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Abstract
In this article, we consider the bipartite graphs Ko x K,. We first show that
the connectedness of N(Kﬁ’}l) = 0. Further, we show that Hom(Ky x K, K,,) is
homotopic to S™72, if 2 < m < n.
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1 Introduction

Determining the chromatic number of a graph is a classical problem in graph theory and
finds applications in several fields. The Kneser conjecture posed in 1955 and solved by
Lovasz [14] in 1978, dealt with the problem of computing the chromatic number of a
certain class of graphs, now called the Kneser graphs. To prove this conjecture, Lovasz
first constructed the neighborhood complex N(G) of a graph G, which is a simplicial
complex and then related the connectivity of this complex to the chromatic number of G.

In [1], Lovasz introduced the notion of a prodsimplicial complex called the Hom com-
plezx, denoted by Hom(G, H) for graphs G and H, which generalized the notion of a
neighborhood complex. In particular, Hom (K5, G) (where K, denotes a complete graph
with 2 vertices) and N (G) are homotopy equivalent. The idea was to be able to estimate
the chromatic number of an arbitrary graph G by understanding the connectivity of the
Hom complex from some standard graph into G. Taking H to be the complete graph K,
makes each of the complexes Hom(G, K,,) highly connected. In [1] Babson and Kozlov
made the following conjecture.
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Conjecture 1. For a graph G with maximal degree d, Hom(G, K,,) is at least (n —d —2)-
connected.

In [4], Cuki¢ and Kozlov presented a proof for the above conjecture. They further
showed that in the case when G is an odd cycle, Hom(G, K,,) is (n — 4)-connected for all
n > 3. From [12], it is seen that for any even cycle Cs,,,, Hom(Cly,,, K},) is (n—4)-connected
for all n > 3.

It is natural to ask whether it is possible to classify the class of graphs G for which the
Hom complexes Hom(G, K,,) are exactly (n—d—2)-connected. In this article, we consider
the bipartite graphs K3 x K,,, which are n—1 regular graphs. Since Hom(Ks x K,,, K,;,) ~
Hom (K, KX»), it is sufficient to determine the connectedness of Hom (K, KXn) which is
the same as the connectedness of /(K X»). The main results of this article are

Theorem 2. Letn >4 and p = M Then

Zo if k=0,10rn—1
HyN(KE);Z0) = 25 if k=2
0 otherwise.

Theorem 3. conn(N(KXr)) = 0 for alln > 2.

Corollary 4. Letn>2 and2 <m <n-+1. Then
0 if m=n-+1
conn(Hom(Ky x K, K,;,)) = ¢ —1 if m=n
m — 3 otherwise.
We make the following conjecture.

Conjecture 5. The lower bounds given in [4] are exact for all bipartite graphs of the
type Ky X K.

2 Preliminaries

A graph G is a pair (V(G), E(G)), where V(G) is the set of vertices of G and E(G) C
V(G) x V(G) denotes the set of edges. If (x,y) € E(G), it is also denoted by =z ~ y
and z is said to be adjacent to y. The degree of a vertex v is defined as deg(v) = |{y €

V(G) [z ~yjl.
e A graph homomorphism from G to H is a function ¢ : V(G) — V(H) such that,

(v,w) € E(G) = (¢(v), p(w)) € E(H).
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e A finite abstract simplicial complex X is a collection of finite sets where 7 € X and
o C 7, implies ¢ € X. The elements of X are called the simplices of X. If 0 € X
and |o| = k + 1, then o is said to be k dimensional. A k — 1 dimensional subset of
a k simplex o is called a facet of o.

o A prodsimplicial complex is a polyhedral complex each of whose cells is a direct
product of simplices ([13]).

e Let v be a vertex of a graph G. The neighborhood of v is defined as N(v) =
{w e V(G) | (v,w) € E(G)}. If A C V(G), the neighborhood A is defined as
N(A) ={z e V(G) | (x,a) € E(G) Y a € A}.

e The neighborhood complex N (G) of a graph G is the abstract simplicial complex
whose elements are N(A), for all subsets A of V(G).

e Let G be a graph and N(u) C N(v) for u,v € V(G). The graph G \ {u} is called a
fold of G. Here, V(G \ {u}) = V(G) \ {u} and the edges in the subgraph G\ {u}
are all those edges of G which do not contain wu.

e Let X be a simplicial complex and 7,0 € X such that 0 C 7 and 7 is the only
maximal simplex in X that contains o. A simplicial collapse of X is the simplicial
complex Y obtained from X by removing all those simplices v of X such that
o C~ Cr7. ois called a free face of 7 and (o, 7) is called a collapsible pair and is

denoted by X /Y.

e For any two graphs G and H, Hom(G, H) is the polyhedral complex whose cells are

indexed by all functions 1 : V/(G) — 2V \ {}}, such that if (v,w) € F(G) then
n(v) x n(w) C E(H).
Elements of Hom(G, H) are called cells and are denoted by (1(v1), ... n(vg)), where
V(G) = {v1,...,u}. A cell (A,...,Ax) is called a face of B = (By,...By), if
A; € B; V1 < i < k. The Hom complex is often referred to as a topological space.
Here, we are referring to the geometric realisation of the order complex of the poset.
The simplicial complex whose simplices are the chains of the poset P is called the
order complex of P.

e A topological space X is said to be n connected if m,(X) = 0 for all *x < n.
By convention, 7y(X) = 0 means X is connected. The connectivity of a topological
space X is denoted by conn(X), i.e., conn(X) is the largest integer m such that
X is m-connected. If X is a non empty disconnected space, it is said to be (—1)-
connected and if it is empty, it is said to be —oo connected.

