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Abstract

The Boolean lattice 2" is the power set of [n] ordered by inclusion. A chain
co C -+ C ¢ in 2 is rank-symmetric, if lci| + |ck—i| =n for i =0,...,k; and it is
symmetric, if |¢;| = (n — k)/2 + i. We prove that there exist a bijection

p: [n)CGYD - [n)s7/2)

>n/2)

and a partial ordering < on [n]( satisfying the following properties:

e C is an extension of < on [n]G™/?);
e if C' C [n]>™/?) is a chain with respect to <, then p(C)UC is a rank-symmetric
chain in 2", where p(C) = {p(z) : z € C};
e the poset ([2]>™/?), <) has the so called normalized matching property.
We show two applications of this result.
A conjecture of Fiiredi asks if 2" can be partitioned into (LnT/LQ j) chains such
that the size of any two chains differ by at most 1. We prove an asymptotic version

of this conjecture with the additional condition that every chain in the partition is
rank-symmetric: 2" can be partitioned into (Ln% j) rank-symmetric chains, each of

size ©(y/n).

Our second application gives a lower bound for the number of symmetric chain
partitions of 2"/, We show that 2/ has at least 292(2"logn/ vn) symmetric chain
partitions.
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1 Introduction

Let us introduce the main definitions and notation used throughout the paper. The
notation is mostly standard and can be found in [1], for example.

The Boolean lattice 2" is the power set of [n] = {1,...,n} ordered by inclusion. The
family of k element subsets of [n] is denoted by [n]®*); also [n](S*) = {z € 2I" . |z| < K},
and define [n]**) similarly.

A chain in a poset is a subset of pairwise comparable elements. A chain C' C 2

with elements ¢y C -+ C ¢ is rank-symmetric, if |¢;| + |cx—;| = n, and C' is skipless, if
lci| = |co| + @ for i = 0,..., k. A chain is symmetric, if it is rank-symmetric and skipless.
A poset P is graded if there exists a partition of its elements into subsets Ag, A1, ..., A,

such that Aj is the set of minimal elements, and whenever x € A; and x < y with no
r < z <y, then y € A;y;. If there exists such a partition, then it is unique and
Ag, Aq, ..., A, are the levels of P. If x € A;, then the rank of x is ¢ and it is denoted by
rk(z).

A graded poset P is unimodal if there exists 0 < m < n such that |Ag| < ... < |4,
and |An,| = |Ami1] = ... = |As|. Also, P is rank-symmetric, if we have |A4;| = |A,,—;| for
1=0,...,n.

A bipartite graph G = (A, B, E) is a normalized matching graph, if for any X C A we
have

IX] _ IP(x)
|Al |B|
where I'(X) is the set of neighbours of A in B. A graded poset P is a normalized matching

poset (or satisfies the normalized matching property), if the bipartite comparability graph
induced on any two levels A; and A; is a normalized matching graph for ¢, j € {0,...,n},

i 7.

It is easy to show that 2" is a rank-symmetric, unimodal normalized matching poset.

By the classical theorem of Sperner [15], the minimum number of chains 2" can
be partitioned into is (Lr:/L?J)' Also, Brujin et al. [2] showed that 2" admits a chain
decomposition into (7;;2 J) symmetric chains; later Griggs |7] extended their result by
proving that every rank-symmetric, unimodal normalized matching poset has a symmetric
chain decomposition.

The aim of this paper is to show the existence of a relatively “rich” subposet of (2", ),
where every chain corresponds to a rank-symmetric chain in 2/, and every chain partition
corresponds to a chain partition of 2™ into rank-symmetric chains. Here, rich means that
the poset has the normalized matching property. Our main result is the following.

Theorem 1. For every positive integer n, there exist a bijection
p: [n](>n/2) s [n](sn/2)
and a partial ordering < on [n]*™"? such that

(i) C is an extension of <;
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(ii) if C C [n]®™?) is a chain with respect to <, then CUp(C) is a rank-symmetric chain
in 2" where p(C) = {p(x) : z € C};

(iii) the poset ([n]*™?), <) satisfies the normalized matching property.

We also show two applications of this theorem.

