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Abstract

In this paper, locally 3-arc-transitive regular covers of complete bipartite graphs
are studied, and results are obtained that apply to arbitrary covering transforma-
tion groups. In particular, methods are obtained for classifying the locally 3-arc-
transitive graphs with a prescribed covering transformation group, and these results
are applied to classify the locally 3-arc-transitive regular covers of complete bipar-
tite graphs with covering transformation group isomorphic to a cyclic group or an
elementary abelian group of order p?.
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1 Introduction

We will assume that all graphs are finite, simple, undirected, and connected, unless oth-
erwise stated. An s-arc of a graph T is a sequence of vertices (ag, a1, - ,as) such that
a; is adjacent to a1 and o1 # ;4 for all 7, 1 < i < s — 1. Note that vertices can be
repeated as long as ;1 # a;11. An automorphism of the graph I' is a permutation of
the vertices that preserves adjacency and nonadjacency. The set of all automorphisms of
the graph I' forms a group and is denoted Aut(I'). Given a subgroup G' < Aut(I'), I' is
(G, s)-arc-transitive if T' contains an s-arc and any s-arc in I' can be mapped to any other
s-arc in I' via an element of G. The graph is locally (G, s)-arc-transitive if I' contains an
s-arc and, for any vertex a of I'; any s-arc starting at a can be mapped to any other s-arc
starting at o via an element of GG. In the cases that such a group G exists, the graph I' is
said to be s-arc-transitive or locally s-arc-transitive, respectively. Note that it is possible
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for a graph to be locally (G, s)-arc-transitive but for G to be intransitive on the set of
vertices. (As an example, one could take the complete bipartite graph K5 3.) On the other
hand, when T is locally (G, s)-arc-transitive and every vertex in I' is adjacent to at least
two other vertices, G is transitive on the edges of I'.

The study of s-arc-transitive graphs began with Tutte’s seminal studies of cubic graphs
[27, 28]. Tutte proved that if I" is a cubic (G, s)-arc-transitive graph, then s < 5 (and that
this upper bound is the best possible). Later, Weiss demonstrated that if the valency is
at least three, then s < 7 [30]. Whereas Tutte’s result used clever elementary methods,
Weiss’s result relied on the Classification of Finite Simple Groups (CFSG). On the other
hand, locally s-arc-transitive graphs give geometric descriptions of rank 2 amalgams. The
proof that s < 9 for any locally s-arc-transitive graph with all vertex valencies at least
three [29] relies heavily on knowledge of amalgams and the classification of weak (B,N)-
pairs of rank 2 by Delgado and Stellmacher [2] and further demonstrates the deep link
between the two concepts. Moreover, locally s-arc-transitive graphs arise as incidence
graphs of highly symmetric structures [19, 31] and are important in their study. For
instance, the only examples of Moufang generalized octagons are the Ree-Tits generalized
octagons [26], the incidence graphs of which are locally 9-arc-transitive graphs.

A recent paper by Giudici, Li, and Praeger [11] set forth a program for the study of
locally s-arc-transitive graphs. First, any locally (G, s)-arc-transitive graph that is G-
vertex transitive is a (G, s)-arc-transitive graph, and many have been classified under a
similar program initiated by Praeger in [23]. Second, since any locally (G, s)-arc-transitive
graph of valency at least two is edge transitive, any locally (G, s)-arc-transitive graph
that is vertex intransitive must be bipartite with vertex set VI' = A; U Ay such that
G is transitive on each of A; and As, respectively. Third, there is a characterization of
the graphs containing vertices of valency two [12, Theorem 6.2, Corollary 6.3]. Thus, the
focus is on the graphs with minimum valency at least three that are G-vertex intransitive.

The breakthrough for studying these remaining (G-vertex intransitive graphs is the
normal quotient method from [11]. Let I' be a graph with a group of automorphisms
G. If G has a normal subgroup N that acts intransitively on the vertices of I'; define
the (normal) quotient graph Iy to have vertex set the N-orbits of vertices of T', and two
N-orbits ¥; and s are adjacent in I'y if and only if there exist vertices a@ € ¥; and
B € X5 such that « is adjacent to 8 in I'. The original graph I' is said to be a regular cover
of I'y if each N-orbit ¥y adjacent to ¥; contains exactly one vertex adjacent to o in I’
for each a € ¥, and in this case N is referred to as the covering transformation group.
(See also Section 2 for different yet equivalent topological definitions.) Giudici, Li, and
Praeger [11] showed that if I' is a locally (G, s)-arc-transitive graph, then I'y is a locally
(G/N, s)-arc-transitive graph. This insight led to the following framework for studying
locally s-arc-transitive graphs:

(I) Understand the basic graphs, that is, those for which there is no nondegenerate
normal quotient. A single vertex, a single edge, and a star, i.e., graphs of the form
K, for some m > 1 [11, Theorem 1.1], are the degenerate normal quotients in this
context.
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(IT) Understand the regular covers of the basic graphs.

The basic graphs will arise when the group G acting on the graph has no normal
subgroup with more than two orbits. With this in mind, a group G acting transitively on
a set () is said to be quasiprimitive if every nontrivial normal subgroup N of G is transitive
on 2. Given the above definition of a quotient graph, it is clear that quasiprimitive groups
are precisely the groups that give rise to basic graphs. The quasiprimitive groups were
classified by Praeger [23] and refined into the following eight types [24]: holomorph of
abelian group (HA), holomorph simple (HS), compound holomorph (HC), almost simple
(AS), twisted wreath product (TW), simple diagonal (SD), compound diagonal (CD), and
product action (PA). The main distinguishing factor among these different quasiprimitive
actions is the socle of the quasiprimitive group G, which is the subgroup soc(G) of G
generated by all minimal normal subgroups of GG. There are four fundamentally different
kinds of basic graphs for vertex intransitive locally (G, s)-arc-transitive graphs, where
s> 2:

[Complete Bipartite] Complete bipartite graphs K,, ,,, where m # n;

[Star Normal Quotient] G acts faithfully on both orbits of vertices A; and A,, but
only acts quasiprimitively on A;. In this case, the quasiprimitive action of G' on A,
must be one of HA, HS, AS, PA, or TW [11, Theorem 1.3];

[Same Type| G acts faithfully and quasiprimitively on both orbits of vertices A; and
Ay with the same quasiprimitive type on each part, and the action of G must be
one of HA, TW, AS, or PA [11, Theorem 1.2];

[Different Type] G acts faithfully and quasiprimitively on both orbits of vertices A;
and A, with a different quasiprimitive action on each part. In this case, G must act
with type SD on A; and with type PA on A, [11, Theorem 1.2].

