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Abstract

This article is devoted to the study of Jack connection coefficients, a generaliza-
tion of the connection coefficients of the classical commutative subalgebras of the
group algebra of the symmetric group closely related to the theory of Jack sym-
metric functions. First introduced by Goulden and Jackson (1996) these numbers
indexed by three partitions of a given integer n and the Jack parameter o are de-
fined as the coefficients in the power sum expansion of some Cauchy sum for Jack
symmetric functions. Goulden and Jackson conjectured that they are polynomials
in 8 = a— 1 with non negative integer coefficients of combinatorial significance, the
Matchings-Jack conjecture.

In this paper we look at the case when two of the integer partitions are equal to
the single part (n). We use an algebraic framework of Lassalle (2008) for Jack sym-
metric functions and a bijective construction in order to show that the coefficients
satisfy a simple recurrence formula and prove the Matchings-Jack conjecture in this
case. Furthermore we exhibit the polynomial properties of more general coefficients
where the two single part partitions are replaced by an arbitrary number of integer
partitions either equal to (n) or [1"~22].

1 Introduction

1.1 Integer partitions

For any integer n we denote [n] = {1,...,n}, S, the symmetric group on n elements
and A = (A1, A, ..., \,) F n an integer partition of |\| = n with £(\) = p parts sorted in
decreasing order. If m;()\) is the number of parts of A that are equal to ¢, then we may write
Aas [1™) 2m2() T and define 2y, = [], ™ ™m;(A\)!. A partition A is usually represented
as a Young diagram of |\| boxes arranged in /() lines so that the i-th line contains \;
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boxes. Given a box s in the diagram of A, let I'(s),(s), a(s), a’(s) be the number of boxes
to the north, south, east, west of s respectively. These statistics are called co-leglength,
leglength, armlength, co-armlength respectively. As an example the box s in the
following diagram representing A\ = (6,4, 2,1, 1) verifies I'(s) = 1, I(s) = 0, a(s) = 1 and
a(s) =2.

[

We define for some parameter «:

ha(e) = [J(aals) +1(s) + 1), V(@) = [T +a(s) +1(s)),

SEX SEA

and denote j,(a) the product
Ja(a) = ha(a)hy(a).

Finally we adopt the following notations consistent with [23| for operations on integer
partitions. For a partition A containing at least one part k denote Ay the partition
obtained from A by removing one of the parts k and adding a part &k — 1 and AT®) the
partition obtained from A by removing one of the parts k and adding a part k£ + 1. If A
contains a part k and a part [ we denote A, the partition obtained from A by removing
a part k and a part [ and adding a part k4 — 1. Finally if A contains a part k+1+ 1 we
denote AT the partition obtained from A by adding a part k and a part [ and removing
a part K+ 1+ 1. So we denote

My =A\NEU(k=1), A=A\ (51U (E+1-1),
AE X\ EU (R +1), XD = A\ (k+1+1) U (kD).

1.2 Classes of permutations indexed by partitions

The conjugacy classes of the symmetric group .S,, are indexed by partitions of n ac-
cording to the cycle type of the permutations they contain. For A - n we denote C'\ the
class of permutations of cycle type A. The cardinality of the conjugacy classes is given by
|C\| = n!/z,. We look at matchings of the set [n] U [A] = {1,...n,1,..., 7} which we
view as fixpoint-free involutions in Ss,. Note that for f, g fixpoint-free involutions of Sy,
the disjoint cycles of the product fog have repeated lengthsi.e. fog € C), for some A F n.
We consider the hyperoctahedral group B, as the centralizer of f, = (11)(22)- - - (nfi)
in Sy,. As shown in e.g. [25, VII.2| the double cosets of B,, in Sy, are also indexed by
integer partitions of n. We denote by K, the double coset indexed by A F n consisting
of all the permutations w of Sy, such that f, ow o f, o w™! belongs to Cyy. According to
this definition K = B,wB, for any w in K and, in particular, B, = K[;»). We have [25,
VIL2, (2.3)] |B,| = 2"n! and |K)| = | B,|?/(2"Mz2y).
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1.3 Symmetric functions

Let A be the ring of symmetric functions. Denote m(z) the monomial symmetric function
indexed by A on x = (x1,29,...), px(x) and sy(x) the power sum and Schur symmetric
functions respectively. Whenever the indeterminate is not relevant we shall simply write
my, px and sy. Let (-,-) be the scalar product on A such that the power sum symmetric
functions verify (px,p,) = 210\, where dy, is the Kronecker delta. The Schur symmetric
functions s, are characterized by the fact that they form an orthogonal basis (they form
even an orthonormal basis) of A for (-,-) and the transition matrix between Schur and
monomial symmetric functions is upper triangular.

The zonal polynomials 7, constitute another important basis of A directly linked
with the theory of the zonal spherical functions. Zonal polynomials verify the same
properties as the s, (except for the unit length property) if the scalar product is replaced
by (-, -ya with (py,p.)a = 2°V 285, In the general case, using an additional parameter
a, Henry Jack [15] introduced the bases of Jack symmetric functions J§{ orthogonal
for the alternative scalar product (-,-), defined by (px,pu)a = a'M2)65,. We use the
normalization of Jack symmetric functions such that [m,]JY = hy(a). As a result we

have
Jy = hy(1)sy and Ji = Zy. (1)

Moreover, as shown by Stanley in [33],
(3, I e = Ja(@) 0. (2)

1.4 Classical connection coefficients and their combinatorial interpretation

By abuse of notation let C) (resp. K)) also represent the formal sum of its elements in
the group algebra CS,, (resp. CSy,). So {C) | A+ n} forms a basis of the class algebra
i.e. the center of CS,, and {K | A - n} forms a basis of the double coset algebra i.c.
the commutative subalgebra of CS,, identified as the Hecke algebra of the Gelfand
pair (S, B,,). For integer s > 2 and partitions A', ..., A* - n, we define the connection
coefficients of the class algebra cﬁi)\ and the connection coefficients of the

double coset algebra b}, . by

e =[O ] bR e = (K] [] Ko (3)

122 122

From a combinatorial point of view cﬁi e (resp. bf\; s is the number of ways to write
a given permutation o1 of C\x1 (resp. K ,\1) as the ordered product of s — 1 permutations
030 ...00, where 0; is in Cyi (resp. Kyi). When s = 3, the coefficients ¢, and by, also
admit a nice interpretation in terms of graphs on 2n vertices (see e.g. [8], [13]). For a given
partition A = (Aq, ..., A,) of integer n, consider the graph G on 2n vertices consisting of p
cycles of lengths 2\, ..., 2),. A matching in G is a set of edges without common vertices
that contains all the vertices of G. Coloring successively the edges of the cycles of G in
gray and black colors, we get two matchings: g (gray edges) and b (black edges). We call
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such a two-colour graph induced by A a A-graph. Label the vertices of G by [n] U [7]
such that edges {7,i} are gray and the vertices of the i-th cycle are successively labelled

— —

i—1 i—1 i—1 i—1 7 /z\
STNAL D NAL D NH2 D NE2 ) N YN
j=1 j=1 j=1 j=1 j=1 j=1

This labeling is named canonical. A matching in which all edges are of kind {z,}\} is
called bipartite.