We now review some of the constructions related to the existence of an internal hom
which is related to the categorical product. Details can be found in [8, 9, 15].

e The categorical product of two graphs G and H, denoted by G x H is the graph
where V(G x H) =V (G) x V(H) and (g,h) ~ (¢’,h') in Gx H if g ~ ¢ and h ~ I/
in G and H respectively.
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e If G and H are two graphs, then the exponential graph H is defined to be the graph
where V(H®) contains all the set maps from V(G) to V(H). Any two vertices f
and f’ in V(H®) are said to be adjacent, if v ~ v/ in G implies that f(v) ~ f'(¢/)
in H.

Using tools from poset topology ([3]), it can be shown that given a poset P and a poset
map ¢ : P — P such that coc = c and ¢(z) > z,Vx € P, there is a strong deformation
retract induced by ¢ : P — ¢(P) on the relevant spaces. Here, ¢ is called the closure map.

From [5, Proposition 3.5] we have a relationship between the exponential graph and
the categorical product in the Hom-complex.

Proposition 6. Let G, H and K be graphs. Then Hom(G x H,K) can be included in
Hom(G, K" so that Hom(G x H, K) is the image of the closure map on Hom(G,K™).
In particular, there is a strong deformation retract |Hom(G x H, K)| < |Hom(G, K™)|.

From [1, Proposition 5.1] we have the following result which allows us to replace a
graph by a subgraph in the Hom complex.

Proposition 7. Let G and H be graphs such that u,v are distinct vertices of G and
N(u) C N(v). The inclusion i : G\ {u} — G respectively, the homomorphism ¢ : G —
G\{u} which maps v tou and fizes all the other vertices, induces the homotopy equivalence
ig : Hom(G,H) — Hom(G \ {u}, H), respectively ¢y : Hom(G \ {u}, H) — Hom(G, H).

3 Tools from Discrete Morse Theory

We introduce some tools from Discrete Morse Theory which have been used in this article.
R. Forman in [6] introduced what has now become a standard tool in Topological Combi-
natorics, Discrete Morse Theory. The principal idea of Discrete Morse Theory (simplicial)
is to pair simplices in a complex in such a way that they can be cancelled by elementary
collapses. This will reduce the original complex to a homotopy equivalent complex, which
is not necessarily simplicial, but which has fewer cells. More details of discrete Morse
theory can be found in [10] and [13].

Definition 8. A partial matching in a poset P is a subset M of P x P such that
e (a,b) € M implies b > a, i.e. a <b and Ac such that a < ¢ <b.
e Each element in P belongs to at most one element in M.

In other words, if M is a partial matching on a poset P then there exists A C P and
an injective map f: A — P\ A such that z < f(x) for all z € A.

Definition 9. An acyclic matching is a partial matching M on the Poset P such that
there does not exist a cycle

x1 = fx1) = 20 < fm2) =23+ < f(2) = 20,0 > 2.
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Given an acyclic partial matching on P, those elements of P which do not belong to
the matching are said to be critical . To obtain the desired homotopy equivalence, the
following result is used.

Theorem 10. (Main theorem of Discrete Morse Theory)[6] Let X be a simplicial com-
plex and let A be an acyclic matching such that the empty set is not critical. Then,
X is homotopy equivalent to a cell complex which has a d -dimensional cell for each d
-dimensional critical face of X together with an additional 0-cell.

4 Main Result

To prove the Theorems 2 and 3, we first construct an acyclic matching on the face poset
of N (Kffjl) after which we construct the Morse Complex corresponding to this acyclic
matching and use this complex to compute the homology groups.

In this article n > 3 and [n] denotes the set {1,2,...,n}. Any vertex in the exponential
graph K,ﬁ’}l isaset map f: K, = K,.1.

Lemma 11. The graph KX can be folded onto the graph G, where the vertices f € V(G)
have images of cardinality either 1 or n.

Proof. Consider the vertex f such that 1 < |[Im f| < n. Since f is not injective there exist
distinct i, j € [n] such that f(i) = f(j) = a. Consider f € V(KX») such that f([n]) = a.
By the definition of the exponential graph, any neighbor h of f will not have « in its
image and therefore h will be a neighbor of f thereby showing that N(f) ¢ N(f). KX»
can be folded to the subgraph KX» \ {f}. Repeating the argument for all noninjective,
non constant maps from [n] to [m], KX can be folded to the graph G whose vertices are

either constant or injective maps from [n] to [m]. O

From Proposition 7, we observe that N'(Kr) ~ N(G). Hence, it is sufficient to study
the homotopy type of N (G).

