g + h)*™~1=% where x € [0,2m — 4]. This completes the proof. ]

In what follows, we prove the theorem 5.

Proof of Theorem 5. First we consider r = 1, then, by Property (ii), 0 € supp(S),
and S07! is zero-sum free. By Lemma 14, we have S =0-2" 2 or S = 02" 3 - 2z with
ord(z) = n.

If [supp(S)| = 1, then S = a"~', where ord(a) > %.

In the following argument, we assume that n > 4, [supp(S)| > 2 and 2 < r < n — 1.
By Lemma 17, we obtain h(S) > r — 1. Next we divide into six cases to prove the result.

Suppose that > %+ and choose a|S satisfying v,(S) = h(S) > r—1 > 251, it follows
that ord(a) > v, (S5) = h(S) > 2L Therefore, ord(a) = n, and without loss of generality,
we set a = 1. Let T be a zero-sum free subsequence of S with | Y (T')| > 2|T| — 1 and |T|
maximum. Then we have 1 < |T7| < |22 T)|+1J < |%2] <r—1. Setting U = ST, then
we have the following result.

Claim 1. Suppose that r > "T“ Let all notation be as above, then the following
statements hold:

(i) If |T| < r —2, then U = 1" 17l and supp(T) C {1,n —r,n —r + 1}.

(ii) If |T| =7 —1and | >(T)| = n — 1, then U = 1"l and supp(T) C {1,n —r,n —
r+1}.

Proof of Claim 1: (i) Since h(S) > r — 1 > |T|, we have 1|U. Since for any a|U,
Ta is zero-sum free and a is a 1 — term for T'a because of the maximality of T, it follows
in view of Lemma 11 that U = "'~ /7l, and so U = 1" 117l because of 1 € supp(U).
But now Lemma 11 further implies that > (7)) = {1,2,---,k} and U = 177171 with
k > 2|T) — 1. If |T| = 1, then [supp(S)| = 1, contrary to what we assumed above.
So |T'| > 2. Therefore, there exists a subsequence T; such that ¢(77) = 0 and T'|T;. By
Property(i), we have |T}| = r and |ST; | = n—1—7r. Let |7} with Z # 1. If £ > n—r+2,
we can obtain a zero-sum subsequence x - 1"~ of length less than r. If 7 < n —r — 1,
then 7 = o(1%), and so T} -z~ - 1% is a zero-sum subsequence with length r — 1+ Z, which
forces z = 1. Hence for any z|T, eithern —r <z <n—r+1lorz=1.
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(ii) For [T| = r — 1 and |} (T)] = n — 1, we have r < § 4 1 and for every a|U,
Ta is a zero-sum subsequence. Thus U = a® =TI, If @ # 1, then T = 17! and
]Z( )] = n—1=r—11implies r = n, which is a contradiction. It follows that

— 1n= 1- |T\

For any z|T', by the similar argument as above, we have either n —r <z <n—r+1
or x = 1. This proves Claim 1.

Casel. r > —|— 1.

Choose a|S satlsfymg Va(S) = h(S) =2 r—12= 5. Since r > § + 1, it follows that
ord(a) > va(S) = h(S) > 4. Therefore, ord(a) = n, and without loss of generality, we
set a = 1. Let T be a zero-sum free subsequence of S with |3X(T)| > 2|T| — 1 and |T|
maximum. Then we have 1 < |T7| < =L T)|+1 <F<r—1L

Subcase 1.1. |T| <r —2.

By Claim 1(i), we have U = 1"l and supp(T) C {1,n —r,n —r + 1}. There are
three options need to be considered.

(i) If n—7r =1, then S =1""2.2.

(i) f r = § +1, thatis, n —r+1 = §, then (n —7r) + (n —r +1) = n - L
If (n—7r)-(n—r+1)|S, then r = 3 and n = 4, whence S = 12-2. So we can
assume supp(S) C {l,n — r} or supp(S) C {1,n —r + 1}. In the second case, let
S =1%(n—r+1)" =1°(5)". Ift > 2, then n = 2, which makes a contradiction. Therefore,
S =1""%.2 In the first case, let S =1°-(n—r)f =15 (2 = 1) withs >r—-1> %
We can assume that ¢t > 2, else S = 1772 . g, as desired. But vy(S) >r—1> 5 >2, 80
the zero-sum subsequence 12 - (g — 1)? shows that r = 4, in which case n = 6, and now
we must have S =2 13 . 22(else 2° would contradict that r = 4).

(iii) f 3 <n —r+4+1< %, then

n—r+2<2n-r)<(n—-r)+n—r+1)<2n—r+1)<n

and there exists an integer s < r — 2 such that (n — )+ (n —r+ 1)+ sx1 =n. If
(n—r)-(n—r+1)|S, then 1°- (n—r) - (n—r+1) is a zero-sum subsequence with length
s+ 2 < r, which is a contradiction. So we can assume supp(S) = {1, z}, where z =n —r
orT=mn-—r+1.

