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Abstract

We consider several probabilistic processes defining a random graph. One of
these processes appeared recently in connection with a factorization problem in the
symmetric group. For each process, we prove that the probability for the random
graph to be a tree has an unexpectedly simple expression, which is independent of
most parameters of the problem. This raises several open questions.

Keywords: branched polymers, random graphs, random trees, matrix-
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1 Introduction: an example

In this paper we consider several probabilistic processes defining a random graph. These
processes were originally motivated by factorization problems in the symmetric group
investigated in [1]. Our main result is a formula, for each of the probabilistic processes,
of the probability that the random graph is a tree. This probability formula turns out
to be surprisingly simple, and independent of most parameters of the processes. This
is reminiscent of the result of Kenyon and Winkler [3] about 2-dimensional branched
polymers. We conjecture that more results of this type should hold, but we were not able
to prove them.

Before describing our results in full details, let us describe one particular case. Let
k be a positive integer. Given a tuple S = (S,...,Sk_1) of K — 1 proper subsets of
(k] == {1,2,...,k}, we define G(S) as the digraph having vertex set [k] and arc set
{ai,...,ak_1}, where the arc a; has origin ¢ and endpoint the unique integer j in [k] \ S;
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such that {i +1,i+2,...,j — 1} C S;, with the integers considered cyclically modulo k.
For instance, if k = 7 and S; = {1,3,6,7}, then the arc a5 has origin 5 and endpoint 2.
In Figure 1 we have drawn some digraphs G(S) in the case £k = 3. We now fix a tuple
p = (p1,-..,px) of non-negative integers, and choose uniformly at random a tuple S =
(S1,...,Sk_1) of k—1 proper subsets of [k] such that for all j € [k] the integer j is contained
in exactly p; of the subsets Sy,...,Sk_;. This gives a random digraph G(S). One of the
results proved in this paper is that the probability that G(S) is a tree (oriented toward
the vertex k) is equal to 1 — p/(k — 1). This result is unexpectedly simple, especially
because it does not depend on the parameters pq, ..., pp_1.

2¢S1 3682,1¢SQ

3¢ S, 2€5,3¢ 85 3¢ S, 2€58,3¢8)

() (b) ()

Figure 1: We represent above the three situations for which the digraph G(S) is a tree,
with k=3 and S = (51, S2).

Let us investigate in more detail the case k = 3 of the aforementioned result. The
situation is represented in Figure 1. By definition, the tuple S = (57, 52) is a pair of
proper subsets of {1,2,3}, and there are three possible trees with vertex set {1,2,3} (in
general, there are k*~2 possible Cayley trees). Let A, B, and C be respectively the events
leading to the trees represented in parts (a), (b), and (c) of Figure 1. For instance,

C={2€5} N {3¢51} N {385} Nn{le& S}

Now it is not hard to check that the event C' has the same probability as the event
C'={2e€5} Nn{3¢&5} N {35} n{1¢&5}

Moreover the events A, B and C’ are disjoint and their union is

AUBUC = ({2¢ Situf{2eSi N3¢ Stu{2eS i N3esSini¢s}) N{3¢sS:}

But since S; is by definition a proper subset of {1,2,3}, the first condition in the above
clause is always satisfied. It follows that

P(AUBUC)=P(AUBUC") =P(3¢ S3) =1—p3/2,

as claimed. Observe that the individual probabilities of the trees represented in Figure 1
do depend on the value of p; and p,, but the sum of these probabilities is independent of

p1 and ps.
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The rest of the paper is organized as follows. In Section 2, we state the main results
of the paper. In Section 3, we express the probability that our random graphs are trees
as the “probability of a determinant of a matrix of events”. In Section 4, we compute the
probability of these determinants. This computation is rather technical, and uses some
sign reversing involutions. We conclude in Section 5 with some conjectures about another
random process, and some open questions.

2 Main results

In this section we fix some notation and state our main results. We denote by |A| the
cardinality of a set A. We denote AW B the disjoint union of two sets A, B. For a positive
integer k, we denote by [k] the set of integers {1,2,... k}. For i,j € [k], we denote by
Ji, 7] the set of integers {i+1,i+2,...,j}, where integers are considered cyclically modulo
k. For instance ]i,i] = 0, Ji,i + 1] = {i + 1}, and i, — 1] = [k] \ {¢}. For an integer r
and a tuple p = (p1,...,pr) of non-negative integers, we denote by Sy, the set of tuples
(S1,...,S,) such that for all ¢ € [r], S; is a subset of [k] and for all j € [k] the integer j is
contained in exactly p; of the subsets Sy, ...,.5,. We also denote by R, the set of tuples
(S1,...,Sr) € Sp, such that S; # [k] for all i € [r].

We now define three ways of associating a digraph to a an element in S, using three
mappings «, §,7v. The mappings «, 3,7 take as argument an integer ¢ € [k] and a subset
S C [k] and are defined as follows:

e a(i,S) =1 if S = [k], and otherwise a(z,S) is the integer j € [k] such that j ¢ S
but Ji,5 — 1] C S.

e ((i,5) =iif S = [k], and otherwise ((i,.S) is the integer j € [k] such that j+1 ¢ S
but Ji,j] C S.

o v(i,S) =dif S = [k], v(i,S) =i —1if i € 5, and otherwise (i, .5) is the integer
J € [k] such that j+ 1 ¢ S but Ji, j] C S.

The mappings «, 3, are represented in Figure 2.

We now use the mappings «, 3,7 to define digraphs. Let S = (5,...,5,) € Sp,, and
let f be a surjection from [k — 1] to [r]. For ¢ € {«, 3,7}, we define G¢(S, f) to be the
digraph with vertex set [k] and arc set A = {ay,...,ar_1} where a; = (,((, Sy(;))) for all
i € [k — 1]. For instance, the digraph G(S) defined in Section 1 corresponds to the case
r =k —1and G(S) = G,(S,Id) where Id is the identity mapping from [k — 1] to [k — 1].
Observe that the graph G¢(S, f) has loops unless S € R, ;.

We are now interested in the probability that the digraph G¢(S, f) is a tree. Observe
that in this case the tree is oriented toward the vertex k (since every vertex in [k — 1] has
one outgoing arc). Our main result is the following.

Theorem 1. Let k and r be positive integers such that r < k, and let p = (p1,...,px) be
a tuple of non-negative integers. Let S = (Sy,...,S,) be a uniformly random element of
Ry (supposing that this set is non-empty), and let f be a uniformly random surjection

THE ELECTRONIC JOURNAL OF COMBINATORICS 23(2) (2016), #P2.36 3



(v) Rule “G,i+1,...,5,j+1

Figure 2: Rules «, 3, v for creating an arc of the complete graph K} (an informal descrip-
tion of the rule is given between quotation marks where i means that i € .S).

from [k — 1] to [r] independent from S. For ¢ € {«,B,7}, let P:(p,r) be the probability
that the random digraph G¢(S, f) is a tree. Then

(a) Py(p,r) =1—pi/r. This is equal to the probability that k ¢ S .

(b) Ps(p,7) = |Rgr-1l/|Rpr| where q= (p1,p2 —1,ps —1,...,px —1). This is equal to
the probability that S1 = {2,3,... ,k}.

k
(¢c) Py(p,7) = Z\Rq@,r,ﬂ/\RW], where ¢v¥) = (q&j),...,q,gj)) and for all i,j € [k,

j=1
qi(]) =p;—1ifi+#j and qj(-J) = p;. This is equal to the probability that |Si| =k — 1.