Henceforth, if f € V(G) and f([n]) = {z}, f shall be denoted by (x). In the other
cases the string ajas . .. a, will denote the vertex f where a; = f(i), 1 < i < n. Hence, if
the notation ajas . .. a, is used, it is understood that for 1 <7 < j < n, a; # q;

Let f = ajas...a, € V(G) and x ¢ Im f. Define A/ to be the set

{ai,a9,...,d;, ..., a0, ={a1,...,a,} \ {a:}.

The map fi is defined on [n] by

), ik £
fk(l)_{x, if k=i,

We first consider the maximal simplices of N (G).
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Lemma 12. Let f € V(G). Then
(i) f=wmaz...an, x & Imf = N(f)={f(2), 1, f2, ..., u}-
(ii) | =(x) = N(f) ={wly# 2} U{g e V(G)lz ¢ Img}.

Proof.

(i) Since a; # a;, Vi # j, f ~ f. If g = (x), then g(i) # f(j) for i # j and thus
() € N(f). For any [ € [n], fi(i) # f(j) for i # j which implies f; € N(f). Thus
{f. (@), f1, far - fu} C© N(f). Conversely if f € N(f), then f(i) € {a;, v} Since
IIm f| =1 or n, if f # (z) then f has to be f or f; for some [ € [n].

(ii) Let f = (x). Clearly, (y) ~ (z) forall y # z. If g € V(G) and x ¢ ITmg, then
g ~ (x). Conversely if f € N(f), then x cannot belong to the image of f. Since
|Im f| has to be either 1 or n from Lemma 11, the proof follows. O

We now determine the free faces in N (G).
Lemma 13. Let f € V(G). Then
(i) f=aiay...an = ({fs, fr}, N(f)) is a collapsible pairV 1 < s <t < n.

(i) f=(y), g# g € V(G) non constant neighbors of f implies that ({g,g}, N(f)) is a
collapsible pair.

Proof. (i) From Lemma 12, N(f) = {f,(x), f1, f2, ..., fa}, where x ¢ Imf. All the
maximal simplices of N'(G) are of the form N(g), where g € V(G). Suppose there
exists f € V(G) such that {f,, f;} € N(f), for some 1 < s < t < n. Since
Als = [n+1)\{as, z} and AP = [n+1]\{as, a,} if i # s, then for each i € [n] at least
one of the sets A/ or A/ contains 2. Therefore AP UA = [n+1]\{a;} V1 <i < n.
Since f is a neighbor of both f, and f;, f(i) # f.(j), f:(j)¥j # 4, which implies
that f(i) = a; = f(i). Hence {f, f;} is free in N(f).

(ii) Since g, g are neighbors of f and i ~ jin K, Vi # j, f(j) # g(i), §(i) implies that
y ¢ Im g, Im g, which shows that Img = Im g. Let h € V(G) such that g,g € N(h).
Since g, g are distinct and injective there exist s # t € [n] such that g(s) # g(s) and
g(t) # §(t). AZ=[n+1]\{y,g(s)} and AL = [n+ 1]\ {y,4(s)}. Since g(s) # g(s),
A9 U A9 = [n+1]\{y}. hisaneighbor of g and g and i ~ s in K,, Vi # s, implies
h(s) # g(i),g(7). In particular, h(s) ¢ A9 U A? and therefore h(s) = y (similarly
h(t) = y). Therefore h(i) =y Vi € [n| and is equal to f. O

Let M(X) be the set of maximal simplices in the simplicial complex X.

Lemma 14. In a simplicial compler X, let 0 = {x1,..., 24,1, ,Ys}, t = 2 be a
mazimal simplex such that {z;, x;} is a free face of o for 1 <i < j <t. X collapses to
the subcomplexY where M' = M (X)\{c} and M(Y) = M'"U {{x;, 1, ...,y }|1 <i < t}.
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Proof. We first consider collapses with the faces {z1,2,}, 2 < 7 < t.
Claim 15. X N\, X" with M(X') = M' U{z1,y1,...,yx} U{o \ {z1}}.

Since {z1, 25} is a free face of o, X N\ X2 with M (X35) = M'U{o\{z1}}U{o\{z2}}.
In X5, {x1,23} is a free face of o \ {x2} and hence X \, X3 with M (Xy3) = M'U {o \
{z1}}Uc\ {2, z3}. Inductively, we assume that M (Xy;) = M'U{c\{z1}}Uc\{xs,... 2}
In Xy, {x1, 2141} is a free face of o \ {z2,...2;}. Hence Xy, N\, X1 with M (Xy41) =
M U{o\{z1}} Uao \ {xa,...2141}. This proves the claim.

For 2 < i < t—1, considering the pairs {z;,z;}, i+ 1 < j < ¢ and using Claim 15, the
lemma follows. [

The Lemmas 13 and 14 show that N(G) collapses to a subcomplex A; with M(A,)
= M1 U MQ, where

M, ={{f fe, (@)} | f€V(G), x ¢ Im f and s € [n]}and
My = {{{y1), (y2)s > (Yn)s 93 [ T g = {y1, 92, -, yn}}-

For any simplex o, = {(v1), (¥2), ..., (Un), g} in My, if 1 € Img, let y; = 1 and if
1¢Img,let yy =2. Ino, forall 1 <i<j<n, {{v),(y;),g} are free faces. Considering
the faces {(y2), (¥;), g}, 3 < j < n, we get the following result.