Suppose that S = 1% (n — r)”. It is easy to show that u <7 — 1, and so u = r — 1
andv=n—7r>2 Ifv=n—7r=2then S =1"3.22 Ifv =n—1r > 3, then
0<n—2(n—r)<r—2, that is, n — 2(n — r) < r — 2. Therefore there exists a positive
integer ¢t < r — 3 such that (n —r) + (n —r) + t * 1 = n, which is a contradiction.

Suppose S =1"-(n—r+1)", thenu >r— 1. Sincen—r+2<2(n—r+1) <mn, it
follows that there exists a positive integer ¢ < r — 3 such that 2(n —r 4+ 1) +t % 1 = n.
Therefore, v =1 and S =1""2- (n —r + 1).

Subcase 1.2 : [T|=r—-12> 3.

Since |X(T)| = 2|T| — 1, it follows that |X(7T")| = n —1, |T| % and r = 5 4 1, and so,
by Claim 1(ii), we have U = 127! and supp(T) C {1, 2 } There are two options
need to be considered.
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(i) If 3|7, then we have v (S) = 1. If § —1|T, then § + (5 — 1) + 1 = n implies that
r=3and n=4, and so S = 1% - 2. Therefore, S =1"72- 2 for n > 4.

(i) If § — 1|7, then we must have v;(S) < %, and 5 1 S in view of the prev10us
paragraph. Let S =1°- (5 — 1)’ with s > ¢ for v;(S) = h(S). Since § > s>r —1=
it follows that s = % and t = & — 1. If 2 —1 > 4, then o((} — 1)2 )—Oand
o((3 —1)*-1*) = 0, which is a contradiction. If 2 —1 = 3, then n = 8,7 = 5 and
S = 1433, but the subsequence 1232 shows r = 4, which is a contradiction. If 5—1=2,
then we have n =6 and S =1°-22 If 2 — 1 = 1, then we have n =4 and S = 1, which
contradicts our assumption [supp(S)| > 2.

Therefore, by the above description, S is one of the following in this case:

(i) S=1"2.(n—r+1) with n > 3.

(i) S 1" 3. (n—r)> withr =n — 2.

Case 2. r < 3 — 1.

Let T'|S be a nontrivial zero-sum subsequence. Setting U = ST, by Property(i) and
(ii), we have |T'| = r and U is zero-sum free. It follows that

n

]U|—n—1—r>§.
Applying the Savchev-Chen Structure Theorem, we can suppose that U = 1Yz - ... - x;
withv+t=n—1-r>"H and2<T<...<TH<v+Y, 7 <n—land Y (U) =
{1,2,...,0+ 30 T} Consequently, sincer —2<n—1—r<ov+t<v+d._ T, it
follows that {1,2,--- ,r—2} C > _ ,(U), which implies that # < n—(r—2)—1=n—r+1
for every x|T. Therefore, for any z|T', we have either £ = 1 or

n—r+1>z 1+U+Z$1/1+0' Uyz1+|Ul=n—r

Moreover, since the zero-sum subsequence 7' cannot be all 1’s, there exists z|T with
T # 1, which means that the above estimate must hold for some z|T. In consequence,
either U = 1"717" or U = 1"7""2 - 2(as otherwise the above estimate can be improved to
shows no much z|T" exists). Moreover, n —r{T. Otherwise, 1" - (n — r) gives a zero-sum
subsequence of length 7 + 1 in view of r <n —r —2. Thus T'=1%- (n —r + 1)*.

Suppose that U = 1"717". Since r > 2, we haven —2r+2 <n. lf n—r <n—2r +2,
then r = 2, andso T = 1-(n—1) and U = 1"3 that is, S = 1% (n — 1). If
n—2r+2<n-—r—1and s > 2, then

T-(n—r+1)"2.10"2+2)

is a zero-sum subsequence, which forces n—2r—+2 = 2 and r = 2. It arises a contradiction.

Therefore, T = (n—r+1)-1"and S=1""2- (n—r+1). i

Suppose that U = 1"7""2.2. If n —r+1 < n—2, then r > 3. However o((n—r+1)-
" H=0and o((n—r+1)-2-1773) = 0, which is a contradiction. If n —r +1 > n — 2,
then 7 =2, and so S =1""3-2- (n —1).

Therefore, in this case S is one of the following:
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(i) S=1" 2. (n—r+1) with n > 3.
(i) S=21"3.2-(n—1)=1"3-2-(n—r+1) with r = 2.
Case 3. r =3 — 1.
Let T be a nontrivial zero-sum subsequence of S, and set U = ST~!. By Property(i)
and (ii), we have |T'| = § — 1,|U| = § and U is zero-sum free. Then
n
5 = U< > W) <n-1=2/U -1
Since r > 2, we have n > 6. By Theorem 10, we divide the proof into five subcases.
Subcase 3.1. U is a-smooth for some a € . Since |U| = %, without loss of generality
set, we may set @ = 1. In the following, we prove that either S = 1"2. (5+2) withn > 6
or S=12-330or S =13.2.5 with n = 6.
Let U =121 ... 24,2 <77 < -+ < T; be 1-smooth Withv—l-ZE:lx_ié n—1 and
v > 1. Since

n—1 v+Ti+ -+ T
v+2(t—1)+7;
v+ 2t — 2+ 74
2W+t)—v—24+7

n—v—2+4+x,

VoWV VWV

we have Ty < v+ 1. Let v,, (U) = b.