Observe that the cardinality of Ry, appearing in Theorem 1 can be expressed as the

coefficient of z7' 5> - - - 2F* in the polynomial (Hle(zl +1) -1, xl) . The case (c) of

Theorem 1 was needed to complete the combinatorial proof described in [1] of Jackson’s
formula [2]. Before embarking on the proof of Theorem 1, we make a few remarks.

Remark 2. Theorem 1 can be stated in terms of uniformly random tuples S in S, instead
of in Rp,. More precisely, for ¢ € {a,,v}, if S is a uniformly random tuple in S,
and f is a uniformly random surjection from [k — 1] to [r] independent from S, then the

probability for the graph G¢(S, f) to be a tree is ‘|§:’:||

the graph G¢(S, f) is never a tree if S € S, \ Rp.-

P:(p,r). This is simply because

Remark 3. In the case r = k — 1, the result of Theorem 1, can be stated without referring
to a random surjection f. Indeed, for S € Ry, and ¢ € {a, 5,7}, let us define G¢(S)
as the graph G(S,Id) where Id is the identity mapping from [k — 1] to [k — 1]. Then
the probability P:(p,k — 1) that the graph G¢(S) is a tree has the same expression as
in Theorem 1. For instance, the probability that G,(S) is a tree is 1 — pg/(k — 1), as
claimed in Section 1. Indeed, in the particular case r = k— 1 of Theorem 1, the surjection
f would be a bijection from [k — 1] to [k — 1] independent from S. But then the tuple
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(Sfa),-- -+ Sf®r-1)) has the same distribution as S = (51,...,5,1), hence the surjection
f does not affect probabilities.

Remark 4. The results in Theorem 1 would hold for any probability distribution on the
tuples S = (S1,...,Sk) of proper subsets of [k], provided that the probability of a tuple
only depends on the total number of occurrences of each integer ¢ € [k]. For instance, the
probability that G (S, f) is a tree would still be equal to the probability that k ¢ S; for
such a probability distribution. This result follows from Theorem 1 since one can always
condition on the total number of occurrences of each integer i € [k].

Remark 5. A slightly weaker version of Theorem 1 can be obtained by not requiring the
function f to be surjective. More precisely, for ¢ € {a, 8,7} and for any positive integer
r, if S is a uniformly random tuple in R, and f is a uniformly random function from
[k — 1] to [r] independent from S, then the probability Pr(p,r) that G¢(S, f) has the
same expression as in Theorem 1. For instance, the probability that G, (S, f) is a tree is
1 — pr/r. Indeed, this result follows from Theorem 1 by conditioning on the cardinality
of the image Im(f) of the function f, and by the number of occurrences of each integer
i € [k] in the subsets (5))jcmm(s). It is actually this version of Theorem 1 (in the case
¢ = ~y) which was needed in [1].

3 Determinantal expressions for the probabilities P;(p, r).

In this section, we express P,(p,r), Ps(p,r), Py(p,r) as the probabilities of the determi-
nants of some matrices of events. This is done by first applying the matrix-tree theorem,
and then simplifying the Laplacian matrices.

3.1 Matrix-tree theorem over the ring of events

We first recall the matrix-tree theorem (in its weighted, directed version). Let K,, denote
the complete digraph having vertex set [n] and arc set A = {(i,7), @ # j}. We call
spanning tree of K, rooted at n a set of arcs T' C A not containing any cycle and such
that every vertex i € [n— 1] is incident to exactly one outgoing arc in T (this is equivalent
to asking that 7" is a spanning tree of K,, “oriented toward” the root vertex n). We denote
by 7, the set of spanning trees of K, rooted at n.

Let R = (R,+,®) be a commutative ring. Recall that the determinant of a matrix
M = (M; ;)i je with coefficients in R is

det(M) = Z e(m) ®Mi,7r(i)u

TES) i€ k]

where &, is the set of permutations of [k], and €(r) is the sign of the permutation 7. The
matriz-tree theorem states that for any weights w(i, j) € R associated to the arcs (i, j) of

KTL?
S Q) wlij) = det(L), 1)

TETn (3,5)€T
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where L = (L;;)ijem—1) is the reduced Laplacian matriz, defined by L;; = —w(i,j) if
i# jand Li; = > w(i j). For a proof of (1), see for instance the combinatorial
proof of the matrix-tree theorem given in [4].

Remark 6. Observe that (1) gives results about the spanning trees of any digraph G with
vertex set [n], because one can restrict one’s attention to the spanning trees of G simply
by setting w(i,j) = 0 for all arcs (7,7) not in G. Observe also that the weights w(n, j)
are actually irrelevant in (1).

Next we define a ring of events. Let (€2, A,P) be a probability space, where (2 is the
sample set, A is the set of events (which is a g-algebra on 2), and P is the probability
measure. In our applications, {2 will be a finite set and .4 will be the powerset P(£2). Let
C|A] be the set of (formal) finite linear combinations of events, with coefficients in the
field C (i.e., the free C-module with basis A). The elements of C[.A] are called generalized
events and are of the form A\{A; +---+ A ;A with Aq,..., A, € Cand Ay,..., A, € A. We
then consider the commutative ring R = (C[A], +,N). Here the intersection operation
“N” is defined to act distributively on C[A], that is, we define

s t s t
i=1 j=1 i=1 j=1

We now extend the probability measure P from A to C[A] by linearity. More con-
cretely, we set

P(A A+ -+ XA = MP(Ay) + -+ - + NP(Ay).

This makes P a linear map from C[A] to R. We define the P-determinant of a matrix of
generalized events M = (M, ;); jep as Pdet(M) := P(det(M)). By definition,

Pdet(M) = Z e(m) P ﬂ M; )

TES ZE[k’]

For a matrix E = (Ej ;)icin—1,je[n) of generalized events E; ; € C[A], we define its reduced
Laplacian matriz L = (L; ;)i jejn—1) by setting for all i € [n — 1] L;; = —F;; if i # j and
Li; =) iz Bij. We now state an immediate consequence of (1).

Lemma 7. Let £ = (Ei,j)ie[n_l] i be a matriz of generalized events and let L =
(Lij); jepn_n) be its reduced Laplacian matriz. Then

S P( () Eiy) =Pdet(L).
T€Tn  (i,5)€T
Proof. Applying (1) over the ring R = (C[A],+,N) with weight w(i, j) = E; ; gives
S N Em X ) ) b
T€Tn (1,5)€T €Sy _1 1€[n—1]

Applying the linear map P to both sides of the above identity gives the Lemma. O
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Before closing this section we define an equivalence relation on the set C[A] of general-
ized events. Let Ay,...,A,, Bi,...,B, be events in A, and let A\q,..., \n, V1...,,
be complex numbers. We say that the generalized event A = > M\A; and B =
Yo viB; are equivalent, and we denote this A ~ B, if for all w € Q, the quantities
Ay, =" Nilyea, and B, = > v1uep, are equal. For instance, for all E, F € A,
the generalized events E U F and E + F — E N F are equivalent. Also the event () and
the generalized event 0 are equivalent. It is easy to see that ~ is an equivalence relation
(symmetric, reflexive, transitive) and that if £ ~ F then P(E) = P(F). Moreover, if
E~Fand F' ~F then \-E~\A-F, E+F~FE +F and ENF ~ E'NF'. We say
that two matrices of generalized events E = (E; ;)i jen and F = (F} )i jein) are equivalent
if E;; ~ F;; for all i € [n],j € [n]. The preceding properties immediately imply the
following result.

