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Abstract

The study of limits of graphs led to elegant limit structures for sparse and dense
graphs. This has been unified and generalized by the authors in a more general
setting combining analytic tools and model theory to FO-limits (and X-limits) and
to the notion of modeling. The existence of modeling limits was established for
sequences in a bounded degree class and, in addition, to the case of classes of trees
with bounded height and of graphs with bounded tree depth. The natural obstacle
for the existence of modeling limit for a monotone class of graphs is the nowhere
dense property and it has been conjectured that this is a sufficient condition. Ex-
tending earlier results here we derive several general results which present a realistic
approach to this conjecture. As an example we then prove that the class of all finite
trees admits modeling limits.
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1 Introduction

The study of limiting properties of large graphs have recently received a great attention,
mainly in two directions: limits of graphs with bounded degrees [1] and limit of dense
graphs [13]. These developments are nicely documented in the recent monograph of
Lovész [12]. Motivated by a possible unifying scheme for the study of structural limits,
we introduced the notion of Stone pairing and FO-convergence [18,20]. Precisely, we
proposed an approach based on the Stone pairing (¢, G) of a first-order formula ¢ (with
set of free variables Fv(¢)) and a graph G, which is defined by following expression

<¢ G> B |{(’Ul, e ,U|Fv(¢)\) < G‘Fv(@' e ): gb(vl, ... 7U\Fv(¢)|)}|
e |G|IFv(9)l '

In other words, (¢, G) is the probability that ¢ is satisfied in G by a random assignment of
vertices (chosen independently and uniformly in the vertex set of G) to the free variables
of G.

Stone pairing induces a notion of convergence: a sequence of graphs (G),)nen is FO-
convergent if, for every first order formula ¢ (in the language of graphs), the values (¢, G,,)
converge as n — 00. In other words, (G,)nen is FO-convergent if the probability that a
formula ¢ is satisfied by the graph G,, with a random assignment of vertices of GG, to the
free variables of ¢ converges as n grows to infinity.

It is sometimes interesting to consider weaker notions of convergence, by restricting
the set of considered formulas to a fragment X of FO. In this case, we speak about
X -convergence instead of FO-convergence. Of special importance are the following frag-
ments:
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Fragment | Type of formulas Type of convergence
QF quantifier free formulas left convergence [13]
FOy sentences (no free variables) elementary convergence
FO, formulas with all free variables in
{(L’l, C. ,Ip}
FOlocl local formulas (depending on a fixed
distance neighborhood of the free
variables)
FOlocal local formulas with single free vari- | local convergence (if bounded de-
able gree) [1]

Table 1: Fragments of specific importance.

Note that the above notions clearly extend to relational structures. Precisely, if we
consider relational structures with signature A, the symbols of the relations and constants
in A\ define the non-logical symbols of the vocabulary of the first-order language FO(\)
associated to A-structures. Notice that if A is at most countable then FO(A) is countable.

The following representation theorem was proved in [18,20]: every finite relational
structure A with (at most countable) signature A defines (injectively) a probability mea-
sure pia on the standard Borel space S(B(FO()))), which is the Stone space of the
Lindenbaum-Tarski algebra of first-order formulas (modulo logical equivalence) in the
language of A\-relational structures. Moreover, a sequence (A,,),en of A-structures is FO-
convergent if and only if the sequence (pa, )nen of measures converge (in the sense of a
weak-* convergence), and that the uniquely determined limit probability measure p is
such that for every first-order formula ¢ it holds

lim (9, An) = u(K(6))

n—oo

Note that the space of probability measures on the Stone space of a countable Boolean
algebra, equipped with the weak topology, is compact.

It is natural to search for a limit object that would more look like a relational structure.
Thus we introduced in [20] — as candidate for a possible limit object of sparse structures
— the notion of modeling, which extends the notion of graphing introduced for bounded
degree graphs. Here is an outline of its definition. For a relational structure A, a subset
X C AP of a power of the domain A of A is first-order definable if there exist a non-negative
integer ¢, a first-order formula ¢ with p + ¢ free-variables, and ¢ elements a;,...,a, € A
(called parameters) such that

X ={(v1,...,v) € AP AE=od(ar,...,aqv1,...,0,)}.

In the case where one can require ¢ = 0, the set X is first-order definable without param-
eters.
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A relational sample space is a relational structure A (with signature \) with additional
structure: The domain A of A of a relation sample space is a standard Borel space (with
Borel g-algebra 4 ) with the property that every subset of A? that is first-order definable
in FO()) is measurable (in AP with respect to the product o-algebra). Note that it was
proved in [20] that this is equivalent to require that every subset of AP that is first-order
definable without parameters is measurable

A modeling is a relational sample space equipped with a probability measure (denoted
va). For brevity we shall use the same letter A for structure, relational sample space,
and modeling. The definition of modelings allows us to extend Stone pairing naturally
to modelings: the Stone pairing (¢, A) of a first-order formula ¢ (with free variables in
{z1,...,2,}) and a modeling A, is defined by

(6, A) = V5" (6(A)).
where ¢(A) is the solution set of ¢ in A, that is:

H(A) ={(v1,...,0) € AP: AEo(v,...,0)}

and where ufp denotes the product measure on AP. Note that every finite structure canon-
ically defines a modeling (with same universe, discrete o-algebra, and uniform probability
measure) and that in the definition above matches the definition of Stone pairing of a
formula and a finite structure introduced earlier.

In the following, we assume that free variables of formulas are of the form x; with
1 € N. Note that the free variables need not to be indexed by consecutive integers. For a
formula ¢, denote by ¢V the formula obtained by packing the free variables of ¢: if the
free variables of ¢ are x;,,...,x;, with 4, < iy < --- < i, then ¢" is obtained from ¢
by renaming x;,,...,;, to x1,...,x,. Although ¢(A) and ¢V (A) differ in general, it is
clear that they have same measure (as ¢(A) can be obtained from ¢v(A) by taking the
Cartesian product by some power of A, and then permuting the coordinates). Hence for
every formula ¢ it holds

(,-)=(s", ),
that is: the Stone pairing is invariant by renaming of the free variables.

The expressive power of the Stone pairing goes slightly beyond satisfaction statistics
of first-order formulas. In particular, we prove (see Corollary 1) that the Stone pairing
(+,A) can be extended in a unique way to the infinitary language L,,.,, which is an
extension of FO allowing countable conjunctions and disjunctions [22,23]. Note that this
language is still complete, as proved by Karp [8]. Although the compactness theorem does
not hold for £, ., the interpolation theorem for £, ., was proved by Lopez-Escobar [11]
and Scott’s isomorphism theorem for £, ., by Scott [21]. For a modeling A and an integer
p, the L, .-definable subsets of AP correspond to the smallest o-algebra that contains all
the first-order definable subsets of AP (see Lemma 7). According to the definition of a
modeling, this means that all £, .-definable sets of a modeling are Borel measurable.

We say that a class C of structures admits modeling limits if for every FO-convergent
sequence of structures A,, € C there is a modeling L such that for every ¢ € FO it holds

(6,L) = lim (6, A,),
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what we denote by A, O, 1. More generally, for a fragment X of FO, we say that a class
C of structures admits modeling X -limits if for every X-convergent sequence of structures
A, € C there is a modeling L such that for every ¢ € X it holds (¢, L) = lim,, o (¢, A,),

and we denote this by A, 5L
The following results have been proved in [20]:

e cvery class of graphs with bounded degree admits modeling limits;
e every class of graphs of colored rooted trees bounded height admits modeling limits;
e every class of graphs with bounded tree-depth admits modeling limits.

On the other hand, only sparse monotone classes of graphs can admits modeling
limits. Precisely, if a monotone class of graphs admits modeling limits, then it is nowhere
dense [20], and we conjectured that a monotone class of graphs actually admits modeling
limits if and only if it is nowhere dense.

Recall that a monotone class of graphs C is nowhere dense if, for every integer p
there exists a graph whose p-subdivision is not in C (for more on nowhere dense graphs,
see [14-17,19]). The importance of nowhere dense classes and the strong relationship of
this notion with first-order logic is exemplified by the recent result of Grohe, Kreutzer,
and Siebertz [7], which states that (under a reasonable complexity theoretic assumption)
deciding first-order properties of graphs in a monotone class C is fixed-parameter tractable
if C is nowhere dense. This result is essentially tight, as the non-tractability for somewhere
dense classes was earlier proven by Dawar and Kreutzer [3] and Dvoidk, Kral, and Thomas
4].