Claim 16. A; N\, A" and M(A") = My U {M;\ {o,}} U{o, \ {9}} U {oy \ {{y2)} U
{<y1>7 <y2>7g}'

Proof. Let Y = My U {Ms\ {o,}} U{o, \ {g}}. Since {(y2), (y3), g} is a free face of oy,

Ay N\ Arg where M(Ay3) =Y U {og \ {{y2)}} U {og\ {{y3)}}. In Avs, {(12), (va), g}
is a free face of {0, \ {(y3)}} and so Ay 3\, Ay 4 where M(A;4) =Y U {0, \ {{x2)}} U
{05\ {(y3) (ya)}}. Inductively, assume that A; N\, Ay, where M(Ay,_1) =Y U {0, \

{(w2)}} U {og \ {{ws), (wa)- -, (o)} In Avjeor, @ = {{y2), (yn), g} is a free face
of o, \ {(ys), (ya), ..., (yn—1)}. By a simplicial collapse, we get the complex A’ where

M(A) =Y U {og\ {{y2)}} U{{w1), (92), 9} O

For 3 < i < n—1, using Claim 16 for the simplices {(v;), (y;), g}, i +1 < j < n, we
get Ay N\ Z Where M(Z) Y U{{{v), (wi),g}|i € {2,3,4,...,n}}. Repeating the above
argument for the remaining elements of My, N (G) collapses to the subcomplex A, M(A)
= M1 U A1 U AQ U Ag, where

o Aiv={{(1),{y), g} | Ly €Im g},
o Ay ={{(2),(y),9} | 2,y € Imgand 1 ¢ Im g} and
{y

o Ay ={{{v1),(w2), -, Wn)} | ¥1,%2,- -, yn € [n+ 1]}

Since V(K r) is homotopy equivalent to A'(G) which collapses to A, we have N'(K[r) ~
A. We now construct an acyclic matching on the face poset of A to compute the Morse

Complex corresponding to this matching.
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Let (P, C) denote the face poset of A. Define S; C P to be the set {o € P | (1) ¢
0,0 U(l) € A} and the map p; : S; — P\ Sy by p(0) = o U (1). p; is injective and
(S1, 1(S1)) is a partial matching on P. Let S" = P\ (57 U u1(5h)).

Lemma 17. Any I1-cell o of S" will be of one of the following types.
(D) {f, (@)}, 1&g Imf, o #1.
(1) {f, (&)}, x ¢ Imf, x# 1.

(1) {f. fi}, ax =1, 1 # k.

Proof. Let 7 be a maximal simplex and ¢ C 7. From the above discussion, 7 has to be
an element in one of the sets My, A;, Ay or As.

T & Aj since o ¢ u1(S1) US;. If 7 € Az, then o has to be of the form {(z), (y)} for
some x,y # 1. There exists z # 1, x,y such that o U(1) € N((z)), which implies o € S,
a contradiction. Hence 7 ¢ As.

If 7 € My, then 7 = {f, fi, (x)}, where f = ajas...a, and = ¢ Im f. Clearly z # 1,
as if x = 1, then ¢ € S; U u(Sy), a contradiction. Let ap = 1. Since ¢ C 7, 0 =

{f, (@)}, i, (@)} or {f, fi}-
(i) o= {fi, (#)}.

If i # k, then a; # 1,z =0 U(l) € N({(a;)) = 0 € S}, a contradiction.

If i = k, then A = [n+ 1)\ {1,2} = N(f, (z), (1)) = 0 and thus o is of the type
().

(i) o = {f,{x)}.
Since = # 1, and Al U{z} U{1} = [n+1], 0 ¢ S; U u(S;). Hence ¢ € S’ and is of
the type (I1).

(iii) o ={f, fi}.
ap=1=1¢Imfy = (1) € N(fx) = {f, fr, (1)} € N(fx). Since 0 € S’, ¢ cannot
be {f, f} and hence i # k. Al = [n+ 1]\ {1,a;} and Af¥ = [n + 1]\ {1,2} =
ALUAL U{1} = [n+1] = N(f, £, (2)) = 0. Here 0 = {f, f;} € S" is of the type
(I11).

Finally, consider the case when 7 € Ay. There exists f = ay...a,, a; # 1V i € [n],
such that 7 = {(2), (y), f}, where y # 1.

For any z € [n+1]\{1,2,y}, N((1)) contains (1), (2) and (y) which implies {(2), (y)} €
S1. Since o ¢ Sy, o is either {f,(2)} or {f, (y)}.

Al = [n+ 1]\ {1,2}, where a; = 2 which implies N(f, (2), (1)) = 0 implying that
{f,(2)} ¢ S1. Hence {f,(2)} € 5 is of the form (/).