Lemma 8. If E and F are equivalent matrices of events, then they have the same P-
determinant.

3.2 P:(p,r) as a P-determinant

We fix r, k, and p as in Theorem 1. We define a probability space (2, .4,P) in the
following way:

o () is the set of pairs (S, f), where S is in Sy, and f is a surjection from [k — 1] to

[7].

e A is the power set P(f),

e P is the uniform distribution on (2.
We denote by €2, the set of triples (S, f, ), where (S, f) is in Q and 7 is a permutation
of [n]. For a matrix of events £ = (F;;); e We denote by Q(E) the set of triples
(S, f,m) € Q, such that (S, f) is in the intersection (), E; »(;). Observe that

IP’det(E):% S ). @)

| ‘(Shﬂﬂ)GQ(E)

We now express the probabilities Pr(p,r) defined in Theorem 1 as P-determinants. By
definition, for ¢ € {«, 8,7}, P:(p,r) is the conditional probability, in the space (€2, A, P),
that the random digraph G¢(S, f) is a tree given that S = (S1,...,.5,) isin Rp, (equiva-
lently, given that none of the subsets Sy, ..., S, is equal to [k]). Since the random digraph
G¢(S, f) is never a tree unless S is in Ry, (because G¢(S, f) has loops if S ¢ R, ) one
gets

P(G¢(S, f)is a tree)  |Sp,|

P — =
¢(p.7) B(S € Rpy) R

Y PGS, ))=T), (3)

TeT,

where 7}, is the set of spanning trees of Kj rooted at k.
We now rewrite (3) in a form suitable to apply Lemma 7. For ¢ in {«a, 5,7}, 7 € [k—1],
and j € [k], we define the event E.;; C € as the set of pairs (S, f) in € such that
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¢(4,S¢u) = j. In other words, E¢;; is the event “the arc a; of the digraph G¢(S, f) is
(,7)”. By definition, for any tree 7" in 7y, the event G¢(S, f) = T is equal to ﬂ(m.)eT E¢i;

Thus,
Pip) = 2k S B( () Fes)

TeTk (i.4)ET

Hence by Lemma 7,

|Sp.r|
Pe(p,r) = Pdet(Le),
: Rosl ¢
where L¢ = (L¢ij)ijek—1] is the reduced Laplacian matrix of E¢ = (E¢; ;)icpe—1),jc[k]-
Next, we define a matrix L’ equivalent to the reduced Laplacian L.. For ¢ € [r], and
i,7 in [k:] we define the event I i as follows:

I:,j = {(S’f) S Q? ]17]] g St}

Observe that If; == Q because i,i] = . We also define the event J!, by J;; = I}, if
i # jand J;, :={(S,[f), St = [k]}. Fori € [k— 1] and j € [k] we define the following
generahzed events

/ _ f(l) f(@
Lazg - I j [Z] 1
_ f £(3)
Llﬁij - JZ J+1 JZ] ’ (4)
_ 7/ f(@) f() f9)
Lly iy ‘]z J+1 Jzy J’L 1,54+1 + ‘]i—l,j’

Here and in the following, we consider the subscripts of the events I; ; ! and Jt cyclically
modulo k; for instance J§ ; is understood as J ;.

It is easy to check that for ¢ in {a, 8,7} and for all i € [k — 1], j € [k] such that ¢ # j,
one has the equivalence of events Lé,i,j ~ L¢; ;. For instance, L,;; = —E,,;; where

Ea,i,j = {Z + 1, ,j —1le Sf(z), andj ¢ Sf(z)} = 1jj-1 \ [i,j7

hence Ly ;; = —1; ;-1\ Lij ~ I, j — 1; j—1. Moreover, for all i € [k — 1],
L/c“ - Z Lm ~o Z Leij = L
Jelk—1\{i} JEk—1\{i}

Thus, by Lemma 8 the matrices L’C and L¢ have the same P-determinant. Our findings
so far are summarized in the following lemma.

Lemma 9. For all ¢ € {«a, 3,7}, the probability Pc(p,r) defined in Theorem 1 is

Sprl o1
Pi(p.r) = |2 Pdet(L),
p,r

where Li = (L¢ ,; ;)ijek—1) 18 the matriz of generalized events defined by (4).
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3.3 Simplifications of P-determinants
We will now simplify the determinantal expressions for the probabilities P (p,r).

Proposition 10. For all ¢ € {«, 3,7}, the probability P:(p,r) defined in Theorem 1 is

|S 7r
Pip.r) = 22 P (M),
p,r

where Me = (Mc; ;)i je 95 the matriz of generalized events defined by

M, i ifi€[k—1], and My, =,

717.]

Mg;; = JI, ifi€k—1], and Mgy, = <,
M, = J —J9 . ifiek—1], and My, = Q.

Example. Let us illustrate Proposition 10 in the case ( = a and k£ = 3. In this case,

iy ]y fy Q 2€ Spy 2,3€ Sp
Mo=| Y 1Y B |=| L3€Se 3€Sp) |,
QO Q Q Q Q

hence by definition of the P-determinant,

Pdet(M,) = P(Q) —P (3 € Spo)) +P(2 € Sy N3 € Spe)) —P (2,3 € Sp))
—P(2€ S;1yN1,3€ Sp) +P(2,3€ SpayN1,3 € Sy) -

Proposition 10 asserts that the probability P, (p,r) that the graph G,(S, f) is a tree is

equal to %Pdet(Ma). We leave as an exercise to prove that the right-hand side of (5)

is equal to l@::" X (1 — p3/r) as predicted by Theorem 1.

The rest of this section is devoted to the proof of Proposition 10. We first treat in
detail the case ( = a. Given Lemma 9 we only need to prove Pdet(L.) = Pdet(M,),
where L = < I Zf ](i) - [if ](l_)l> _— Since P-determinants are alternating in the columns

’ ’ i,j€k—1
of matrices, we can replace the jth column of L/ by the sum of its j first columns without
changing the P-determinant. This gives,

Pdet(L,,) = Pdet (1/\" — 1/{")

ijelk-1
Next, by linearity of the P-determinant in the rows of the matrix, one gets

Pdet(L,) = »  (—1)/"'Pdet (M"),

DC[k~1]

where MP = (Mig)i,je[kfl]

show that only k of the subsets D contribute to the above sum.

with MP = I/} if i € D and MP, = I/!" otherwise. We now
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Lemma 11. [f D C [k — 1] contains more than one element, then Pdet(MP) = 0.