The graphs in [Star Normal Quotient] have a (degenerate) quotient that is isomorphic
to the star K, for some m > 1. This is the reason these graphs are collectively referred
to as those with a star normal quotient.

While progress has been made in understanding the basic graphs [9, 10, 11, 12, 13,
19, 25], there has been very little work done toward understanding the regular covers of
locally s-arc-transitive graphs, which constitutes half of the program. The recent work
[1, 8, 20, 21, 22] on regular covers of finite symmetric graphs is limited by only considering
a single graph at a time and restricting to abelian covering transformation groups. The
study of regular covers of large families of symmetric graphs collectively has only been
undertaken in a few specific cases [6, 7, 16], even though studying regular covers of large
classes of graphs is necessary to understanding symmetric graphs as a whole.

In order to introduce the main results of this paper, we need the following notation.
Let a be a vertex of a graph I'; and let G < Aut(I'). We denote the vertices adjacent to
a in I by I'(«w), and the permutation group induced by G, on I'(«) will be denoted by
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GL@. For any two vertices «, § of I', we define the distance function d(«, ) to be the
length of the shortest path between o and f§ in I'. Given a natural number 7, we define

Gl .= {g € G| B = B for all B satisfying d(a, §) < i}.

Note that G is a normal subgroup of G, and GL@) =~ GQ/GE].

In this paper, we study the locally 3-arc-transitive regular covers of complete bipartite
graphs. In Section 2, we obtain results that apply to locally 3-arc-transitive regular covers
of complete bipartite graphs with arbitrary covering transformation group, culminating
in the following result:

Theorem 1. Let I' = K, ,, with biparts of vertices Ay and Ag, |Ar] =m <n = |Ay], P:
I' — T be a reqular covering projection such that H :== CT(P) and G < Aut(T") lifts to G
such that T is locally (G, 3)-arc-transitive. For vertices a, B € Ny, define further Kfé’i =
Ky, to be the subgraph induced on {co, B} UA; and Hg to be the covering transformation
group of Pag : Y — K% where S is a connected component of P‘l(K%’ﬁ). Then one of

m,n’

the following must hold for each A;:

(1) |A;| = p’ for some prime p and f € N, and Hp is an elementary abelian group of
order p/, or

(2) There exists X < Aut(Hg) such that X has a 2-transitive action on |A;| points.
Moreover, in either case, if v € A;, then G@év is isomorphic to a subgroup of Aut(Hpg).

One inference that we can make from Theorem 1 is that elementary abelian covering
transformation groups are the most likely to yield locally 3-arc-transitive regular covers of
complete bipartite graphs. We apply Theorem 1 to cyclic covering transformation groups
and elementary abelian covering transformation groups in Sections 3 and 4, respectively,
and obtain the following classification results:

Theorem 2. LetI' = K, ,,, m < n, P: I — T be a reqular covering projection such
that H := CT(P) # 1 is a cyclic group and G < Aut(T') lifts to G such that T is locally
(G, 3)-arc-transitive. Then one of the following holds:

(1) m=n=2 and H = Zy, where N is any positive integer at least 2;
(2) m =2, n=p for some odd prime p, and H = Z,;
(3) m =mn=p for some odd prime p and H = Z,.
Moreover, in each case the cover is unique (up to isomorphism of covering projections).

Theorem 3. Let I' = K, ,, with biparts of vertices Ay and Ay, A1 = m < n = Ay,
P : ' — I be a regular covering projection such that H := CT(P) = Zg, p prime and

d > 1, is an elementary abelian group and G < Aut(L') lifts to G such that T is locally
(G, 3)-arc-transitive. Then one of the following must hold for each A;:
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(1) |A;| = p’ for some f < d, or
(2) There exists X < GLq4(p) such that X has a 2-transitive action on |A;| points.
Moreover, in either case, if v € A;, then Gﬁév is isomorphic to a subgroup of GLg(p).

We apply this result to covering transformation groups isomorphic to Z, x Z, to obtain
the following classification:

Theorem 4. Let H = 7, x7Z,, where p is a prime. The only complete bipartite graphs with
a locally 3-arc-transitive reqular cover whose covering transformation group is isomorphic
to a subgroup of H are Koo, Ko3, Koy, Kop2, K3y, K32, Ky, K, and Ky 2

p,p p.p?

Corollary 5. LetI' = K,;,,,, m < n, P: I — T be a reqular covering projection such
that H := CT(P) & Z, x Z, is an elementary abelian group of order p* and G < Aut(T)
lifts to G such that T is locally (G 3)-arc-transitive. Then one of the following holds:

(1) m =2 and n = 3;
(2) m =2 and n = p?;
(3) m =3 andn = p;
(4) m =3 and n = p*;
(5) m=p and n = p*;
(6) m=n=p*

Moreover, in each case the cover is unique (up to isomorphism of covering projections).

2 Results applicable to general covering transformation groups

A covering projection P : T — T maps VT onto VT, preserving adjacency, such that for
any vertex & € VT, the set of neighbors of & is mapped bijectively onto the neighbors of
P(a). For a vertex o of ', the set of vertices P~'(c) that are mapped onto a by P is
called the fiber over the vertex a. An automorphism g € Aut(I) lifts to § € Aut(T) if
the following diagram commutes:

9

=
=
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The lift of the trivial group (identity) is known as the group of covering transformations
and is denoted CT(P). T'is a reqular cover of " if CT(P) acts regularly on the set P~1(«)
for all vertices o € VI'. (Compare these to the equivalent definitions of Section 1.) A

voltage assignment is a map & : EF — H, where H is a group, such that &(a, 5) =
£(B,a)™!. For ease of notation, the voltage of the arc (, 3) will be denoted &,5. The
derived covering graph T of a voltage graph has vertex set VI x H, where two vertices
(a, hy) and (B, hy) are adjacent iff « is adjacent to 5 in I and hy = £,5hy. The following
theorem exhibits the deep connection between regular covers and derived covering graphs:

Theorem 6 ([15, Theorem 2.4.5, Section 2.5]). Every regular cover T of a graph T is
a deriwed cover of a voltage graph. Moreover, if I' is connected we may assume that the
edges of a (fized but arbitrary) spanning tree of I' have been assigned the identity voltage.