Example 1. Figure 1 depicts a canonically labeled A-graph for A = (3,2,2,1).

/1 1\ 4 2 6 G 8
3 2
5 7 \

3 2
Figure 1: The union of the black and gray matchings forms the (3, 2,2, 1)-graph.

Denote Bl’)y the quantity l;l’)y := b,/|Bn|. We have the following proposition.

Proposition 1 ([8|, proposition 4.1; [13], Lemma 3.2). Let A b n, G be the induced
A-graph and define the matchings b and g in G as above. Then 6,/>u (resp. cﬁl,) is the
number of matchings (resp. bipartite matchings) § such that the graphs b U 6 and g U §
are respectively a p-graph and a v-graph. We denote the set of all such matchings by Qﬁy.

We call a matching ¢ such that both b U § and g U § are 2n-cycles (i.e. (n)-graphs)

a good matching. Denote by G(\)(= Q(An)(n)) the set of all good matchings of the
canonically labeled A\-graph G. Due to Proposition 1,

b =|G\)| and ¢\ =|{6 € G(\)]| ¢ is bipartite}|. (4)

nn

Example 2. 1. One can see \-graphs for A\ with |\ < 2 on Figure 2. So we have
6%1 = 17 632 - ]-7 bg12’1) = 27
2. Figure 3 depicts the 4 good matchings in the case A = (3). Only the leftmost one is

bipartite. As a result b5 = 4 and ¢Sy = 1.
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Figure 3: Good matchings for A = (3).

1.5 Jack connection coefficients and the Matchings-Jack conjecture

It is easy to show (see e.g. [8], [13], [37]) that connection coefficients are linked to some
extended Cauchy sums for Schur and zonal symmetric functions. In particular, one has:

D A @pu)pn(z) = > ha(1) +(Y)s4(2), (5)

A p,vn s
22 | PA@)pa(u)pl2) = Z Z<<>ZZ<§>>Z<> o

In the general case, Goulden and Jackson 8] considered the coefficients a;\w(a) in the
power sum expansions of similar sums for Jack symmetric functions

> ) = 3 LA, )

A\ p,vn yFn R
In view of Equations (1), (5), (6) and (7)
al’ly(l) = cﬁy and aﬁV(Q) = bﬁy = Bi‘w

| Bnl

Exhaustive computations of a),, () for all A, u, v = n < 8 (see [8]) showed that the aj,(a)
are polynomials in 8 = a — 1 with non negative integer coefficients and of degree at most
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n—min{l(u),(v)}. Goulden and Jackson conjectured this property for arbitrary A, p, v
Moreover, following the combinatorial interpretation in Proposition 1, they also suggested
the stronger Matchings-Jack conjecture.

Conjecture 1 ([8], conjecture 4.2). For A\, u,v & n there exists a function wty: ggv —
{0,1,...,n— 1} (see Proposition 1) such that

an(B+1)=) g0

5eqp,
and wty(0) < n—min{l(u),l(v)}, wtr(d) =0 <= ¢ is bipartite.

They proved this conjecture in the cases A = [1"] and A = [1"22!]. Following [37],
we use the terminology of Jack connection coefficients for a),(«) (although the nor-
malization in [37] differs from the one of this paper). Our work is mainly devoted to the
case 1 = v = (n). We show various results for Jack connection coefficients in this case,
including the proof of the Matchings-Jack conjecture.

Remark 1. As shown recently in [5, Section 4.2 and Appendiz B.1], the coefficients

aﬁy(a) with A\, p,v = n are the connection coefficients of the algebra of functions on
Young diagrams of size n as they provide the coordinates in the basis of Jack characters
(see Section 2.2) of the product of two elements of this basis. As a result, the terminology

of Jack connection coefficients is well justified even for o ¢ {1,2}.

1.6 Main results

Our proof of Goulden and Jackson’s conjecture is based on the recurrence formula (9)
which derives from the following theorem proved in Section 3.
For simplicity, we write n instead of (n) in the indices of the coefficients.

Theorem 1. For positive integer n and integer partitions v n and \+=n + 1, the Jack
connection coefficients defined in Equation (7) satisfy the following formula:

Z i(mi(v )+1) A1 10 n(a)

i mi_l(y);éO

—Z)\ [a—l YO — Dand (a)

)\1 2
FX @) b a3 e (@] ®
d=1 j#i

In the special case v = (n) the formula (8) becomes recursive. Besides, as shown in
Section 4, the expression in brackets does not depend on ¢. This remarkable property
allows us to derive the following theorem.
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Theorem 2. For integer n and partition A = n-+1, the Jack connection coefficients verify
the following recurrence formula for any i € {1,...,0(\)}:

Ay nr(@) = (@ = 1)(Ni = 1) (@)

+ Z At —1—d d) _|_ az )\J niz(kl /\J) (9)

JF#i

Remark 2. One can use the fact that Equation (9) is true for any i to derive additional
formulas. For instance, let p be a partition of integer n — 1 and A = p U (1) a partition
of n. Setting i such that \; = 1 in Equation (9) yields the following expression:

ah, 'V (a) = a(n —Day_y ,_4(a).

ITterate this relation for any partition X of n that we write A = p U (1™W):

m1(X\) (n—1)! n
) = D) e e (@)

Equation (9) also proves for ptn—2, A= pU(2) and \; = 2
0
a® (@) = ala = 1)(n—2)al_y, o +a2ug a

Theorem 2 allows us to prove the Matchings-Jack conjecture in the case p = v = (n).

Theorem 3. Let A be a partition of n and G a canonically labelled \-graph. Then there
exists a function wty: G(A) — {0,1,...,n — 1} such that

(B =" g (10)
5eG(N)
wtr(0) =0 <= 0 is bipartite. (11)

As a consequence, the quantity a), (8 + 1) is a nonnegative Ninteger polynomial in 3 with
A =a), (1) and sum of coefficients equal to b, = a), (2). Besides

constant term c;,
" an, (8 +1) = (n = 1)L (12)

All of the results stated previously deal with connection coefficients indexed by three
partitions. However, as shown in Equation (3), classical connection coefficients are defined
and admit nice combinatorial interpretations for an arbitrary number of partitions. In the
following paragraph, we state some additional results about Jack connection coefficients
indexed by more than three partitions.
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For a sequence of indeterminates x!, 22, ..., 2° define the more general Jack connection

coeflicients aﬁ;n,/\s(a) by the formula
o1y —1 A\l i Hz Ja(xi)
Z « ‘O )ZAllaig,..‘,)\s (a) Hp)\i (LL’ ) = Z <J0‘ ’j]a>
ik i yEn VY Yy /e

and denote for any integer partition A - n and integers [, > 0

a' (@) =ap, ()12, ..., 1729 (@) (13)

(. >

-~ ~~
T

1
. . . l,
We show some polynomial properties for the coefficients a;" («).