(i) If 7y = v + 1, then equality holds in (1), which implies that either b = 1 or v = 1.
Ifv=1,then U=1-2"1and |>(U)| =n — 1. Thus for any z|T, we have z € >_(U),
and so, by Property(iii), we have either £ = 1 or £ = 2. This contradicts that 7" is a
minimal zero-sum subsequence with length r = % — 1. If b= 1 with v > 2, then we have
U=1"-2:"""1. (v +1)and |3 (U)| = n — 1 with v > 2. Similarly, for any z|T, we
have x € Y (U),and so Z = 1l or & =2 or = v+ 1. Since v > 2, we have 2 { T, so
T =1%-(v+1)" with s +t = r. Because the zero-sum subsequence T cannot be all 1’s,
there exists z|T such that 7 = v+1. If 2|U, then by v+1 = (v—1)+2,1°-2- (v4+1)*" .U’
is a zero-sum subsequence with length > r, where U’ is a subsequence of U - 2! satisfying
o(U') =v—1and [U] > 1. So we can assume U = 1" (v+1) = 127! .2 and
T=1°(v41) =1 (%)". Therefore, r =2, and son =6 and S =1* - 3°.

(i) If 77 < v, then S (U) = {1,2,--- ,o + >.'_, 75} and

t
n —
3~ UI<IE @] =v+ m<a-t

For any z € > (U) and T # 1, if 2 < 7 < v, then there exists a subsequence U = 17 of U
such that o(U') = Z and |U'| = Z > 2. If Z > v + 1, then there exists a subsequence U"
of U such that o(U") = and |U"| > 2. So by Property (iii), for any x|T’, we have either

T=1orz >0o(U)+1> §+1. If there is an element z|T" such that Z > n—(r—1) = §+2,
then there exists a subsequence U, of U such that x-Us is a zero-sum subsequence of length
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less than r. Therefore, for any z|T', we have either 7 =1 or §+1 < o(U)+1<Z < §+2,
and so we have either o(U) = § or o(U) = § + 1. Since [U| = § and U is 1-smooth, we
have either U =17 or U = 1271 .2,

Since (% +1)-127" is a zero-sum subsequence of length 7+ 1, it follows that 2 4147
Thus T'=1°- (3 +2)" with s + ¢t =% — 1, and so s + (% + 2)t = 0(modn). It follows that
we have t =1 and T'=12"%- (2 4+ 2).

If U =1%, then S =172 (2+2). If U = 127! -2, then we must have 2 — 2 <
2(otherwise, 1274-2- (5 +2) is a zero-sum subsequence of S with length § —2 < r), and
son=6and S=1%-2.5.

Subcase 3.2. U = a2~" - b is not smooth with ord(a) > 2.

(i) ord(a) = 2. Without loss of generality, we set a = 2. Then U = 237! - b, where
b is odd. By Property(iii), for any z|T', we have either £ = 2 or x = b. Clearly, 2 1 T
Hence we have z = b and T' = b2 ', and so o(b2 ') = 0. Therefore, ord(b) = 2 — 1 and
2—1|n,andson=6and S =2%- 3

(ii) ord(a) = n. Without loss of generality, we set @ = 1. Then U = 1271 . b with
b > 2 +1 because U is not 1-smooth. However, 0 € >~(U), which is a contradiction.

Subcase 3.3. U = a* - (a+ g)' is not smooth with |U| = %, ord(g) =2 and k > [ > 1.
If [ is even, then since k > 1 and ord(g) = 2, we must have

S U)=A{a,-- . (k+Da,a+g,--,(k+1—1a+g}

If [ is odd, then, similarly, we must have

S (U)=A{a,-- (k+1-Da,a+g, -, (k+1a+g}

Thus | (U)|=(k+1—-1)+ (k+1) =n—1 and ord(a) > 3.

(i) ord(a) = 5. Since r = § —1 and {a,2a,--- ,(k+1—1)a} C > (U) with k+1—1 =
5 — 1, we have > 7 — 1, which contradicting that n > 6.

(i) ord(a) = . Without loss of generality, we set @ = 2. Then U = 2 - (2 + 2)" with
[ odd. For any z|T', by Property(iii), we have either 7 = 2 or z = § + 2. If 2|T’, then
2F . (2 4 2)"71 - 2 is a zero-sum subsequence of length % > r, which is a contradiction.
Therefore, T' = (5 + 2)2~! and so n < 4, which is also a contradiction.

(iii) ord(a) = n. Without loss of generality, we set a = 1. Then U = 1% (% 4+ 1) with
k> 1> 1. Similarly, for any z|T, we have either T =1 or z = 3 +1. Thus T = 1°(§ +1)*
with s +t = § — 1. However o(T") # 0.