A modeling A with universe A satisfies the Finitary Mass Transport Principle if, for
every ¢,1 € FO;1(A) and every integers a, b such that

{¢ = (379) (21 ~ y) A(y)
Y E (3by) (@1 ~ y) A d(y)

it holds
al{p,A) < b, A).

It is clear that every finite structure satisfies the Finitary Mass Transport Principle,
hence every modeling FO-limit of finite structures satisfies the Finitary Mass Transport
Principle, too.

A stronger version of this principle, which is also satisfied by every finite structure,
does not automatically hold in the limit. A modeling A with universe A satisfies the
Strong Finitary Mass Transport Principle if, for every measurable subsets X, Y of A, and
every integers a, b, the following property holds:

If every x € X has at least a neighbors in Y and every y € Y has at most b
neighbors in X then ava(X) < bva(Y).
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In this paper, we initiate a systematic study of hereditary classes that admit modeling
limits. We prove that the problem of the existence of a modeling limit can be reduced to
the study of FO"*_convergence, and then to two “typical” particular cases:

o Residual sequences, that is sequences such that (intuitively) the limit has only zero-
measure connected components,

e Non-dispersive sequences, that is sequences such that (intuitively) the limit is (al-
most) connected.

In this context, we prove the following theorem, which is the principal result of this paper.

Theorem 1. Let C be a hereditary class of structures.
Assume that for every A, € C and every p, € A, (n € N) the following properties
hold:

1. if (A)nen is FOYconvergent and residual, then it has a modeling FOY™-limit;

2. if (An, pr)nen is FO - convergent (resp. FO;Ocal—convergent) and p-non-dispersive
then it has a modeling FO'™-limit (resp. a FO;OC&l—limit).

Then C admits modeling limits (resp. modeling FO,-limits).

Moreover, if in cases (1) and (2) the modeling limits satisfy the Strong Finitary Mass
Transport Principle, then C admits modeling limits (resp. modeling FO,-limits) that sat-
isfy the Strong Finitary Mass Transport Principle.

Then we apply this theorem in Section 8 to give a simple proof of the fact that the
class of forests admit modeling limits.

Theorem 2. The class of finite forests admits modeling limits: every FO-convergent
sequence of finite forests as a modeling FO-limit that satisfies the Strong Finitary Mass
Transport Principle.

Note that the same result as Theorem 2 was independently claimed by Kral, Kupec,
and Tuma (personal communication), and very recently extended (using some techniques
of this paper) by these authors and others to plane rooted trees and graphs with bounded
pathwidth [6].

2 Preliminaries

Let A be a relational structure with signature A and universe A, and let X C A. The
substructure A[X] induced by X has domain X and the same relations as A (restricted
to X). A class C of A-structures is hereditary if every induced substructure of a structure
in C belongs to C: (VA € C,VX C A) A[X] eC.

The distance between two vertices u, v € A is the smallest number of relations inducing
a connected substructure of A and containing both u and v, that is the graph distance
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between u and v in the Gaifman graph of A. For r € N and v € A, we denote by
B,.(A,v) the ball of radius r centered at v, that is the substructure of A induced by the
vertices at distance at most r from v in A. More generally, for vy, ..., v, € A, we denote
by B.(A,v1,...,v;) the substructure of A induced by the vertices at distance at most r
from at least one of the v; (1 <i < k) in A.

Let ¢ be a first-order formula. The quantifier rank qrank(¢) of ¢ is the maximum
depth of quantification in ¢. The solution set ¢(A) of a formula ¢ (with p free variables)
in A is:

H(A) ={(v1,...,v0,) € AP: AE=o(v,...,0)}
A formula ¢ € FO}};’C‘"’”1 is r-local if its satisfaction only depends on the r-neighborhood of
the free variables, that is: for every A-structure A and every vy,...,v, € AP it holds

AEod(u,...,v,) <= B.(Av,...,v) Eo(v,...,0).

Recall the particular case of Gaifman locality theorem for sentences, which we will be
usefull in the following. A local sentence is a sentence of the form

Elxl...Eka( /\ dist(z;, ;) > 2r A /\ 1/%(951‘)),

1<i<j<k 1<i<k
where r, k > 1 and 1); is r-local.

Theorem 3 (Gaifman [5]). Fvery first-order sentence is equivalent to a Boolean combi-
nation of local sentences.

We end this section with two very simple but useful lemmas. (As usual, the notation
(¢, -) stands for the function A — (¢, A).)

Lemma 4. Let ¢, be formulas. Then it holds
(o, ) = (oAU, )| <1=(, ).

Proof.

Thus

Lemma 5. Let ¥, ...,1, be formulas without common free variables. Then it holds
(A i) =11 )
i=1 i=1

Proof. Let k = max{i : z; € Uj_; Fv(¢;)} = > 20_ [Fv(9y)]. Let ¢ = A7, vi(w;) For every
modeling A, the solution set ((A) can be obtained from iy (A) x --- x 97 (A) x AF by
permuting the coordinates, hence both sets have the same measure, that is:

(N ) =TTw7 ) =TT ). 0

i=1 i=1
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3 What does Stone pairing measure?

By definition, the Stone pairing (¢, A) measures the probability that a given first-order
formula ¢ is satisfied in A by a random assignment of vertices of A to the free variables.
For this definition to make sense, we have to assume that every subset of a power of A that
is first-order definable without parameters is measurable. Hence we have to consider, for
each p € N, a g-algebra on AP that contains all subsets of A? that are first-order definable
without parameters.

The aim of this section is to prove that the minimal o-algebra including all subsets of
AP that are first-order definable without parameters is exactly the family of all subsets of
AP that are L, ,-definable without parameters.

We take time out for two lemmas.

Lemma 6. Let Q be a set. Forp € N, let A, be a field of sets on O, and let o(A,)
be the minimal o-algebra that contains A,. For p € N, let f, : QP — QF and let
F, : P(QPTY) = P(QP) be defined by F(X) = {f,(z) : x € X}.

Assume that for each p € N, F, maps A,41 to A,.

Then F, maps o(A,1) to o(Ap).

Proof. The proof follows the standard construction of a og-algebra by transfinite induction.
For p € N, we let

e 5,0 be the collection of sets obtained as countable unions of increasing sets in A,

that is: sets of the form (J, .y X; where X; € A, and X; C X, C---C X, C ...

e P, be the collection of sets obtained as countable intersections of decreasing sets in
A,, that is: sets of the form (. X where X; € Ayand X; 2 X5 2 --- 2 X, D .. .;

e (for ¢ > 1 not a limit ordinal) S,; be the collection of sets obtained as countable
unions of increasing sets in P, ;_1;

e (for i > 1 not a limit ordinal) P,; be the collection of sets obtained as countable
intersections of decreasing sets in S, ;_1;

e (for i limit ordinal) S,; = U,;_; Sp; and Pp; = U, ; By
Then it is easily checked that by induction that for every ¢ up to w; it holds:
o forall X e O (X €S,,) < (WP\ X e€P,,);

for every limit ordinal ¢, S,; = P,;

if X,Y€S§,;then XUY €§,; and X NY € 5,;;

it XY €P,; then XUY € P,; and X NY € P,;

F, maps S,11, to Sp; and Ppi1; to Ppi;
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According to the monotone class theorem, o(A,) = Sy = Py - O

Lemma 7. We consider a relational structure A with countable signature.

Let A, (resp. AF) be the field of sets of all the subsets of AP that are first-order
definable without (resp. with) parameters. Then the smallest o-algebra o(A,) 2O A, (resp.
o(A¥) 2 AY) is the algebra of all the subsets of AP that are definable in L., without
(resp. with) parameters.

Proof. Let Q = L and f, : AP™' — AP be the projection map. According to Lemma 6,
the projection map send sets in o(Ap41) to sets in o(A,) (and sets in 0(A7 ;) to sets in
o(AY)). It follows easily that subsets of AP that are L,,.-definable without (resp. with)
parameters are exactly those in o(A,) (resp. o(A})). O

Note that when A is a modeling, the collection of the subsets of AP definable in £,
without parameters is the o-algebra generated by the projection fTp : A? — S(B(FO,)),
mapping a p-tuple of vertices of A to its p-type: a subset X of AP is definable in L, ,
without parameters if and only if it is the preimage by STp of a Borel subset of S(B(FO,))
(see [20] for detailed definition and analysis of STp).