A; = [n+ 1]\ {1,y}, where a; = y which implies N(f, (y), (1)) = 0 thereby showing
{f,{(y)} € " and o is of the type (). O
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Let Sy be the set of all the 1-cells in S” except those of the type {f, (a;)}, a; # 1, 1 <
i < n. We now define the map o : So — P\ S, as
: {f: fi (@)}, itz >a
R [T R
where ap = 1, Im f = [n+ 1] \ {z} and ¢ # k.
(i) pa({f, (@) }) = {f, fi, (x)} where ay =1, Im f = [n + 1]\ {z}.
(i) (. () }) = L/, (9}, (2)} whete y £ 1,2 and 1 ¢ Tm /.

Claim 18. ps is injective.

From the definition of ua, for any o € Sy, dim(us(c)) = 2 and o C (o). Therefore
pa(o) = o, for each o. Let ps(o1) = pua(og) = 7 for some 01,09 € Sy. There are three
possibilities for T € Im pus.

L7={f,fi{x)}, e ¢ Imf, ap=1,i#k, x> q;.

{fi, (x)} € Sy (since {fi, (), (1)} € N((y:))) and {f,{x)} € Sy imply that both
w{ fi, (x)}) and p({f, (x)} are not equal to 7. Hence o1 = a9 = {f, f;}.

If x < a;, then T = {f, fi,{ai)} = {[i, (fi)i, (a;)} and the same argument as the one
above holds.

2. TZ{f?fk><x>}ﬂ $¢ [mf; ap = 1.
V¢ Im fi = {f, fu. (1} € N(fu) = {f, s} € S1= 01,00 #{ [, fi}-
Ifx # 2, then ps({ fr, (x)}) = {fr, (x), (2)} # 7 and when x = 2, then { fx, (2)} & Ss.
Hence both oy and o9 have to be {f, (z)}.

.1 ={f Q2. W yeimf y#1,1¢Imf.
Since {f,(2)} ¢ S2 and {(2),{y)} € S1, 01 =02 = {f, (y)}-

From Claim 18, ps : Sy — P\ S5 is a partial matching.

Since Sy N p1(S1), 1 (S1) N pa(S2) = 0, the map p: S; U Sy — P defined by pq on Sy
and pp on Sy is a partial matching on P. This map is well defined since S; N Sy = 0.

Lemma 19. p s an acyclic matching.

Proof. Let C' = P\ {51, 52, 11(S1), p2(S2)}. Suppose there exists a sequence of cells
01,09, ...,00 € P\ C such that u(oy1) = o9, u(02) = 03,...,u(or) = o1. If 0; € Sy, then
(o) = 03 U (1) > 0it1(mod ty Which implies (1) € 041(mod 1), Which is not possible by the
construction of S7 and S,. Hence o; has to be in S5, for each ¢, 1 < i < t. From Lemma
17, o has the following three forms.

Since {f, (2)} ¢ S1 US> Upu(S1) U u(S2), y # 2. Further, u(o;) = {f, (y), (2)} shows
that 0,41 has to be {{y), (2)} or {f, (2)}, both of which are impossible. Hence, o; is
not of this form.
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2. O'Z:{f,<$>}7l'¢1mf, JZ?é]., ag = 1.
(o) = {f, fr, (x)} implies that o;,; has to be either { fx, (x)} or {f, fr}. Since 1 ¢
Im fp and = # 1, 0,41 # {fx, (x)} (from the above case). Further, {f, fx, (1)} €
N(fx) implies that {f, fr} is an element of S and therefore this case too is not
possible.

3. 05 = {f, fi} ax =1, Tm f = [n+ 1]\ {}, i £ k.

{fafia<x>}’ 1f$>az

plon) = pelo) = {{f, filan}, e <a
If © > a;, case (2) shows that 0,41 # {f,(x)}. Since a; # 1,z, and a; ¢ Im f;,
{fi, (1), (x)} € N({(a;)) which implies that {f;, (x)} € S;. A similar argument shows
that the case x < a; is also not possible.

Our assumption that the above sequence 01,09, ..., 0, exists is wrong. Therefore (.S, )
where S = 57 U Sy, is an acyclic matching. O

Every element of (' is a critical cell corresponding to this matching. We now describe
the structure of the elements of C.

For any O-cell (z) # (1) in A, if y # 1,2 then {(z), (1)} € N((y)), thereby implying
that (x) € Sy. If f is a O-cell with |[Im f| = n then either f, (1) € N(< [n+ 1]\ Im f >)
or (1), f € N(f) accordingly as 1 € Im f or not. In both cases f € S; and therefore (1)
is the only critical O-cell.

Any 2-cell o of A belongs to M;UA; U AU Az. Each element of Ay belongs to pu;(Sy).
If o € Ay, then o = {f, (2), (y)} with Im f = [n+1]\{1}, y # 1,2. Since pu2({f, (v)}) = o,
o ¢ C. Therefore, if o has to be a critical 2-cell, then ¢ has to belong to either M; or As.

If o € My, then 0 = {f, fi,(x)} and x ¢ Im f. Clearly, z # 1. Let a5 = 1.
w{f,(2)}) = {f fe, (@)}, @ # k. If @ > a;, then p({f, fi}) = 0. If © < a; then
{fi, (1), (x)} € N((a;)) which implies that o ¢ p(S). Further, o ¢ S;,Ss and therefore
o € M; will be a critical 2-cell if and only if o = {f, f;, ()}, where x ¢ Im f, a, = 1,
1# kand x < a;.