Subcase 3.4. U = a*-(a+g)'-g is not smooth with |U| = 2, ord(g) =2and k > 1 > 1.
By a similar argument of subcase 3.3, we have | Y (U)| =n — 1 and ord(a) > %.

(i) ord(a) = %. Since r = § — 1 and {a,2a,--- ,(k+1)a} € > (U) with k+1 =5 —1,
we have £ > 2 — 1, which contradicting that n > 6.

(ii) ord(a) = 5. Without loss of generality, we set @ = 2 and g = §. Then U =
2k . (5 + 2)t- 5. By Property(iii), for any z|T, we have T = 2, % or § + 2. If §|T, then
r=2,mn=6,and S =2-3%-5 which is equivalent to S = 1-3%-4. If 2|T, then we have
either o(2¥(% +2)'2) = 0 or o(2"(% +2)'%2) = 0. However these length > 2 > r, which is
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a contradiction. Therefore, T = (2 +2)2 7!, and so (2 42)% or (2+42)2 - 2 is a zero-sum
subsequence of length at least 5 > r, which is a contradiction.

(iii) ord(a) = n. Without loss of generality, we set a = 1. Then U = 1% - (2 +1)! - 2
Similarly, for any z|T', we have Z = 1, % or § + 1. If £|T, then we have r = 2,n = 6 and
S=1-33-4. T =1°(2+1)" then s+ (2 + 1)l # 0 (mod n), which is a contradiction.

Subcase 3.5. U = a” - b- ¢ is not smooth, where ord(a) = x+2 = % and b,c € G\ (a)
are distinct with b+ ¢ =a and b — ¢ € (a). Then > (U) = (a,b,c) \ {0} = G\ {0}.

By Property(iii), (a) Nsupp(T) = @. If be|T', then T'(bc)"'a is a zero-sum subsequence
with length r—1. So by Property(iii) and Y (U) = G\ {0}, we have T' = b* or T' = ¢* with
s =45 —1. If n > 6, we have o(T) # 0, which contradicts o(7) = 0. If n = 6, without loss
of generality, we set @ = 2. Then U =2-3-5and T = 3. Hence, S =2-3%-5=1-3%.4.

Therefore, in this case S is one of the following:

i) S=1"2.(n—r+1) withn > 3.

(i) S=12-33or S22.330or 1-3-40or S=13-2-5 withn=06 and r = 2.

Case 4. r = ”—+1
By Lemma 17, We have h(S ) R 1 = 221, Then there exists some element a|S such
that v,(S) = h(S) > r — 1 = 2L and ord(a) = n. Without loss of generality, we set

a =1. Let T be a zero-sum free subsequence of S such that | > (T)| > 2|T| — 1 with |T|
maximal. Set U = ST, Since n —1 > |>(T)| = 2|T| — 1, we have |T| < LgJ =r—1.
Subcase 4.1. |T| <r —2.
By Claim 1(i), we have U = 1"~'=ITl and

—1 n+1

supp(T) C{l,n—r,n—r+1} = 5 g

}.

Sincen—1—|T|>2n—r+1= ”T“, it follows that % 1"2" is a zero-sum sequence with

length r 4+ 1. Hence 5% ¢ T, and so T' = 17 - (%1)*. If s > 3, then we obtain a zero-sum

subsequence (%1)% - 17" of length r + 1. If s = 2, then S = 1773(2£1)2 [f 5 = 1, then
we have § = 1772 . 2

Subcase 4.2. |T|=r — 1 =21

Obviously, | > (T)| = n — 2. There are three options consider.

(i) If T'a is a zero-sum free for every a|U, then |> (Ta)| = |> (T)| + 1. By Lemma
11, we have U = a" 17l = "z, S(T) = {a,2a,--- , (ord(a) — 2)a} U (H — cosets)
and o(T) = (ord(a) — 2)a, where H = (a). If a # 1, then T = 1""! = 1"z because
of vi(S) = h(S) > 25+, Tt follows from | (T)| > 2|T| — 1 that |T| = 1 and n = 3,
contradicting that n > 4. Thus a = 1 and > (T) = {a,2a, - - , (n — 2)a}. However, T - 12
is a zero-sum subsequence of length r + 1.

(ii) If T'a is a zero-sum subsequence for every a|U, then U = a Slmllarly,
we have U = 1"2", and so o(T) = n— 1. For any z|T, since o(T) =n—1,if 2 < 7 < 23
then o(Tz™') = § € [%,n — 3], and then 17 - T - 7! is zero-sum subsequence of

length distinct from r. If z > 2L then z - 1% is a zero-sum subsequence of length

2
n—r+1< ”T“ = r, a contradiction. Thus we have either z = 1 or 2= < T < "“
Because the zero-sum subsequence 1" - a cannot be all 1’s, there exists x|T such that

n—1 t = " Since o(%5t - %) = 0 and T is zero-sum free, it follows that

n1|T|_a2

I'ZTOI'ZL'—
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222 and = are not in 7' simultaneously. So we can assume supp(7) C {1, ”T_l} or
n+1}