Corollary 1. For every modeling A the Stone pairing (-, A) can be extended in a unique
way to Lo,y,-

Theorem 8. Let A be a relational sample space. Then every subset of AP that is L,,.-
definable (with parameters) is measurable (with respect to product Borel o-algebra 57 ).

Remark 9. Let Z(\) be the set of all probability measures on the Stone space S(B(FO()))),
and let B be the o-algebra on Z(\) generated by evaluation maps p — u(A) for measurable
set A of S(B(FO(A))). It is well known that (Z()\), B) is a standard Borel space ( [9], Sect.
17.E). (Hence the space of all finite A-structures and their FO-limits is also a compact
standard Borel space, as it can be identified to a closed subspace of Z()).) The mapping
A +— vp embeds the space M of modelings into Z(\). The initial topology on M with
respect to this mapping is the same as the topology induced by Stone pairing. Hence the
mapping (¢, -) : M — [0, 1], which maps A to (¢, A), is continuous for ¢ € FO()), and
measurable for ¢ € L, ().

Also remark that the topology of Z()\) can be defined by means of Lévy—Prokhorov
metric (by choosing some metric on the Stone space). For instance, for finite signature A,
the topology of M can be generated by the pseudometric:

dist(A, B) = 2~ sup{nl Y6EFO), arank(9) HFv(9)] <n=>|(.A)~(6.B) <27}

3.1 Interpretation Schemes

Interpretation Schemes (introduced in this setting in [20]) generalize to other logics than
FO.

In the next definition, for a relational structure A, a formula ¢ with pk free variables,
and p vectors vy, ..., v, € A* (with v; = (vi1,...,v;x)) we use the usual shortcut notation

GV, s V) = O(V11, o ULy - oo s Upds - - -5 Up )
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Definition 10. Let £ be a logic (for us, FO or L,,,). For p € N and a signature A,
L,(X\) denotes the set of the formulas in the language of A in logic £, with free variables

in {zy,...,2,}.
Let k, A be signatures, where A has ¢ relational symbols Ry,..., R, with respective
arities ri,...,7q.

An L-interpretation scheme | of A-structures in x-structures is defined by an integer
k — the exponent of the L-interpretation scheme — a formula E € Lox(k), a formula
0y € Li(k), and a formula 6; € FO, (k) for each symbol R; € A, such that:

e the formula F defines an equivalence relation of k-tuples;

e each formula 6; is compatible with F. in the sense that for every 0 < ¢ < ¢ it holds

/\ E(X]7YJ) = ei(xlw'wxm) <%61'<y17"'7ym)7

IANVASP

where 79 = 1, boldface x; and y; represent k-tuples of free variables, and where
0i(x1,...,%,,) stands for 0;(x11, ..., T1gy oo Trjas e vy Try k)

For a k-structure A, we denote by I(A) the A-structure B defined as follows:

e the domain B of B is the subset of the E-equivalence classes [x] C A* of the tuples
x = (x1,...,x) such that A | 0y(x);

e for each 1 < i < ¢ and every vy,...,v,, € A such that A = 6y(v;) (for every
1< 5 <ry) it holds

B ’:RZ’([Vl],...,[V”]) — A)ZQZ‘(VM...,V”).

From the standard properties of model theoretical interpretations (see, for instance
[10] p. 180), we state the following: if | is an L-interpretation of A-structures in -
structures, then there exists a mapping | : £(A\) — £(x) (defined by means of the formulas
E.fy,...,0, above) such that for every ¢ € £,()), and every s-structure A, the following
property holds (while letting B = I(A) and identifying elements of B with the corre-
sponding equivalence classes of A*):

For every [vi],...,[v,] € BP (where v; = (v;1,...,v;)) € A¥) it holds

BEo(vi],-..,[vp]) <= AE®)(vi,...,V,).
It directly follows from the existence of the mapping I that

e an FO-interpretation scheme | of A-structures in x-structures defines a continuous

mapping from S(B(FO(k))) to S(B(FO(X)));

e an L, ,-interpretation scheme | of A\-structures in x-structures defines a measurable

mapping from S(B(FO(k))) to S(B(FO()))).

THE ELECTRONIC JOURNAL OF COMBINATORICS 23(2) (2016), #P2.52 10



Definition 11. Let s, A be signatures.

An injective L-interpretation scheme | of A-structures in x-structures with exponent k
is defined by a formula 6y € Li(x), and a formula 6; € Ly, (k) for each symbol R; € A
with arity ;.

For a k-structure A, we denote by I(A) the structure with domain 6y(A) such that,
for every R; € A with arity r; and every vy,...,v,, € A* it holds

|(A) ’:RZ‘(Vl,...,V”) <~ A}z@i(vl,...,vm).

A basic L-interpretation scheme is an injective L-interpretation scheme such that 6,
is universally true (i.e. fy(A) = A).

It is immediate that every injective L-interpretation scheme | defines a mapping I:
L(A) = L(k) such that for every s-structure A, every ¢ € L£,()), and every vy,...,v, €
0o(A) it holds

l(A) ):QS(Vla"-;Vp) — A}:T(QS)(Vl,...,Vp)
We deduce the following general properties:

Lemma 12 ( [20]). Let | be an FO-interpretation scheme of \-structures in k-structures.
Then, if a sequence (A,)nen of finite k-structures is FO-convergent then the sequence
(I(A) )nen of (finite) A-structures is FO-convergent.

Lemma 13. Let | be an L, -interpretation scheme of A-structures in k-structures.

If | is injective and A is a relational sample space, then |(A) is a relational sample
space.

Furthermore, if | is a basic L, -interpretation scheme and A is a modeling, then 1(A)
is a modeling and for every ¢ € L,(N), it holds

(6, 1(A)) = (I(0), A).

Proof. Assume | is an injective L, -interpretation scheme, A is a relational sample space,
and B =1(A).

We first mark all the (finitely many) parameters and reduce to the case where the
interpretation has no parameters (as in the case of FO-interpretation, see [20]). As B =
0o(A) is L-definable in A it holds B € ¥%. Thus B is is a Borel sub-space of A* and
(B,Yp) is a standard Borel space.

Let D be L-definable in B. Then D is L-definable in A thus a Borel subset of A* (as
A is a relational sample space) hence a Borel subset of B. It follows that (B,Xg) is a
A-relational sample space.

Assume | is a basic L, ,-interpretation scheme and A is a modeling. The pushforward
of va by | defines a probability measure on I(A) such that for every ¢ € £,()), it holds

(6.1(A)) = 1.(va) (#(I(A))) = va(I(9)(A)) = (I(9), A). a
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4 Residual Sequences

Every modeling can be decomposed into countably many connected components with
non-zero measure and an union of connected components with (individual) zero measure.
A residual modeling is a modeling, all components of which have zero measure.

Lemma 14. A modeling A is residual if it holds
Vre NNYoe A v (B,(A,v)) =0.

Proof. Assume that for every r € N and every v € A it holds va(B,(A,v)) = 0. For
u € A, the connected component C,, of u is C, = |,y Br(A,u). As all these balls are
first-order definable (hence measurable) we deduce

reN
va(Cy) = Tllrilo va(B,(A,u)) = 0.

It follows that every connected component of A has zero-measure, hence A is residual.
Conversely, assume that there exists u € A and r € N such that va(B,.(A,u)) >

0. Then the connected component of v does not have zero measure, hence A is not

residual. O]

This equivalence justifies the following notion of residual sequence.

Definition 15 (Residual sequence). A sequence (A, ),en of modelings is residual if

Vr € N, limsup sup va, (B, (A, v)) =0.

n—oo vEA,

Lemma 16. Let ¢ € FO;,OCal be r-local, and define the formula

O, (x1,...,2p) /\ dist(z;, z;) > 2r.