Theorem 4. Let D(«) denote the Laplace-Beltrami operator (see Equation (20)),
Ag(a) = pi/a and Ag(a) = [D(a), A_1(@)]. The coefficients a5 () defined above verify

a~ MGl (@) = [pAlD(@) Au(@)" ™ (p1/a)

and for 1 > 2, |C,\\al/\’r(a) is a polynomial in « with integer coefficients of degree at most
(n—1)(l —1)+r. Furthermore, for0 <i< (n—1)(l—1)+r

[ai]|C’)\]al):T(04) _ (_1)(1—1)(n—1)+r+€()\)—1[a(l—l)(n—l)-‘rr—i-é(/\)—l—i]|C«)\’al):r<oé>.

Using the theory of Jack symmetric functions, we prove Theorem 1 in Section 3.
Section 4 is devoted to Theorem 2 and the Matchings-Jack conjecture of Theorem 3.
We first provide an algebraic proof of Theorem 2 for general o and, then, reprove the
same theorem in the special cases a = 1, 2 thanks to a bijective construction. Using
this bijection and the formula for any o we show the Matchings-Jack conjecture. The
additional results of Theorem 4 are shown in Section 5.

2 Background

Our work is mainly related to two areas of combinatorics, namely the computation of
classical connection coefficients of group algebra of the symmetric group and the study
of the coefficients in the power sum expansions of Jack symmetric functions. Relevant
background is described in the two following subsections. Although most of this paper
uses the interpretation of connection coefficients in terms of graphs and matchings, these
coefficients also admit an alternative description in terms of maps. The link between the
two interpretations is emphasised in a third subsection.

2.1 Computation of connection coefficients

. . 1
Except for special cases no closed formulas are known for the coefficients ¢3; ., and

bﬁ;w.,)\s. Among the early results, when A\? = A3 = ... \* = [1"722] for some integer n,
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the case s — 1 = |A!| — £(A!). More recently, using an inductive argument Bédard and
Goupil [1] first found a formula for ¢}, in the case £(A) + £(u) = n + 1, which was later
reproved by Goulden and Jackson [7] via a bijection with a set of ordered rooted bicolored
trees. Later, using characters of the symmetric group and a combinatorial development,
Goupil and Schaeffer [9] derived an expression for connection coefficients of arbitrary
genus as a sum of positive terms (see Biane [2| for a succinct algebraic derivation; and
Poulalhon and Schaeffer [30], and Irving [10] for further generalizations). Closed form
formulas of the expansion of the generating series for the cE\Z)/\ (for general s) and bE\TL)
in the monomial basis were provided by Morales and Vassilieva and Vassilieva in [27], [28],
[35] and [36]. Papers [28] and [36] use the topological interpretation of CE\Z),M’AS and bg\z) in
terms of unicellular locally orientable hypermaps and constellations of given vertex degree
distribution. Jackson ([16]) computed a general expression for the generating series of the

>\1 . o . .
D t(\)=p: Crz.._ e 1L terms of some explicit polynomials.

2.2 Jack characters and prior results on the Matchings-Jack conjecture

The link between Schur (resp. zonal) polynomials and irreducible characters of the sym-
metric group (resp. zonal spherical functions) is given by the decomposition of the s,
(resp. Z,) in the power sum basis

S =Y 2 Xobus (14)
ukn
1
7y = B Z@pu (15)
n pukn

where X,’) is the value of the irreducible character of the symmetric group x* indexed by
integer partition A at any element of C, and the value of the zonal spherical function
indexed by A of the Gelfand pair (S3,, B,) at the elements of the double coset K, is
given by |K u|_1902' Using the fact that both Schur and zonal symmetric functions are
special cases of Jack symmetric functions, it is natural to focus on a more general form of
Equations (14) and (15). Formally, let 6)(a) denote the coefficient of p, in the expansion
of JY in the power sum basis:

I3 = 0n(0)pu (16)

According to Equations (14) and (15), up to a normalization factor, the 6)(a)’s coincide
with the irreducible characters of the symmetric group and the zonal spherical functions
in the cases & = 1 and a = 2. In the general case Dotega and Féray [4] named them Jack
characters.

The coefficients in the power sum expansion of Jack symmetric functions have received
significant attention over the past decades. As an example, Hanlon conjectured a first
combinatorial interpretation for them in [11] in terms of digraphs. Stanley proved various
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results for these coefficients in [33]. For instance for simple values of u the following
formulas are fulfilled for any integer partition A\ - n:

Qﬁn](Oé) = 1,
Blinay(@) = D (ad'(s) = U'(s), (17)

SEA
Oy(@) = ] (ad(s)=1(s)). (18)
seA\{(1,1)}
More recent works by Lassalle (see e.g. [23] and [24]) reconsidered these coefficients as
generalizations of irreducible characters of the symmetric group and conjectured various

polynomial properties in « for the 92(0(). Furthermore, Lassalle showed in [23] some
recursive formulas for ) = 2“62 1nx (@) where A = n and p F &k with m,(p) = 0. Namely,

S rs(me(u)(ma(p) = )0+ (@ =13 r(r =19+

T

° r—2 {N)+1
. (1)
Q> rme(p) Y P = —(n+ RO +a D G(N)( = (i —1)/a)*0,
r i=1 =1

where the symbol }_* indicates some additional factors in limit conditions (see [23]), the
numbers ¢;(\) are defined in Equation (22) and A\ is defined in Section 3.1.

While the formulas in Theorems 1 and 2 share some similarities with the above recur-
rence formula (one can notice the same operations on partitions on the left-hand side as
in Theorem 2) they cannot be derived from it.

Lapointe and Vinet [19] proved that Jack characters are polynomials in a with integer

coefficients. Later on Knop and Sahi [17] showed with a different method that these integer
coefficients are non negative. (To be more accurate both papers deal with the coefficients
in the monomial expansion of the Jack symmetric functions but the implication for the
0, () is immediate). Dolega and Féray [4] and Dolega, Féray and Sniady [6] conjectured
an expression involving a measure of “non-orientability” of locally orientable hypermaps
(an expression also introduced in [8].)
Dolega and Féray also proved in [5] that the a), () are polynomials in a with rational
coefficients. Prior to their result, Brown and Jackson in [3]| built a candidate object to
prove a variant of the Matchings-Jack conjecture also stated in [8]. Although they do not
give a formal proof of their solution, evidences supporting their conjecture are provided.
In [18], Lacroix focuses on the same variant of the Matchings-Jack conjecture, proves a
special case and establishes connections with some combinatorial properties of maps.