If supp(7) C {1,251}, then T = 1" - (%1)* with ¢t + s = 251, If s = 1, then
T =172 1= e 2=l and o(T) = n — 2, which is a contradiction. Thus s > 2.
Since 251 + =L 4+ 1 = p, it follows that r = 3,n =5 and T' = (%51)% and so S = 17 2%

If supp(T) C {1,284}, then T = 1% - (”—“) with ¢t + s = ”21. If s > 3, then

12" . (%41)3 is z zero-sum subsequence of length > r. If s = 2, then T = 1773 . (%H)2,

However, o(1-T) # 0. Therefore, T =172 2 and S = 1"72 . 2,

(iii) Suppose that there exist a,b € supp(U) such that T'a is zero-sum free and Tb is
zero-sum. Then by Lemma 11, we have > (T') = {a,2a, - - - , (ord(a) — 2)@} U (H — cosets)
with H = (a) and o(T) = (ord(a) — 2)a, and so b = 2a. Since T - a* and T - b are
zero-sum, by Lemma 11(iii), we must have U = a - (2a)" "' = a - (20)"2 . If a # 1
and 2a # 1 (mod n), then we have T = 1""! = 1" and 2a = 1 (mod n) because of
vi(S) =h(S) = %51 So U = ("“)%3 a. Since 12" - (244)? is zero-sum of length r + 1,
we have ?3 < 2, and son<7. Ifa> "+3 , then 1"~%.q is zero-sum of length n—a+1 < r.

If2<a< ™t then 17 a. ”+1 - a is zero-sum of length ”— —a+2 < r. Then we have

T2
=2l s02a=1 (mod n), Wthh is a contradiction. Thus a=1or2a=1 (mod n), so

=1.2"% orU—l ®.ntl

IfU =1 2 2, then S (U ) {1,2,--- ,n—2}. Applying Property(iii) to T'-(2a) = T"-2
and recalling that IT| =r—1and > (T) ={1,2,--- ,n — 2}(since a = 1), for any z|T,
we have T =1or z =2or z =n — 1. If n — 1|T, then the zero-sum subsequence —1 - 1

implies that » = 2, in which case n = 3, contrary to n > 4. So for any z|T, we have
1

r=1orx=2. WecanassumeT:15‘2twiths+t:"%ands+2t:n—2,andso

t =222 and s = 1. It follows that T'=1- 2"2" and S = 12 - 23, which is equivalent to
S =~ 1n—3 . (n_+1)2
N 2 . n—3 +1 . . . 1 n—1 -
Suppose U = 17z - 22 If there is a term z|T satisfying 2 < 7 < 5+, then 17z 7 -
";rl x is zero-sum of length ”*3 — Z < r. If there is a term z|T" satisfying = > "Jf’,

then 1% . x is zero-sum of length n—=T+1< "= <r. Thus for any x|T we have

T=1orz =" SowecanassumeTzl“(%). If t > 2, then 177 ~(”T“)3is

zero-sum of length 22 > r. Thus we have ¢ < 1. Since | > (T)| = 2|T| — 1, we have
T=172 (") =17 "1 andso § = 1" (211)2.
Therefore, in this case S is one of the following:

Sl

i) S=21"2. (n—r+1) withn > 3.
(i) S=1m2. (22 =1""% (n—r+1)* with r = 2 and n > 3.
(iii) S =1%-2? withn =5 and r = 3.

Now we give two results. Suppose 25+ < 7 < % and v,(S) = vi(S) = h(S) > r—1. Let

T =S8-17"9) Assuming o(T) > n —r + 1, define Ty as follows. Let T = - ... x; with
2 <%y < --- <7 Then there must be a minimal index v > 1 such that z; +--- + 7, >
n—r+1. Set Ty =x1-...-x, Then we have the following results.
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Claim 2 If 7 < r for every x|T, then either o(T) < n —rorelse o(T) = n—1r+1
and o(Ty) = o0(Ty) = n — 7+ |Tp| with 2 < |Tp| <7 — 1.

Proof of Claim 2: We assume o(T) > n — r + 1 and proceed to show o(7Tp) has
the desired value. Since 71 < 7 < n — r(in view of 7 < §), we must have [Tp| > 2. Let

Ty =Ty - x;'. Then the minimality of u ensures that (7)) < n — r, which together with
Ty <1 glves U(To) n.

Suppose o(Ty) = n. Then we must have T, = r and Tj is a zero-sum subsequence.
Thus |Ty| = r and n = o(Tp) = r+2(r—1), which implies r < |%2]. In view of 7 > [251]
and n > 4, this is only possible if n = 7 or n = 5 or n = 4, with r = |22 = [21].
If n =4 orn =25, then r = 2, in which case supp(7y) = {2}. Thus, if n = 4, then
To = 2 -2, so that v1( ) < |S] — 2 =1, contradicting that vi(S) = h(S), while if n = 5,
then U(TO) = n = 5 is not possible as J(TO) must be even. Finally, if n = 7, then r = 3
and Ty = 2-2-3. But then, since v;(S) = h(S) > r — 1 = 2, the zero-sum 1?2 -2 - 3
contradicts that » = 3. So we have obtained a contradiction in all cases and can instead
assume o(Tp) <n — 1.

