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Abstract

Suzuki (2004) classified thin weakly distance-regular digraphs and proposed the
project to classify weakly distance-regular digraphs of valency 3. The case of girth 2
was classified by the third author (2004) under the assumption of the commutativity.
In this paper, we continue this project and classify these digraphs with girth more
than 2 and two types of arcs.
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1 Introduction

A digraph T is a pair (X, A) where X is a finite set of vertices and A C X? is a set of
arcs. Throughout this paper we use the term ‘digraph’ to mean a finite directed graph
with no loops. We write VI for X and AI for A. A path of length r from u to v is a finite
sequence of vertices (u = wg, w1, ..., w, = v) such that (w;_1,w;) € AU fort =1,2,...,7.
A digraph is said to be strongly connected if, for any two distinct vertices x and y, there is
a path from z to y. The length of a shortest path from x to y is called the distance from
x toyin I, denoted by Jr(x,y). The diameter of T" is the maximum value of the distance
function in . Let dp(z,y) = (Or(z,y), 0 (y,2)) and (L) = {Or(x,y) | z,y € VI}. If
no confusion occurs, we write d(z,y) (resp. d(z,y)) instead of dp(z,y) (resp. Or(z,y)).
An arc (u,v) of T is of type (1,r) if O(v,u) = r. A path (wp,ws,...,w,_1) is said to be a
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circuit of length r if O(w,_1,wg) = 1. A circuit is undirected if each of its arcs is of type
(1,1). The girth of I is the length of a shortest circuit.

Let I' = (X, A) and IV = (X', A") be two digraphs. I" and I'" are isomorphic if there is
a bijection o from X to X’ such that (z,y) € A if and only if (o(z),0(y)) € A". In this
case, o is called an isomorphism from I" to IV. An isomorphism from I" to itself is called
an automorphism of I'. The set of all automorphisms of I forms a group which is called
the automorphism group of I' and denoted by Aut(I'). A digraph I is vertex transitive if
Aut(I") is transitive on VT

Lam [5] introduced a concept of distance-transitive digraphs. A strongly connected
digraph I is said to be distance-transitive if, for any vertices x, y, 2’ and ¢ of I" satisfying
d(z,y) = d(2',y'), there exists an automorphism o of I such that 2’ = o(x) and ' = o(y).
Damerell [4] generalized this concept to that of distance-regular digraphs. He showed that
the girth g of a distance-regular digraph of diameter d is either 2, d or d + 1, and the
one with d = ¢ is a coclique extension of a distance-regular digraph with d = g — 1.
Bannai, Cameron and Kahn [2] proved that a distance-transitive digraph of odd girth
is a Paley tournament or a directed cycle. Leonard and Nomura [6] proved that except
directed cycles all distance-regular digraphs with d = g — 1 have girth g < 8. In order
to find ‘better’ classes of digraphs with unbounded diameter, Damerell [4] also proposed
a more natural definition of distance-transitivity, i.e., weakly distance-transitivity. In
[8], Wang and Suzuki introduced weakly distance-regular digraphs as a generalization of
distance-regular digraphs and weakly distance-transitive digraphs.

A strongly connected digraph I' is said to be weakly distance-transitive if, for any
vertices , y, 2’ and v/ satlsfylng 8(:5 y) = 8(:1: '), there exists an automorphism o of I'
such that 2’ = o(z) and y = J( ). A strongly connected digraph I' is said to be weakly

distance-regular if, for all h, 7, j € O(I') and d(z,y) = h, the number p~ = [Pr5(x,y)|

depends only on h, i, ], where
Pro(z,y) ={z € VI' | O(z, 2) =i and I(z,y) = j}.

The nonnegative integers pf‘ are called the intersection numbers. We say that I' is com-

mutative (resp. thin) if p~~ = p~~ (resp. 1%~ 1) for all P 7, h e 8( ). Note that a
weakly distance-transitive dlgraph is weakly dlstance regular.

Let G be a finite group and S a subset of G not containing the identity. The Cayley
digraph T' = Cay(G, S) is a digraph with the vertex set G and the arc set {(x,sx) | x €
G, se S}

In [8], Wang and Suzuki determined all commutative 2-valent weakly distance-regular
digraphs. In [7], Suzuki determined all thin weakly distance-regular digraphs and proved
the nonexistence of noncommutative weakly distance-regular digraphs of valency 2. More-
over, he proposed the project to classify weakly distance-regular digraphs of valency 3.
In [9], Wang classified all commutative weakly distance-regular digraphs of valency 3 and
girth 2. In this paper, we continue this project, and obtain the following result.

Theorem 1. Let I be a weakly distance-reqular digraph of valency 3 and girth more than
2. If T has two types of arcs, then I' is isomorphic to one of the following digraphs:
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(1) CaY(Z4 X Zga {(07 ]-)7 (27 1)7 (L O)}); where g =3 or g = 5.
(ii) Lgoma1s Dgmgr2.q 07 Lgomg—2g+2t,9+1—¢ tn Construction 3, where ¢ = 3, m = 1 and
2<t<qg—1.

This paper is organized as follows. In Section 2, we construct two families of weakly
distance-regular digraphs of valency 3. In Section 3, we discuss some properties for circuits
of weakly distance-regular digraphs. In Section 4, we prove our main theorem.