The first application is the following rank-symmetric variant of a problem of Fiiredi.
Note that in a symmetric chain decomposition of 2", we must have (7;) — (l’jl) chains of
size n +1—2i for : = 0,...,|n/2]. Vaguely saying, this chain decomposition contains
short and long chains as well. In contrast to this observation, Fiiredi [5] proposed the
following problem.

Conjecture 2. Let n be a positive integer. The Boolean lattice 2" can be partitioned
imnto (Ln% J) chains such that the size of any two chains differ by at most 1.

If the conjecture is true, it means that 2[") admits a chain partition into (Ln72 j) chains

such that the size of each chain is ~ /7 /2y/n. While this conjecture is still open, there
are a few partial results. Hsu, Logan, Shahriari and Towse [9] proved that there exists
a chain partition into <LnT/L2 J> skipless chains such that the size of each chain is at least

Vn/2+ O(1). Also, the author of this paper [16] proved that there is a chain partition of
2" into ( "2 ) chains such that the size of each chain is between 0.8/n and 13/n. We
also propose(f the following rank-symmetric version of Conjecture 2.

Conjecture 3. Let n be a positive integer. The Boolean lattice 2" can be partitioned
nto (LnT/LzJ) rank-symmetric chains such that the size of any two chains differ in at most

To demonstrate the difficulty of the problem, we challenge the reader to think about
the following much weaker result: if h is fixed and n is sufficiently large, then 2" can
be partitioned into rank-symmetric chains, each of size at least h. While this problem is
not too hard in the case we do not demand our chains to be rank-symmetric, we have to
overcome extra obstacles in the rank-symmetric case.

In this paper, we prove the following result concerning Conjecture 3.

Theorem 4. Let

* Nogk — /og(k — 1
— V2 ¥k kog( )~ 0.8482.

For any € > 0 there exists an N, such that if n > N, then 2" can be partitioned into
(Ln7/L2J) rank-symmetric chains, all of them of size between (v — €)/n and O(y/n/e).

In particular, if n is sufficiently large, there is a chain partition of 2" into (Ln72J)
rank-symmetric chains such that the size of each chain is between 0.8y/n and 13+/n.

We note that this is exactly the same result as Theorem 1.5 in [16], but with the
additional condition that our chains are rank-symmetric.
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With our second application, we show that the poset ([n]*"/?), <) can be used to
construct a lot of different symmetric chain decompositions of 2. We deduce the
following lower bound on the number of symmetric chain partitions of 2%

Theorem 5. The Boolean lattice 2" has at least

29(2" logn/+/n)

different partitions into (Ln72 J) symmetric chains.

In the proof, we also establish a nontrivial lower bound for the number of matchings
in an arbitrary normalized matching graph.

2 The proof of Theorem 1

In this section, we prove Theorem 1. The proof relies on the following well known
symmetric chain decomposition of 2", which we shall refer to as the canonical symmetric
chain decomposition (CSCD). The CSCD was first introduced by De Bruijn, Tengbergen,
Kruyswijk [2] in a more general setting, and later by Kleitman [12]. Let us define this
chain partition.

The most convenient way to define the CSCD is by induction. In case n = 1, this chain
decomposition is formed by one chain: {0, {1}}. Let m = (L(nT:)l/QJ) and let Cy,...,C,, be
the chains in the CSCD of 2"~1. The CSDC of 2 is defined as follows. Fori =1,...,m,
define the chains C} and C? such that if the elements of C; are x; C - -+ C xy, then

Cl = C;U{z, U{n}},

C?={z;U{n}:1<i<k—-1}.

One can easily check that the nonempty chains among {C? }f;lzm form a symmetric

chain decomposition of 2. We set this as the CSCD of 2/,

For simplicity, write @ = [n]*™?). Now we shall define our bijection p : Q — [n](<"/?)
with respect to the CSCD. Let z € @ and let C' be the unique chain in the CSCD
containing x. As C'is symmetric, C' contains a unique element y such that |y| + |z| = n.
Set p(z) = y.

Define the relation < on @) as follows. Let y < x if

p(z) Cply) CyCua.

As C is a partial order, < is also a partial order. Hence, (Q, <) is a partially ordered
set. Furthermore, @ has the following important property: if C'is a chain in (@, <), then
C Up(C) is a rank-symmetric chain in (2I"), C), where p(C) = {p(x) : # € C'}. Hence, our
task is reduced to proving the following theorem.
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Theorem 6. The graded poset (Q), <) is a normalized matching poset.