Two covering projections Py : fl — I'; and Py : fg — I'y are said to be isomorphic
if there exist graph isomorphisms ¢ : I'y — 'y and & : fl — fg such that cP; = Pqyo.
The following lemma connects isomorphisms of covers to isomorphisms of the covering
transformation groups:

Lemma 7 ([21, Corollary 3.3]). Let Py and Py be two reqular covers of a connected graph
I, and let Hy = CT(P1) and Hy = CT(Py1). The covering projections Py and Ps are
isomorphic if and only if there exists a group isomorphism 7 : Hy — Hy and o € Aut(I)
such that 7(; = (a0, where, given a fixed vertexr o of I', (1 and (5 are considered as
epimorphisms (; : (I, ) = Hy and (o : 7(T, %) — H,.

Throughout this section we will assume the following: I' is the complete bipartite
graph K, , with biparts A; and Ay (JAy] = m, |Ay| = n), I has a regular cover I' with
covering projection P : I’ — T, and the fiber-preserving automorphisms G of T act locally
3-arc-transitively on I'. We will identify the vertices of A; with lowercase Greek letters
and vertices of Ay simply with the set {0,1,2,--- ,;n—1}. By Theorem 6, [ is isomorphic
to the derived graph of a voltage graph, where voltages are assigned to the co-tree edges
with respect to some spanning tree 7" of I'. It does not matter which spanning tree we
choose, and so we will choose the “double star” obtained by giving the identity voltage
to all edges incident with either the vertex a € Ay or the vertex 0 € As.

We will let H = CT(P) and assume that H # 1 to assure that we have a nontrivial
cover. Moreover, we will let £ be the function from the edge set of I' to H with
denoting the voltage assigned to the arc (7, 5). The following lemma gives explicit criteria
for an automorphism of a graph to lift.

Lemma 8 ([21, Propositions 3.1, 5.1]). An automorphism g of T" lifts to an automorphism
G of T if and only if there exists a group automorphism g#e € Aut(H) such that 5195(1 =
Ewe, where W runs over a generating set for all closed walks based at a single vertex a.
Moreover, if H is abelian, the automorphism g« does not depend on the choice of base

vertexr o.

Note that by Giudici, Li, Praeger [11, Theorem 1.1], if G = G/CT(P), then [is a
locally (G, 3)-arc-transitive graph, and the group of automorphisms G of I' lifts to I
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At this point, we may associate each voltage &;, with the closed walk (a,1,7,0,a)
based at a. We note that for any fixed 8 # a € Ay and any g € G5, we may use Lemma
8 to define a homomorphism ¢,s : Gog — Aut(H) as follows: for any g € G, we choose
the lift g of g such that (a, 1) = (a?,1). For a given h € H, we may define the induced

automorphism on H by the action of g on H via the mapping (a, h)9 = (a9, h¥=s(9),

@aﬁ

Furthermore, we note that ;7 E&lwg&gyg, where £ys = 1 for any 0 € A.

Lemma 9. For any vertex  # a € Ay, Gfg 15 2-transitive. Moreover, the voltages
assigned to the co-tree edges of I' must all have the same order, and, for any two distinct

vertices i,j € As, fz’,@ # &ip-

Proof. The fact that GaAﬂ2 is 2-transitive follows immediately from local 3-arc-transitivity.
Note that any 3-arc beginning at « and ending at 0, say («a,1i,3,0), defines a unique
4-cycle (a, 4, 5,0, a). Since I is locally (G, 3)-arc-transitive, for any v € Ay and j € A,
there exists g € G such that («, 1, 3,0)9 = (a, 7,7,0). Hence the voltage of the first walk,
&3, must be mapped to the voltage of the second walk, {;,, by the induced action of the
element g on H (i.e., pa3(g) € Aut(H), as defined above). Thus the voltages on co-tree
edges have the same order. Finally, if &3 = ;3 for some ¢ # j, then the voltage of the
closed walk («, 1, 3, 7, ) is trivial. However, for any 0 # k € Ay and a # v € Ay, there is
g € G, such that (o, i, ,5)9 = (a, k,7,0), and so &, = 19289 = 1, and all co-tree edges
have trivial voltage. []

Recall that the socle of a group X, denoted by soc(X) is defined to be the subgroup
generated by all minimal normal subgroups of X. Since Gﬁg is a 2-transitive group for
any 8 # a € Ay, by Burnside’s Theorem (see [4, Theorem 4.1B], for instance), SOC(G@;)
is either an elementary abelian p-group that acts regularly on A, for some prime p or a
nonabelian simple group that acts nonregularly on Ay. Moreover, in each case the socle
is the unique minimal normal subgroup. Henceforth we will assume that § # o € A; is
fixed and let S := SOC(GSBQ).

We say that a group X is involved in the group Y if there exist subgroups Y1 <Y, <Y
such that Y5/Y; = X. Let ¢ : Gop — Gﬁg be the natural projection with Ker(¢) = GB}%
Since Gﬁg has a unique minimal normal subgroup S, by the Correspondence Theorem
there exists a subgroup T <1 G, such that G[ < T and T/G[l] = S. Note that, since S

is a minimal normal subgroup of G432 apr N < T and N is normal in G,g, then N < G[1

Proposition 10. Let P : I — T be a covering projection with covering transformation
group H. If G is the lift of the group G, the cover T is locally (G 3)-arc-transitive, and
S = SOC(GQAE) is a nonabelian finite simple group, then S is involved in Aut(H).

Proof. Let |Ay] = n. First, we note that the group Gapo, the stabilizer of the vertex

0 € Ay in the group G,g, transitively permutes the vertices 1,2,...,n—1. Since 3 is the

(@)
voltage of the cycle (a, i, 3,0, a), for any g € Gago, we have £ grel = &9p. By Lemma 9,

&p = &p only if i = j. Hence, for any such g € Gapo, if it 1nduces a trivial action on H,
then 9 =i for all i, 1 < ¢ < n — 1, which implies that g € G[al};
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As noted above, there is T" < G,p such that Gg}ﬁ < T and T/G[al]ﬁ ~ S IfSis
not involved in Aut(H), then T" < Ker(pag). However, by the Classification of Finite
Simple Groups [14], the induced action of Sy on {1,...,n — 1} is nontrivial. Hence T,
acts nontrivially on {1,...,n — 1} and T is not contained in Ker(¢,p). This means that

Ker(gas)NT < G[ ] Therefore Vap(T )/(pag(GE]) =~ S, and S is involved in Aut(H). O

Proposition 11. Let P : T — T be a covering projection with covering transformation
group H. If G is the lift of the group G, the cover T is locally (G 3)-arc-transitive, and
S = SOC(GSﬁ) 15 an elementary abelian p-group for some prime p, then either S is involved
in Aut(H) or each voltage assigned to a co-tree edge of I' has order p.