1<i<j<p

Then there exist r-local formulas ¥y, ...,y € FOY* and a subset F of {1,...,N}?
such that it holds

p
|<¢7 >_ Z HW% >| <2(1_<‘97”7 >>
(a1,...,ap)EF i=1
Proof. According to Lemma 4 it holds
|<¢7 > - <¢/\‘9T7 >| < 1 - <9T7 >

As ¢ and 0, are r-local, so is ¢ Af,.. Let ¢ be the quantifier rank of the formula ¢ A 6,.. As
6, prevents the satisfaction of ¢ A 6, when two free variables are at distance less than 2r,
the satisfaction of ¢ A6, only depends on the r-local formulas with quantifier rank at most
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q satisfied by each the free variables, (as easily checked by using a standard Ehrenfeucht-
Fraissé game). As there exist only finitely many non-logically equivalent formulas with
quantifier rank ¢, there exist r-local formulas 11, ... 1y € FO©® such that ¢ A 6, is
logically equivalent to a Boolean combination of vq,...,¢y. We can obviously choose
Y1,...,¢n such that i; A 1); is universally false for ¢ # j (by possibly increasing N).
Then there exists a subset F of {1,..., N}? such that ¢ A 0, is logically equivalent to

(where 1, (x;) denotes the formula 1), with free variable x; renamed z;). Thus, according
to Lemma 4, it holds

|<C7 '>_<¢/\0r: >| <1_<€ra >

As the formulas 1),,(z;) use no common free variables and as 1; A ; is universally false
for i # j it holds (by Lemma 5 and additivity of probabilities):

</\¢ai(xi)a > = H<¢aw >

Hence the result. 0

Corollary 2. Let ¢ € FO;OCal be r-local.

Then there exist r-local formulas ¥y, ...,y € FOP™ and a subset F of {1,..., N}?
such that for every modeling A it holds

|<¢,A>— Z Hwaﬂ ) < 9” supva(Bur(A,v)).

Proof. Let 6, be defined as in Lemma 16. By union bound, we get

(—=0,,A) = \/ dist(x;, z;) < 2r, A)

1<i<j<p

< (]29) (dist(x1, z2) < 21, A)
veEA

_ @ sup v (Bay(A, v),

and the result follows from Lemma 16. O

Lemma 17. A residual sequence is FO'-convergence if and only if it is FO,'°-
convergent.
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Proof. Let (A, )nen be a residual sequence.
If (A,)pen is FO“convergent, it is FOP*convergent;
Assume (A, )nen is FOY“Lconvergent, let ¢ € FO};C"erl be an r-local formula, and let
0, be the formula A, dist(z;, z;) > 2r.
As C is residual, it holds
lim (0, A,,) =
n—oo
According to Lemma 16, there exist r-local formulas 9, ..., ¢n € FO* and a subset F
of {1,..., N}? such that for every n € N it holds

(¢, An) — Z Hwal, ) < 2(1 = (0, Ay)).

aly..., E]'—Z 1
Hence
p
lim (¢, A,)) = lim § : H Yoo An) = > ] lim (¢, An)
n—oo TL*)OO n—o0
..... p)EF i=1 (a1,...,ap)EF i=1
Hence for residual sequences, FOP*convergence implies FO"*“*.-convergence. O]

To every formula ¢ € FO;?OC‘erl and integer r € N we associate the formula A,.(¢) €
FO;OCal defined as

P
(Fy1, -5 Yp) /\ (dist(@i,yi) < 2r) A o(y1,- - Yp).

Definition 18. A modeling A is clean if for every formula ¢ € FO* it holds
A = (3x) ¢(x) = IreN: (A(¢),A) > 0.
(Note that the right-hand side condition is equivalent to lim, (A, (¢), A) > 0.)

Lemma 19. Let A be a residual clean modeling and let ¢ € FOX!,
If (A) is not empty, then it is uncountable.

Proof. Assume ¢(A) is not empty. As A is clean, there exists an integer r such that
(Ar(¢), A) > 0, that is: va(A(¢)(A)) > 0. Clearly A(¢)(A) = U,cpa) Bar(A,v).
Assume for contradiction that ¢(A) is countable. Then

va(A(9)(A) < Y va(Ba(A,0)).

vEP(A)

As A is residual, for every v € A it holds va(Ba.(A,v)) = 0, what contradicts the
assumption va (A, (¢)(A)) > 0. O
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Let X be a fragment of FO. Two modeling A and A’ are X -equivalent if, for every
¢ € X it holds (¢, A’) = (¢, A). We shall now show how any modeling can be transformed
into a residual clean modeling, which is FO**-equivalent.

Lemma 20. Let A be a modeling. Then there exists a residual modeling A’ that is
FOY_equivalent to A.

Proof. Consider the modeling A’ with universe A" = A x [0, 1], measure va: = va ® A
(where A is standard Borel measure of [0,1]) and relations defined as follows: for every
relation R; of arity r; it holds

A"E Ri((v1,01),. ., (v, ) <= AERi(v,...,v.,) and oy = -+ = ..

Then A’ is residual and for every ¢ € FOP® it holds

(0, A) = var(9(A))) = var(d(A) x [0,1]) = va(¢(A)) = (¢, A). =

Lemma 21. Let A be a residual modeling. Then there exists a residual clean modeling
A’ obtained from A by removing a union of connected components with global va-measure
zero.

Proof. Let ¢ € FOY* be such that A = (3z)¢(z) and lim, . (A, (¢), A) = 0. Forv € A,
denote by A, the connected component of A that contains v, that is: A, =,y Br(A,v).
Note that if A E ¢(v) and if v € A, then A E A (¢)(u) but (A (A.(4)),A) =
(A (6), A) = 0.

Note that the assumption on ¢ rewrites as “¢(A) # 0 while for every v € ¢(A) it
holds va(A,) =07.

Then

VA( U AU)IVA( U UBT(A,U)):VA(U U BT(A,U))

vED(A) vEP(A) reN reNvegp(A)
=va([JA(9)(A) = (A(0).A) =0.
reN reN

Denote by F the set of all ¢ € FO'** such that

AE Gr)gr) and  lim (A(9),A) =0,

T—00

and let A’ be obtained by removing (Jyc 7 U,cpa) Av from A. As for every ¢ € F it

holds v (Uve 5(A) AU) = 0 and as F is countable, the modeling A’ differs from A by a set
of connected components of global measure 0. Moreover, it is clear that A’ is clean. [

Recall that FO-convergence can be decomposed into elementary convergence and
FO™ L convergence:
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Lemma 22 ( [18,20]). A sequence (Ay)nen is FO-convergent if and only if it is both
elementary convergent and FO©-convergent.

Consequently, a modeling L is a modeling FO-limit of a sequence (A, )nen if and only
if it is both an elementary limit and a modeling FO'°™-limit of it.

The interest of residual clean modelings stands in the following.

Lemma 23. Let (G,)nen be a residual FO-convergent sequence.

If L is a residual clean modeling FOY* limit of (Gp)nen and M is a countable ele-
mentary limit of (Gp,)nen then the disjoint union LU M (with vpop(X) = v(X N L)) is
a modeling FO-limit of (Gp,)nen-

Proof. According to Theorem 3, it is sufficient to check that if 1,...,, are r-local
formulas with a single free variable and if we let

O(T1, ... xp) /\ dist(z;, zj) > 2r A /\wl(azl)
i=1

1<i<j<n
then it holds
LUME Qzy,...2)0(x1,...,2,) <= M (Joq,...2,)0(x1,. .., 2p).

But (according to the locality assumptions) it is equivalent to check that for every r-local
U1, ...,1, and associated ¢ it holds

LE 3zy,...x0)0(1,...yx,) = ME 3r,...xn)0(xy, ..., 2,).

But if L = (3x1,...2,)¢(21, ..., 2y,), then forall 1 < ¢ < n it holds L = (3z);(x) hence,
as L is clean, it that there exists ry € N such that (A,,(¢;), L) > 0 for every 1 < i < n.
As L is residual, this implies (A,,(¢),L) > 0. Thus there exits ny such that for every
n > ng it holds (A,,(¢),Gn) > 0. In particular the elementary limit M of G,, satisfies

(Fxy, .. xn)o(x, .. xy). O

Corollary 3. A residual FO-convergent sequence (G, )nen admits a modeling FO-limit if
and only if it admits a modeling FOY*™ limit.

In this context, the following conjecture is interesting.
Congecture 1. Every FO-convergent residual sequence admits a modeling FO-limit.

Note that, according to Lemmas 20, 21 and 23, Conjecture 1 is equivalent to the
(seemingly weaker) conjecture that every FOP“convergent residual sequence admits a
modeling FOP“!limit.
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5 Non-dispersive Sequences

The notion of residual sequences derives from the notion of residual modelings, that is:
modelings without connected components with non-zero measure). Similarly the notion
of non-dispersive sequences derives from the notion of connected modelings (modulo a
zero-measure set).