2 Constructions

In this section, we construct two families of weakly distance-regular digraphs of valency
3. For any element x in a residue class ring, we assume that & denotes the minimum
nonnegative integer in z. Denote S(w) = (14 (—1)“*1)/2 for any integer w.

Proposition 2. Let g > 3. Then Iy := Cay(Z4 x Z,,{(1,0),(0,1),(2,1)}) is a weakly
distance-regqular digraph if and only if g # 4.

Proof. For any vertex (a,b) distinct with (0,0), we have

(4,4 — a), if b=0,
(b+B(a),g—b+ B(a)), ifb£0.

Suppose g # 4. We will show that I'; is weakly distance-transitive. Let (a,b) and
(z,y) be any two vertices satisfying 9((0,0), (a,b)) = 8((0,0), (z,y)). It suffices to verify
that there exists an automorphism o of I'y such that ¢(0,0) = (0,0) and o(a,b) = (z,y).
If (a,b) = (x,y), then the identity permutation is a desired automorphism. Now suppose

(a,b) # (x,y). Then b0,y # 0 and (b+ B(a),g — b+ 5(a) = (§+ B(2), g — § + B(%)).
It follows that b = y and @ — x = 2. Let o be the permutation on VI'; such that

 (u,v), if v #b,
o(u,v) = { (u+2,v), ifv="o.

5((0,0), (a,)) = {

Routinely, o is a desired automorphism.

In Iy, 9((0,0),(0,2)) = 9((0,0),(2,0)) = (2,2). But Py 3,33 ((0,0),(0,2)) = {(1,0)}
and P 3),3,3((0,0),(2,0)) = (. Hence, I'y is not a weakly distance-regular digraph. [

Construction 3. Let ¢, s, k be integers with ¢ > 2, s > 2 and max{1l,q—s+2} < k < q.
Write s = 2mg +p with m > 0 and 0 < p < 2q. Let I' 5, be the digraph with the vertex
set Z,x Zs whose arc set consists of ((a,b), (a+1,b)), ((a,c¢), (a,c+1)), ((a,d), (a+1,d—1)),
((a,—1),(a—k+1,0)) and ((a,0), (a + k, —1)), where a € Z,, b,c,d € Zs, ¢ # s — 1 and
d # 0. See Figure 1.

In the following, we will prove that I'; s is a weakly distance-regular digraph if and
only if one of the following holds:

Cl: p=0and k=1.

C2:p=qgq+2o0rp=2 and k =q.

C3:4<p<2q—2,pisevenand k =q+1—p/2.
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(q—k+1,00 (¢g—k+2,0) (¢g—k+3,0) (¢ —k—1,0) (g — k,0) (g—k+1,0)

(0,5 —1) (1,s—1) 2s_nph T (4—2s - INNg—1,s— 1 (0,5 — 1)

(0.5 = 2); (1,5 —2) | @i (q,gsfg) (g—1,8—2) (0,5 - 2)
o e S s —= =
o) v Py S T — —
0.0) — R — T

Figure 1: The digraph I'g s .

Lemma 4. Ty, is a vertex transitive digraph.

Proof. Pick any vertex (a,b). It suffices to show that there exists an automorphism o of
I'y.s.k such that 0(0,0) = (a,b). Let o be the permutation on VT, s, such that

oz, y) = (z+a,y+0), if §€{0,1,2,...,s —1—1b},
Y (r4+a—k+1,y+0b), otherwise.

Routinely, o is a desired automorphism. O

For any two integers ¢ and j, we write ¢ = j instead of i = j (mod ¢). For any vertex
a,b) of Ty s, let f(a,b), g(a,b) and h(a) be nonnegative integers less than ¢ such that
q? K

flab)=a+b—k—p+1, glab)=qg—a—band hla) =k —a— 1. (1)
By the structure of I'y 5 5, we have
9((0,0), (a,b)) = (min{a +b,s — b+ f(a,b)}, min{b+ g(a,b),s — b+ h(a)}). (2)

Lemma 5. Let C1, C2 or C3 hold. In Ty, 9((0,0),(a,b)) = a+ b if and only if
9((a,b),(0,0)) = b+ g(a,b).

Proof. Let M = s —2b—a+ f(a,b), N = s — 2b+ h(a) — g(a,b) and b = n'q + 1’ with
0 <7’ < q. By (2), we only need to prove M > 0 if and only if NV > 0. From (1), note that
f(a,b)+g(a,b) equals to k—1 or ¢+ k —1, and h(a) equals to k—a—1or ¢g+k—a— 1.
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Case 1. f(a,b) +g(a,b) =k —1and h(a) =k—a—1, or f(a,b)+g(a,b) =q+k—1
and h(a) =q+k—a— 1.

In this case, it is routine to check M = N, as desired.

Case 2. f(a,b) + g(a,b) =k —1and h(a) =g+ k—a— 1.

In this case, only C1 or C3 holds by k£ < a + 1.

Assume that C1 holds. Then f(a,b) = g(a,b) = 0 and h(a) = ¢ — a, which imply
that @ + 7 = 0 or ¢. Since h(a) < ¢, one gets & # 0. Hence, @ + " = ¢q. Then
M =2(m—n')g—q—1">0if and only if N =2(m —n')g—1r" > 0.