Proof. Assume that S is not involved in Aut(H). As noted above, there is T' < G5 such
that GB] < T and T/ Gaﬂ >~ S. By the same argument as in the proof of Proposition

10, if g € Gapo and @ap(g) = 1, then g € Gaﬂ' Hence, if S is not involved in Aut(H),

T < Ker(gap), and Ty =T N Gupo < G[l]

We note that 7' is transitive on AQ, so there is s € T such that 0° = 1. Recalhng
the epimorphism ¢ : G5 — Gaﬁ, #(s) € S and has order p. Thus s € Ker(¢) = Gaﬁ,
and ¢(s™) = ¢(s") for 1 < m,n < p— 1 implies m = n. This means that there exist
vertices as,...,ap—1 € Ay such that 1° = a9, a), = apy1 for 2 < m < p— 2, and
4, =0. On the one hand, («a,1,53,0,a)* = (a, a9, 5,1, ), and so we have an induced

actlon 5%‘[3

SO f%ﬁ = ;3. This implies that &5 = f%ﬁ (=) fl_ﬁlfazg, and so &g, = ffﬁ. Proceeding
snmlarly, by induction we see that &,,. 3 = 51,8 fort<m<p—1.

= gl_ﬁlgwﬂ On the other hand, we are assuming that 7" < Ker(gag), and

Moreover, G,z is 2-transitive on Ay, so there exists h € G, such that 0" = 1 and
1" = 0, which implies that hs™! = r € Gup0. Noting that 0" = 0 and 1" = a,_, we have
an induced action f%ﬁ *) fl_ﬁl. On the other hand,

« (h e "') QDQB() e
gso B (590 a( > _ ;Dp ﬁlB Earrp

Hence 51_5 §ap1p = 516 and 75 = 1. Since H # 1, [{15] = p, and by Lemma 9 the
order of every voltage assigned to a co-tree edge of I" has order p. O]

Proposition 12. If the group T has a trivial induced action on H, where ¢(T) = S =
soc(Gﬁﬁ?) and G[al/]@ < T, then each element of an entire elementary abelian group of order

p’, where pf is the size of the bipart Ay, must be assigned as voltages to the edges incident
with the vertexr § # a € A;.

Proof. By Propositions 10 and 11, if the lift of 7" acts trivially on H, then GaAg is an
elementary abelian p-group that acts regularly on A, for some prime p. Thus |As] = p/
for some f € N, and by Proposition 11, the order of each voltage assigned to a co-tree
edge is p. For any i € Ay\{0}, there exists s; € T such that 0% = i, and, proceeding as
in the proof of Theorem 11, £ = fis;nﬁ, and so each power of the voltage ;3 is assigned
to an edge incident with (.
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We will next show that &;3§;s is the voltage assigned to some edge incident with g3,
where 7, j are distinct vertices in Ap\{0}. In particular, g;ﬁl = {fﬁ_l = {p for some £ € A,.
Since G, is 2-transitive on Ay, there is g € G, such that (a4, 5,0,a)? = («, 7, 5, {, a),
and Slo) 5%[3( 5[515]-5 = &;p&;p. There is also an element s € T" such that 0° = ¢, and so

gs—te Gaﬂo- Hence

s—1 @aﬁ( ) o
£ZB§]B f%’aﬂ( 9) (fé%aﬁ(g )) — f:pgsﬁlﬁ) — 5193_157

since by assumption 7" has a trivial induced action on H. Hence all the voltages incident
with 3 are all distinct, have order p (other than £yg, which is assigned the trivial voltage),
and form a subgroup.

Finally, define Hg to be the group of voltages that are assigned to edges incident
with 5. Note that the induced action of G, is transitive on Ay\{0}, and hence for any

i # j € A\{0}, there is g € G,po such that 9 = j. This implies that f%ﬁ(g) &;p, and so
the induced action of G,g9 on Hg\{1} is transitive. On the other hand Hpg is a p-group,
and so for some z € A\{0}, &5 € Z(Hpg). The center is a characteristic subgroup, and
therefore Hpg is elementary abelian. O]

Proposition 13. The stabilizer of a point in Gﬁﬁz is involved in Aut(H).
Proof. Suppose g € Gapo and ¢ap(g) = 1. In particular, for all i € Ag\{O} Eip =

5:;“6 (9) = &o5. By Lemma 9, this implies that 9 =i for all i € Ay, and so g € G . Hence
Ker(gap) < Gg};, and so
~ 1
Gido = $o(Gap)/#as(Gap)
is involved in Aut(H). O

Corollary 14. If the group T' has a nontrivial induced action on H, then Gﬁg 18 1nvolved
in Aut(H).

Proof. Let S = soc(GAQ) and K = Gfgo. Since S is transitive on Ay and K is the
stabilizer of a point, Gaﬂ = SK, and hence, by Propositions 10, 11, and 13,

Gz = SK = (0as(1)/2as(G)) (Pas(Gaso)/2as(GE))) = @as(Gas) [as(G). O

We will next show that there exists a locally 3-arc-transitive regular cover of K, ,
only if there exist locally 3-arc-transitive regular covers of Kj,, and Kj,, respectively.
For a complete bipartite graph K, , with |A;| = m and |As| = n, if 7,6 € Ay, then we
define K;Z;fsn = K5, to be the subgraph induced on {7, d} UA,. The following proof, which
simultaneously simplifies and strengthens results from a previous version of this paper,
comes from an anonymous referee:

Proposition 15. Let P : r— K be a reqular covering projection, and assume that T is
locally (@G, 3) ~arc-transitive, where G is the lift of a group G < Aut(Kp, ) Ifa e Pl a )
and § € P~Y(B) are vertices in the same connected component % 0f73 KB, then ¥

is locally (G5 5y, 3)-arc-transitive.
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Proof. 1t is clear that the graphs Kgfn = K5, are isomorphic for each choice of v, € A;.
Moreover, given a vertex 0 € Ay, the group Gy is 2-transitive on A;, and so for any
v,0 € Ay, there is a subgroup of G that takes Ka’ﬂ to K75. Since this group lifts
by assumption, there is an isomorphism x : P~ (K 0‘5) — P~ Y(K7%,) by Lemma 7.
Furthermore, the subgroup of G for which K% is invariant, namely G{a,y, 1s a locally 3-
arc-transitive subgroup of Aut(Kﬁ‘L”fi). Since G{awg} lifts, by [5 Theorem 3|, any connected

component of P~H(K2?) is also locally (G, 3)-arc-transitive. The result follows. O

Proposition 15 implies that, for a complete bipartite graph K,,, with a locally 3-arc-
transitive regular cover, if |A;| = m, |Ay| = n, § € Ay, and Hp is the group generated
by the voltages assigned to the edges incident with [, then there exists a locally 3-
arc-transitive regular cover of K, with covering transformation group isomorphic to Hg.
Moreover, the voltage assigned to the arc (i, ) in Ks,, is the same as that which is assigned
to the arc (i,5) in K,‘j;’ﬁ, i.e., there is an isomorphism of covering projections. Note
further that by Lemma 7, for any vertices 3,7 € A;\{a}, there is a group isomorphism
T : H, — Hpg, and the group Hp is independent of the choice of 3. We can now prove

Theorem 1.