Proof. We assume that D contains two distinct integers a and b and want to show that
Pdet(MP) = 0. We will use the expression (2) of P-determinant. By definition, a triple
(S fim) € Qpq is in Q(MP) if and only if for all ¢ € D, Ji,k] C Sy and for all

€ [k]\ D, |i,m(i)] C Sfu). Observe that the above conditions for ¢ = a and ¢ = b, namely
]a, k] C Sty and b, k] C Sp), do not depend on the permutation 7. More generally,
none of the above conditions is affected by changing the permutation = by 7o (a,b), where
(a,b) is the transposition of the integers a and b. Thus a triple (S, f,7) is in Q(M?P) if and
only if ¢(S, f,7) := (S, f,mo (a,b)) is in Q(MP). Thus the mapping ¢ is an involution of
Q(MP). Moreover, since the involution ¢ changes the sign of the permutation 7, we get

1
Pdet(MP) = > em =0,
‘Q‘ (S,f,m)eQ(MP)

as claimed. O

So far we have shown that

Pdet(L,) = Pdet(M") — >~ Pdet(M™).

a€lk—1]

Next, we observe that the set of triples (S, f,7) in Q(M?) can be identified with the set
of triples (S, f,7') in Q(M,) such that 7'(k) = k. Indeed, the correspondence is simply
obtained by replacing the permutation 7 of [k — 1] by the permutation 7’ of [£] such that
7'(k) = k, and 7'(i) = 7(d) for all ¢ in [k — 1]. Similarly, for all a € [k — 1], there is a
bijection between the set of triples (S, f,7) in Q(M1®}) and the set of triples (S, f,7')
in Q(M,) such that 7’(a) = k. Indeed, the bijection is simply obtained by replacing the
permutation 7 of [k — 1] by the permutation 7’ of [k] such that 7'(a) = k, 7'(k) = 7(a)
and 7'(7) = m(i) for all i # a in [k — 1]. Observe that this bijection changes the sign of
the permutation, hence

Pdet(L,) — yﬁl| S Y Y

(S,f,TK')EQ(M(D) a€lk—1] (S, f,m)eQ(M{a})
= m Z 6(7T) = IP’det(Ma)
(S,f,m")eQ(Ma)

This completes the proof of Proposition 10 in the case ( = a.
The proof of Proposition 10 in the case ( = 3 (resp. { = =), is exactly the same as
the proof given above for ¢ = «, except that the events I ; are replaced by Ji;,, (resp.

t t
Jz’,j+1 - Jifl,jJrl)'

4 Computing P-determinants using sign reversing involutions

In this section we complete the proof of Theorem 1 by computing the P-determinant of
the matrices M, for ( € {a, 5,7}
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AR A 0 0

0 Y -HY o 0

0 S P L P T 0
a—1 a—1 a—1 a—1 a—1
I({El,l) [¢{£1,2) Iﬁl,alz E IL{ELa) Iiil,k)
TR T A
Flh—1 Flh—1 Flh—1 Flh—1 Flh—1 Flh—1
Ikil,l ) Ik£1,2) Ikﬁl,aZQ Ikil,azl Ikil.,a) : Ikﬁl,k)

Figure 3: The matrix M(® (resp. N(@) is the matrix represented above with the entry E

in position (a — 1,a — 1) equal to E = 15811’—;21 (resp. E = ﬁal_al_)l)

4.1 Computing the P-determinant of the matrix M,,.

In this section we compute the P-determinant of the matrix M,.

Proposition 12. The P-determinant of the matrixz M, defined in Proposition 10 is

Pdet(M,,) = —||7§p’T|| X (1 —pg/r).

Note that Proposition 12 together with Proposition 10 prove the case (a) of Theorem 1.
In order to prove Proposition 12, we first use the multilinearity of P-determinants with

respect to rows. For a € [k], we denote by M () = (Mi(a-))i,je[k] the matrix of generalized

events represented in Figure 3, that is, Ml(‘;) = My ; i’f]i >a—1, MZ(';) =0ifi<a-—1
and j # i, and MY = I/ — JI" if i < a —1. Note that M = M® = M,. For
a€{2,3,...,k— 1}, we also denote N® = (Ni(f;))i,je[k} the matrix of events which is the
same as M@ except the entry in position (a — 1,a — 1) is Jgﬁﬁjal_)l (see Figure 3).

By linearity of the P-determinant with respect to matrix rows one gets

Pdet(M @) = Pdet(N@) + Pdet (M @Y,

for all a € {2,3,...,k — 1}. Hence

k—1
Pdet(M,) = Pdet(M®) = Pdet(M™) + Y Pdet(N@). (6)
a=2
: iy _ Rer (@
We will now show that Pdet(M") = Sl X (1 — pg/r), and Pdet(N'¥) = 0 for all

a €{2,3,...,k— 1}, thereby proving Proposition 12.
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Rpr
Lemma 13. The P-determinant of the matriz M®) is Pdet(M®)) = ’]Sp, “ X (1 —pi/7).
p,r

Proof. Since all the entries in the last row of M) are equal to €2, one gets
k—1
Pdet(M®) = e(w)P( MZ{W(Z.)> .
TES =1

Moreover, the only permutations 7 contributing to the sum are the identity 7 = Id; and
the transposition 7 = (k — 1, k), which gives

k=2 k—2
Pdet(M®) = P ( <1;;(“ - J{f“) N J,{E’jjl_)l) ~P (ﬂ (I;;“) — ijf“) N J{E’jjk”)
i=1 i=1
k—2
f f@ f(k—1 flk—1
- 2 (N (- ) (a2 - )
i=1

By definition, Ii]f W=, and Ji{ @ is the event “S 7ty = [k]”. Hence the generalized event
<]i]j Z-(i) — Jl?jz.(i)) is equivalent to the event “Syq;) # [k]”. Moreover, ],f(]i—kl) is the event

“k € Syu-1)”. Hence the generalized event ([ ,fikl_klll -1 ,fﬁkl_kl)> is equivalent to the event

“k ¢ Spe—1)”. Thus Pdet(M®) is equal to the probability of the event “for all i € [k — 1],
the subset Sy(; is a proper subset of k| and k& ¢ Sy—1)”. And since f is a surjection

from [k — 1] to [r], this event is “the subsets Sy,...,S, are proper subsets of [k] and
k ¢ Sf(k—l)”- Thus

Pdet(M™) =P(S € Rp,) x P(k ¢ Siu1) | S € Rp.r)-

Lastly, the conditional probability P(k ¢ Srux—1) | S € Rp,) is equal to 1 — py/r since
for any tuple S = (S5;...,S5,) € Ry, there are exactly py of the r subsets Si,...,S,
containing the integer k. O]

It remains to prove that Pdet(N®) =0 for all a € {2,3,...,k — 1}. For D C [a — 2],

we denote by N*P = (N ]’.D)i,je[k] the matrix of generalized events defined by NZ}D = Ni(f;.)

ifi>a—1lorj#i N"=J/"ifieD and N’ = [/l iti € [a—2]\ D. By
multilinearity of the P-determinant in the rows of the matrix, one gets

Pdet(N@) = > (=1)/PIPdet(N*P). (7)

DCla—2
It now suffices to prove the following lemma:

Lemma 14. For all a € {2,3,...,k — 1}, and for all D C [a — 2], Pdet(N%P) = 0.