Remark 3. Using Fquations (16) and (2), one can reformulate Jack connection coeffi-

cients as 1 H (97(04)
f()\ )Z)\l Z ;<—a) (19)
v

1
@ oa(0)=a
yHEn

We use this formulation in the following sections.
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2.3 Maps interpretation

From a topological point of view, a locally orientable hypermap can be defined as a
connected bipartite graph with black and white vertices. Each edge is composed of two
half-edges both connecting the two incident vertices. This graph is embedded in a locally
orientable surface such that if we cut the graph from the surface, the remaining part con-
sists of connected components called faces or cells, each homeomorphic to an open disk.
The map can also be represented (not in a unique way) as a ribbon graph on the plane
keeping the incidence order of the edges around each vertex. In such a representation,
two half-edges can be parallel or cross in the middle. We say that the hypermap is ori-
entable if it is embedded in an orientable surface (sphere, torus, bretzel, ...). Otherwise
the hypermap is embedded in a non orientable surface (projective plane, Klein bottle,
...) and is said to be non orientable. More details about hypermaps can be found in
[20].
Hypermaps are usually classified according to a triple of integer partitions that give re-
spectively the degree distribution of the faces, the degree distribution of the white vertices,
and the degree distribution of the black vertices. For any integer m and partitions A, u
and v of n, denote lﬁ’y (resp. ml’)w) the number of locally orientable hypermaps (resp.
orientable) of face degree distribution A, white vertices degree distribution p and black
vertices degree distribution v. In the general case, the generating functions for the li‘ﬂ,

(resp. m,,) and the generating functions of the connection coefficients 13/’\“, (resp. cp,)
are connected through Equation (2) of [8]. When of the three integer partitions is equal
to the one part partition (n) (say g = (n)) then the coefficients are equal. Namely:

lﬁ,u = B:\L,u = a7>’\L,I/(2)7

A A A

mn,u = Cn,l/ = an,u(]')‘
This provides an additional motivation to the study of the coefficients a?), () as in the
special case a = 2, a)\ (2) is the number of locally oriented hypermaps with one white
and one black vertex and £()\) faces of degree distribution \. For a = 1 @, (1) counts the
number of such maps that are orientable.
Finally note that in that case (one of the partition is equal to (n)) the bipartite condition
in the graph representation of the connection coefficients is equivalent to the condition of

orientability of the considered hypermaps.

Example 3. Two hypermaps with one white and one black vertex are depicted on Figure 4.
The leftmost (resp. rightmost) one is orientable (resp. mon orientable) and has a face
degree distribution \ = (3,1) (resp. A = (3)).
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Figure 4: Examples of hypermaps with one white and one black vertex embedded in the
torus (left) and the Klein bottle (right).

3 Proof of Theorem 1

3.1 Laplace-Beltrami operator, generalized binomial coefficients and Pieri
formula

In order to prove Theorem 1 for general v we need to recall a few properties about Jack
symmetric functions.
For indeterminate x = (21, x9, . ..) define the Laplace-Beltrami operator by

LT
Z T og2 83: Z T — ij o (20)

First we have the following classical property.

Lemma 1 (|26]). The Jack’s symmetric functions are eigenfunctions of D(«):
D(a)J5 = 07 -2 () T3 (21)

Then, for two partitions, u C X the generalised binomial coefficients (2) are defined
through the relation

Js\x(l + 21, 1 + 29, .. ) . Z ()\) Jﬁ(l’l,l'g,. . )
J¢(1,1,...) =\ JH(1,1,...)

Details about the existence and properties of these binomial coefficients can be found in

[21, 22]. As shown in [29] these coefficients are equal to some properly normalised shifted

Jack polynomials. For p = n + 1 and integer 1 <@ < £(p) define the partition pg of n (if

it exists) obtained by replacing p; in p by p; — 1 and keeping all the other parts as in p.

Similarly for 4 = n and integer 1 < i < £(7) + 1 we define the partition v of n + 1 (if
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it exists) obtained by replacing v; in v by v; + 1 and keeping all the other parts as in ~.
Define also the numbers ¢;() as

(1) = a (W)) O (22)

As a result of this definition, one has:
p jp(i) (Oé)
¥ P/ Jo(e)

In [21] Lassalle showed that the Pieri formula for Jack symmetric functions can be written
as

2(y)+1

pJy = Z Ci(’Y)J;Yu)- (24)

i=1
Additionally, denote pf the conjugate operator of p; with respect to the scalar product
(-, )a- Lassalle showed [21] that

9 £(p) o

1 7o « «

J —J JY . 25
20 a@ o =« E (p(i)) ) (25)

=1

Following [23], we introduce the two conjugate operators Fy and Ey

Ey = [D(a),pi/a] = Z kkarl (26)
k>1
Ef =[pt/a,D(a)] = k+1 .
> = [pi/a, D(a)] ;( )Pk T

Using indeterminate z = (z1, 2, ...), one can express Fy (see [23]) as
27
~Sl o)

3.2 Relating two series for Jack symmetric functions

We are now ready to show our main formula. Our general strategy relies on known
Equation (24) that establishes a recurrence like relation between Jack symmetric function
indexed by integer partitions n and n 4+ 1 and the known results about the Laplace-
Beltrami operator, including Equation (26).

As the first step this section is devoted to the proof of the following theorem.

Theorem 5. Let x and y be two indeterminates. The following relation holds:

On (@) 5 (2) Ey Jg y)[D(a), Eo]J7 (x)
p;l jp( _Z ]7( ) '

yHEn
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From Equation (25), (23) and (21), one gets for any integer partition p - n + 1

EZLJ;)X(y) . 1 1 «
Jp(a) B Jp(a) /e, D(a)]Jp )

) J5 ()
1 «
= p D J — —D C/L
ajp(a) 1 D)y ) ; ]P(z) (a)
£(p) a
_ 1 p P(i) qu)(y)
N a i=1 CZ( ) <9[1n 12( ) 91” 22]( )> jp(i)<06)'

Multiplying both sides by ;,, () J5 () and summing over all partitions p of n 41 yields

01 () T3 (x) By T (y)

Z n+1 p 2 Yp _
- OZ)

pFn+1 ]p(
£(p) H° a a
1 n+1 (a)‘]p (‘r>‘]p (y)
— ¢ 0f 07 o (cx : 0 28
ap;ruzl ” )< 11 () = Oy >) Joti) (@) 2%)

Reorganizing the summation indices on the right-hand side gives

Z QZH(Q)J,?@)EfJ;(y) _
pFn+1 jp(Oé)
£(v)+1 ~ (D) o N
1 7@ y 0n+1(a)<]7(z‘> ()5 (y)

We prove the following lemma.