Proof of Theorem 1. By Proposition 15, if |A;| = n, then K5, has a locally (K, 3)-arc-
transitive regular cover with covering transformation group Hpg, where K is a lift of the
group K < Aut(K,,). Let A be the bipart of size n in K,,. Note that K,z = KA,m SO

Kgé = 1. Let T = soc(Kap) and a5 : Kap — Aut(Hpg) be the induced action, as above.
If pu5(T) = 1, then, by Proposition 12, n = p/ for some prime p and f € N, and Hp is
an elementary abelian group of order pf Otherwise, T" has a nontrivial induced action on
Hg, and, by Corollary 14, K,s = K2 =5 is involved in Aut(Hg). Moreover, since K(% =1,

we have goag(K[ ]) =1, and

IaYl 1 Y
Ko = 0as(Kap)/0as(KLE) = @ap(Kag)-

In this case, K3, which has a 2-transitive action on n = |A| = |A;| elements, is isomorphic
to a subgroup of Aut(Hpg). Using Proposition 13, a similar argument shows that, in either
case, K SBU = GSB"U is isomorphic to a subgroup of Aut(Hg) for any v € A;. The result
follows. ]

3 Locally 3-arc-transitive regular covers of complete bipartite
graphs with cyclic covering transformation group

Let I' = K,,, have biparts A; and Ay, and assume that I" has a locally 3-arc-transitive
regular cover I with covering projection P : T' — I'. We will also assume that the group
of covering transformations is cyclic, i.e., let H = CT(P) = (£) = Zy for some integer
N € N, N > 1, where the cyclic group will be viewed additively. As in the previous section,
we fix  # a € Ay, let G be the group of automorphisms that lift, and let 7" = T, be

the subgroup of G4 that contains el op and T/G[ 5 = SOC(GSE). Furthermore, G4 has
an induced action on H given by .5 : Gog — Aut(H).
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Lemma 16. If |Ay| > 2, then the induced action of the group T on H is trivial, i.e.,
gpaﬁ(T) =1.

Proof. By Theorem 1, if the induced action of T on H is not trivial, then there exists
X < Aut(Hp) with a 2-transitive action on |As| elements. On the other hand, H is cyclic
and generated by the voltages assigned to the edges of I', and so Hg < H is also cyclic.
(Actually, by Lemma 9, the voltages assigned to the edges of I" all have the same order,
so Hg = H.) Thus Aut(Hjp) is isomorphic to the group of units of Hg, which is abelian.
When |A;| > 2, no 2-transitive group on A; is abelian, and so no such group X can exist,
a contradiction. O
Lemma 17. If |As| > 2, then G533 = 2,7,y and H = 7,

Proof. By Lemma 16, the group 7 has trivial induced action on H, i.e., T < Ker(gag).
By Theorem 1, the group of covering transformations H must be isomorphic to ZIJ;, where
pis aprime and f € N. Since H is cyclic, H = Z, and |A| = p. Moreover, by Proposition
12, soc(GﬁE) = 7Z,, and hence Gﬁg =7y Ly O

Proposition 18. The only possibilities for I' = K, ,, are Ky, and K,,, where p is a
prime.

Proof. By Lemma 17, we may assume that |As| = n = p for some prime p. On the other
hand, using the same reasoning, |A;| = p’ for some prime p’. If both p,p’ > 2, then by
Lemma 17 it is impossible for all edges to have voltages from both Z, and Z, unless
p = p'. Hence the only possibilities are K5, and K, ,, where p is a prime. O

Proof of Theorem 2. First, we note that Proposition 18 implies that Ky 9, K5 ,, and K,
are the only three possibilities; all that remains is to show that unique covers actually
exist in each listed case.

We note that K5 is a four cycle, and the cover of Ky 4 derived from the group Zy
is a 4N-cycle. Moreover, for any two covering transformation groups H; = Hy = Zy,
there is an obvious isomorphism, and so by Lemma 7, there is a unique such cover up to
isomorphism of covering projections.

Suppose now that |A;| = m = 2 and |Ay| = n = p, where p is an odd prime. By
Lemma 17, N = p. Continuing with the notation above, let A; = {a, 8} and Ay =
{0,1,...,p — 1}. By Lemma 9, the voltages assigned to the co-tree arcs (i, ), where
1 <4 < p—1, must be distinct non-identity elements of Z,. Up to relabeling the vertices,
i.e., up to an automorphism of I' = K, there is a unique way to assign voltages to the
edges. By Lemma 7, there is at most one such cover of K, up to isomorphism of covering
projections.

It only remains to show that this covering projection has the desired properties. Let
H = (£), viewed additively, and without a loss of generality assume that &3 = i€ for all
1. Note that the closed walks based at the vertex a are generated by the closed walks of
the form (o, 4,3,0,), 1 <i < p— 1. Thus by Lemma 8 an automorphism g of I' = K,

lifts to g if and only if there exists a solution to the equations 55; = &y for all ¢, where

W; = (a,i,3,0,a) and g* € Aut(H).
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Given a primitive element ¢ of the field GF(p), let g be the (p—1)-cycle (1 ¢ ¢*... t#72)
in Sym(A,), and assume that g fixes both o and §. Then, for all 7 > 0, assuming that
i =tk (mod p), 55; = ff,:jﬁ — (tk£)9”; on the other hand, §we = Euriyog = (thi)9¢ =
tht1¢. Indeed, these equations are satisfied by the outer automorphism v of H given by
v: & t€, and so the (p — 1)-cycle g lifts.

Let h be the p-cycle (0 1... (p — 1)) in Sym(Ay). Then €% = (i€)"; on the other
hand, {yn = =& +€11)s = —§+(i+1)§ = i€. These equations are satisfied by the trivial
automorf)hism of H, and so h lifts. The group generated by h and g acts 2-transitively
on A, while leaving all of A; fixed.