THE ELECTRONIC JOURNAL OF COMBINATORICS 23(2) (2016), #P2.36 12



Intuition for the upcoming proof of Lemma 14. We aim at proving Pdet(N%P) = 0
using (2). For this, it suffices to find an involution on the set of triples (S, f, 7) in Q(N*P)
changing the sign of the permutation 7. Now, the hope for finding such an involution is
based on the observation that the events appearing in the (a — 1)th and ath rows of the
matrix N®P are very similar: for all j in [k] the events NS’_lij and N;’V’]-D are respectively
“{a}U]a, j] C St@-1" and “la, j] € Sy”. This implies that changing the permutation 7
into 7’ = wo (a — 1, a) and the surjection f into f' = fo(a—1,a) (where (a —1,a) is the
transposition of the integers a — 1 and @) will only change the requirement “a € Sy(,_1)”
into “a € S§(,)”. Now, this can be achieved by also transferring the element a from Sy(a—1)
to Sf(e); and this is what is done in the proof of Lemma 17 below. However, this trick
does not work for all triples (S, f,7) € Q(N*") because the requirement “a € Sp,_1)”
might still hold for (S, f’,n"). Indeed, this happens if there is b € [k — 1] such that
f(b) = f(a—1) and a € b, w(b)]. In those cases, one would think about changing 7 into
mo(a—1,b) instead; and this is the intuition behind the proof of Lemmas 18 and 19 below.
However, this does not work in every case, and one has to deal with a few pathological
cases on the side. We mention lastly that there exist matrices of generalized events having
a non-zero P-determinant but whose (a — 1)th and ath rows coincide with those of NP,

In order to prove Lemma 14 we need some notation. We fix an integer a € {2,3, ..., k—
1} and a subset D C [a — 2] We define Gy, as the set of permutations 7 of [£] such that
m(i) = ¢ for all i € [a — 2]. We also define some subsets K ; of [k] by setting K;,;, = 0 if
i€la—2\D, K;; =[k|ifi € DU{a—1}, and K, ; =]i,j|ifi € {a—1,....k—1},j € [k]
and (i,7) # (a — 1,a — 1). By definition, a triple (S, f,7) € Qy is in Q(N*P) if and only
if the permutation 7 is in &y,, and for all ¢ € [k — 1] the subset K x() is contained in
Stu). For m € Gy, f a surjection from [k — 1] to [r], and ¢ € [r] we define the subset
Ry of [k] by

Rf,w,t = U Ki,w(i)-
i€[k—1], f(i)=t

Observe that a triple (S, f,7) € 4 is in Q(N®P) if and only if the permutation 7 is in
Sy.,q and for all t € [r] the subset Ry ., is contained in S;. Lastly for j € [k — 1] we denote

Hfﬂr,j = U Ki,ﬂ'(i)a
i€lk—1\{j}, f()=f({)

so that Rf’ﬂ—’f(j) = Hf,ﬂ,j U KJJ(])
We now define a partition of the set Q(N%P), by declaring that a triple (S, f,7) €
Q(N®P) is in

e Wit fla—1) = f(a).

e Xif fla—1)# f(a),a ¢ Hyra 1, and a ¢ Hfrq,
o Vif fla—1) # f(a), a ¢ Hyro-1,and a € Hyrg,
o Zif fla—1)# f(a),a € Hyrq 1.
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Since Q(N*P) =W WX WY W Z, Equation (2) gives
W+X+Y+2Z

Pdet(N*P) = :
€
where
W= Y en), X= Y en), Y= > €r), and Z= >  e(x). (8
(S,fm)ew (S,fmex (S,fmey (S,fmez

We will now show that W =X =Y =27 =0.

Remark 15. In the particular case r = k — 1, the surjection f is a bijection and Hy,; = 0
for all j. Therefore, in this case X = Q(N®P), while W =Y = Z = ).

Lemma 16. The sum W defined in (8) is equal to 0.

Proof. We consider the mapping ¢ defined on W by setting ¢(S, f,7) = (S, f, '), where
n' =mo(a—1,a) (where (a — 1, a) is the transposition of the integers a — 1 and a). Since
¢ changes the sign of the permutation 7, it suffices to prove that ¢ is an involution on
W. Clearly this amounts to proving that (S, f,7") € W. It is clear that Ry = R,
for all t € [r] \ {f(a)}. Moreover, remembering K,_1; = {a}U]a,j] and K,; =]a, j] for
all j € [k] gives

Ka—lﬂr(a—l) U Ka,ﬂ(a) = {CL}U]CL, 7T(CL - ]_)]U]CL,TF(G)] = Ka—l,w’(a—l) U Ka,ﬂ’(a)a

hence Ry f(a) = Rpx ). Thus, for all t € [r], Ry = Rpr: C Sy, that is, (S, f,7') €
Q(NP). Since f(a — 1) = f(a) we have (S, f,7’) € W as wanted. O

Lemma 17. The sum X defined in (8) is equal to 0.

Proof. We first define a mapping ¢ on X'. Let (S, f,7) be in X. Note that a € Sp,-1)
(because a € Ky 1x@a-1) € Sf@a-1)). We now denote by S" = (S],...,S)) the tuple
obtained from S = (S5y,...,S,) by exchanging the presence or absence of the integer a
between the subsets Sp—1) and Syq). More precisely, S' = S if a € Sy(,), and otherwise
Sty = St U {a}, Sta—1) = Sta-1) \ {a}, and S} = S; for all i ¢ {f(a — 1), f(a)}. We
now define a mapping ¢ on X by setting ¢(S, f,7) = (S, f/,7'), where S’ is defined as
above, f' = fo(a—1,a),and 7’ = 7o (a —1,a). We observe the following identities:

Ka—lﬂr’(a—l) - Ka,Tr(a) U {CL}, Ka,ﬂ"(a) - Ka—ljr(a—l) \ {CL}, (9)
Hf’,ﬂ/,afl = Hf,ﬂ',aa and Hf’,ﬂ”,a = Hf,fr,afl- (10)

We will now prove that ¢ is an involution on X'. Observe that this immediately implies
that X = 0 because ¢ changes the sign of the permutation .
Claim. The mapping ¢ is an involution on X.

Proof of the claim. Clearly, it suffices to prove that if (S, f, 7) is in X then (S, f,7') =
(S, f,m) is in X. Let (S, f,7) € X. Clearly, S' is in Sp,, f’ is a surjection from [k — 1]
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to [r], and 7’ is in & ,. Hence ¢(S, f,n) is in ). Next, we show that (S', f',7’) is in
Q(N*P), that is, Ry C 5] for all t € [r]. First, for t ¢ {f(a — 1), f(a)}, we have
Ry ny = Rpny and Sy = St, hence Ry v, C S;. Fort = f(a — 1) = f'(a), Equations (9)
and (10) give

Rf/,ﬂ'/,t - Hf’Jr’,a U Kaﬂr’(a) - Hfﬂr,a—l U Ka—lﬂr(a—l) \ {(l} - Rf,ﬂ',t \ {CL}

Moreover, the set S; does not differ from S; except maybe for the presence or absence of
a, hence Ry .y C S;. Lastly, for t = f(a) = f'(a — 1), Equations (9) and (10) give

Rf’,ﬂ/,t - Hf’,ﬂ”,afl U Ka—lﬂr’(a—l) = Hf,ﬂ',a U Ka,ﬂ'(a) U {(Z} - Rf,fr,t U {a}

Moreover, S; = Sy U {a}, hence Ry ., C S;. This shows that (S, f/,7') is in Q(N*P).
Furthermore, (S', f/,7’) is in X’ because of (10) (and the fact that (S, f,7) in X). This
completes the proof of the claim, hence X = 0. O

Lemma 18. The sum Y defined in (8) is equal to 0.
Proof. We define a partition of ) by declaring that a triple (S, f,7) € ) is in
o Vi if HppoUKoyr(a) = [k], and Hy o U Koz = [k,
o Voif HppoU Kor(a) = [k], and Hyro U Kory # [K,
o Vyif HypoU Kora) # [K]-
Next, we define a mapping ¢ on ) by setting ¢(S, f,7) = (S, f, '), with
o m' =mol(ak)if (S, f, 7)€V,
o m' =mo(bk)if (S, f, 7)€ Vs,
o 7' =mo(a,b)if (S, f,m) eV,

where b is the greatest integer in [k — 1] \ {a} such that f(b) = f(a) and a € K )
(such an integer b necessarily exists since a € Hy ). Since the mapping ¢ clearly changes
the sign of the permutation m, showing that ¢ is an involution on ) would imply Y = 0.
In the rest of this proof we show that ¢ is an involution on ) and in fact an involution
on each of the subsets ), s, Vs.