Lemma 2. For v F n and integer i the following relation is fulfilled:

(3) (%)
021(0) = 63(0) ("1 (0) = sy ()

Proof. According to Equations (18) and (17)

@)= [ (ad(s)—1(s)),

s€y(I\(1,1)
P

g (@) = Y (ad(s) = U(s)).

sG’y“)

As per its definition, the Young diagram of 4 is obtained from the one of v by adding
a box in the position (i,7; + 1). But d/(s) and I'(s) are only functions of the number
of boxes to the west and the north of the considered square s. As a result the value of
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(ad'(s) — I'(s)) for a given s in 4 is the same as for the corresponding box in v except
for the special case s = (7,7; + 1). Therefore

@) = T (ad(s)—1(s) | (ad'(i, 7+ 1) = U(i, 5 + 1)
sev\(1,1)
(%)
= 0(0) (1) = Oy (@)
This is the desired formula. O

Thanks to Lemma 2 we get

QZH(O‘) ;?
> . -

pFn+1 ]p(Oé)
( ) £(y)+1 o 9
—Z 2 () (fn-ra(@) = o-ag (@) Tio ) (29)

Finally, notice that the following relation holds for integers a, b.

L(y)+1

G a b o
() (0 1(@)) (Baz (@) 200 ()
=1
£(v)+1

b
= Do) ([1” 23 ) PIRCICIRANIC
i=1

b O[
= D(a)* ( 1n- 22 ) S
= D()"prD()"JS (), (30)
Using this relation in Equation (29) gives the desired result. Indeed
Z 9Z+1(Q)J§($)Ezljﬁ‘(y)
jp(co

pFn+1

= Z (D(@)?p1 — 2D(a)prD(a) + p1D()?) J5 ()
= Z [D(), [D(@), p1/al] T3 ()

3 BB ) e,
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3.3 Recurrence relation between connection coefficients

For A+ n+ 1 and v F n extracting the coefficient in py(x)p,(y) in Theorem 5 yields

07 ()6, ()8 (a
Z i(mi(V)‘i‘l)Z n+(),,'< () ():

i:m;_1(v)#0 pFn+1 ]P(a>
05(a)0) ()
Jy ()

pAl ([D(a), 7).

yHEn

According to Equation (19), we get the Jack connection coefficients a n1oiG-n (@) multi-

plying the left-hand side by a/®z,.
> ilmi(v) + 1)@ ran (@) = af ZAZ p:] ([D(a), E)J5) . (31)
t:m;—1(v)#0 yhn

The final step is to compute the remaining non explicit part [px] ([D(«), E»]JS). We show
the following lemma:

Lemma 3. The Lie hook of operators D(a) and Fy is given by

0
[D(a)aEQ]:(a_l)Z<Z_1 +Zl+] pzp]a
121 i,5=1 Ditj-1
0 (9
+ « Z ijl+]+1a a
1,721

Proof. Recall Equations (20) and (27). We have
o 0? 9, rix; O 9, 9,
D By =— 2 _—_ o2 e 2_~ 2 7
[ (Cl/)’ 2] 22{28 xl(‘?z}+§{xi—xj8xi’wzaxi+$]8xj
0 222w, O
_ 2 [
=53 (it )+ S 2

Then, for any integer partition A, one can easily check:

o)

82 P +1 Pap+n+1
i m oPx = )\k>\k_1 k —|— )\)\ kT —Px, 32
XZ: Ox? Z o o © ; PaP (32)
0 e(/\) Pr+1
23712 g A= Z A =y, (33)
i 7 =1 PAk
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As a next step we compute

£(A) Aet1
222x; 0O D T
> = px—Z—%kZ :
oy T, — X5 004 p)\k vy Ty — Ty
Z(A) Ap+1
_ p_A)\ Z $2k+1x3 apttw
= k +
e Vi VT R
£(N) Ak Ak
X x
= p—’\)\kz.ux] : J
i Py Ti = X
£(X) P Ak
A No+1—1 1
SIS
1 P z;ﬁj =1
z(x)

k=1 p)‘k

o) ) A
A
= Z — X\ (Zp)\k—l-l P — )\kpAk—i—l) .

pAk

As a result, for any partition A

o) A& ()

S g T N B 3 i,
. g 7 7

Combining Equations (32), (33) and (34) gives the desired result.

Using this lemma we can derive

] ([D(@), E2)J5) = (@ = 1) ) (i = 1)*(mia () + 163, (@)

i

+ Z(l +J = Dmi;a(A) + 163 (@)

+a) (i—d=1)dmi—a1(N) + 1)(ma(A) + L+ 6i—g—1,0)0]sa 1.0 (0)-

But

oMy (i — 1) (mi_y(N) + 1) = (i — 1)imi()\)z,\¢(i>a€()‘l<i>),
o'V zyali —d — 1) d(mi_g_1(N) + 1) (mg(\) + 1+ 6i_g_1.4)
= im;(A)2yri-d-1,0) QAT ),

O/(A)Z)\(Z. +j - 1)(mi+j—1()‘) + 1) = aZJmZ()‘) (mj (/\) - 5ij)z)\¢(i,j)a£()\¢(i7j>)'
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As a result

o'V [pa] ([D(), Ea)J) = Zimz‘(/\) [(04 —1)(i — 1)a" ) 200, (V)

%
i—2
LATE=1=d,d)Y oy
+ E Z/\?(i—l—d,d)a( )GAT(iflfd,@(a)

: O
to Z G(mi(N) = Gig)zn, i(z’]))ezwm(a) '

The substitution of the above value for '™z, [ps] ([D(a), E»]J2) in Equation (31) gives
the desired relation.

4 Proof of the Matchings-Jack conjecture

4.1 Proof of Theorem 2

In order to prove Theorem 2 we need to show that

(@ 1)(\ - a +Z NI o W

J#

is independent of the choice of integer i € {1,...,¢(\)}.

We introduce a few more notations. Consider the formal vector space over the poly-
nomials in a spanned by the set {a), (@) }n>1.23-n. We assume that Equation (8) holds for
v = (n). For integers i, d (i > d + 2) and j define the linear operators Z;, €2; 4 and @, ;
on the a), () for all partitions X such that i,j € X by:

_ A
‘:‘ia‘)\ (Oé) = anﬁl),n—l(a%

1(i—1—d,d)
zda (Oé) = CLQ,Ln,l (a)7
Ao
(O‘) = ani(lfr)Lfl(a)'

Let also for i € A
0,a) (a) = ((a—l 2—1_Z+ZQM+0¢Z] m;(A) — 6;5) ;. )a;\m(a).

We have the following proposition.