Next, let  be the automorphism of K5, that interchanges o and 3 but fixes all other
vertices. We will now associate the voltage &3 with the closed walk U; := (0, o, 4, 3,0)
based at 0. In order for z to lift, there must exist % € Aut(H) such that ffﬂ# =&y = Si}l
for all © € Ag\{0}. This corresponds to the outer automorphism ¢ : £ — —&, and so x lifts
as well. The group generated by x acts 2-transitively on A; while leaving all of A, fixed.
It is easy to see that the group G = (g, h,x) lifts and I' is locally (G, 3)-arc-transitive.
By [5, Theorem 3], this unique cover (up to isomorphism of covers) will be a locally
3-arc-transitive graph.

Finally, we suppose that m = n = p, where p is an odd prime. By Lemma 17, H = Z,,.
By Lemma 9, the voltages assigned to the edges incident with a single vertex are distinct
and all come from Z,. Up to relabeling the vertices, i.e., up to an automorphism of
K, , there is a unique way to do this. Namely, if we let A; = {ag, a1,...,q,-1}, let
Ay ={0,1,...,p— 1}, and assume that the spanning tree with identity voltages consists
of all edges incident with either ag or 0, we will assign voltages to co-tree edges by letting
§ia,; be the (7, j)-entry of the following (p — 1) x (p — 1) matrix:

¢ 2% 3 .. (-1
2 2(2€) 326 ... (p-1)(2)

3¢ 2(3¢) 33¢) ... (p—1)(3¢)

(p—DE 2(p—1)€) 3((p—1€) ... (r—1)((p— 1))

It is clear that each row and each column of the matrix contains each nonidentity
element of (£) exactly once. Hence we have a voltage assignment which satisfies all the
above lemmas, and, up to permuting the vertices of K, ,, this assignment is unique.
Arguing again as in the Ky, case, we see that the desired automorphisms lift, and so
we again get a cover of the desired type that is unique up to isomorphism of covering
projections. O

4 Locally 3-arc-transitive regular covers of complete bipartite
graphs with elementary abelian covering group

In this section, we will assume that the group of covering transformations is elementary
abelian; that is, we will assume that H := CT(P) = Z{, where p is a prime and d > 2
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(the case d = 1 falls under the cyclic case). We begin by proving Theorem 3, which is
essentially a corollary of Theorem 1:

Proof of Theorem 3. In this case, Hg = ZJ for some f < d. Thus Aut(Hg) = GLs(p) <
GL4(p), and the result follows. O

By Theorem 1, the process of finding the locally 3-arc-transitive covers of K, ,, comes
down to finding locally 3-arc-transitive covers of K ,, and K5 ,. While it can be extremely
difficult to determine which Kj,, have lifts in full generality, there are certain cases that
are not so difficult.

Proposition 19. Up to Zsomorphzsm of covering projections, I' = K2 pf has a unique
locally 3-arc-transitive reqular cover T with covering projection P : T' — T such that

H=CT(P) =17/

Proof. By Lemma 9, a different nonidentity element of H must be assigned as a voltage
to each co-tree edge of I'. Up to relabeling the vertices, i.e., up to an automorphism of T',
there is a unique way to do this, and so, by Lemma 7, there is at most one such cover.

Let the biparts of I' be A; = {«a, 8} and Ay = {0,1,...,p/ — 1}. Define W; to be the
closed walk (a,i,3,0,a), 1 < i < p/ — 1. The W; form a generating set for all closed
walks based at a. We will show that this particular voltage assignment results in a locally
3-arc-transitive regular cover I'. First, let h € Aut(T") be the automorphism that fixes A,
but interchanges a and . Thus

SWih A (Oé,i,ﬁ,0,0é)h = (ﬁ7ivaa07ﬁ) < _516 = —équ

Since there is always an automorphism inverting all elements of an abelian group, by
Lemma 8, h lifts.

We will view H additively as a vector space, and we label the elements of H as

0,...,(pf —1), where i is the voltage of tge arc (i, ). The W; generate a set of closed

walks based at «, and the voltage of W; is ¢ . Suppose g € Aut(I") such that g fixes a,
B, and 0. Then

Ews © (3, 8,0,0)0 = (8%, 8,0,a) > &
Thus any g € Aut(T') that acts on {1,...,p/ — 1} as an element of GL;(p) acts on

N s .
{1,...,pf — 1} will lift to an automorphism of T".
Now, let g;, 0 < i < p/ — 1, be defined to be the permutation of {0,...,p/ — 1} such

ﬁ
that 09 = ¢ and 79 = k, where &, has voltage corresponding to 7 + j . Since the
voltages on edges incident with £ are all distinct, this is well-defined permutation. Hence

e
o (041670@)9’—(04%6,27&)H—Z+Z+J J =&w,.

Since 5;’5; = &, is satisfied for all j by letting gz# be the trivial automorphism of H, g;
lifts. Therefore, a group of automorphisms X of I' stabilizing each element in A; that
acts isomorphically to AGL¢(p) on A, lifts. Since the group G = (X, h) lifts, and I' is
locally (G, 3)-arc-transitive, T is locally (G, 3)-arc-transitive, as desired. O
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Corollary 20. Let H = Zg. The graph K, ,r has a locally 3-arc-transitive reqular cover
with CT(P) < H if and only if 1 < f < d.

Proof. If f > d, then there are not enough distinct elements of H to assign as voltages
to arcs of K ,r, a contradiction. If f < d, then we choose a subgroup K < H such that
K= Zg. The result follows from Proposition 19. n

Combined with Theorem 3, Proposition 19 shows that finding the possible m for
which Ky, has a locally 3-arc-transitive regular cover with elementary abelian covering
transformations isomorphic to Zg comes down to representation theory over GF(p). We
will now use these results to classify the complete bipartite graphs with locally 3-arc-
transitive regular covers whose covering transformation group is a subgroup of Z, x 7Z,,
where p is a prime.

Lemma 21. Let p,r be distinct primes. If ZI < GLy(p), then f < d.
Proof. This is a basic exercise in representation theory and is left to the reader. O

Proposition 22. Let H = 7, xZ,,, where p is a prime. The only values of m for which the
complete bipartite graph Ks,, has a locally 3-arc-transitive reqular cover whose covering
transformations are a subgroup of H are m = 2,3, p, and p?.

Proof. Let the biparts of I' = Kj,, be A; = {a, 5} and Ay, Let G < Aut(I") be the
subgroup of automorphisms that lifts to I such that I is locally (é , 3)-arc-transitive. By
Theorem 3, if S := soc(Gﬁg), then either S = Z]J; for some f € N or Gfg < GLy(p). By
Corollary 20, if S = Zg then f = 1,2, and both K3, have K, ,> have such covers, which
are unique up to isomorphism of covering projections by Proposition 19. We also know
that K55 has such a cover by Theorem 2. By [21, Proposition 6.4], K5 3 has a unique such
cover (up to isomorphism of covering projections), and all of Aut(K3) lifts.