Definition 24. A sequence (A,,)nen of modelings is non-dispersive if

Ve >03d € N, liminf sup va, (Bys(An,v)) > 1 —€

n—oo ’UGAn

In the case of rooted structures, we usually want a stronger statement that the struc-
tures remain concentrated around their roots: a sequence (A,,, p,)nen of rooted modelings
is p-non-dispersive if

Ve >03d € N, liminfua, (Ba(An, pn)) >1—€.

n—oo

Note that every p-non-dispersive sequence is obviously non-dispersive.

Remark 25. Let (A, )nen be a non-dispersive FO™_convergent sequence. If (A,,),en has
a modeling FO'°“Llimit L, then L has a full measure connected component, which is also
a modeling FO™ L limit of (A,)nen-

Lemma 26. Let (A,, pn)nen be a p-non-dispersive FOp-convergent sequence, with mod-
eling FOYlimit (L, p) and a countable elementary limit (M, o).

Let M, and L4 be the connected component of the root in M and L, respectively. Then
M, and L, are elementarily equivalent.

Proof. As (A, pn)nen is p-non-dispersive, L, has full measure. According to Theorem 3,
it is sufficient to check that if ¢,..., 1, are r-local formulas with a single free variable
and if we let

A1, ..., x) /\ dist(z;, xj) > 2r A /\%(%)
i=1

1<i<j<n
then it holds

My =3z, ... 3z, ¢(21,. .. 2,) <= Lo Jzy... .3z, d(xy,...,2,).

Assume L, = Jzy...3z, é(x1,...,2,). Let vy,...,v, € L, be such that L. |=
é(v1,...,v,). As L, is a full measure connected component of L, there exists d >
max; <i<n, dist(vs, p) such that vy, (Bg(L, p)) = 1/2. Let ¢ € FOP be the 2d-local formula

Fyr .y (J\ dist(z1, ) <24 AW, -, yn))-
=1

Then obviously ¢(L) D By(L,p) hence (¢,L) > 1/2. As L is a modeling FO"**.-limit
of (A, pn)nen, there exists ng such that for every n > mng it holds ((,A,) > 1/4.
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In particular, for every n > ng it holds A, & Jx;...3x, ¢(xq,...,2,) hence M, |
dzy ... Jxy, Oz, ... xy).

Conversely, assume that M, = 3z ... 3z, ¢(xy,...,2,). Let vy,..., v, € M, be such
that M, = ¢(v1,...,v,), and let d = max;<;<, dist(v;, 0). As (M., p,) is an elementary
limit of (A, pn)nen, there exists ng such that for every n > ng it holds

A, E3r ... 3z, (/\ dist(x;, pn) < d A w(azl,...,xn)).

=1

As (A, pn)nen is p-non-dispersive, there exists D > d and n; > ng such that for every
n = ny, it holds |Bp(A,, pn)| = |Aal/2. Let ¢ € FOP® be the 2D-local formula

Fy1 ... Ty, (/\ dist(z1,y;) <2D Aoy, ..., Yn))-

=1

Then obviously ¢(A,) 2 Bp(A,, p,) hence (¢,A,) > 1/2. As L is a modeling FOP*.
limit of (A, pn)nen, it holds (¢, L) > 1/2 hence, as L, is full dimensional, all of (L) but a
subset with vg-measure zero is included in L}. Hence L, = 321 ... 32, ¢(x1,...,2,). O

Lemma 27. Letp > 1 and let (A, pn)nen be a p-non-dispersive FO,,-convergent sequence,
with modeling FOY*™-limit (L, p) and countable elementary limit (M, o).

Let M,y and Lo be the connected components of the root in M and L, respectively.
Then Lo U (M \ M,) is a modeling FO,-limit of (A, pn)nen-

Proof. According to Lemma 26, L, and M, are elementarily equivalent, so L, U (M \ M,)
and M are elementarily equivalent. It follows that L, U (M \ M,) is both an elementary
limit of (A, pn)nen and a modeling FO;OC&l—limit of (A, pn)nen (as it differs from L by
a set of connected components with global measure zero) hence a modeling FO,-limit of
(A Pn)nen: u

Problem 1. Let (A,)nen be a non-dispersive FOP*convergent sequence with modeling
FOXJimit L. Does there exist p, € A, and p € L such that (A, pn)ney iS a p-non-
dispersive FOP“-convergent sequence with modeling FOP*limit (L, p)?

Sometimes, p-non-dispersive sequences may be still quite difficult to handle, and se-
quences with bounded diameter may be more tractable. It is thus natural to consider to
what extent it could be possible to further reduce to the bounded diameter case. We give
here a partial answer.

Lemma 28. Let (A, p,) be a p-non-dispersive FO;Ocal—convergent sequence, and let (L, p)
be a connected modeling.
Assume that for each d € N, it holds that (B4(L, p), p) is a modeling FOLOC&I—Zimit of

(Ba(Ay, pn), pn)- Then (L, p) is a modeling FOéocal—limit of (Ay, pn).
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Proof. Let ¢ € FO}}DOcaLl be r-local and let € > 0. As (A,,, pn)nen is p-non-dispersive there
exists dy such that iminf, . va, (Ba, (An, pn)) > 1 — €/2, thus there exists ny such that
for every d > dy and n > ng it holds |Ba(A,, pn)| > (1 — €)|A,|. As L is connected,
it holds L = |J, B4(L, p). By monotone convergence theorem it holds 1 = v(L) =
limg,00 L (Ba(L, p)). Hence there exists d > dy such that v, (By(L, p)) > 1 —e.

Let 0 be the formula dist(x1, p) < d —r, and let §®) be the formula A?_, 64(x;). Note

that
_ |Bar(An, o)l o [Bar(An, pn)|
| Ba(As, )| | An|

According to Lemma 4 it holds

<9>Bd<An>pn)> == <9,An>

{h, ALY — (DA OP ALY < 1—(0,A,) < pe.
and also

[{(d, Ba(Av, pn)) — (& A 0P Ba(An, po))| < 1 — (0, Ba(A,, pn))P < pe.

According to the r-locality of ¢, it holds (¢ A 0P A,)) = (¢ A 0P, By(A,, p,)), hence

(0, Ap) — (0, Ba(An, pn))| < 2pe.

Similarly, it holds
|<¢a L> - <¢a Bd(Lap)>| < 2p€

By assumption, B,4(L, p) is a modeling FOéocal-limit of (By(An, pn))nen. Thus there exists
ny = ng such that |(¢, Ba(L, p)) — (¢, Ba(An, pn))| < pe, hence for every n > n; it holds

(¢, L) — (¢, Ay)| < 5pe.

Considering ¢ — 0, we deduce

(6,L) = lim (9, A,). O

6 Breaking

The aim of this section is to prove that the study of FO-convergent sequences of structures
in a hereditary class naturally reduces to the study of residual sequences and p-non-
dispersive sequences in that class.

Advancing towards the main result of this section, Theorem 36, we state four technical
lemmas.

Lemma 29. Let 0 <e <1 and letr € N.
Then, for every graph G there exists a subset A of vertices such that

1. for every a € A, it holds |Ba.(G,a)| = €|G|;
2. for every v & \J,c4 B2 (G, a), it holds |B,.(G,v)| < €|G];
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3. JA] < 1/e.

Proof. Let A be a maximal subset of vertices of G such that
e for every a € A, it holds |B,(G,a)| > €|G| (Hence (1) holds);
e for every distinct z,y € A, it holds B,.(G,z) N B,.(G,y) = 0.

Obviously, |A| < 1/e, hence (3) holds. Moreover, by maximality of X, if v is any vertex
such that |B,(G,v)| > €|G| then there exists a € A such that B.(G,a) N B.(G,v) # 0,
thus v € Bs,.(G,a). Hence (2) holds. O

Lemma 30. Let € > 0, let r € N and let (Gy)nen be an FO““_convergent sequence.
Then there exists integer ¢ < 1/¢, integer D, and increasing function N : N — N and
an FO°?_convergent sequence (G )nen of q-rooted graphs, such that G is a g-rooting of
Gy (with roots ct, ... cy) and

o lim, . distg: (¢}, ¢f) = oo for every 1 <i < j <gq;

e Bp(Gl, )N Bp(GE,c?) =0 for every 1 <i < j < q and every n € N;

nsGi n?J

o |Bp(GF,cM| = €|Gf| for every 1 < i < q and every n € N;

TL’?,

o |B.(G},v)| < €|G| for every v ¢ |JL, Bp(G)\,cl) and every n € N.