Proposition 2. Consider the operators defined above. For integers i and r, the following
identity is true on the subspace spanned by the {a), () }n>1xnirer

@r(@z — Oé’l“q)im) = @z(@r — Oéiq)iﬂ«) + OZ(Z — r)@i—l—r—l(bi,r- (35)
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Proof. On can write ©; as ©; = C; + X; where

i—2
Ci=(a—1)(i— D+ Qg
d=1
and
Y= aZj m;(X) — 6;5) i ;

when applied to a),(a). The (C;);>1 commute with each other. The (3;);>; do neither
commute with each other nor with the (C;);>;. The left-hand side of Equation (35) reads:

0,(0;, —ard;,) = (C, + £,)(C; + Z; — ard, ).

We use the following lemma.

Lemma 4. Let (C;);>1 and (X;);>1 be defined as above. For integers i and r C;, ¥; and
3. verify

(B —ard;,) =58 —ai®;,) + ali — r)Zi—1Dis, (36)

ETC'z- = CZ(ZT — Ckiq)i’r) + « <<Oé — 1)(2 — 1)251#7'71

i—2 i+r—3
+ Z 1—1— Z+T—1,d — Z (’/’ —1- d)Qi—i-r—l,d) q)i,r- (37)
d=1

d=r—1

The proof of Lemma 4 uses elementary techniques and is rather cumbersome. For the
sake of clarity we postpone it to Section 4.4.
Applying Equation (37) to X,C; and to C,.(3; — ar®;,), yields

¥,C4C (S — ard;,) = Ci(Z, — ai®;,) + 20,
i+r—3
+ o ((Oé - 1)[(@ - 1)2 — (T — 1)2]52‘4_7«_1 + Z (Z — T)Qi—l-r—l,d) (I)z','r
d=1
= Cz(zr - aiq)i,r) + 2,0, + Oé(Z — T)Ci—f—r—lq)i,r- (38)

As a result,

(CT —+ ET)(CZ —+ EZ — Oﬂ‘@m)
=CCi+C(E; —ard;,) + 3,0+ X,.(%; — ard, )

(36) (38 C C + C ( Oé’L'(I)m) + EzCr + Oé(l - T)Ci+r—1q)i,r
+ Ez<2r — 047;(1)1'77«) + 04(7, — ?")Epﬂ«,lq)i,r
= (Ci + X)) (Cr + 5, — ai®,) + i — 1) (Cigre1 + Bigr—1) @i

This is the desired formula. OJ
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To prove Theorem 2, we need to show the following equivalent statement.

Theorem 6. For all integers i,r and partition A = n containing i and r
@iai\m(a) = G)Tazn(a) - ai\m(oo‘

Proof. By recurrence on n. The property is trivial for n = 2. Assume 0;a; (o) = aj, (@)
for all 2 < k < n whenever ¢ € p F k. Then for partition A = n 4+ 1 containing at least
one part r and one part i, we have

9ia2+1,n+1(0‘) =(©; — ar@i,r)aq>z\+1,n+1(a) + arq)iﬂ’a:\z—i-l,n—i-l(a)'
According to the recurrence hypothesis, as (0;—ar®;,)ap () depends on the af, (c)

with r» € p, we have

(0 — ar®;,)ap 1 i1 (@) = 0,(0; — ar®; )ay 1,41 ().

Then in view of Proposition 2

@ia2+1,n+1(a) = (0i(6, — ai®; ) + afi — T)®i+7‘—1¢)i,7‘)a7>’;+l,n+l(a)
+ar®pan g 40 (a).

Notice that ®;,ap, () = aiﬁ(i”“)(a) and Aj;,) contains i +r — 1. Applying the

recurrence hypothesis to ©; and ©;,,_; gives
Oty 1,1 () = (O, — i®i,) + ali — 1) @iy + ar®;,)ap 4 4y (@)
= @r@2+1,n+1(@)-

Finally, using Equation (8) in the case v = (n)

(n+ 1)a2+1,n+1(0‘) = Z imi(A)@iai\L+1,n+l(a)

%

- (Z z’mi()\)> @r@2+1,n+1(04)

1

= (n+ 1)@ra2+1,n+1(a)-m

4.2 Graph interpretation, bijective proof of Theorem 2 in the case a € {1, 2}

In this section we provide a bijective construction to show Theorem 2 for a € {1,2}
using the combinatorial interpretation of the coefficients in these cases as described by
Equation (4). While Theorem 2 has been proved for general « in the previous section, the
proposed bijection has two important aspects. On the one hand, it provides an intuitive
combinatorial interpretation of our recurrence formula. On the other hand, we use it to
propose a constructive proof of the Matchings-Jack conjecture later on. The recursion
is obtained by removing and replacing edges in graphs. Note that this operation is also
considered in [6] in terms of maps.
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4.2.1 Reduction of A-graphs by replacing of edges

Consider a A-graph G consisting of cycles Loy,, Lay,,...Loy,. Let a and b be non-
neighbour vertices of G. Let ay,ay be the neighbors of a and by, b, the neighbors of b
such that {a,a;}, {b,b;} are gray edges and {a,as}, {b,b2} are black edges. Replace the
edges {a, a1} and {b, b} by the gray edge {aq, b1} and, similarly, replace the edges {a, as}
and {b, by} by the black edge {as,bs}. Then the A-graph G transforms into a X'-graph G’
where

AL if a,b € Loy, and the number of vertices
between a and b is odd,
N o= ¢ ATQiI=dd) 4 e Ly, and the number of vertices (39)
between a and b is equal to 2d — 2,
L ALowA) if a € Loy, b€ Loy, j#1.

~

Figure 5 depicts the three cases with the vertices of the cycle Loy, labelled 1,/1\, DYDY
and a = 1.

'/\H
7

ey d+2 A;

d+1 d+1
¢ ) . . v ¢
1 1

>)

Figure 5: The replacing of edges transforms a A-graph into a \'-graph (three cases).

Remark 4. These three cases correspond to classification of edges of maps considered
in [6]. One can translate this terminology of classical graphs in terms of maps. Case 1
corresponds to twisted edges from [6], Case 2 corresponds to straight edges and the Case 3
corresponds to interface edges. Besides bipartite matchings correspond to the case of
orientable surfaces (in particular, twisted edges are not possible in this case).

4.2.2 Proof of Theorem 2 in the cases a € {1,2}

One can consider that the vertices of the 2)\;-cycle are labeled by elements 1,1 cees A Xl
In order to prove Theorem 2 for o = 2 fix any vertex of the 2)\;-cycle, say 1. All b} il
good matchings ¢ are split into three groups depending on the position of the vertex v

THE ELECTRONIC JOURNAL OF COMBINATORICS 23(1) (2016), #P1.53 21



which is connected to 1 in 6. Write 6 = {{1,v}}UJ" and denote by G" a X'-graph obtained
from G by the replacing of edges described in Section 4.2.1 (X is defined as in (39) where
a = 1and b =v). It is clear that the matching ¢ is good for G if and only if the matching
d" is good for G'. Indeed, (n + 1)-cycles gUd and bUJ transform into n-cycles g’ U ¢’
and b’ U ¢’ respectively, where g’ and b’ are the sets of gray and black edges of the new
N-graph G’. Consider three cases as above.