Assume now that Gfg < GLa(p) and |Aq| > 3. By [18, Proposition 5.5.10], no non-
abelian finite simple group has a nontrivial representation of degree 2 in odd characteristic,
and since |GLy(2)| = 6, no nonabelian finite simple group is isomorphic to a subgroup of
GLy(2). Hence S = Z/ for some prime r # p, and, by Lemma 21, f < 2.

Suppose first that f = 2. Let Gop = X < GLa(p), and let X = NK, where N =
SOC(GSE) and K = Gupy, where v € Ay, Since N is a minimal normal subgroup of X
and GF(p)* is cyclic, N is in the kernel of the determinant map. Moreover, the center of
SLy(p) has order 2, so either N = Z2 or N < PSLy(p). The only subgroups of PSLy(p)
isomorphic to Z2, r # p, are isomorphic to Z3 [3]. Hence N = Z3 and so G.p = As.
However, A, has no faithful representation of degree 2, a contradiction. Hence f = 1, and
Gop = Zy 2 Zp—y = AGLy (1), where r > 3. However, when r — 1 > 2, the group Z, : Z,_4
has no faithful representation of degree 2 (see, for instance, [17, Theorem 25.10]), a final
contradiction. O

Once the locally 3-arc-transitive regular covers of K, ,, and Kj, have been found, it
remains to be seen whether K, , has a locally 3-arc-transitive regular cover. In certain
cases, we can give a definitive answer.
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Proposition 23. IfI' = K ,a, where f divides d, then there exists a reqular cover [ and
a covering projection P : T' — T' such that T is locally 3-arc-transitive and CT(P) = Zg.

Proof. Let V = Z% and let 7 be a generator of GL1(p?) < GLy(p). Since f divides d,

d
p! — 1 divides p? — 1, and hence o = Tﬁfi—i has order pf — 1, stabilizes a decomposition of
V into (p? — 1)/(p’ — 1) subspaces of size p/ — 1, and acts semiregularly on the non-zero
elements of V.

Let the biparts of I' be Ay = {70,...,7r—1} and Ay = {do,...,6pa_1}. We choose a
nonzero element ¢ € V, and to each arc (d;,7;), where 1 <i: < p?—1and 1 <j<p/ —1,
we assign the voltage &; = &4, = €7’ = ¢’ Note that for any fixed 4, the voltages
&ij, &y are distinet for j # j/, and, similarly, for any fixed j, the voltages &;; and &;; are
distinct for ¢ # ¢/. We define further the closed walk W;; = (70, ;, 75, d0, 70) based at 7o,
and define the closed walk U;; = (o, Y0, s, 75, 00) based at do.

We will show first that the element g € Aut(I') lifts, where g acts like the cycle
(61 02 ... 0,a_1) on Ay and trivially on A;. In this case, we need to find g# € Aut(V)
that satisfies:

#
<5Tw>g = f]# = &wy <> (Y0, 0i, 755 %0, %0)’

Titlod riod "
= (707 6(i+1) mod (p¢—1)s Vs> 60770) A é T = <€ ]> )

and ¢ = 7 demonstrates that ¢ lifts.

We will show next that the element h € Aut(I") lifts, where h acts like the cycle
(7172 .. Ypr_1) on Ay and trivially on A,. In this case, we need to find h#* € Aut(V)
that satisfies:

o\ h#
T'o #
(€)= & = &wy © (0:0:75,00,70)"
Tigitl rigi\7
= (’YO) 5ia Y(G+1) mod (pf —1)> 607 ’YO) Ad g = (5 j) )

and h* = o demonstrates that h lifts.

We will next show that a group X acting regularly on Ay and trivially on A; lifts.
We will define the element x; € X that sends dy* to d;. We then define §;* = d,, where
€rj = & + &;. In this case, we need z} € Aut(V) that satisfies:

z z
éwk = gWZk < (70751'77]'760»70) b= (7075€7Vj76k770) AN _fk] +§f] = 57,]7

and a:k# =1 € Aut(V) satisfies these equations, and so zy, lifts. A group Y acting regularly
on A; and trivially on Ay is shown to lift analagously (the walks U;; are a generating set
for the closed walks based at dg). The group that lifts acts locally 3-arc-transitively on T,
and hence T is locally 3-arc-transitive as well. [

Lemma 24. Let p be a prime. If I' = Ks 2, then there exists a reqular cover L of T with
covering projection P : I' = I such that I is locally 3-arc-transitive and CT(P) = Z, X Z,,.
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Proof. First, if p = 3, then the result follows from Proposition 23. Let 7 be a generator

of GLy(p?). If p # 3, then p*> =1 (mod 3), and so we can find o = 7552 of order 3. Note
also that since o € (1), [0,7] = 1. We define the biparts of I' to be A; = {a, 8,7} and
Ay ={0,1,...,p* = 1}. fV =7, X Z, and ¢ is a nonidentity element of V' such that
€7 & (£), we define the voltage on the arc (7, ) to be &3 = ¢™ and the voltage on the arc
(4,7) to be &, = g + &5 = £ 4+ €79, We define W, to be the closed walk (o, i, €, 0, a)
and U, to be the closed walk (0, a, 1, €,0).

We will show first that the element g € Aut(I') lifts, where g acts like the cycle
(12 ... p"—1)on Ay and trivially on A;. In this case, we need to find g% € Aut(V)
that satisfies:

\ g
<§7—’> = g{qﬁ# = fw;g < (047'L',ﬁ,07a)g
= (o, i+ 1) mod (p" = 1),8,0,0) & & = (&),

i i \9" . .
(€ +¢™7)" =€ =€ws © (@0,7,0,0) = (a,(i + 1) mod (5" ~ 1),7,0,0)
e et = (5“ + 5“") ,
and hence g% = 7 demonstrates that g lifts.

We will show now that the element € Aut(I") lifts, where x acts like the cycle (a 5 7)
on A; and trivially on A,. In this case, we need to find 2% € Aut(V) that satisfies:

i a# # i\ 9
<£T) :gfﬁ :gUil'B<—>(O,Oé,?:,ﬁ,())w:a),ﬁ,i,”}/,())<—>£i7—€i5: (g‘r) )
) N
(57—1 + €T10—> = gix'y# = gUﬁy A4 (07 «, Z.77a O)x = (Ov/Bvia «, O) Ad _516

Since for any n € V, (n+1° +1°")° = (n+1°4+1°"), and o fixes only the identity 0 € V,
for any n € V we have —n =n? + 7}"2. Thus,

i

(¢ )" =ty = (¢ +6)

[ea
)

and hence # = ¢ demonstrates that z lifts.