Assume that C3 holds. Then f(a,b) + g(a,b) = ¢ —p/2 and h(a) = 2q — p/2 — a. By
(1), note that g(a,b) = g—a—1" or 2¢—a—r', and p/2+a > q. Suppose g(a,b) = g—a—r".
Then f(a,b) = a+ 1" —p/2. From a + 1’ < ¢q, we have 0 < p/2 — r' < ¢, which implies
M =2(m—n')g+p/2—7">0if and only if N = 2(m —n')g+q+p/2—1" > 0. Suppose
g(a,b) =2q —a—1'. Since f(a,b) =a—q+ 1" —p/2, we have 0 < ' — p/2 < ¢, which
implies M =2(m —n')g—q+p/2 —1" > 0if and only if N = 2(m —n')qg+p/2 — 1" > 0.

Case 3. f(a,b) + g(a,b) =q¢+k—1and h(a) =k —a — 1.

In this case, only C1 or C3 holds by f(a,b) + g(a,b) < 2(¢ — 1).

Assume that C1 holds. Then h(a) = a = 0 and 7’ # 0, which imply that f(a,b) =1’
and g(a,b) = g—7r'. Then M = 2(m—n')q—r" > 0if and only if N = 2(m—n')qg—q—1" >

Assume that C3 holds. Then f(a,b) + g(a,b) = 2¢ — p/2 and h(a) = ¢ — p/2 — a. By
(1), note that g(a,b) = qg—a—1r"or 2¢g —a —1', and p/2 + a < ¢q. Suppose g(a,b) =
g—a—1". Then f(a,b) = qg+a+7r —p/2and 0 < g+ 1" — p/2 < g, which imply
M=2m—-n"+1)¢g—q—1"+p/2 > 0if and only if N = 2(m —n)g+p/2 —7" > 0.
Suppose g(a,b) = 2g—a—1'. Since f(a,b) = a+1"—p/2, we have p/2 —r" < a < ¢, which
implies M =2(m —n')g+p/2—r" > 0if and only if N =2(m —n')qg—q+p/2 —1" > 0.

Thus, desired result follows. O]

o =3

Lemma 6. If C1, C2 or C3 holds, then I'y s is a weakly distance-regular digraph.

Proof. We will prove that I'; ;  is weakly distance-transitive. Let (a,b) and (z,y) be two
vertices satisfying 9((0,0), (a, b)) = 9((0,0), (z,y)). It suffices to find o € Aut(T', 5 1) such
that ¢(0,0) = (0,0) and o(a,b) = (x,y). By (2), we divide the proof into two cases.

Case 1. 8((0,0), (a,b)) = a + b.

Suppose 9((0,0), (z,y)) = &+ §. Then g(a,b) = g(x,y). By Lemma 5, we have
b+ g(a,b) = ¢+ g(z,y). This implies that « = = and b = y. Hence, the identity
permutation is a desired automorphism.

Suppose 9((0,0), (z,y)) = s — i+ f(x,y). Then a+b= s —§+ f(x,y), which implies
f=a+b+k—1bys=p Hence, # = f(a,b) and g(a,b) = h(z). From Lemma 5, we
have b+ g(a,b) = s — § + h(z). This implies § = s — b. Let o be the permutation on
VI sk such that

| (u,v), if v=0,
o(u,v) = { (f (u,v),—v), ifv#D0.

Routinely, ¢ is a desired automorphism.
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Case 2. 9((0,0), (a,b)) = s — b+ f(a,b).

Suppose 9((0,0), (z,y)) = s — § + f(z,y). Then § — b = f(x,y) — f(a,b). We have
§—b=2+9—a—>b. This implies # = a. By Lemma 5, one gets s—lﬂ—h(a) =s—y+h(x),
which implies that y = b. Hence, the identity permutation is a desired automorphism.

Suppose 9((0,0), (z,y)) = +7. It is similar to Case 1 and the desired result holds. [

By Lemma 4, for vertices (a,b) and (z,y) of I'; s x, we have

é((0,0),(ZL‘-(I,y—b)), if:gE{i),i)—Fl,...,S—l},

I((a,b), (z,y)) = { 9((0,0), (x —a+k—1,y —b)), otherwise.

Lemma 7. If Ty, is weakly distance-regular, then C1, C2 or C3 holds.

Proof. Suppose for the contrary that C1, C2 and C3 do not hold. Let e = (0,0), z = (0, 1),
w = (k,s — 1) be the vertices of ['; s, and a(v) = (3+ (—1)")/4 for v € Z. By (2), note
that 5(6, z) = 5(6, w) = (1,q). To prove this lemma, we would pick proper z,y € VI', 5
such that d(e, z) = d(e,y), and

Popaea(€y) =0 or Py 50ey) =0, (3)

which contrary to z € P, 5. (e,2) or w € Py 5., (€, ).

Case 1. k # q and 2k +p > 2(q¢ — a(p) + 2).

Let © = (k,a(s) —1+5/2) and y = (k,a(s) +
d(z,y) = ((m+ g+ 1,(m+2)q — k) and d(w
Iy, w) = —a(s) + s/2 — 1, we have (3) holds.

Case 2. k#q,p>qand 2k +p < 2(q— alp) + 1).

Let 2 = (0,a(s) +s/2) and y = (¢+a(p) + 1 —k —p/2,(m —1)g+p+k—1). In this
case, d(e,x) = (e, y) = (a(s)+5/2, k—a(s)—1+s5/2) and d(z,z) = (as) — 1+ /2, k —
a(s)+5/2). Since d(z,y) = (afs) —1+5/2,k — a(s) — 1 +5/2) and d(w,y) = a(s) +s/2,
we have (3) holds.