Case 1: v € {2,...,\;} (this case is possible if \; > 2). As X' = A(,,) and v runs
over a set of \; — 1 vertices in this case, then the number of such matchings ¢ is equal to

(A — 1)bas®.

Case 2: v = d where d € {2,...,\; — 1} (this case is possible if \; > 3). In this

case, N = ANTi=1=dd) g5 the number of such matchings 8 for fixed d is equal to b=~

Case 3: v belongs to the 2)\;-cycle where j # i. Now X' = Ay, ;) and as v runs the

set of 2); vertices then the number of such matchings 4 is equal to 2); brn el ),

Summlng the numbers of good matchings in all cases we obtain the desured formula.
The proof in the case a = 1 is similar. As good matchings have to be bipartite, the case 1

AL prs
is not possible and in the case 3, v € [fi] so the factor before ¢ " is equal to A; instead

Remark 5. One can prove the same result in terms of permutations without using graphs.
But this method is cumbersome even in the simple case of the coefficients c),.. Neverthe-
less, it 1s useful to interpret the recurrence formula in terms of permutations. Let o = Tp
be a factorisation of a permutation o € S, .1 into the product of two (n + 1)-cycles. Sup-
pose that the cycle type of o is A and element n+ 1 belongs to the cycle of size \;. Denote
by " and p' the n-cycles obtained from o and T by removing n + 1. One can prove that
the cycle type of o't' € Sy, is \1A=1=44) for some d € {1,...,\; — 2} or Ay for some
JjF#i.
Examples 1. Let us show that ¢35 = 20514 ) 4+ cﬁm in terms of permutations.
1. There are three ways of writing (123)(4) € Sy as a product of two 4-cycles. The
corresponding factorisations of (12345) € Sy into the product of two 5-cycles are
(123)(4) = (1432)(1324) <> (12345) = (15432)(13524),
(123)(4) = (1324)(1342) < (12345) = (13254)(13542),
(123)(4) = (1342)(1432) <« (12345) = (13542)(14352).
2. There are two ways of writing (12)(34) € Sy as the product of two 4-cycles. The
corresponding factorisations of (12345) € S5 into the product of two 5-cycles are
(12)(34) = (1324)(1324) <« (12345) = (15324)(13254),
(12)(34) = (1423)(1423) <« (12345) = (14253)(14253).

So 2, =2-34+2=28.
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4.3 Matching Jack Conjecture in the case u = v = (n)

In this section we define the functions (wt))ar, and prove Statements (10), (11) and (12)
for all A n and 6 € G(\) by induction on n.

Define wt(;)({1,1}) = 0. As al)(8+1) =1 = $° then Statements (10)~(12) obviously
hold for n = 1.

Fix some N > 1 and suppose that wty () is defined for all A with [A\| < N and § € G(\) in
such a way that assertions (10)—(12) are true for n € {1,..., N}. Now fix some partition
A N+ 1, a canonically labelled A\-graph G and a matching 6 € G()). In order to define
the value wty () write § = {{1,v}}Ud" and replace the edges of G associated with vertices
1 and v as in Section 4.2.1. We get a N'-graph G! where

)‘i(Al) ifve {2,...,/\1},
N = A@A=1=d)if ) — T where d € {1,...,\ — 2}, (40)
ALy if v € Lay, (2)j-cycle of G) where j > 1.

We renumber the vertices of G, by labels [N]U[N] canonically. If v € [N/—i-\l] then the
types of vertices (with/without hat) is preserved. Denote by G,()\’) the set of good match-
ings of the N'-graph G/. It is clear that if § € G(\) then ¢’ € G,(\) and if ¢ is bipartite
then ¢’ is bipartite.

The value wty (') is well defined by the inductive assumption. Define

) wty () +1 ifve[N+1], "
v A( ) B WtA/((S/) ifve []V/~|>\1] ( )

According to this recursive definition, wty(d) is an integer less or equal to N and (11)
is true for n = N + 1. In order to prove the main equality (10) for n = N + 1 we split the

sum
Z BWU\( Z Z Bwt/\/ (6")+1 + Z Z 6wty (6"
5€G(N) vE[N+1] &'€Gu(N) ve[N+1] 9'€Gu(N)

into four parts according to (40):

A A—2
] STD SRS YD S
d€G(N) v=28'€Gu(N\(np)) =1 §eG (AT (A1)

DD SN DD D I

7>1 UGLQ)\jﬂ[N+1] 6/€gU(A$<)‘11)‘j)) 5/695(’\“)\17%))

A1—2
ORI MIATAED DD DI
'eG(A ap) d=1 §/eg(A\t(dA1—1-a))
DRV E VN DA
j>1 5’€g(>\¢(x1,xj>)
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Using the inductive assumption to replace the sums in the right-hand side by the
appropriate ayy v (8 + 1) and applying Theorem 2 proves Statement (10) for n = N + 1.
Finally, Equation (12) is easily obtained as:

BNy (B+1) = (= D[BY a8+ 1)

+Z/\j[6N_l]a >\1>\)(5+1) <>\1_1+Z/\> _1 | = NI

j>1 i>1

Remark 6. Our definition of the function wty is based on the bijective construction.
Note that the value wty(9) depends on the choice of the starting vertex 1 in general if § is
not bipartite. For instance, the three non bipartite matchings of a (3)-graph (see Fig. 3)
are equivalent as graphs, but one of them has weight 1 and the two others have weight 2
(depending on the choice of the starting vertex). Recompute a3;(8+1) =282+ B+ 1 (see
examples in Section 1.4).

4.4 Annex : proof of Lemma 4

In this section we prove Equation (36). Equation (37) is similar and left to the reader.
Let 7 be an integer and A be a partition of n > 2 containing at least one part i. According
to the definition of ¥;, we have:

(% — ar@i’r)aﬁn
. Ao
=a j(mi(\) = 0ij — 0rj)Sra, ") (a)

=0 > j(mi(\) = 8y — 003) D k(mi(A i) — Gri)an' G050 (a)
j k

Then, using that Ay ;) = A\ {7, 7} U {i+ 75— 1}, we get
mk(/\J,(i,j)) = mk(A) — Oik — 5jk + 5(i+j—1)k
As a consequence
Y (8 — ar®d; . )ap,
= Oz2 Z] m;(A) = 6ij — 6rj)k(my(A) = 6ri — dir)a 2$(2]7)zi(5 k)( )

A
*QQZJ my(A) = 8ij — 8rj)an 5047 ()

A i,7 T —
S+ 1) By B )

J
Combine the first and the second sums in the right-hand side:
PIMOIE ar®i7r)a2n
=a?> j(m;(N) = 65 — 8rj — 6k k(mr(X) = 6% — Six ) G ()