We will show now that a group Y acting regularly on Ay and trivially on A; lifts.
We will define the element y; € Y that sends 0% to k. We then define ¥¢ = ¢, where
&g = &ip + &kp. In this case, we need yf € Aut(V) that satisfies:

#
gzyk <~ (aaiaﬁ707a)yk = (a7€7ﬁ7 k,Oé) <~ _gk/o’ +£€,3 = giﬁa

ffg e (Cl/, iv’ya 07 a>yk = (CV?&/% k; a) <~ —fk«/ + fﬁ’y == (5@6 - gkﬁ) + (54/3 - fkﬁ)a == 57;7,

and hence y* =1 € Aut(V) demonstrates that y; lifts.
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Finally, we will show that an element h lifts, where h stabilizes 0, p?> — 1, o and satisfies

B" = ~, v" = 5. We will define the action of h on Ay\{0, p> — 1} as follows. The elements

€, &7 form a basis for the vector space V', and there is a linear transformation p € Aut(V)

such that £€# = £ + &% and (£9)” = —£°. For any i € Ay\{0,p? — 1}, we define i" = ¢,
i i\ P .. .

where §f = ({7 +&77) = €. This is a well-defined automorphism of T, and to see

that it lifts, we need to find h#* € Aut(V) such that:

i h# .
(57 ) - f?ﬁ# - fwz% AN (O{, Z,B, 07 a)h - (a,£7fy’ 07 OC) A 54’)’ = 572 + 57—[0

p

(fTi + fTiU>h# = fihf =&wn © (,7,7,0,0)" = (a, £, 3,0,0) <> & = (fTi + 57i0>

Now, since the elements &, {7 form a basis, there exist a;, b; € Z, such that §Ti = a;E+b°.
Hence,

£+ €77 = ai€ + b€ + aif” + biE”
= a;§ + b;§° + a,£7 + bi(—€ — &)
= (@i — b)) + a;€”.
This means that
i i\ P
¢ = (57 +¢ U) = ((a;i = b;)€ +ai€”)" = (a; — b;)§ — bil”,
and a similar calculation shows that
A\ P
(€) = at+@—b)er =€ +¢7

Therefore, h# = p demonstrates that A lifts. The group generated by these automorphisms
both lifts and acts locally 3-arc-transitively on I', and therefore I' is a locally 3-arc-
transitive regular cover of I'. O

Lemma 25. Let p be a prime. If I' = K3, then there exists a reqular cover T of T with
covering projection P : I' = I' such that I" is locally 3-arc-transitive and CT(P) = Z, X Zy,.

Proof. First, if p = 2 or p = 3, then the result follows from [21, Proposition 6.4] or
Theorem 2, respectively. Let V = Z, x Z,, and let £,n be two elements of V' such that
(¢€) N (n) = 0, the identity element of V', and let I' = K3, have biparts A; = {«, 3,7} and
Ay ={0,1,...,p—1}. For each i € Ay\{0} (which is naturally identified with Z,\{0}),
we assign to the arc (i, 5) the voltage &3 = i€, and we assign to the arc (i,7) the voltage
&y = in. A group stabilizing A, and acting like AGL;(p) on A, lifts by a proof analogous
to that of Theorem 2. The automorphism o € Aut(V') defined by €7 =n—¢ and 7 = —¢
demonstrates that the automorphism x € Aut(I') that acts trivially on A, and as the
3-cycle (a ) on Ay lifts, and the automorphism p € Aut(V') defined by £” = n and
n? = ¢ demonstrates that the automorphism h € Aut(I") that acts trivially on Ay and
as the transposition (5 v) on A; lifts. Therefore, the cover [ derived from this voltage
assignment is locally 3-arc-transitive, as desired. O
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In general, it is not guaranteed that K,,, has a locally 3-arc-transitive regular cover
even if Ky, and Ky, both have locally 3-arc-transitive regular covers with covering
transformation groups isomorphic to a subgroup of Zg, as the following lemma shows:

Lemma 26 ([20, Proposition 3.3]). Let p # 3 be a prime. Then Ks3 does not have a
locally 3-arc-transitive reqular cover with covering transformation group Z, X Z,.

We can now prove Theorem 4.

Proof of Theorem 4. First, the result follows for Kyo, Ko3, Ksp, Ks2, K3,, K32, K, p,
K, 2, and K ,2 by Theorem 2, Propositions 22 and 23, and Lemmas 24 and 25. The
only other possibility is K3 3, which is ruled out by Lemma 26. [

Proof of Corollary 5. By Theorem 4, we only must consider Ky, Ko 3, Ko,, Ko 2, K3y,
Ks 2, K, p, K, 2, and K2 2. However, Ks is just Cy, which has only one co-tree edge in
a spanning tree, and can be eliminated immediately. For Ky 3, the uniqueness follows from
[21, Proposition 6.4], and for the other graphs the uniqueness follows from Proposition 12
and reasoning as in the proof of Theorem 2. ]

It should be noted that all of the covers obtained in Theorems 2 and 4 have induced
local 2-transitive actions that are affine groups. On the other hand, if E is the edge set
of a graph I and T is the edge set of a spanning tree of I', [21, Proposition 6.4] shows
that assigning the elements of a basis of Z;L,E\T‘ to the co-tree edges of I' induces a regular
cover such that the full automorphism group Aut(I') lifts. On the other hand, a group
G that has a 2-transitive action on m elements and a degree d representation over GF(p)

does not actually guarantee that a voltage assignment from Zg to the arcs of Kj,, exists
such that G lifts.

Example 27. Even though A5 < GL(3,11), there is no voltage assignment from Z2, to
K5 such that Aj lifts.

To see this, we can use the algorithm described in [21]. Indeed, the dual representation
of As on Hy(Ky5;Z11) = 71, leaves no 3-dimensional space invariant, and hence no such
cover can exist.

The cases when d > 2 can be approached similarly. Theorem 3 reduces the prob-
lem of finding the possible values of m for which K ,, can have a locally 3-arc-transitive
cover whose covering transformation group is isomorphic to a subgroup of Zg to which
2-transitive groups can have a d-dimensional representation over GF'(p). From there,
it Ky, and K5, both have locally 3-arc-transitive covers with covering transformation
group isomorphic to a subgroup of Zg, then the algorithm presented in [21] can be used
to determine whether or not K, , has a locally 3-arc-transitive cover with covering trans-
formation group isomorphic to a subgroup of Zg.
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