Claim 1. The mapping ¢ described above is an involution on ).

Proof of Claim 1. It suffices to prove that if (S, f,7) is in ) then (S, f, ") = ¢(S, f,7)
is in ). First observe that by definition of Y,

Rf,ﬂ',f((l) = [k] = Rf77r/7f(a)'
Hence Ry, = Ry for all t € [r]. Thus Ry = Rpr: C S, that is, (S, f,7')
is in Q(N*P). Next, we show that (S, f,7’) € Y. Since (S, f,7) is in ) we get a ¢
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Hfro = Hfnq1. Moreover, a € Hy v, because a € [k] = Ry ) but a ¢ Ko p(a).
Thus (S, f,n') € V. Lastly, (S, f,m) € ) clearly implies (S, f,7’) € V;. This completes
the proof of Claim 1.

Claim 2. The mapping ¢ is an involution on ).

Proof of Claim 2. Let (S, f,7) be in ),. We need to prove that (S, f,7") = ¢(S, f, )
is in ), and that b is also the greatest integer in [k — 1] \ {a} such that f(b) = f(a)
and a € Ky ). First observe that b > a — 2, otherwise we would have m(b) = b and
Kby vy equals () or [k] but either is impossible (indeed Ky -y # @ because a € K x (), and
Ky x@) # [k] because (S, f,7) is in }»), hence in particular 7’ = 7 o (b, k) is in &g .

We now show that (S, f,7’) is in Q(N*P), that is, R, C S; for all ¢ € [r]. First, for
t # f(a), one has Ry = Ry C S;. Second, for t = f(a), we have

(k] = Hfro U Kar(a) = Rfn ) © Stia)-

Hence, Syq) = [k] and Ry () € S(a). Thus (S, f,7') is in Q(N*P).
We now prove that (S, f,7’) is in },. Let ¢ be the unique integer in [k] \ Hy, , such
that |c,a| C Hyr, (the integer ¢ necessarily exists since a € Hy, , # [k]). We will show

a<mk)<c<b<k, and a <7(b) <c. (11)

Since b ¢ [a — 2], and b # {a — 1,a}, we get a < b < k. Moreover, by definition of b
and ¢, we get |b,a] Clc,al, hence a < ¢ < b. Furthermore, we know |c,a|U]a, 7 (k)] C
Hyro.Ula,m(k)] # [k], hence a < mw(k) < c. Lastly, a €]b,m(b)] and |c, bJU b, w(b)] C
Hj o # [K], hence a < w(b) < c¢. Thus (11) holds. It implies a € |b, 7(k)] C Hy o Thus
(S, f,7’) is in V. Moreover ¢ ¢ |b,m(k)], hence ¢ ¢ Hy .. Thus Hy o # [k]. We also
know Hy . ,U]a,m(a)] = [k], hence ¢ € ]a, 7(a)], which implies ]a, ¢|] C]a, 7(a)]. Moreover,
le,b] Cle,a]l € Hyrpo and 7(b) < ¢, hence |e, b] C U K »s)- Hence,
i€k=1\{a,b}, f(i)=f(a)

Hy v Ula, m(a)] 2le,b]U1b, alU]a, c] = [k].
Thus (S, f,7’) is in ). Lastly, we know a €]b,7(k)] = K3 @), hence b is the greatest
integer in [k — 1] \ {a} such that f(b) = f(a) and a € K} ). This shows that ¢ is an
involution on Y, and completes the proof of Claim 2.
Claim 3. The mapping ¢ is an involution on ).
Proof of Claim 3. Let (S, f,7) be in V5. We need to prove that (S, f,7") = ¢(S, f, 7)
is in Y3 and that b is the greatest integer in [k — 1] \ {a} such that f(b) = f(a) and
a € Ky First observe that b ¢ [a — 2] (indeed Kj -4y # 0 because a € Kj -y and
Ky rp) # [k] because (S, f,7) is in V3), hence 7' = o (a,b) is in &, . We now show

a<ma) <b<k, and a < 7(b) <b. (12)

Since b ¢ [a — 2], and b # {a — 1,a}, we get a < b < k. Moreover, we know a € |b, w(b)],
hence a < m(b) < b. Moreover, we know |a, 7(a)|U b, 7(b)] C Hyr.U]a, w(a)] # [k], hence
a < m(a) < b. Thus (12) holds. It implies

Ja, 7 (a)]U]b, '(b)] = |b, max(7(a), 7(b))] =]a, 7(a)]U]b, 7 (b)] (13)
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hence Ry f(a) = Rpnx ). Thus, for all t € [r], Ry = Ry C S, that is, (S, f,7') is
in Q(N*P).

Equation (12) also implies a €]b,7m(a)] C Hf 4. Thus (S, f,7’) is in Y. Moreover,
(13) gives Hy o Ula,7'(a)] = HyroUla,m(a)] # [k]. Thus (S, f,7') is in }5. Lastly,
a €b,m(a)] = Ky e, hence b is the greatest integer in [k — 1]\ {a} such that f(b) = f(a)
and a € Ky ). This shows that ¢ is an involution on V3 and completes the proof of
Claim 3.

Claims 1,2,3 imply Lemma 18. O]

Lemma 19. The sum Z defined in (8) is equal to 0.

Proof. The proof of Lemma 19 is very similar to the proof of Lemma 18 (actually, it is
identical except “a” is replaced by “a — 17 in certain places). We first define a partition
of Z by declaring that a triple (S, f,7) € Z is in

o Zyif Hyro 1 UKy 1na-1)=[k], and Hyro 1 UKo 1) = [K],
o Zoif Hyrno1 UKo 1na1)=[k|,and Hyr o1 UKo 1.0 # [K],
o Z3if Hy o1 UKo 1xa1) # K]
Next, we define a mapping ¢ on Z by setting ¢(S, f,m) = (S, f,7'), with
o 7'=mo(a—1,k)if (S, f,m) € Z,
o 7' =mo(bk)if (S, f, 7)€ 2,
o 7'=mo(a—1,b)if (S, f,7) € Zs,

where b is the greatest integer in [k — 1]\ {a — 1} such that f(b) = f(a—1) and a € K} ()
(such an integer b necessarily exists since a € Hfro-1). Since the mapping ¢ clearly
changes the sign of the permutation 7, showing that ¢ is an involution on Z would imply
Z = 0. Actually, the proof that ¢ is an involution on each of the subsets Z;, Z,, and
Z3 is almost identical to the one of Lemma 18 (for instance, the identities (11) and (12)
still hold with ¢ the integer in [k] \ H{r -1 such that |c,a] C Hy,,—1) and is left to the
reader. 0

Lemmas 17, 18, 19 imply Lemma 14. Thus, by (7), Pdet(N@) = 0 for all a €
{2,3,...,k — 1}. This together with Equation (6) and Lemma 13 complete the proof of
Proposition 12, hence of the case (a) of Theorem 1.