Finally from Aj, there exists exactly one critical cell {{y1), (y2), ..., (yn)} of dimension
n— 1, where y1,vs, ...,y € [n+ 1]\ {1} (since any proper subset of {{(y1), (y2), ..., (yn)}
belongs to Sy).

Therefore the (z) set of critical cells C' = {(1)} U C; U Cy U C3, where

Cr={{f, 2} [ Im f = [n+ 1]\ {1}},
Co={f, fis ()} [ Im [ =[n+1\{z},ap = 1,0 # k and = < a,},
Cs = {{), (), - ()} | [n +1NAL) = {yn, 92,y } )

Hence the critical cells are of dimension 0,1,2 and n — 1.
Clearly |Ci| = n! and |C3| = 1. For each fixed z # 1, let r = |[{s € [n+ 1]|s > z}|
and Q = {f € V(G)|Im f = [n+ 1]\ {z}}. The cardinality of @ is n!. For f € Q,
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{f, fi,(x)} € Cy if and only if z < f(i). Hence |{r = {f, fi, ()} | {z} = [n + 1]\ Im

n—1
f,m € Cy}| = r(n!). Therefore |Cy] =n! > r= M
r=1
We now describe the Morse Complex M = (M,,d) corresponding to this acyclic
matching on the poset P. If ¢; denotes the number of critical ¢ cells of C', then the free
abelian group generated by these critical cells is denoted by M;. Our objective now is to
first compute the Z, homology groups of the Morse complex M. We use the following
version of Theorem 10, from which we explicitly compute the boundary maps in the Morse
Complex M.

Proposition 20. (Theorem 11.13 [13]) Let X be a simplicial complex and p be an acyclic
matching on the face poset of X \ 0. Let ¢; denote the number of critical i cells of X.
Then

(a) X is homotopy equivalent to X., where X. is a CW complex with ¢; cells in dimen-
S10M 1.
(b) there is a natural indexing of cells of X. with the critical cells of X such that for

any two cells T and o of X. satisfying dim T = dim o + 1, the incidence number
[T : 0] is given by

[T:0] = ¥w(c).

The sum is taken over all (alternating) paths ¢ connecting T with o i.e., over all
sequences ¢ = {1, x1, (1), ..., 2, pu(xy), 0} such that 7 = x1, p(xy) = o, and
w(z;) = xipq fori = 1,....t — 1. The quantity w(c) associated to this alternat-
ing path is defined by

w(e) = (=1)'[ : olfp(xt) : o] H[u(%) @] ﬁ[u(ﬂfi)  Tiga]

where all the incidence numbers are taken in the compler X.
We now determine all the possible alternating paths between any two critical cells.

Lemma 21. Let v € A be a k-simplex, k > 0, such that (1) € v. Then ~y does not belong
to any alternating path connecting two critical cells.

Proof. Given two critical cells 7 and o, let ¢ = {7, 21, (1), ..., 2, u(x), o } be an
alternating path and let v € ¢. Since (1) € 7, v € ©1(S1), and therefore v # 7,0. For
some i € [t — 1], there exists z; € ¢ such that v = pu(z;). Since [u(z;) : z;] = £1, x; has
to be v\ (1). Any facet of 7 different from x; must contain (1). But since z; 11 < p(x;),
x;11 has to be a facet of p(z;) and therefore must belong to S, which is impossible, as (1)
€ x;41 implies z;11 € p(S) and u(S)N S = 0. Hence v ¢ c. O
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Lemma 22. Let 7 = {f, fi, (x)} be a critical 2-cell with i # k and ar, = 1. There exists
exactly one alternating path from T to each of exactly 2 critical 1-cells a« = { fx, (2)} and

B =A{(fi)r (2)}.

Proof. Let 7 = {f, fi, (x)} € Cy be a critical 2-cell. For any alternating path ¢ from 7 to
a critical 1 cell, 7 > x1, 1.e. 7 is a facet of 7. We have three choices for z;.

Loz = {fa <$>}
Since z has to be a facet of u(z1) = {f, fx, (x)}, it is either {f, fx} or {fx, (x)}. In

the former case, u({f, fr}) = {f, fe, (1)} (since {f, fr, (1)} € N(fx)) which contra-
dicts Lemma 21.