’Vl7’L

Proof. Consider the signature obtained by adding K = [1/¢| unary symbols Ry, ..., Rk.
According to Lemma 29, there exists, for each G,,, vertices z7, ..., z; such that

o for every 1 < i < ky, it holds | By, (G, 21')| = €|Ghl;
e for every v ¢ U™, By (G, 22), it holds |B.(G,, v)| < €|Gyl;
o k, < K.

We mark vertex z7,...,2; by Ri,..., Ry, thus obtaining a structure A,,. By compact-
ness, the sequence (A,),en has an FO-converging subsequence (Ap,(n))nen. Moreover,
as the number of roots of A, converges (by elementary convergence), we can assume
without loss of generality that the subsequence is such that all the structures Ay, () use
exactly the marks Ry,..., R, (with p < K). According to the elementary convergence of

(ZNl( n) _Ni(n)

(AN, (n))nen, the limit d; j = lim,, dista )2 ) exists for every 1 < i <i<p

and thls limit can be either an integer or co. Let I be a maximal subset of {1,...,p}
such that d; ; = oo for every distinct 7,7 € I, and let ¢ = |I|. Without loss of generality,
we assume that I = {1,...,¢}. Define

D =2r + max{d; ;|1 <i<j<pandd,; < oo}

Then for each ¢ < i < pthereis 1 < j < g such that the ball By, (A, (), zZN 1) ) is included
in the ball Bp(An, ), 2 Nl(" ). As d; ; = oo for every 1 <i < j < g, there exists ng such
that for every n > ng it holds dista, (., )(le(n), Z; Ni(m )) > 2D. We let N(n) = Ny(n + ng),
=2 and GF = Ay, O
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Let 0 < e < 1,let r, D € N, and let (G}),en be an FO-convergent sequence of ¢g-rooted
graphs (with roots ¢}') such that

e lim, . distg (cf', c}) = oo for every 1 <i < j <g;

e Bp(Gl )N Bp(Gy,cf) =0 for every 1 <i < j < qandevery n€N;

e |Bp(Gf,cM)| = €|G)| for every 1 <i < ¢ and every n € N;

e |B.(G},v)| < €|G)| for every v ¢ UL, Bp(G}, ") and every n € N.

For 1 < i < ¢, we define the function f; : N — R™ by
_ | Ba(Gy, c})]
fild) = lim ==

and we let \; = limy ., fi(d).
For 1 <i < ¢, we also define g; : N x (0,1) — N by

g:(d, ) = min{no . (Yn = no) W - fi(d)‘ < x}

We further define the function h : N — N by
h(z) = min{d : fi(d) > X\, — =},
and the function w : N — N by

w(d) = min{ng :  (Vn = ng) (V1 <i < j <q) distg:(c, cf) > 2d}.

7,7j

Lemma 31. For every € > 0 and 1’ € N there exist dy,ng € N such that for everyn = ng
it holds

[ ] fz<d0 — 7”) 2 )\Z — 6,,

® |Bay—r(Gyy, &) = fildo — 1) < €|G1],

* By (G, c) = fildo)| < €G],

® [Bipr (G, ') = fildo +1')| < €|GT],

® |Bagir (G, i)\ Bay—r (G, )| < €1G],

e the cl'’s are pairwise at distance strictly greater than 2dy + 4r'.
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Proof. Choose dy > D + 2r and > r + max; h;(€'/3), ng = w(dy — r), and ny >
max; max(g;(do — 7,€'/3), gi(do, € /3), gi(do + 7,€'/3)). Note that the third condition then
follows from

| By +r(Gors &) \ Bay (G, )| _ || Bapir(Gir &)
<

no i noi i no -1

[e S| e e
Bay (G 2)

no’ -

[
+ fildo +7) — fi(do —7)

and the obvious inequality f;(dy + 1) — fi(dg — 1) < \; — fi(do — 7). O

_|_

Lemma 32. For every € > 0 and ' € N there exist dy,ng € N with the following
properties: Define rooted graphs H;,, = (Bqg,(G\,c"), ") and unrooted graph R, = G\ \

no /)

U; Hin, let G}, = R, U, H;n, and let G, = Unmark(G}). Then for every n = ny:
o [Hin—X|GTIl < €lGl,
* [Biy(Hin, )| > (1= €/e)AlG],
e for every vertex v € R, it holds |B,.(R,,v)| < €|G}|,

e for every r'-local ¢ € FOJIDOCBLl (for the signature of the G,’s) it holds |{¢,G,) —
(¢, G)| < pe'/e.

Proof. Obviously, as ¢ only uses symbols in the signature of the G,,’s it holds (¢, G,,) =

(¢,G}) and (¢, G7) = (0, Gr).
Let 6 be the formula defined as

(\/ diSt(Il, Ci) < do — T’/> V (/\ diSt($’1, Ci) > dO + Tl)?

and let 8® be the formula AP_, 0(x;).
For every n > nyg, it holds (0 G+) = (0, G )P > (1 — € /e)? hence 1 — (0P GH) <
pe’ Je. Thus
(6, G) = (e A 07, GI) < 1= (07, GTT) < peJe

Also, (0P G*) = (0,G*)P > (1 — €' /e)? hence 1 — (0¥, G*) < pe’/e. Thus
(e, G2) — (A OP G2 <1 — (8P G2 < pe' e

According to the 7'-locality of ¢ it holds (pAOP) GF) = (pAOP) G*). Hence (¢, G,,) —
(¢, Gp)| < 2pe'/e. 0

A ~

Now for a € N we let € = e/a,7" = a, H; o = H;;4(a), Ra = Rng(a) and G, = G;O(a).
Then it holds for every n € N:

A

o (H;,)nen is p-non-dispersive,
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o for every vertex v € R, it holds | B,(R,,v)| < €|Gnl,

o for every r-local ¢ € FO;Ocal and every n > r it holds |(¢, G,)) — (¢, G,)| < p/n thus
(Gp)nen and (G )nen have the same FO'limit.

We recall the following construction and result from [20].

Definition 33. Let H; be modelings for i € I C N and let («;);c; be positive real numbers
such that ) ., a; = 1.

Let H be the disjoint union of the H;, let ¥y = {{J, Xi : X, € Xy, } and, for X € Xy,
let v (X) =D, avm, (X N H;).

Then H is the convexr combination of modelings H; with weights o; and we denote it
by Hie[(Hi7 ai)'

(Note that it is easily checked that ], ,(H;, a;) is a modeling.)

Definition 34 ( [20]). A family of sequences (A;,,)nen (¢ € I) of A\-structures is uniformly
elementarily convergent if, for every formula ¢ € FO1()) there is an integer N such that
it holds

Vie, V' >n>N, (A, (30)6@) = (Aiw E (G2)é(2)).

(Note that if a family (A, ,,)nen (¢ € I) of sequences is uniformly elementarily conver-
gent, then each sequence (A, )nen is elementarily convergent.)
The following theorem is proved in [20]:

Theorem 35. Assume J is a countable set, oy (i € 1) are reals, and (B, )nen (i € 1) are
sequences of \-structures such that a; = lim,,_,« |U|]il+g“l (Viel), > ., =1, and for
jer Bin
each i € I, (Bjn)nen 1S FO"“_convergent. Then A, = U,e;Bin is FO"“<l_convergent.
local
Also, if there exist A-modelings L; (i € I) such that for each i € I, B,,, LSARN L;, then

Ay, % [, (Ls, ).
Moreover, if the family {(Bi,)nen : i € I} is uniformly elementarily-convergent, then
(A )nen is FO-convergent. Also, if there exist \-modelings L; (i € I) such that for each

i € I it holds B, o, L; (fori> 0 andi =0 if ag > 0) and By, FOo, Lo (if ag =0)
then An E>]_L—eI(LZ',OzZ‘).

iel

Theorem 36. Let (G,)nen be an FO;OC&l—convergent sequence. Then there exist a p-
non-dispersive FO;OC&l—convergent sequences (I:Iz-,n)neN of rooted graphs (i € N), a residual

FOLOC&l—convergent sequence (Ry,)nen, positive real numbers \; > 0 with sum at most 1,
and an increasing function ¢ : N — N such that:

an)neN and (é’n)neN have the same FO° limit, where G,, = R,, U
H;,).