Case 3. k#¢,p<qand 2(a(p)+1) <2k+p<2(¢—ap) +1).

Let 2 = (0,a(s) +s/2) and y = (¢ + alp) + 1 =k —p/2,(m —1)g+p+k—1). In
this case, d(e,x) = d(e,y) = (a(s) +8/2,k —a(s) — 1+ s/2) and I(w,y) = a(s) +s/2. If
p=2(1—a(p)), then 8(z,x) = (a(s) — 1 +s/2, a(s) — 1 +5/2) and d(z,y) = (a(s) — 1+
/2, (m—1)q+p+k—2);if p # 2(1—a(p)), then d(z,z) = (as) — 145/2, k —a(s)+5/2)
and 9(z,y) = (a(s) — 1+ 5/2,k — as) — 1 + 5/2). Hence, (3) holds.

Case 4. k # q, p < q and 2k + p < 2(a(p) + 1).

Let 2 = (k,a(s) — 1+ /2) and y = (k, a(s) + s/2). In this case, d(e,z) = d(e,y) =
Az, y) = (mg+1,q—als) — 1+ s/2) and d(w,z) = (mq, —a(s) + s/2). Since Ay, w) =
—a(s) — 1+ s/2, we have (3) holds.

Case 5. k=qand p > q+ 3. B B

Let 2 = (¢ —1,(m — 1)g +p) and y = (0, (m + 1)g). In this case, d(e,z) = Jd(e,y) =
((m 4+ 1)q, (m + 1)q) and 9(z,x) = mq +p — 2. Since d(z,y) = (m + 1)g — 1 and
d(w,y) = (m+ 1)q, we have (3) holds.

s/2). In this case, 8(6 T) = a(e,y) —
r) = ((m+ 1)q, —a(s) + s/2). Since

I
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Case 6. k=qand 3<p<q+ 1 B _

Let = (¢ — 2,mq + 2) and y = (¢ —2,mg+1). In this case, d(e,z) = d(e,y) =
d(z,z) = ((m+1)g—1,mq+2). Since d(z,y) = (m+1)qg—2, mg+2) and d(y, w) = mq+3,
we have (3) holds.

Case 7. k=qand p<1 B B

Let © = (¢ — 1,mq + p) and y = (0, mq). In this case, d(e,z) = d(e,y) = (mgq, mq)
and 0(z,z) = (m + 1)g +p — 2. Since d(z,y) = mqg — 1 and 9(w,y) = mgq, we have (3)
holds.

Therefore, the desired result holds. O

Combining Lemmas 6 and 7, we obtain the following theorem.
Theorem 8. I, ; ;. is weakly distance-regular, if and only if C1, C2 or C3 holds.

Finally, we shall show that every weakly distance-regular digraph I'y ;. is a Cayley
digraph.
%T(qp) | = max{w | 2¥ divides gcd(q,p)}, h = 5, i = 2{d}
and u be an integer such that 2'q divides (up—ged(q, p)), where {d} denotes the fractional
part of d and ged(q,p) denotes the greatest common divisor of q and p.

Proposition 9. Let d =

(i) If C1 holds, then I, s is isomorphic to Cay(Z, X Zamg, {(1,0),(0,1), (1,2mg—1)}),
m>=1andq> 3.
(ii) If C2 holds, then Iy is isomorphic to Cay(Zimgi2)q, {1, mq +2,mg+1}), m > 1
and q = 3.
(iii) If C3 holds, then Ty is isomorphic to Cay(Zaiy X ZLo-i2meip), {(2'ud, 1), (2°
2tud,ih — 1), (2%,ih)}), where ¢ >3, m >0, 4 < p < 2¢ — 2 and p is even.

Proof. If C1 holds, then (i) is obvious. If C2 holds, then the mapping o from I' s 5 to the
digraph in (ii) satisfying o(a,b) = a(mq + 2) + b is an isomorphism.

Now suppose C3 holds. Let o be the mapping from I, ; to the digraph in (iii) such
that o(a,b) = (2'a 4 2'udb, iha + b). Note that o is well defined.

We will show that o is injective. It is clear for i = 0. If i = 1, by 2|p, then ! > 1. Assume
that o(x1,y1) = o(xe,y2) for (z1,y1), (x2,y2) € VI sk Let x = 2ud(ya — 1) — 2(21 — 72)
and y = (> — ) ~ h(Fi — ). Since 0(z1,41) = o(2r42), we have 2glz and (mg-+p/2)y,
which imply 2!7th|y by s = 2mq + p. Hence, h|(7> — 7).

We claim 27| (i —i1) for 1 < j < I. By 2q|(up gcd(q,p)), we get (2q/ged(q, p))|(2ud —
1), which implies 2ud is odd. Since 2¢g|x, one obtains 2|(7z — 71). Suppose 27|(¢» — 1) for
some j < [. From 27|(mq+p/2), we have 27|y and 27|(2] — Z3), which imply 277 (75 — 1)
by 27Tt z. So our claim is valid.