To prove this theorem, we first analyze the properties of the CSCD of 2", Instead of
using the inductive construction, we shall rely on the following description of the CSCD,
discovered by Greene and Kleitman [6], and independently Leeb (unpublished).

First, let us introduce some notation. If v is an element of a cartesian product with
d terms and ¢ € [d], then v; denotes the i-th coordinate of v. As usual, let [i,j] =
{i,i+1,...,5} for 4,7 integers with i < j. Also, for z € 2"/ let

The signature of x, denoted by sg(x), is an element of {0, 1, x}" defined as follows.

If i € x and there exists an integer j with i < j < n such that ¢,(i,j) = 0, then
sg(z); = 1. The smallest such j is the pair of i in = and is denoted by pr,(i). If there is
no such j, then sg(z); = *.

If i ¢ = and there exists an integer j with 1 < j < ¢ such that ¢,(j,7) = 0, then
sg(z); = 0. The largest such j is the pair of i in x and is denoted by pr,(i). If there is
no such j, then sg(x); = *.

Let %(x) = {i € [n] : sg(z); = %}, and define 0(x) and 1(z) similarly. Also, let
I(z) = {[i,pr.(i)] : i € 1(x)} be the set of intervals whose endpoints are the pairs of .

For example, if z = {2,3,4,6,7,10,11} € 2012 then

sg<x) - (*7 *7 *7 1707 ]‘? 1707 07 *7 170)7

so x(z) ={1,2,3,10}, 1(z) = {4,6,7,11} and 0(z) = {5,8,9, 12}.

The signature of x can be interpreted in another way as well. Using our earlier example,
write x as ()))())(())(, where ")" represents the elements in x and "(" represents the
elements not in z. Then, we have sg(x); = * if the bracket representing i is invalid, in
other words does not have a pair.

Define the equivalence relation ~ on 2" such that z ~ y if sg(z) = sg(y). The result
of Greene and Kleitman [6] is the following connection between the signature and the

CSCD.
Proposition 7. The complete equivalence classes of ~ are the chains in the CSCD.

Now we shall list some of the most important properties of the signature. We avoid
their proof, as they can be easily verified by the reader. Also, we shall present a proof
of the properties listed in Proposition 10, which are quite similar to the ones we describe
now.

Proposition 8. Let z € 2",

(1) If i € [n] and j = pry(i) exists, then pr.(j) exists as well and pr,(j) = i. Also,
sg(x); =1 = sg(z);.

(ii) max(x(z) \ z) < min(z N *(x)).
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(iii) Any two intervals in I(x) are either disjoint, or one is contained in the other. Also,
the intervals are disjoint from *(x).

In the light of Proposition 7 and Proposition 8, let us propose the following more
useable description of <.

Proposition 9. Let k > n/2+ 1, v € [n]®, and let iy < --- < i; be the elements of
x N x(z). Also, let b € x andy = x \ {b}. Then y < x if and only if b = i, with
u € 2k — n].

Proof. Let C' be the ~ equivalence class of x. The elements of C' not larger than = have
the form 1(z) U {iy41,... %} with w = 0,...,t. As we have |1(z)| = k — ¢, the pair of z
is p(z) = 1(x) U {igk—nt1s- - -0t}

Suppose that y < z. As p(z) C y, we must have b = 4,, with some u € [2k — n].

Now we only need to show that in this case, p(x) C p(y) holds as well. If b = 4, then
p(y), p(x),z,y are all elements of C', hence we are done.

Now suppose that b = i, with u € {2,...,2k —n}. Look at the interval J = [i,_1 +
1,4, — 1]. This interval is disjoint from *(z), so it is the union of disjoint intervals
lai,b1], ..., [ar, b € I(x). Hence,

Cx@uflaiu) =2+ Zcx(ajvbj) =2.
j=1

But then ¢, (iy—1,%,) = 0, so sg(y)i,_, = 1 and sg(y);, = 0. Also, sg(x) and sg(y) agrees
on every coordinate other than i, ; and é,. Thus,

Yy = 1(y) U {ila"'vit}\{iu}

and
p(y) = 1(y) U {iok—nt1,- .., 0} = p(x) U {iy_1}.
This shows that p(z) C p(y). 0

By Proposition 9, the bipartite comparability graph of (@), <) induced on the levels
[n]*~D and [n]*) is 2k — n regular from [n]*). However, it is not regular from [n]*~1,
Also, while this proposition lets us identify the neighbours of any x € [n](k) in [n] (k—1)

easily, finding a description of the neighbours of y € [n]*~1) in [n]* is more troublesome.