1. The sequences

Uieny Unmark(
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2. If (]:Ii,n)nEN has FOLOC&l—modelmg limit L;, (}?n)neN has FOY“*"_modeling limit Ly,
A =1=> cnAi; and L = [[;5¢(Li, \i), then Unmark(L) is an FOY“-modeling
limit of (G)nen-

3. Furthermore, if (Gy)nen is FO,-convergent, then it has a modeling FO,-limit, which
can be obtained by first cleaning Lo, computing L, taking the disjoint union with
some countable graph, and then forgetting marks.

Our main result immediately follows from Theorem 36

Theorem 1. Let C be a hereditary class of structures.
Assume that for every A, € C and every p, € A, (n € N) the following properties
hold:

1. if (Ap)nen is FOY“convergent and residual, then it has a modeling FOY™-limit;

2. if (Ap, p)nen is FO“_convergent (resp. FOLOC&l-convergent) and p-non-dispersive
then it has a modeling FO™ ™ limit (resp. a FO;OC&l-limit).

Then C admits modeling limits (resp. modeling FO,-limits).

Moreover, if in cases (1) and (2) the modeling limits satisfy the Strong Finitary Mass
Transport Principle, then C admits modeling limits (resp. modeling FO,-limits) that sat-
1sfy the Strong Finitary Mass Transport Principle.

7 Extended Comb Lemma

Definition 37. A component relation system for a class C of modelings is a sequence wy
of equivalence relations such that for every d € N and for every A € C there is a partition
of the wy-equivalence classes of A into two parts & (wg, A) and &, (wg, A) such that:

e cvery class in & (wg, A) is a singleton;
o UA(U& (e, A)) < €e(d) +n(|A]) (where limy o €(d) = lim,, o n(n) = 0);

e two vertices z,y in |J &, (wy, A) belong to a same connected component of A if and
only if A | wy(z,y) (i.e. iff z and y belong to a same class).

The proof of the next theorem essentially follows the lines of Section 3.3 of [20]. We
do not provide the updated version of the proof here, as the proof is quite long and
technical, but does not present particular additional difficulties when compared to the
original version.

Theorem 38 (Extended comb structure). Let (A, )nen be an FO°“_convergent sequence
of finite A-structures with component relation system wy.

Then there exist I C NU{0} and, for each i € I, a real ; and a sequence (B ,,)nen
of A-structures, such that Ay, = J;c; By (for alln € N), .., a; =1, and for eachi € 1
it holds
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o o; = lim,_, %, and o; > 0 if i # 0;
o ifi=0 and ap > 0 then (B, ,)nen 1S FO"“_convergent and residual;

o ifi >0 then (Bin)nen is FO"“_convergent and non-dispersive.

Moreover, if (Ap)nen is FO-convergent we can require the family {(B;,)nen : @ € I} to be
uniformly elementarily-convergent.

8 Limit of Forests

8.1 Limit of Residual Sequences of Forests

In this section we shall prove that every FOP®convergent residual sequence of trees has
a modeling FO*limit that satisfies the Strong Finitary Mass Transport Principle.

In this section, we consider rooted forests with edges oriented from the roots. Roots
are marked by unary relation M and arcs by binary relation R. Rooted forests are defined
by the following countable set of axioms:

1. for each r € N, a formula stating that two distinct roots are at distance at least r
(for each r € N);

2. a formula stating that every vertex has indegree exactly one if it is not a root, and
zero if it is a root;

3. for each r € N, a formula stating that there is no circuit of length r.

In other words, a rooted forest is an directed acyclic graph such that all the vertices but
the roots (which are sources) have indegree 1, and such that each connected component
contains at most one root. Note that a rooted forest has two types of connected compo-
nents: connected components that contain a root, and (infinite) connected components
that do not contain a root.

We first state a lemma relating first-order properties of p-tuples in a rooted forest to
first-order properties of individual vertices.

Lemma 39. Fiz rooted forests Y,Y'. Let uy,...,u, be p vertices of Y, let uy, ..., u, be
p vertices of Y', and let r,n € N. We denote by Parent the first-order defined mapping
that maps a non-root vertex to its unique in-neighbor and leaves roots fixed.

Assume that for every 1 < i < p and every pr-local formula ¢ € FOP™ with quantifier
rank at most n + r it holds

Y Eo(uw) <<= Yo
and that for every 1 < i,7 < p and every 0 < k,l < r, it holds
Y = Parent®(u;) = Parent'(u;) <= Y’ |= Parent"(u}) = Parent(u}).
Then, for every r-local formula i € FO;OOcal with quantifier rank at most n it holds

Y EY(u,...,u) = Y EYW,...u).
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Proof. The proof is similar to the proof of Lemma 4.13 in [20]. O

Lemma 40. Every FOP® - convergent residual sequence of forests (Yy)nen has a modeling
FOY_limit that satisfies the Strong Finitary Mass Transport Principle.

Proof. Let (Y,)nen be an FOP®convergent residual sequence of forests. We mark a root
(by unary relation M) in each connected component of Y,, and orient the edges of Y;, from
the root (we denote by R(x,y) the binary relation expressing the existence of an arc from
x to y). By extracting a subsequence, we assume that (the rooted oriented) (Y}, )nen is
FO**_convergent.

Connected components of the limit may or not contain a root. For instance, if Y, is
the union of \/n copies of stars of order y/n, then every connected component in the limit
contains a root; however, if Y, is a path of length n, only one connected component (with
zero measure) in the limit contains a root.

Local formulas form a Boolean algebra. Let S(B(FO)) be the dual Stone space,
and let S; be the closed subspace of S(B(FOP®)) formed by all the T € S(B(FOP))
that contain all the axioms of rooted forests (see the beginning of this section).

As (Y)nen is FOP-convergent, there exists (see [18,20]) a limit measure p on S
such that for every ¢ € FOP® it holds

n—oo

lim (9, Y,) = / ¢ (T) du(T),

where K(¢) ={T € S1: ¢ € T}.
We partition S; into countably many measurable parts as follows:

e for each non-negative integer r, SY) denotes the clopen subset of S; defined by
S = {T: ((32) M(2) Adist(z,21) =) € T}:
e 57 is the closed subset of S} defined by

Sy=s\Js".

r>0

We further define a measurable mapping ¢ : [0,1) — [0,1) as follows: Let x € [0,1),
x =3 027" (with {i : z; = 1} not cofinite). We define

((x) = (O 2227") mod 1.

1€EN

We define F': 51 — S by

{T if M(z,) €T
F(T) =
{¢: ((F2)R(z,21) Np(2)) € T} otherwise
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(Note that F(T) is indeed an ultrafilter of B(FOP®) as there exists exactly one z such
that R(z,x1).)
Define w : 57\ Sio) — {0,1,...,00} as the supremum of the integers k such that there

exists a tree A with universe A and a € A such that there are at least k childs by, ..., b
of a such that for all ¢ € FO" it holds A |= ¢(b;) if and only if ¢ € T.

Finally, we define the mapping ¢ : (S \ 5\”) x [0,1) — [0,1) by

(. ):{w(T)amodl if w(T) < oo

C(a) otherwise
Note that for every (T, ) € (S1\ 5\”) x [0,1), the set

{O/ < [07 1) : f(T, a,) = §(T7 a)}

has cardinality w(T") (if w(T") < 00) and is infinite (if w(7T) = c0).

Using these special functions, we can construct limit modelings of residual sequences
of forests with the following simple form:

Let Z = (U, 0 S o, 1)) U (S} x [0,1) x S'), where S* is the unit circle (identified
here with reals mod 27). It is clear that Z is the standard Borel space. We fix a real 6
such that #; and 7 are incommensurable, and we define a rooted directed forest Z on Z
has follows:

o for z € Z, it holds M(z) if and only if z € 5{” x [0, 1);

e for positive integer r and z € SY) x [0,1), z = (T, ), the vertex z has exactly one
incoming edge from the vertex (F(T),&(T, o)) € S [0,1);

o for 2 € Sy x [0,1) x S, z = (T, , ) the vertex z has exactly one incoming edge
from the vertex (F(T),&(T, a), 8 + 6y).