If x =2, then xo = {fi, (2)} is a critical 1- cell and the alternating path is {7, x; =

{f @5 AT i (2345, (203
If © > 2, then u(xe) = {fk, (x),(2)} and x3 has to be the critical 1-cell {f, (2)}
(since {(x), (2), (1)} € N({(y)), y # 1,2, x). The alternating path is

{7-7 {fa <$>}’ {fv <ZL‘>, fk:}a {fka <$>}, {fk) <ZL'>, <2>}7 {fka <2>}}

2. xr1 = {fv fz}

p(er) = {f, fi, (as)} forces ; to be {fi, (ai)} (as {f, (@), (1)} € N((x)) = z2 #
{f{ai)}). wxa) = {fi, (a:), (fi)r} implies that x5 = {f;, (fi)e} or {(fi)k, , (a:)}. But,
{fi, [k, (1)} € N((fi)x) shows that x5 = {(fi)k, (a;)}. Since z < a; and x # 1, a;
is not 2 and thus p(zs) = {(fi)k, (@), (2)}. Since {(a;), (2), (1)} is a simplex in A,
x4 has to be the critical cell {(f;)g, (2)}. The alternating path is

{7-7 {f7 f1}7 {f7 fiy <ai>}7 {fH <CL¢>}, {fla <ai>7 (f2>k}7
{(fi)rs (@)} (i) @i, (23 {(fi)ks (2) 33

Since a; ¢ Im f; and a; # 1, {f;, (x), (1)} € N({a;)). Thus z; can not be an element
of c.

Hence, for each critical 2-cell 7 = {f, f;, (x)} € Cs, there exist unique alternating paths
from 7 to exactly 2 critical 1-cells. O]

Consider 7 = {(v1), (y2), ..., (yn)} € C5. There exists no alternating path from 7 to
any critical cell because each facet of 7 belongs to S;.

If a ={f,(2)} is a critical 1-cell, then 1 ¢ Im f. Since n > 3, there exists i # k such
that ar, # 2 and a; = n + 1. Since ax < a;, the 2-cell { fx, (fx)i, (f(k))} is a critical cell.
From Lemma 22, there exists an alternating path between these two cells, showing that
there exists at least one alternating path to each critical 1-cell.

Let W, = {a1as...a, € V(G)|{a1,a9,...,a,} =[n+ 1]\ {1}}, where n € N, n > 2.
Define a relation ~ on W, by, a ~ b <= 31, j € [n],i # j such that a; = b;, a; = b; and
a = by for all k # 4, 7. The cardinality of W, is easily seen to be n!.
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Lemma 23. The n! elements of W,,, a = aq,qs,...,a, can be ordered in such a way
that o ~ O, fOT’ 1 g 1 g n! —1.

Proof. 1f n = 2, then W,, = {23,32} and 23 ~ 32. Let us assume that n > 3. The proof

is by induction on n.
n+1

Let Wy, ={f € W, | a; = t}. Clearly W, U Wi, where each W, ; is in bijective

correspondence with W,,_;. By the inductive hypothe51s assume that W, _; has the
required ordering a; ~ ag ~ -+ ~ a(,_1), Where ay = a1az...a,-1, a; € {2,3,...n}.
For a fixed first element jwows ... w, € W,;, the map ¢; : [n + 1]\ {1,i} — {2,3,...n}
defined by ¢;(w;) = a;_; is bijective. Using the ordering in W,,_; and the map ¢;, we
get an ordering in W, ;. Beginning with 23...n 4+ 1 = 2w, ... w, € W, 2 and using the
map ¢ we order W, 5. Let 2whwy . .. w;, be the last element of this ordering and w} = 3.
Then, 2wywy ... wy, ~ 3wy ... w; ;2w w;,. Using the map ¢3 in the above method, we
get an ordering for W, 5. Repeating this argument for 4 < ¢ < n+1, we have the required
ordering in W,. [

Since every critical 1-cell contains (2), henceforth a critical 1-cell {f,(2)} shall be
denoted by f.

Remark 24. There exist alternating paths from a critical 2-cell 7 to a and 3 if and only
if o ~ f3.

The set of critical 1-cells C; = {a; = {fi, (2)}|fi € W,,} is in bijective correspondence
with W,,. From Lemma 23, we have an ordering o ~ ag ~ ... ~ «, of the elements of
Ci. Let Cy = {7, 7, ..., Twm-1n} and A = [a;;] be a matrix of order |C4| x |Cy|, where
a;; = 1, if there exists an athernating path from 7; to a; and 0 if no such path exists.
Using Lemma 22 each column of A contains exactly two non zero elements which are 1.
The rows of the matrix A are denoted by R,, and the columns are denoted by C.,.

Lemma 25. The set B ={R,,,...,Ra, } is a basis for the row space of A over the field
Zs.

Proof. In each column exactly two entries are 1 and all other entries are 0 and thus column
sum is zero (mod 2) and hence rank(A) < n!.

Assume that Zal w = 0, a; € {0,1}. For 1 < i < n! —1, let 7; be the critical

2-cell which has alternatlng paths to o; and ;1. The column C., has the ¢ and (7 + 1)
n!

entry equal to 1 and all other entries equal to zero. Y a;R,, = 0, implies as = as + a3 =
i=2

az+as = ... = a1y +a,y =0. Hence ay = a3 = ...a, = 0 and B is a basis for the row

space of A. O

Let the Discrete Morse Complex corresponding to the acyclic matching ¢ on A be
M = (M,,0,), n = 0 where M; denotes the free abelian groups over Z, generated by
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the critical ¢-cells. The only non trivial groups are My, M1, My, M,,_;. For any two
critical cells 7 and o such that dim(7) = dim(o) +1, the incidence number [7 : o] is either
0 or 1.