L A L
+ o’ ZJ(Z +7 - 1)(mj(/\) - 6ij - 6Tj)a7Ll(2J71i<2 T )( )
J
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As mj(A) = 0rj = Ok = M (M) = O(r+k-1)7 A0 A1) = Api)i(itr—1,), We have
ZT(Ei—aﬂDiﬂ,)a;\m
. ALG,3) L,
=a?) j(mi(A\ ) = 81 = Orrn-)k(mi(A) = 0k — dir)a, 5015 (@)
7,k
L. . A i,7 it+r—1,j
+a Y i+ 5 = 1) (mi(\) = 815 — 6,5)an GG ()
i
= a2 " (mi (N ry) = i) e(mi(N) = S = S )y 505" (@)
7,k
L. . A i,7 itr—1,j
+a? Y i+ —1)(my(N) = 85 — 8rj)ay G0 (a)
i
=023 k(r+ k= 1)) = 6 — d)an 5550 (@)

Next, permuting the operations on A when applicable and combining the second and third
sums in the right-hand side gives:

Y (8 — ar®;,)a),
ALy 45
=" j(mi(A () = 6i)k(ma(N) = 8ok, — Six)a, 5557 (@)

7,k

+a2 D70+ 5 = D)my() = b — Grg)anGts T (@)
i

A r r—1,k
— Y k(4 k= 1)(mi(N) = G — Gin)an 50 5 (a)

k
= 538, — ar®;)ad, +a%(i - 1) Y jmi(N) — 8 — 8r)ant G (a)
J

We finish the computation by using m;(A) — d;; — 65 = m;(Ayar)) — O@tr—1); in the
right-hand side and identifying the appropriate operators ¥ and ® according to their
definition.

2 (% — ar®d;,)a),
. . A T,T k2 r—
= %i(5 — ar®; )a), + (i = 1) > §(mi(A.0) = Sitr—1);)an 50 ST (a)
j
= 5(S — ard; )ay, + (i =) Y j(mi(A i) = Sisr—1))Pitr1,;Pirar ()
j
=33, — ar@i,r)a,);n +ai — T)EiJrr,lq)i,ra;\L’n(a)

5 Proof of Theorem 4

In this section we show the results in Theorem 4 for the coefficients al)zr(a) defined in
Equation (13). Denote by T the generating series for the coefficients a’’(c) defined as

ZO‘ €N 71650 () py, :ZM‘];Y' (42)

AFn yFn I (a)
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We have the following proposition.

Proposition 3. Let n and | be two integers and T, the generating series defined in
Equation (42) and A(«) the operator defined in Theorem 4. We have

! L Aa) (TL).

I =——
41
Proof. The proof is similar to the one in Section 3.2. In Equation (28) replace the multi-
plication by 67 () by a multiplication by (64, (a))'~*. We get

s (0) T () B T )

Z Jp(c)

pFn+1

£(p) 9P -1 jo( ) J
— ci(pay) (0 nrgy (@) = 075y () : :
QP;I; v ( e S ) Jotiy (@)

Then Lemma 2 is applied [ — 1 times instead of once so that Equation (29) becomes:

01 (0) T () B T )

Z Jp(a)

pFn+1
l 1Ja< ) (v)+1 » !
Ly fulel A ng@hﬂwﬁme,M)
yHEn =1

) _
Sy e Z Z(%ﬁwWP%MMW$W)

yHEn i=1
In view of Equation (30), one can rewrite the above expression as:

01 ()1 I3 (2) By J5(y)
Z jp(a) B

pFn+1

_Z Ja Z( ) 1) D(e)* p1 D(e)' " IS (). (43)

yHEn ’y

To achieve the proof, notice that
_Z < ) )" D(a)*p1D(e) ™" = [D(), [, [D(a). pr /0] ..]] = A(a),
and extract the coefficients in p,(y) in Equation (43) :

+1) Y el g OO 5 ) o,

PRy (@)

This is the desired property. O

yHEn
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As a consequence of Property 3, I', (x) can explicitly expressed in term of I'}(z) as

M) = - A0)" (M)

Furthermore, it is easy to show that I''(x) = p;/a. We are now ready to write the
generating series for coefficients al/\’r(a) for any integers [ and r.

(Ofin-29 ()" (07 ()’

e
= D(a)" (Z , iz))) Jo )

- %D(a)’“Al(a)"‘l(pl/ a).

To prove the polynomial properties of Theorem 4, we use the following classical lemma
that can be found in the proof of Theorem 3.1 of [33].

Lemma 5 ([33|). Operator D(«) can be expressed as:
D(a) = (a—1)N+aU + S,

where for A= n:

Z e 81?1

1 o 0
U - 2 lep’b"r]a ap]

2¥)

1 0
S = 2 Z(Z+j)pzp]a

2,7 l+‘7

Clearly, for any partition A - n, the coefficients in the power sum expansion of N (p,),
U(p,) and S(p,) are non negative integers. As a result for any partition A - n the coef-
ficients in the power sum basis of D(«)(py) are polynomial in o with integer coefficients.
Furthermore, A;(«) can be rewritten as

Ada) = [D(@),[.... [D(a), Es] ..

_Z< ) D' D(a)f EyD(a) 1

Equation (26) shows that the coefficients in the power sum expansion of Fs(p,) are inte-
gers. As a consequence, the coefficients in the power sum expansion of D(a)" A *(a)(p1)
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are polynomials in o with integer coefficients of degree at most (n—1)(I—1)+r for n > 2.
Denote

1 (n—=1)(I—=1)+r
’ i=0

The coefficients g; are integers. Using [37, Thm. 5|, we have

(n—=1)(I1—1)+r 1 (n—1)(1—-1)+r
(I Dnr(1—n)—l—6(N) I i
o(~a) z; gio™" =~ ]z; g5,

Equating the coefficients in o/ yields:

(— 1)(l_l)(”_1)”_1_4(’\)9(1—1)(n—1)+r+1—z(>\)—j = 9j-

But the g; are non zero only for non negative i. Asaresult g; =0fori> (I—1)(n—1)+
r+2—{(\). We write

(n—1)(I—1)+r+1—0(\)

—l(\) -1 Lr _ - i
a " "Wztay (a) = o ZO gia’.
Finally
(n=1)(I=1)+r+1-£(N) (n—=1)(I=1)+r
|C/\‘al,\’r(04> = Z gia TV = Z Gi—t()+10"
i=0 i=0(n) -1

is a polynomial in « of degree at most (n — 1)(l — 1) + r. Furthermore:

[Oéi] |O)\ |al):r<a) _ (_1)(l—1)(n—1)+r+f()\)—1 [a(l—l)(n—1)+r+€(>\)—1—z’] |O)\ |al)ir (Oé)
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