By ged(2,h) = 1, we obtain (2mq + p)|(§a — %1). Thus, y1 = yo and z; = mo.
Therefore o is a bijection. One can verify that ((x1,v1), (z2,¥2)) is an arc if and only if
(o(x1,y1),0(x9,19)) is an arc. Hence, ¢ is an isomorphism. O
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3 Circuits

In this section, we will discuss some properties for circuits of weakly distance-regular
digraphs. _

Let T be a digraph. Let R = {I% | 7 € d(I")}, where T; = {(z,y) € VI x VT' |
d(z,y) =1i}. If T is weakly distance-regular, then (VT R) is an association scheme. For
more information about association schemes, see [3, 11]. For two nonempty subsets FE,
F C R, define

EF ={I7 | Z ZP%?QOL

FIEE F;EF

and write I instead of {I;}{I’s}. For each nonempty subset F' of R, define (F) to be
the minimal equivalence relation containing F'. Let

VI/F:={F(z) |z € VI'} and TIY :={(F(z),F(y)) |y € FI;F(x)},

where F(z) := {y € VI' | (z,y) € Userf}. The digraph (VI'/F, U(l,s)e5(F)Ffs) is said
to be the quotient digraph of I" over F', denoted by I'/F. The size of I';(x) := {y € VT |
5(93, Y) :Z} depends only on i, denoted by k;. For any (a,b) € 5(F), we usually write kg,
(resp. I'qp) instead of kg p) (resp. T'ap))-

Now we shall introduce some basic results which are used frequently in this paper.

Lemma 10. Let I' be a weakly distance-regular digraph. For each i := (a,b) € 5(F),
define i* = (b, a).
]

(1) kg i = kyph= = k5 2. 5.

( ) k? k Zhea(l‘) kh p?
(iii) [T Fj| ged (K, kj)

)

J

Proof. See Proposition 2.2 in [3, pp. 55-56] and Proposition 5.1 in [1]. ]

In the remaining of this paper, we assume that I" is a weakly distance-regular digraph
of valency 3 satisfying k1,1 = 1 and k141 = 2, where ¢,g > 3 and ¢ # g. Let A;;
denote a binary matrix with rows and columns indexed by VI such that (4;;),, = 1 if
and only if d(z,y) = (i, ).

Lemma 11. The following hold:

Al,qflAl,gfl - Al,gflAl,qfly (4)
Al,g—lAg—l,l = Ag—l,lAl,g—1~ (5)

Proof. By Lemma 10 (iii), we may assume that

A179_1A17q_1 = Ai7j and Al,q—lAl,g—l = As7t, i, S € {1, 2}
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We claim that ¢ = s = 2. Suppose ¢ = 1. Then j = g—1 because of k; ,_; = 1. By Lemma

10 (i), we get p" 1) 1) = 2P(19 1) 141 = 2- By Lemma 10 (iii), Ay-1141g1 =
21 +2A, 41, contrary to the fact that A, ;14 4—1 is a symmetric matrix. Hence, i = 2.
Similarly, s = 2 and our claim is valid. B

Pick a path (xo,z1,29) with 0(x¢,2z1) = (1,9 — 1) and 9(x1,22) = (1,¢ — 1). Then
O0(x2,209) = j. We may choose a path (xq,x3,...,2j41,%0). Since I' has just two types
of arcs, there exists an i € {1,2,...,7 + 1} such that 8(%,351“) = (1,¢ — 1) and
O(xiv1, Tigs) = (1,9 — 1), where Tjio = xo and z,43 = 1. Since wi,wi0) = (2,1),
one has t < j. Similarly, j < t. Hence, j =t and (4) holds.

In view of Lemma 10 (iii), we have

Ayg1Agip=21+p

s)
1,9-1),(g—1,1) Ass, 522, (6)
Ag—LlAl,g—l - 2[ + ) 2 2

(7)

)

(s,
P
(t
Pg—1,1),(1,9-1)

By Lemma 10 (ii), we have ks,spgiz)—n,(g—m) = kt,tpgtgf)1,1),(1,g_1) = 2, which implies that

(5,5) <,>
P(1,9-1),(9-1,1) P(g— L1)(Lg=1)

(s,s). Suppose p;;* D) (g-1.1

By zy € Py- 11)( g-1)(z,y) and (7), Az, y) = (t,t). Tt follows that pggtf)1,1),(1,g71) = 2.

Similarly, if pg 11)( g1 = 2, then pgi’;)_l),(g_m) = 2 by (6). Hence, pgif])—l),(g—l,l) =

pgtf)l,n,u,gq)- In order to show (5), we shall prove s = t. Pick x € P 4-1),g-1,1)(0, s)

and a path P := (zg, x1,...,2s).

Case 1. P contains an arc of type (1, — 1).

By (4), without loss of generality, we may assume that d(zg,21) = (1,9 — 1). Pick
y € Tigoa(xs) \ {o}. In view of (7), if x # 21, from xg € Py_1,1),0,-1)(21,2), then
O(wy,x) =t < sy if v =y, from xg € Py—_11),(1,9-1)(7,y), then O(z,y) =t < 5.

Case 2. P only contains arcs of type (1,q — 1).

In this case, A7 , | # I. By (4), there exists a path (zo,y1,¥2, . - ., ¥s, ) containing the
unique arc (2o, 1) of type (1,9 — 1). If x = y;, by Lemma 10 (iii), we have A] | =1, a
contradiction. Therefore, v # y1. By 2o € Pg—1,1),01,9-1)(¥1, ) and (7), one has d(y;,x) =
t < s.