4.2 Computing the P-determinant of the matrix Mj.
In this section we compute the P-determinant of the matrix Mjg.

Proposition 20. The P-determinant of the matriz Mg defined in Proposition 10 is

’Rqr—l‘
Pdet(Mjp) = —
1S

where ¢ = (p1,p2 — L,ps —1,...,pr — 1).
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Figure 4: The matrix M@ (resp. N(9)) is the matrix represented above with the entry E
in position (a,a) equal to E = JI (resp. E = 1)

Note that Proposition 20 together with Proposition 10 prove the case (b) of Theo-
rem 1. We now sketch the proof of Proposition 20 which is very similar to the proof of
Proposition 12. We first use some column and row operations on the matrix Mz. Let

Mg = (Mg, ;)i jelx), where Mg, . = Ji’j](-i) if i # k and Mp, . = Q. Since the matrix Mj is
obtained from Mpg by reordering its columns cyclically we get

Pdet(Mg) = (—1)"'Pdet(M}).

For a € [k — 1], we denote by M@ = (Mi(;))me[k] the matrix of generalized events
represented in Figure 4, that is, MZ(';) = Mé” = Ji{](-i) if 1 < a, MZ(?) =0ifi € {a+
...,k —1}and j #d, and M =1/ — 7P it i e {a+1,... .k — 1}, and M) = Q.
Note that M*~1 = M}, For a € {2,3,...,k — 1}, we also denote N = (Nz‘(f;‘))i,je[k] the
matrix of events which is the same as M@ except the entry in position (a,a) is 114 (see
Figure 4).

By linearity of the P-determinant with respect to matrix rows one gets for all a €
2,3,... k—1},

Pdet(M @) = Pdet(N@) + Pdet (M@~ Y).

Thus, using this relation iteratively starting with Pdet(M}) = Pdet(M*~1) we get

k—1
Pdet(M}) = Pdet(M ™) = Pdet(M V) + Y " Pdet(N). (14)
a=2

Rqr-
We will now prove that Pdet(MM) = (—1)’“1%, and Pdet(N(@) = 0 for all a €
P,r
(2,3,... k—1}.

Lemma 21. The P-determinant of the matriz MY appearing in (14) is Pdet(M®) =
- |Rqr—1|
(-1t Rl
|Sp.r]
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Proof. This proof is similar to the one of Lemma 13. One easily gets

k—1
sas(1) = () (20 - 0) 0 (20 - )

k—1
=<;mﬂp<m(qp_@ygm(ﬁy_Jﬁg>.

1=

Moreover, the generalized event inside the argument of P(-) is clearly equivalent to the
event “Syny ={2,3,...,k} and for all : € {2,...,k — 2}, Sy is a proper subset of [k]”.
This event is the same as “Syq) = {2,3,...,k} and S € Ry, ,” which has probability

o |Rp,r| x |Rq,r—1| o |qu—1|

]P)(SERPJ,)XP(Sf(l)Z{Q,S,...,k?}|S€RP7T)—|S | |R | = |S | ]
p,7 p,7 p,7

It remains to prove that Pdet(N®) =0 for all a € {2,3,...,k —1}. The proof is very
similar to the one presented in Section 4.1 (indeed we point out that the rows a — 1 and a
of N@ are identical to the ones in Section 4.1). For D C {a+1,...,k—1}, we denote by
NP = (N{P) the matrix of generalized events defined by N;” = Né? if i <aorj#i,
and N;;D = Il{iu) if i € D, and NZZ’-D = Jl{i(i) ifie{a+1,...,k—1}\ D. By linearity of
the P-determinant, one gets

Pdet(N@) = > (=1)/PIPdet(N*P).

We now fixa € {2,3,...,k—1}and D C{a+1,...,k—1} and proceed to prove that
Pdet(N*P) = 0. We define &¢ as the set of permutations 7 of [k] such that (i) = i for
all ¢ > a. We also define some subsets K; ; of [k]| by setting K;; = [k] if i € DU {a — 1},
K;;=0ifie{a,a+1,...,k—=1}\D, and K, ; = i, j| fori € {1,2,...,a}, and j € [k]\{i}.
By definition, a triple (S, f,7) € Q4 is in Q(N®P), if and only if the permutation 7 is in

¢, and for all « € [k — 1] the subset K; ~(; is contained in Sy(;. Lastly for j € [k — 1] we

denote
Hymj = U Kin(i)-
i€lk—1\{5}, F(O)=r0)
We now define a partition of the set Q(N®”), by declaring that a triple (S, f, ) € Q(N*P)
is in

« Wif fla—1) = f(a),

o Xif fla—1)# f(a),a ¢ Hyro1,and a ¢ Hy g,
o Vif fla—1) # f(a), a ¢ Hyro-1,and a € Hyrg,
o Zif fla—1)# f(a),a € Hyro1.
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Since Q(N*P) = WHX WY W Z, we get Pdet(N>P) = W, where

W = Z e(m), X = Z e(m), Y = Z e(m), and Z = Z e(m).

(S.f,m)ew (S,fim)ex (8,f,m)€Y (S.fmeZ

We then show that W =X =Y =7 =0.

The proof that W = 0 is identical to the proof of Lemma 16. The proof that X =0
is identical to the proof of Lemma 17. It is done by defining a sign reversing involution ¢
on X. Explicitly, the mapping ¢ is defined on X by setting ¢(S, f,7) = (S', f/,7’), where
f'=fo(a—1,a),and 7’ = wo(a—1,a), and S’ is obtained from S simply by exchanging
the presence or absence of the integer a between the subsets Sy,—1) and Sf,). The proof
that ¢ is an involution on X" is identical to the one given in the proof of Lemma 17.

The proof that Y = 0 is identical to the proof of Lemma 18. It is done by defining a
sign reversing involution ¢ on ). Explicitly, one considers the partition )V = Y, & Vo W Vs
defined exactly as in the proof of Lemma 18. One then defines a mapping ¢ on ) by
setting ¢(S, f,7) = (S, f,7'), where 7’ = wo (a,k) (resp. 7’ = 7o (b,k), 7’ = 7o (a,b)) if
(S, f,m) is in Yy (resp. Vo, Vs3), where b is the greatest integer in [k — 1] \ {a} such that
f(b) = f(a) and a € Ky r@p). The fact that ¢ is an involution on Y (actually, on each of
the subsets ), s, and )3) is identical to the one given in the proof of Lemma 18.

The proof that Z = 0 is again identical to the proof of Lemma 19. This completes the
proof that Pdet(N®P) =0 for all a € {2,3,...,k—1} and all D C {a +1,...,k — 1}.
This together with Lemma 21 complete the proof of Proposition 20, hence of the case (b)
of Theorem 1.

4.3 Computing the P-determinant of the matrix M,,.

In this section we compute the P-determinant of the matrix M.,

Lemma 22. The P-determinant of the matriz M., defined in Proposition 10 is given by

k
Pdet(M,) = > " Pdet(Q"),
a=1

where Q@) = (nglj))i,je[k] is the matriz of generalized events defined by Qz(‘;) = Jlf](le if
icla—1], QW =JllVific{a+1,... k}, and Q) = Q.

Note that Q%) = Mg, where Mp is the matrix defined in Proposition 10.

Corollary 23. The P-determinant of the matriz M, defined in Proposition 10 is

C R ol
Pdet(My) = Z v,
b,r

a=1
(@ _ (@ () : @ _ 4 api g (a) _
where ¢ (@17, -..,qp ) and for all i € [k], g pi—1lifi#j and qa’ = pq.