However, we shall overcome this obstacle by slightly modifying the definition of the
signature. We introduce the circular signature of an element z € 2", The circular
signature of x is denoted by csg(z), and is an element of {0, 1, *}" defined as follows.

View x as a subset of Z,, the ring of integers modulo n. For i,j € Z,, define the
interval [i, 7], C Z, such that

o Jld) if i < j
i b {[z’,n]u[l,j] if i > j.
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Figure 1: The poset (@, <) for n = 4.

For z € 2I"| define the function

¢ (1,3) = 1[i, ln N & = [[i, j]n \ 2.

If i € x and there exists j € Z,, such that c,(i,7) = 0, then csg(z); = 1 and the circular
pair of i in x is the j with this property for which |[¢, j],| is the smallest and is denoted
by prl (i). If there is no such j, then csg(z); = *.

If i ¢ x and there exists j € Z, such that ¢,(j,7) = 0, then csg(z); = 0 and the
circular pair of i in x is the j with this property for which |[j,],| is the smallest and is
denoted by pr’.(i). If there is no such j, then csg(z); = *.

Also, let «'(x) = {i € [n] : csg(x); = *} and define 0'(z) and 1'(x) similarly. Finally,
let I'(x) = {[t,prs()], : i € I'(x)}.

We note that the idea of circular signature can be also found in [11]. Taking our earlier
example x = {2,3,4,6,7,10,11} € 2["Yl, now we have

csg(x) = (0,%,%,1,0,1,1,0,0,1,1,0).

Also, *'(x) = {2,3}, 0'(z) = {1,5,8,9,12} and 1'(x) = {4,6,7,10, 11}.
The following proposition lists the properties of the circular signature and helps us
compare it with the signature.

Proposition 10. Let 2 € [n]®) with n/2 < k < n. Leti, < --- < i, be the elements of
() Nz and j; < -+ < jJi_oktn be the elements of *(x) \ x.

(i) Ifi € [n] and j = prl (i) exists, then pri(j) exists and i = prl(j). Also, csg(z); #
csg(x);.

(ii) Ifi € [n)\ x(z), then csg(x); = sg(x); and pr.(i) = pr.(i).
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(iii) Any two intervals in I'(x) are either disjoint or one is contained in the other. Also,
the intervals are disjoint from *'(z).

(iv) If 1 <r <2k —n, then csg(x);, = *.

(v) If2k—n <r <t, then csg(x);. =1 and prl(i,) = jir1—r. Also, if 1 < s <t—2k+n,
then csg(z);, = 0 and prl(js) = ti41-s-

Proof. (i) Look at case i € z, the proof in the other case is similar. The function ¢ (7, y)
changes by 1 as y changes by 1 mod n, and ,(i,i) = 1. Hence, ¢, (i,y) > 0 for all
y € [i,j — 1],, and so we must have j ¢ z, proving that csg(z); = 1 — csg(z);.

Also, we have ¢ (i,7) = 0, so prl(j) exists. Let ¢ € [n] be such that ¢, (i, j) = 0 and
[, 7]n| is minimal. Then ¢ € [i,j]. If ¢ # ¢, then ,(i,i") = ¢, (i,7) — c.(i',7) = 0 and
[i,4'],| <[7,j]n|, which is a contradiction.

(ii) If ¢« < j, then c,(¢,7) = (4, ), so this part trivially follows.

(iii) Let [a,b], € I'(x). The function ¢, (a,y) changes by 1 as y changes by 1 mod n.
Also, d,(a,a) =1, so d,(a,y) > 0 for all y € [a,b],, y #b. Let ¢ € |a,bl,, ¢ # a,b. Then
c (c,b) < 0. But ,(c,c) =1, hence there exist d € [¢,b — 1],, such that ¢, (c,d) = 0. This
means that [a, b],, is disjoint from *'(x), and every interval in I’(x) intersecting [a, ], is
either contained in [a, b],, or contains [a, b],,.