Similarly, ¢ > s, which implies s = ¢, as desired. [

€ {1,2}. Let zg and x4 be two vertices satisfying 5(3:0,1:5) =

-

) = = 2. Pick two distinct vertices x,y € Py g-1),g-1,1)(T0, ).

In the following, let F' = (I'; ;1) and fix x € VI'. Then I'/F is isomorphic to a circuit
C,, of length m. Let A be a digraph with the vertex set F'(z) such that (y, z) is an arc of
A if (y, z) is an arc of type (1,9 — 1) in I

Lemma 12. Suppose that every circuit of length g contains arcs of the same type in I'.
Then Ay y—i(x0) =Ty g—t(x0) for each xy € F(z) and t € {1,2,...,9— 1}.

Proof. Note that every arc of type (1,g — 1) is contained in a circuit of length g with
all arcs of type (1,9 — 1). It follows that, for any such circuit (z¢,x1,...,24-1), we have
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Or(zo, ;) = (i,g — i), where 1 < i < g — 1. Then every arc of A is contained in a circuit
of length ¢ in A.

For any z; € I't, (o), there exists a circuit C, := (zo,Z1,...,%Tt,...,T4—1) in I
Hence, C, only contains the arcs of same type. Suppose that each arc of Cy is of type
(1,¢g — 1). Then, ¢ < g and every circuit of length ¢ in I" only contains arcs of type
(1,¢ —1). It follows that A ; = I. Since g # x; for 1 <1 < g—1, kg1 =1
implies that ¢ is the minimum positive integer such that A%q_l = I, a contradiction.
Consequently, each arc of C, is of type (1,9 — 1). Therefore, (zg,2:) € A,y; and
so 'y g—t(z0) € Ayg_i(xg). Conversely, pick any x; € A4 4(x9). Then, in I', there
exists a circuit (zo,z1,...,%,...,%4_1) each of whose arcs is of type (1,9 — 1). Hence,
(o, x¢) € Ty y—t; and so Ay yy(xo) C It y—t(x0). Thus, the desired result holds. O

Lemma 13. If F(z) = VT, then there exists a circuit of length g containing different
types of arcs.

Proof. Suppose for the contrary that every circuit of length g contains the same type
of arcs. By the Lemma 12, T';,; = Ay, for any 1 <t < g — 1. By (5), the proof
of Proposition 4.3 in [8] implies that A is isomorphic to I'y := Cay(Zy,, {1,9 + 1}) or
Iy := Cay(Z, x Z,,{(0,1),(1,0)}).
Case 1. A ~T. B
Choose y € Zy,\{0,1,g+1} and t € Zy, such that dr(0,y) = (1,¢—1), t =9 (mod g)
andfe{O 2,3,...,9— 1}. Since (y—l—l y+2,...,y—t+g—1,0,y) is a path of length
g—t 8p(y+1 y) =g—1< g—t It follows that t = 0, and so § = ¢. Therefore,
dr(0,9) = (1,q¢ — 1). Similarly, dr(g,0) = (1,¢ — 1). Hence, ¢ = 2, a contradiction.
Case 2. A ~ 1. B
Pick (i,7) € T'14.1(0,0). Since da((0,0),(0,5)) = (j,g — j), by Lemma 12, we
have 0r((0,0),(0,7)) = (j,g — j). It follows that i # 0. By Lemma 10 (i), one
—1
—i)

815 D g sy = Figmi Py s Since (i) € Py yy,55((0,0),(i,0) in T,
(lq 1)

(i.9-1) _ — Lk
p(lﬁq_l)’(g_j’]) 1, V\jhlch implies that p(zg DGai) = g o
Let ((a,b),(da’,)) be an arc of type (1,¢ — 1). Then F; 3 ;. 5 ((a,b),(a,V)) =
i(a,b). Since (a+1,b), (a,b+17) € A; | ;(a,b), by Lemma 12, (a',V') € T'; , s(a+1,0)N
a,b+i). By Lemma 12 again,

zgl 1,g—1

I

G-l
(@) e{lat+i+ib)(atib+j)n{(a+jb+i)(ab+itj)}

Since i # 0, we have (a, V') = (a+1,b+j) = (a+j,b+1), which implies that i = j. Thus,

I' > Cay(Z, x Z4,{(1,0),(0,1), (z,4)}). Since g # ¢, one gets i # 1. Let g = nt + r with

0<r< 5—} If 7 # 0, then Jr((0,0), (1,1)) = 0r((0,0), (z,¢ + 1)) = (2,n + 2r — 2); if

r =0, then dr((0,0),(1,1)) = dr((0,0), (4,7 4+ 1)) = (2,7 + 2i — 3). But we have (1,0) €

P(l,g—l),(l,g—l)((()u 0), (1, 1)) and P(179_1)7(17g_1)((0, 0), (i, i+1)) =(in I', a contradiction. [

Lemma 14. Every circuit of length q in I' only contains the arcs of the same type. In
particular,

Al = Asga (8)

THE ELECTRONIC JOURNAL OF COMBINATORICS 23(2) (2016), #P2.12 10



Proof. If F(z) = VT, then ¢ < g by Lemma 13 and the desired result follows. Suppose
F(z) # VI'. Assume the contrary, namely, there exists a circuit (xg, x1, ..., ,1) contain-
ing arcs of different types. Since I'/F ~ (), with m > 2, there exist at least two arcs of
type (1,¢—1) in this circuit. By (4), we may assume that d(zo, z1) = O(z1, 72) = (1,¢—1)
and 5(xq_1,x0) = (1,¢ — 1). By the claim in Lemma 11, 5(xq_1,x1) = (2,9 — 2). Since
k14-1 =1, by Lemma 10 (ii), one has kg, .= 1. Therefore, d(zo, x2) = (2,¢ — 2). But
P g-1),(1,4-1) (@0, 22) = {21} and P g-1),1,4-1)(Zg-1,21) = 0, a contradiction. Lemma 10
(iii) implies (8). O

Lemma 15. For any circuit (zo, 21, ..., 71-1) with d(z_1,z0) = (1,9 — 1), there emists

i€{0,1,...,1—2} such that (i, zi41) = (1,9 — 1).