Thus n —r + 1 < o(Tp) < o(Ty) < n — 1( with the first inequality in view of the
definition of Tp). But now T - 17770 is a zero-sum sequence of length |Ty| +n — o(Tp).
Moreover, it is a subsequence in view of n — o(Tp) < r — 1 < h(S) < vi(S), which forces
o(Ty) =n —r + |Ty|. Since o(Ty) < n — 1, it follows that |Ty| < 7 — 1.

Claim 3 Suppose that o(T) > n—r + 1 and Z < r for every z|T. Let T} =
Ty - 17~1Tol(which is a zero-sum subsequence of length 7). Then supp(T) = {x} for some
€ [2,n — 1], so that T} = 1V - 2% and ST, ' = 1*- 2* with s > 1. Moreover, Z > v and
T >t.
Proof of Claim 3: First, let us show that Ty # T. Suppose to the contrary that
To =T. Then Clalm 2 implies o(T) = n — r + |T| with 2 < |T| < r — 1. Consequently,
letting 7" = T - 27!, we have o(T") = n — r + |T'| — 77 with Z1 € [2, 7], in which case

3<T+1<n—oT)=r—|T|+77<2r — |T| <n—|T| =vi(S) + 1.

If the above upper bound were tight, then we must have z; = r and r = 4. Hence
supp(T') = {r} = {5} with |[T| > |Ty| > 2, whence the zero-sum subsequence % -

force § = r = 2. But now v,(S) > 2 has greater multiplicity than 1, contradicting that
v1(S) = h(S). Therefore, we conclude that the above upper bound is not right. As a

result, the zero-sum subsequence 1"~(7 )T forces
r=n—o(T)+|T'|=n—(n—r+|T| -5+ |T| -1,

implying 71 = 1, which contradicts that 77 > 2. So we instead conclude that Ty # T.
Thus let o € supp(T - Ty ).

Let z; € supp(Tp) and let T) = Ty - o, . If o(

Tp) = n—r+1, then 17°0) . T} will be
a zero-sum subsequence (in view of o (7| ) o(Ty) < n

—1) of length (in view of Claim 2)

n—o(Ty)+|Tyl=n—(n—r+|T| —%) + || —1=r+7 — 1,
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which forces 7; = 1, contradicting that z; > 2. Therefore we may instead assume a(i’)) <
n —r. Thus, since z < r for every z|T, it follows that (T - ) < n. However, if
o(T, - x) = n, then T}, - x is a zero-sum subsequence of length |7}, - z| = |[Ty| < r — 1(in
view of Claim 2), which is not possible. Therefore o(T}, - z) < n — 1. By the definitions
of Ty and z, we have Z > T, > T;. Thus (T} - z) > o(Tp) = n — r + 1. Consequently, as

1o (Tp-)

in the proof of Claim 2, the zero-sum subsequence - Ty, - x forces

o(Ty)—Ti+z=0(Ty-x)=n—71+|T) x| =n—r+|T,

whence Claim 2 implies x = ;. Since z; € supp(Ty) and z € supp(T'-T;, ') were arbitrary,
we have now established that supp(7’) = {z}, which clearly implies that 77 = 1V - z* and
STyt =1t 25

We have s > 1 since T' # Ty. That T3 is zero-sum follows by a simple calculation using
Claim 2. If z < t, then we could replace a single term x in the zero-sum 77 with z > 2
terms equal to 1 from S - T, yielding a zero-sum of length other than r. Likewise, If
T < v, then we could replace v > T > 2 terms equal to 1 in 7T} with single term equal to
x from S - T, *(which exists since s > 1) to yield a zero-sum of length other than r. Thus
Tz >vand x >t.

Case 5. r = 7.

By Lemma 17, we have h(S) > r —1 = § — 1. Then there exists a|S such that
Va(S) = 5§ — 1. There are two subcases to consider.

Subcase 5.1. ord(a) = 2. Without loss of generality, we set a = 2. Let T’ = 5 -27"(9)
and x|T, which exists else S = 2"~ as desired. If z is even, then x # 2 as all terms equal
to 2 have already been removed, and then we obtain a zero-sum subsequence of length
less than 7, which is a contradiction, by combining x with an appropriate number of the
other v5(S) = h(S) > 5§ — 1 terms from S equal to x = 2. Therefore all terms of 1" are
odd.

If S has only one odd element, then S = 2" 2.5b with b odd. If S has precisely
two odd elements b; and by, then by + by is even and S = 2773 . b, - by. It is easy
to show that b; +by = 4. Thus S = 23 .b- (4 —b) with b odd. If S has more
than two odd elements, then, letting x1, zo and x3 be three odd elements in S, we have
Ty +ry = 11+23 = 22+x3 =4, and S0 T1 = Ty = T3 = § + 2 with § odd. Thus
S=2"-(5+2)"withv > % —1and § odd.

Subcase 5.2. ord(a) = n. Without loss of generality, we set a = 1. Let T = - 175
and z|T. Then we must have Z < § + 1, otherwise z - 1"~* will be zero-sum of length
< %. So for all x € supp(S), we have 7 < § + 1. First we give a Claim.