)

THE ELECTRONIC JOURNAL OF COMBINATORICS 23(2) (2016), #P2.36 20



Proof of Corollary 23. By Proposition 20,

Rq 1l

Pdet(Q"*)) = Pdet(Mz) = S
pP,"

Now for a € [k — 1], permuting cyclically k — a times both the rows and the columns of
the matrix Q@ gives

Pdet(Q¥) = Pdet(R@),
where R@ = (Rglj))me[k} is the matrix defined by RE? = J! if:;i;lll for i € [k — a],
R;; = Jﬁ;ﬁi}?l fori e {k—a+1,...,k—1}, and R,(f]) = . Since the surjection f is
uniformly random we get,

Pdet(R¥) = Pdet(T),

where T = (7;(3))1-7]-6[;6] is the matrix defined by Tl(j) = Jﬁaﬂaﬂ for i € [k — 1] and
Tk(? = Q. Now, by symmetry (obtained by replacing the integer i by i + a in the subsets
Si,...,S,), the P-determinant Pdet(7(®) is obtained from Pdet(Mjp) by replacing p; by

Pi+a for all i € [k], that is,

Rglat)
Pdet(T) = Ryl
|Sp.rl
This together with Lemma 22 completes the proof of Corollary 23. n

Note that Corollary 23 together with Proposition 10 prove the case (¢) of Theorem 1.
It now only remains to prove Lemma 22. For D C [k — 1] and j € [k], we denote
MP = (sz?j)i7j€[k} the matrix of events defined by M} = Ji]:(?’jﬂ if i e D, M} = Jlfj@l
if i € [k — 1]\ D, and M, = Q. By the multilinearity of P-determinants with respect to
the rows,
Pdet(M,) = Y (=1)""/Pdet (M") .

DC[k—1]
We now show that only k of the subsets D contribute to the above sum.
Claim. If D C [k — 1] contains an integer a > 1 but not a — 1, then Pdet (M) = 0.

Proof of the claim. We suppose that the subset D contains the integer a > 1 but
not @ — 1. We remark that the (a — 1)th and ath rows of the matrix M are almost

identical: indeed for all j € [k], M2, = J/“Y) while MP, = J/9 . We now
show that this implies Pdet(MP) = 0. We define a mapping ¢ on Q(MP) by setting
oS, f,m)=(S,fo(a—1,a),m0o(a—1,a)). We want to prove that ¢ is an involution on
Q(MP). Let (S, f,m) € Q. It is clear that fo (a,a— 1) is a surjection from [k — 1] to [r]
so that ¢(S, f,7) is in 2. Moreover, it is easy to see from the above remark about the
(a — 1)th and ath rows of MP that ¢(S, f,n) is in Q(MP) (indeed the triple ¢(S, f, )

satisfies the condition MaD—l,Tr(a—l) because (S, f, m) satisfies M and ¢(S, f, 7) satisfies

a,m(a)’
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MP (a) because (S, f,m) satisfies MP

a,m a—1,m(a—1)
Q(MP). Moreover, since the involution ¢ changes the sign of the permutation 7 we get

). Thus the mapping ¢ is an involution of

Pdet(MP)= — 3" e(m) =0,

as claimed.
So far we have proved that

Pdet(M,) = Pdet(M®) + ) ~(—1)* Pdet(M"]).

a=1

Moreover, by definition M? = Q®, and it is easy to see, by reordering the rows of M,
that for all a € [k — 1] we have Pdet (M) = (—1)*Pdet(Q'®). This completes the proof
of Lemma 22, hence of the case (¢) of Theorem 1.

5 Open questions and conjectures

This paper leaves open a few questions. First of all, the proof of Theorem 1 that we
obtained is not as elegant as we had hoped for, hence the following question:

Question 24. Is there a more direct proof of Theorem 1¢ In particular, can one prove
Theorem 1 without using the matriz-tree theorem?

Second, our use of the matrix-tree theorem (for which a “forest version” exists) suggests
the following question:

Question 25. For ¢ € {«, 3,0}, is there a simple expression for the probability that the
random graph G¢(S, f) is a pseudo-forest, that is, a digraph in which the only cycles are
loops (so that the connected components are trees oriented toward a vertexr which has a
loop)?

More importantly, Theorem 1 gives simple formulas for the probability that certain
random graphs are trees. We stumbled over one of these formulas while studying a factor-
ization problem in the symmetric group [1], but it is unclear how general this phenomenon
is.

Question 26. Is there a more general theory encompassing Theorem 17

We conclude with a few conjectures about a random digraph G; defined analogously
to G,, G, and G,. Let ¢ be the mapping taking as argument an integer ¢ € [k] and a
subset S C [k] and defined by §(i,5) = i if i € S, and otherwise 6(¢,.5) is the integer
J € [k]\ S such that ]i,j — 1] € S. The mapping ¢ is represented in Figure 5.

Given a tuple S = (51,...,S,) in Sp, and a surjection f from [k — 1] to [r], we
define G5(S, f) to be the digraph with vertex set [k] and arc set A = {ay,...,ax_1} where
a; = (4,0(i, Sy))) for all i € [k — 1]. The following conjecture suggests there is a simple
expression for the probability that G(S, f) is a tree.
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Figure 5: Rule ¢§ for creating an arc of the complete graph Kj.

Conjecture 27. Let k and r be positive integers such that r < k, and let p = (p1, ..., Pk)
be a tuple of non-negative integers. Let S = (Si,...,S5,) be a uniformly random element
of Ry, (supposing that this set is non-empty), and let f be a uniformly random surjection
from [k — 1] to [r] independent from S. Then the probability Ps(p,r) that the random
digraph Gs(S, f) is a tree is

o ’,R’P,T'*l‘

P(;(p,’l")— ‘R ’
D,

This is equal to the probability that S; = ().

Although we were unable to prove Conjecture 27, we obtained the following analogue
of Proposition 10:

Sp.r
Pp.r) = 1522 paet(asy),
Rp.r
where Ms = (M5:ivj)ije[k] is the matrix of the generalized event defined by M;; ; = IZJ(»i) —

Jf_(?j for i € [k — 1], and Msy; = Q. Thus Conjecture 27 is equivalent to the following

identity:

Pdet(M;) = |7|2§”“‘|1‘ . (15)
p,"

One approach to try to prove (15) is to use the multilinearity of P-determinants. For
D C [k—1] and j € [k], we denote MP = (M where MP = JI9 if i € D,

4 Zvj)i,je[k]’ i—1,5
MP = Ii]fj(-z) if i € [k — 1]\ D, and M, = Q. By multilinearity of P-determinants,

Pdet(M;) = Y (—1)PIPdet (M7). (16)

DC[k—1]
Calculations suggest the following formula for the P-determinant of MP:

Conjecture 28. For all D C [k — 1],

py _ | Rpsl
Pet(MP) = (52 X Pk ¢ 51D C S1| S € Ry
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Remark 29. Conjecture 28 implies Conjecture 27 since substituting the conjectured for-
mula for Pdet(M?P) in (16) and doing inclusion-exclusion gives

_ [Red
Sor

P(M;) X P(S; =0 ]S € Rp,).

Remark 30. When D = () then MP = M, as defined in Proposition 10. Hence, in this
case Conjecture 28 holds by Proposition 12. Similarly, when D = [k — 1] the matrix M?”
is the matrix My as defined in Proposition 10, up to shifting cyclically the k& columns one
position to the right and shifting the first £ — 1 rows one position down. Hence, in this
case Conjecture 28 holds by Proposition 20.
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