Proof. Suppose for the contradiction that 5(3:“ zit1) = (l,g—1) foranyi=0,1,...,1—2.
By Lemma 10 (iii), we have A,_1; = A';. Then A, ;; is a permutation matrix, a
contradiction. O]

Lemma 16. F(z) # VT if and only if every circuit of length g in T only contains the
arcs of the same type.

Proof. Suppose F(z) # VI'. Assume the contrary, namely, (xq,x1,...,2,-1) is a circuit
containing arcs of different types such that d(zo, z1) = (1,g—1). By (4) and Lemma 15, we
may assume that 5(;51, x9) = (1,¢q—1) and 5(339_1, z9) = (1,g—1). By the claim in Lemma
11, 9(zg, 22) = (2,9—2). If O(xg—1,21) = 1, from F(z) # VT, then 5(1'9,1,3:1) =(1,9—-1),
which implies (z1,22,...,24-1) is a circuit of length g — 1 containing an arc of type
(1,9 — 1), a contradiction. Hence, 5(xg_1,x1) = (2,9 — 2). The fact that xo ¢ F(x0)
implies that P g_1),1,9-1)(%0, 22) = 0, contradicting to xg € P g-1),(1,9—1)(Tg-1, 1)

The converse is true by Lemma 13. O]

4 The proof of Theorem 1

In this section, we assume that F' = (I'y ,_;) and x is a fixed vertex of I'.
Lemma 17. If F(xz) # VI, then I'/F ~ Cs.

Proof. Suppose for the contradiction that I'/F ~ C,, with m > 3. Choose a path
(20, 1, 9, x3) such that 5(x0,x1) = 5(x1,x2) = (1,g — 1) and 5(@,1’3) = (1,9 — 1).
Since O(F(xg), F'(z2)) = 2, k1 4—1 = 1 implies that d(zo, 3) = (3,1) for some [. Then there
exists a shortest path (x3, z4, Y2, ..., Ti12,%o). By Lemma 15 and (4), we may assume that
5(1’3,554) = (1,9 — 1). Since O(F(x1), F(x4)) = 1 and ky 41 = 1, we have 0(zy,x4) = 2
or 3. If O(zy,z4) = 2, by F(z) # VI, then 5(3:2,564) = (1,9 — 1), which implies g = 2
by x2 € Py-11),0,9-1)(23,24) and (7), a contradiction. Hence, 5(3:1,:54) = (3,t) for
some t < [. From m > 3 and (4), there exists a path (z4,y1,y2,...,¥—2,%0,21). Then
(3, T4, Y1, Y2, - - -, Yt—2,To) is a path of length ¢; and so [ < ¢. Hence, | = t. By (8),
To € P(Z,q—?),(l,g—l)($07x3)- Then there exists y € P(qu_2)7(17g_1) (ZE1,1]4). From kl,q—l = 1,
5(902, y) = (1,q — 1), which implies I'; ,_y € F, a contradiction. O
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Proposition 18. If F(z) # VT, then I is isomorphic to one of the digraphs in Theorem 1
(i).

Proof. By Lemma 17, VT has a partition F(z)UF(z’). Let A and A’ be the subdigraphs
of I induced on F(x) and F(2'), respectively. By (4) and k1,1 =1, 0 : F(x) — F(2'),
y +— v is an isomorphism mapping from A to A’, where ¥ € I'; ;_1(y). By Lemmas 12
and 16, I, ., (y) = A, y—.(y) foreach y € F(z) andr € {1,2,...,9—1}. By (5), the proof
of Proposition 4.3 in [8] implies that A is isomorphic to I'y := Cay(Z, x Z,, {(1,0), (0,1)})
or I'y := Cay(Zyy, {1,9 + 1}). Suppose that 7; is an isomorphism from I'; to A if T; is
isomorphic to A.

We claim that A ~ T's. Suppose for the contrary that A ~ T';. Write 71 (a, b) = (a, b, 0)
and o(a,b,0) = (a,b,1) for each (a,b) € Zy x Z,. Let ((0,0,1),(c,d,0)) be an arc of type
(1,¢ — 1). By (8), 8r((0,0,0),(c.d,0)) = (2,¢ — 2). Lemma 12 implies that ¢ # 0
and d # 0. By Lemma 12 again, we have (c,d,0) € Py, 4 4, i4((0,0,0),(c,0,0))

and 0r((0,0,0), (¢,0,0)) = dr((0,0,0),(0,¢,0)). By kogo = 1, we have (0,¢,0) €
I', (e, d.0). Then (0,¢,0) € {(¢,0,0),(c —d,d,0)} by Lemma 12. Hence, ¢ = d.