Claim 4 Let all notation be as above and n > 6. If there exists z|T such that
T=5+1,then S=1"- (5 +1)", whereu+v=n—-1u>%5—1andv > 1.

Proof of Claim 4: For n > 6, we have r > 3. If there exists y|T such that § < g, then
2414y > 242 andso (2+1)-y-12 777 is a zero-sum subsequence of length 2+1—7 < 2,
which is a contradiction. Clearly, if |7T", then we have vi(S) = §—1,|T| = |S|—vi(S) = §

2

and vz (T') =1, as vi(S) = § — 1 and 12 - 2 and (2)? are zero-sum of length # r. Thus
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T=%-(5+ 1)z, However, 2o(241)% 1272 is a zero-sum subsequence of length 7+ 1,

which is also a contradiction.
By the above argument, we have S = 1" - (§ 4+ 1)”, where u +v =n — 1L, u > § — 1
and v > 1. This proves the Claim 4.

For n = 4, we have r = 2 and there must exist some x|T with 7 > 2 = 7. In this case,
we have S = 1-2-3 or S = 1%-3 in view of v;(S) = h(S). So we can assume n > 6. If there

is some z|T with > % +1, then Claim 4 completes the proof. Therefore we may assume

T < 2 = for all [T, and now we can apply Claim 2. As a result, either o(T) < 2 or

there exists a subsequence Tp|T with o(Tp) = 2 + |Ty| < n— 1. Let |T| =u > 2.
Let T} = Ty - 127* be a zero-sum subsequence By Claim 3, we have T} = 12" and

STy =1tz with @ > v,Z > t. Since o(T7) = n, it follows that £ = =% = 2=C 4] = 2 4]
with Z > ¢t and > v. Sincen—1>2z > v+t+2 > 2 +1, Wehavex> %4—%. In
view of the definition of Ty and r = %, we have |Tp| > 2, S0 — 2. Thus T =2? 1272

and T = 2 + 1 with 4|n. For n > 10, (2 4+ 1)*- 177 will be a zero-sum subsequence of
incorrect length unless = % + 1 has multiplicity 2, in which case S = (§ + 1)2-1"73 and
($+1)- 171 is this time of incorrect length, which is a contradiction. For n = 8, then
we have z = 3,50 T} = 12 - 3% and S = 1* - 3% by v1(S) = h(S).

Therefore, in this case, S is one of the following:

(i) S = 2n 1,

(ii) S = 2"~2. b, where b is odd.

(iii) S =273 .b. (4 —b), where b is odd.

(iv) S =2". (5 +2)", where ¢ is odd and v > § — 1.

(v) S=1"-(5+1) withu > § —1andn > 5.
(

v) S 11. 33 with n = 8.

Case 6. r = "T_l
By Lemma 17, we have h(S) > r — 1 = 73 Then there exists a|S such that v,(S5) =
h(S) > 252 Smce n > 4, so that ¢ , we may without loss of generality set a = 1.

Let T'= S - 179, For any z|T, 1t is easy to show that T < ”*3 . We first give a Claim.
Claim 5 If there exists x|T such that = > ”+1 then We have S =1"2. ”TH or
S:12-2-4Withn:5,orS:13-53%’13-33W1thn—7
Proof of Claim 5: Since n > 5, we have r > 2 and h(S) > 1. If 25T, then

obviously, we have v;(S ) = 23 If 22T, then obviously, we have v{(S) < 25+, If
Vn (S) > 2, then 1 (%5%)? is a zero-sum subsequence of length 3, which implies r = 3
and n = 7. Since v;(S) > %52 = 2, we have 17 - (25%)? = 1% - 3?|S, and so 4 is not in S.

If 2|S, then 1% - 2 - 3 is a zero-sum subsequence of length 4 > r = 3. So we can assume
supp(S) C {1,3,5}. Because v{(S) = h(S) and 1-3-5% 1*-3 and 13- 3% -5 is a zero-sum
sequence of incorrect length, we must have S = 13 - 33, which contradicts that z > ”’Ll
foe some z|T'. So we can assume Visi (S) < 1.

If (251)(™%)|T, then we have r = 2 and n = 5, s0 v;(S) =1 = h(S) and S = 1-2-3-4,
which is a contradiction.

If (%£3)(21)|T, then our above work shows that vi(S) = %52, so that [T'| = %2+ > 3.

THE ELECTRONIC JOURNAL OF COMBINATORICS 22(4) (2015), #P4.7 19



. - — n-3_x
If there were some x|T with T < ”73, then the zero-sum subsequence 1z .z - ”+3 must

have length 7, implying = 1, which contradicts the definition of T'. Therefore, 1n view of
the previous paragraph, we have supp(7T') = {”+3 241}, We must also have Vol (T) =1,

as otherwise 1°2° 1 - (244)? - 23 will be a zero-sum subsequence of length r + 1 # r.

Thus T = =t . ("TJF?’)HT_1 But now vuis(5) 2 nl > 23 — vy (S5), contradicting that
vi(5) = h(S).