It is easily checked that for z € Z (2 = (T,«a) or z = (T, «,0)), the set of formulas
¢ € FOY such that Z |= ¢(z) is exactly T.

We now prove that Z is a relational sample space. It suffices to prove that for every
p € N and every ¢ € FO;DOcal the set

0(Z) ={(v1,...,0) €V Z = o(v1,...,v,)}

is measurable.

Let p € FOLOcal and let n = qrank(y). We partition V}, into equivalence classes modulo
="*", which we denote Ci,...,Cy. Let i1,...,i, € [N] and, for 1 < j < p, let v; and v}
belong to Cj,. According to Lemma 39, if for every 1 <i < j < pand 1 < k,l <7 it
holds

Parent”(u;) = Parent'(u,j) <= Parent"(u}) = Parent(u, j')

then it holds
(V1,..,0p) €Q(Z) = (v},...,v,) € p(Z).
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According to the encoding of the vertices of Z, the conditions on the common ancestors
rewrite as equalities and inequalities of iterated measurable functions [0,1] — [0,1). It
follows that ¢(Z) is measurable. Thus Z is a relational sample space.

We define a probability measure vz on Z to turn Z into a modeling as follows:

e onlJ,, S{r) x [0, 1), vz is the product of the restriction of u and the Borel measure
on [0, 1);

e on 57 x [0,1) x S, vz is the product of the restriction of u, the Borel measure on
[0,1), and the Haar (rotation invariant) probability measure of S'.

It is easily checked from the above definition of Z (and of course (, F, &, w) that the
modeling Z is a modeling FOP*limit of (Y;,),ex, and that if p satisfies the Finitary Mass
Transport Principle then Z satisfies the Strong Finitary Mass Transport Principle. O

The construction of a modeling FO“*limit for the root-free part resembles spinning
wheel of a limit forest (cf [2]) and it is schematically illustrated on Fig 1.

8.2 Limit of p-non-dispersive Sequences of Trees

Let X be the signature of graphs, \* the signature of graphs with additional unary relation
R, A\ the signature of graphs with additional unary relations R and P, A\ the signature
of graphs with countably many additional unary relations M; and N; (i € N). We consider
two basic interpretation schemes, which we made use of already in [20]:

1. ly_r is a basic interpretation scheme of AT-structures in A®-structures defined as
follows: for every A-structure A, the domain of ly_,z(A) is the same as the domain
of A, and it holds (for every z,y € A):

yor(A)Frz~y <= Al (z~y)A-R@)A-R(y)

lyor(A) E R(z) <= AE(32) R(E)A(z~2x)

lyor(A) E P(x) <= A R()
In particular, if Y is a A*-tree, with a single vertex marked by R (the root), ly_ g
maps Y into a AT-forest ly_, p(Y'), formed by the subtrees rooted at the childs of the

former root (roots marked by R) and a single vertex rooted principal component
(the former root, marked P);

2. lp_y is a basic interpretation scheme of A*-structures in A\*-structures defined as
follows: for every AT-structure A, the domain of I,y (A) is the same as the domain
of A, and it holds (for every z,y € A):

lroa(A)Fr~y = Al (z~y)VERE@) APY) VY R(y) A P(x)
lra(A) E R(z) <= AR P()
In particular, lp_,y maps a AT-forest F' with all connected components rooted by R,

except exactly one rooted by P into a A*-tree |p_,y (F') by making each non principal
root a child of the principal root.
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Figure 1: Modeling FOY**"limit of a /n-path of stars of order \/n. Vertex x is adjacent
to 2% vertices on a segment and to two vertices obtained by rotation of +6,, where 6, is
irrational to 7.

Lemma 41. Fvery FO-convergent p-non-dispersive sequence of rooted trees (Yy)nen has
a modeling FO-limit.

Proof. Let (Yy,)nen be an FO-convergent p-non-dispersive sequence of rooted trees. Then
ly 7 (Yn)nen is an FO-convergent sequence of rooted forests. According to Theorem 38,
there exist I C N, reals o, sequences (B;,)nen for i € I U {0}, such that:

® ap >0, ;>0 (fori € 1), and >0y 0 =15
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e Y, is the union of the B;,, (i € I U{0});

lim,, 00 | Bin|/|Yn] = i (for i € 1 U{0});

(Bon)nen 1s an FO"l_convergent residual sequence if o > 0;

® (Bin)nen is an FO"l_convergent non-dispersive sequence;
o the family {(B;,, pin)nen : ¢ € I} is uniformly elementarily convergent.

In this situation we apply Theorem 35:
We denote by L; and Ly the modeling limits, so that

o (Bin) ~> L (for i € N);
FO . FOy .
e (By,) — Ly (if ag > 0), and (By,,) —> Lo (otherwise).

Then we have (by Theorem 35):

Yo = oy (] (Lisew)).

1€IU{0}

It is easily checked that each sequence (B;,)nen is p-non-dispersive (for B;,, rooted
at its marked vertex), as a direct consequence of the fact that (Y,),en (rooted at marked
vertex) is p-non-dispersive.

If we repeat the same process on each p-non-dispersive sequence (B;,)nen (for i €
I'\ {0}), we inductively construct a countable rooted tree S and, associated to each node
v of the tree, a residual sequence of forests (F), ,,)nen and a weight A,. If we have started
with a p-non-dispersive sequence, then (by the definition of a p-non-dispersive sequence)
for every € > 0 there is integer d such that for sufficiently large n the ball of radius d
around the root in Y,, contains at least 1 — e proportion of |Y,|. Thus at the limit we get
that the sum of the measures of the residues attached to the nodes at height at most d is
at least 1 —e.

According to Lemma 40, for each residual FO-convergent sequence (F, ,)nen of forests
there is a rooted tree modeling LY that is the FOP®.limit of (I oy (Fun))nen. Hence,
according to Lemmas 20, 21, and 23, there is a rooted tree modeling L,, which is the
FO-limit of (Ip_y (Fyn))nen-

The grafting of the modelings L, on the rooted tree S (with weights \,) form a final
modeling L.

We prove that L is a relational sample space: each first-order definable subset of L
is a L,,,-definable subsets of the countable union of all the L, in which the roots of all
the roots have been marked by distinct unary relations M,. As the used language in
countable, it follows from Lemma 7 that L, -definable subsets are Borel measurable.

Let d € N, and let Y, be the subtree of Y,, induced by vertices at distance at most
d from the root. As the trees Y,? are obtained by an obvious interpretation, we get that
(ngd))neN is FO-convergent. Now consider L(® | obtained from L by restricting to the set
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X, of the vertices at distance at most d from the root. As the set X, is first-order defined,
it is measurable. It follows that X, (with induced o-algebra) is a standard Borel space,
and that L9 is a relational sample space. We define a probability measure on L@ by
Vi@ = vL/vL(Xq), thus defining the modeling L®. By applying iteratively (at depth d)
Theorem 35 and the interpretation |g_.y we easily deduce that L@ is a modeling FO-limit
of (Yn(d))neN. Thus, according to Lemma 28, we deduce that L is a modeling FO©.limit
of the sequence (Y},)nen. By Lemma 27, we deduce that (Y},),en has a modeling FO-limit,
which is the union of L and a countable graph. O

Theorem 2. Every FO-convergent sequence of finite forests has a modeling FO-limit that
satisfies the Strong Finitary Mass Transport Principle.

Proof. The theorem is an immediate consequence of Theorem 1 and Lemmas 40 and 41.
O

9 Conclusion

We do not have an inverse theorem for tree-modeling. There are tree-modelings (as
pointed out by the referee) that satisfy the Strong Finitary Mass Transport Principle
and whose complete theory has the finite model property but are not modeling limits
of a sequence of finite trees, as witnessed by an acyclic 3-regular graphing (which is a
modelling). However, if the tree modeling required to be oriented in such a way that the
root is a sink and non-roots have outdegree one and if any finite subset of the complete
theory of the modeling has a connected finite model, we believe that the modeling is the
FO-limit of a sequence of finite rooted trees.

We believe that our approach can be used to obtain modeling limits of further classes of
graphs. In particular, we believe that the structure “residual limits grafted on a countable
skeleton” might well be universal for sequences of nowhere dense graphs.
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