Suppose ¢ = g — 1. Since ((0,0,1),(—1,-1,0),(0,—1,0),(0,0,0)) is a shortest path,
¢ = 4, contrary to Lemma 14. Suppose ¢ # g — 1. Then r((0,0,0), (c,c + 1,0)) = (3,1)
for some [. Pick a path ((c¢,c+ 1,0),21,29,...,2,-1,(0,0,0)). By Lemma 15 and (4),
we may assume that dr((c,c + 1,0),21) = (1,9 — 1). By (7), we have dp((0,0,1), ;) =
(3,t) for some t < [. Since F(x) # VI, k1,1 = 1 implies that there exists a path
(X1, Y1, Y2, - - -, Yi—2,(0,0,0),(0,0,1)). Then ((c,c+ 1,0),z1,y1,y2, .-, Y2, (0,0,0)) is a
path of length ¢; and so [ < t. Hence [ = ¢. By (8) and z; € VA, one has (¢,¢,0) €
P2,4-2),1,4-1)((0,0,0), (¢,c+1,0)) and P 4-2)1,4-1)((0,0,1),21) = @ in T, a contradiction.
Therefore, our claim is valid.

Write 13(a) = (a,0) and o(a,0) = (a, 1) for each a € Zy,. Let ((a,1), (a+ k4, 0)) be an
arc of type (1,q—1). Then k, # 0. By (8), r((a,0), (a+ks,0)) = (2,¢—2). By Lemma 12,
Ia((a,0), (a+kq,0)) # (t,g—1) for any ¢ € {1,2,...,9—1}. Since Uy, Dtg—1(a,0) =
VAN {(a,0), (a+ g,0)}, one has k, = g. Then, T' ~ Cay(Zy x Zqy,{(0,1),(1,0),(2,1)})
and the result holds by Proposition 2. O]

Lemma 19. If F(z) = VI, then pgzgj) = 2.

)7(17‘971)

Proof. By Lemma 13, there exists a circuit of length g with different types of arcs. Let
C := (zo,21,...,24-1) besuch a circuit with the minimum number of arcs of type (1, g—1).
Suppose C contains t arcs of types (1,¢g—1). Lemma 15 implies that t > 2. By (4), we may
assume that 0(z;, 7:41) = (1,9 — 1) for 0 < i < t. We claim that 0(z, z2) = (1,q — 1).

Suppose not. By the claim in Lemma 11 and (7), we have 0(z,_1,21) = 0(x¢, x2) =
(2,9 —2). Since g € P1,g-1),(1,9-1)(Tg—1, 1), there exists 2} € Py g-1),1,9-1)(%0, T2). The

circuit C" := (g, &}, X2, . . ., £4—1) contains just t —1 arcs of type (1, g—1), a contradiction.
Thus, our claim is valid. It follows that pg’gjg (o-11) = 1. By Lemma 10 (i), the desired
result holds. O]
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Let H = (I'y 4—1) and H(xop), H(zo1), ..., H(xos—1) be all pairwise distinct vertices
of I'/H. Since ¢ < g, the subdigraph induced on each H(x ;) is a circuit of length ¢ with
arcs of type (1,q — 1), say (2,14, .., Tq-1;). 1t follows that s > 2.

Proposition 20. If F(z) = VT, then ' is isomorphic to one of the digraphs in Theorem 1
(ii).

Proof. Suppose 0(H (xp), H(z01)) = 1. By (4), we may assume that 5(3:070, zo1) = (1,9—
1). By Lemma 19, one has 5(:6071, z10) = (1, g—1), which implies O(H (z01), H(xop)) = 1.
Since F(z) = VI, I'/H is a connected undirected graph. By ky,1 = 2, I'/H is an
undirected circuit of length s. Suppose s = 2. Pick y € I'y ;_1(201) \ {z1,0}. Then y = z;
for some ¢ > 2, and (291, Y, Zit1,0, - - -+ Tq—1,0,Too) is & path of length ¢ — i + 1 from x¢;
to xg, contrary to the fact d(zo1,%00) = g — 1. Hence, s > 3.

Let (H(zo0), H(xo1),...,H(x0s-1)) be an undirected circuit. By (4), we may as-
sume that (zo0,Zo1,.-.,%0s—1) is a path with arcs of type (1,9 — 1). By Lemma 19,
(ZL’OJ‘, L0,j+15L1,5, L1,j+1, L2555, Lg—1,5, Iq—l,j—i—l) is a circuit with arcs of type (1, g — 1) for
j=0,1,...,8 — 2. Hence, there exists k € {1,2,...,¢} such that 5(37078_1,%_“170) =
(1,9 — 1), where the first subscription of = are taken modulo ¢. By Lemma 19 again, we

obtain O(z;s—1, Ti—k+1,0) = O(Ti—k+1,0, Ti+1,s—1) = (1,9 — 1) for each 7. Since

(%,07 Lo1y- -y L0,5—15 Lg—k+1,05 Lg—k+2,05 - - - ,%71,0)

is a circuit of length s+k—1 with different types of arcs, by Lemma 14, we get s+k—1 > ¢.
From Theorem 8, the desired result follows. n
Combining Propositions 18 and 20, we complete the proof of Theorem 1.

In the forthcoming paper [10], we shall classify cubic commutative weakly distance-
regular digraphs with one type of arcs.
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