We have developed all the necessary tools to prove the main results.

Proof of Theorem 2. The graph Kﬁl folds to graph G, by Lemma 11 and therefore Hom
(Ko, KFry) ~ Hom (Ko, G). Further since Hom (K, G) ~ N(G) and N(G) ~ A, from
Proposition 20, it is sufficient to compute the homology groups of the Morse Complex M.

For all y # z € [n], {{y), (2)} € N(G), thereby showing that {(y), (z)} is an edge in
G. If f € V(G) such that |Im f| = n, then {f, (x)} is an edge, where ¢ Im f. Since
{(z),(y)} is an edge for all z,y € [n+ 1], any two vertices of G are connected by an edge
path and therefore N'(G) is connected which implies Ho(N(G); Z2) = Z,.

Since Ho(N(G);Zy) = Zy = (Mg, Zs), Kerd, = Z3, where 0; : My — Mg is a
boundary map.

Since n > 4, any critical 2-cell belongs to Cs. Further since any critical 2-cell is
connected by alternating paths to exactly two 1-cells, from Lemma 25, the rank of the
group homomorphism 9y : Z§ — Z2 is n! — 1. Therefore Hy(M;Zy) =2 Zs.

If n =4, then 7 = {(2), (3), (4), (5)} is the only critical 3-cell and M3 = Z,. Since
each facet of 7 belongs to Sy, there will be no alternating path from 7 to any critical
2-cell which implies that the incidence number [7 : o] = 0, for any critical 2-cell a and
83 : M3 — My is the zero map. Rank(8y) = n! — 1 and therefore Ker 9, = Z5~™. Thus
Hy(M, Zy) = 7"

Ifn>4, 7={(2),(3),...,(n+ 1)} is the only n — 1 critical cell. M,,_5 and M,, are
trivial groups and therefore H,, (M, Zs) = Zs. O

Corollary 26.

Z’27 Zf k - O, ]_
Hy(N(KE2):2,) = 744, if k=2

0, otherwise.

Proof. Since n = 3 in this case, |C1] = 6, |Cy| = 18 and C3 = {{(2), (3), (4)}}. There
exist 19 critical 2-cells and therefore My = Z1. Since N(K[?®) is path connected,
Hy(N (K1) Zy) = 7.

Each facet of 7 = {(2), (3), (4)} belongs to S; and therefore there exists no path from
7 to any critical 1-cell & and therefore the incidence number [7 : o] = 0 for any critical
l-cell . Hence Oy(7) = 0 i.e. 7 € Ker 0. From Lemma 25, rank (0;) = 5. Since
Ho(N(K1®); Zy) = 7y = My, 0, = 0. Therefore Hy(N(K1®); Zy) = Zy.

The rank of 9y = 5 shows that Ker 0, = Zl*. Further, there is no critical cell of
dimension greater than 2, M; = 0, for all i > 2. Hence, Hy(N(K[#);Zy) = Z* and
Hy(N(K#);Zy) = 0, for all k > 2. O

We recall the following result to prove Theorem 3.
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Proposition 27. (Theorem 3A.3, [7])
If C' is a chain complex of free abelian groups, then there exist short exact sequences

0 — H,(C;Z)® Zy — H,(C;Zy) — Tor(H,1(C;Z),Zy) — 0

for all n and these sequences split.

Proof of Theorem 3. Since N'(KXr) is path connected, we only need to show that 7 (A
(KXr)) # 0. If n = 2, then N(K3?) ~ Hom (K3 x K, K3) ~ Hom (K5 U Ky, K3) ~
Hom (Ky, K3) x Hom (Kj, K3) ~ S' x S'. Hence m(N(Ki?) 2 Z x Z.

Let n > 3. Since Hy (N (K. ); Z) is the abelianization of i (V(KLr,)), it is enough to
show that H;(N(KL); Z) # 0. From Proposition 27, Hy(N(K2X); Zs) = Hy(N(KE);
Z)®Zs @ Tor(Ho(N (KL ); Zs). Since Hy(N (K1 ); Z) = Z, Tor(Ho (N (KXp)): Z) = 0.

So Hy(N (KEr);Z) = 0, implies that Hy(N(KL); Zs) = 0, which is a contradiction to
Theorem 2 and Corollary 26. Therefore, Hy(N(KXr);Z) # 0. O

The maximum degree d of the graph Ky x K,, is n — 1 and Hom (K3 x K,,, K1) ~
N(KXm). Hence Hom (Kj x K, K,41) is exactly (n + 1 — d — 2)-connected.

Proof of Corollary 4. Theorem 3 gives the result for the case m = n + 1. If m = n, then
for any f € V(KE») with Im f = [n], N(f) = {f}. Since n > 2, N (KX") is disconnected.

If m < n, Lemma 11 shows that KX can be folded to the graph G, where V(G) =
{{(z) |z € [m]}. Then N((z)) = {{y) | y € [m]\ {z}}, for all () € V(G) and therefore

N(G) is homotopic to the simplicial boundary of (m — 1)-simplex. Hence, N(KXnr) ~
N(G) =~ S™=2. Therefore, conn(Hom(KE»)) =m — 3. O
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