If (2£2)(%1)|T, then our above work shows that va-1(S) = 1,vi(S) < %5 and

2
vai1(S) = 0. In view of vi(S) < %51, we have |T| > 251, If there were some z|T

2
with 7 < ”T_?’, then the zero-sum subsequence 1% . 1. ”‘; must have length r, imply-
ing z = 1, which contradicts the definition of 7. Therefore supp(7) = {"+1 ”+3} with
van(S) = 1, which implies T’ = 221 . (2£2)IT1=1 Thus vnTm(S) >|T| — . Conse-
quently, if n > 5, then the zero-sum subsequence 1" "T’l . ("TJF?’)2 has length greater than
r, which is a contradiction. On the other hand, if n = 5, then S = 12-2-4 follows in view of
vi(S) = h(S). In view of the above work, if “£2|S, then we have vanl(S) = VHTH(S) = 0.
Moreover, as argued in both of the above paragraphs, we also cannot have any x|T" with
T < 252 Thus supp(T) = {%£2}. If VnTH(S) > 3, then we must have v;(S) = h(S) > 3,

which implies n > 7, and then the zero-sum subsequence (”TJ“?’)3 . 1"7°3 has incorrect

length for n > 7, while for n = 7, we have S = 13- 53 = 13. 33 as desired. If Viis (S) =2,
(n+3)

then S = 1773 (2£2)2 in which case the zero-sum subsequence 1" - has length

n — 1 > r, which is a contradiction. Finally, if Vs (S) = 1, then S = 172 ”;3, as
desired. So we can now assume “32 { T,

Since “+2 { T, our hypotheses ensure that “|7. Then we must have supp(7) C
{2, "TH}, otherwise 12" % . 1 - "—“ would be a zero sum subsequence of incorrect length
if 3 <z <5 If2|T and vo(T ) 2, then 12 - 22 . ™ is zero-sum, and this implies
n=7orn =25 Ifn =25, then vl(S) = h(S) = vo(S) > 2 and v%(S) > 1 imply
|S| > 5 > n — 1, contrary to hypothesis. For n = 7, we have 1?-22-4|S, so S = 1%.2%. 42
or S =13-2%.4. The latter has 1° - 4 as a length 4 > r zero-sum, while the former has
12-22. 4% as a length 6 > 7 zero-sum, both contradictions. So we have v5(S) < 1. Hence
VnTJrl(S> > =1 > 2(as shown at the start of the proof), so n = 5 and v(S) = 1, which
implies S = 1?-2- 3 in view of v{(S = h(S). This proves Claim 5.

In view of Claim 5, we may assume T < "T_l = r for every z|T. Let T = S - 1775,
By Claim 2, we have that either o(T) < ™ or there exists Tp|T" such that o(Tp) =
2 Tyl < n— 1. If o(T) < ™, then e1ther 0 ¢ > (S) or there exists a zero-sum
subsequence of length > r, Wthh is 1mp0831b1e Therefore, there exists a subsequence
To|T such that o(Tp) = 2 + |Ty| < n— 1 with 2 < |T| < "7—3. Let |Tp| = u > 2.

Let T1 =T - 1" % Then O'(Tl) = n. By Claim 3, we have T; = - 1Y and
ST ' = 2°- 1! with # > v and Z > t. Since o(T}) = 0, we conclude that 7 = ”;1 + 1
Since supp( ) = {1, 2} with v;(S) = h(S), it follows that v+t = v1(S) > 5|S| =
Thus, since T > v and T > t, we have T > "T+3 Hence ”2—21 +1=z> "+3 , which 1mphes
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u < 3 in view of n > 5.

If u = 3, then "2—*;14—1 =I> "TJ“?’ implies n = 5,2 = 2 and r = 2. But supp(S) = {1,z}
together with vi(S) = h(S) and |Tp| > 2 implies S = 1% - 22, so that the zero-sum
subsequence 1 - 22 contradicts that r = 2. Therefore we may instead assume u = 2, in
which case z = " +1 with 4 | n+ 1, and T} = 2* - 1" with v =7 —2 = 252, Since T > v
and 4 | n+ 1, we have n = 11 or n = 7. If n = 11, then supp(S) = {1,4},r = 5 and
vi(S) = h(S) ensure that S =1°5-4%, 5 =16.4% §=17-43 S =1%.42 and S = 1° -4 are
the only possibilities for S. However, the zero-sum sequences 12-4°, 1%.4% and 17 - 4 yield
the contradiction r # 5 in all but the final case. This completes the case n = 11.

If n =7, then supp(S) = {1,3},r = 3 and v{(S) = h(S) ensure that S =13.3% 5 =
1#.3% and S = 1° - 3 are the only possibilities for S. However, the zero-sum sequences
1*.3 and 17 - 4 contradicts that » = 3 in the second case, leaving only the other two.

Therefore, in this case, S is one of the following:
(i) S=21" 2. (n—r+1) withn > 5.
(i) S=12-2-4withn=5; S=1%.3% withn="17.

This completes the proof. n
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