(iv)-(v) If ¢ (i, 7) = 0 for some j € [n], then the j for which |[i,, j],| is minimal, must

be equal to one of ji,...,Ji—2k+n. Suppose j = ju. As j» < i, we have ¢, (i, j) =
Co(ir,n) + (1, gp). Let [ag, by],. .., |as, bs] be the maximal intervals in I(z) contained in
iy, n]. Then,

S

e (ir,n) :t—r—i-l—i-ch(al,bl) =t—r+1.

=1
We can show similarly that ¢, (1, ) = —r’. Hence, ¢, (i,,j») = 0 if and only if ' =
t—r+1. O

Now we can describe the neighbours of any element with the help of the circular
signature.

Proposition 11. (i) Let x € [n]® with n/2 < k < n and let iy--- < iy, be the
elements of *'(x). The elements in [n]*~Y) that are <-smaller than x are x \
{ir}, ..., 2\ {iog—n}. Furthermore, for u = 1,...,2k — n, the interval [iy_1,iy|n
is a mazimal interval in I'(x \ {i,}), where the index u — 1 meant modulo 2k — n.

(ii) Also, if y € [n)*=Y and [j1,pry(51)]n; - - - s s, Py (Js)]n are the mazimal intervals in
I'(y), then there are s elements in [n]*) that are <-larger than y, namely yUpr, (jr)
forr=1,...s.

Proof. (i) The first part of (i) is straightforward from Proposition 9 and Proposition 10.
Now let z = x \ {i,}. We have

VIR G B T U
A A (i,7) =2 ifiy € [i, j]n.
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If © € 1'(z), then [i, pr)(i)], does not contain i,, as every interval in I’(x) is disjoint
from «'(x). Hence, i € 1'(z) as well, and pr’ (i) = pr.(i). Also, let [a1,b1],,. .., |as, bs], be
the maximal intervals in I'(z) contained in [i,_1, 4y),. Then,

S
/
(1, 0) E c(ap,by) = E c.(a, b)) =0
=1

Hence, i, € 1'(2), i, = 0'(2) and pr’z(iu,l) = i, as every element in [i, 1 + 1,7, — 1],
has a pair in z. As | *' (2)| = 2k —n — 2, we must have *'(2) = *'(x) \ {iy_1,7,} and so
I'(z) = I'(x) U{[iu-1, tu)n. The interval [i,_1,1,], is also maximal, as no other interval of
I'(2) contains i,.

(ii) By the second part of (i), if y U {k} > y for some k € [n], then

ke {pr,(j1), .., pr, ()}
Let k, = pr,(j,) and w = y U {k, }. Then, we have

A (i) = ¢y (1, 7) if o 10, 3l
(4, 7) {C( J)+2 if k. € i, j]a

Let a € 1'(y) \ {j-}. As [j,, k;] is a maximal interval in I'(y), we have k, & [a, pry(a)]n.
Hence, ¢, (a,b) = c,(a,b) for all b € [a,pr,(a)],. But this means that a € 1'(w) and
pr,(a) = pry(a). Similarly, if b € 0'(y) \ {k.}, then b € 0'(w) and pr,,(b) = pr, (b).

The sets 1’'(w) and 0'(w) have exactly n — k elements, so we must have 1'(w) =
() \ {j-}, 0'(w) = 0'(y) \ {k.} and ' (w) = «'(y) U {j., k. }. Hence, by the first part of
(i), we have y < w. O

We finished analyzing the poset (@, <). Before we start the proof of Theorem 6, let us
mention the following well known properties of normalized matching graphs and posets.
The first of these properties is the simple fact that in order to show that a poset has the
normalized matching property, it is enough to concentrate on consecutive levels.

Proposition 12. Let (P, <) be a graded poset with levels Ay, ..., A,. Fork=0,...,n—1,
let Gy, = (Ag, Ags1, Ex) be the bipartite graph, where x € Ay and y € Agy1 are joined by
an edge if © < y. If Gy is a normalized matching graph for k =0,... ,n—1, then (P, <)
15 a normalized matching poset.

The second property we shall use is less trivial, but it can be found in various sources
[3, 13]. We state it without proof.

Proposition 13. Let G = (A, B, E) be a bipartite graph. The graph G is a normalized
matching graph if and only if there exist positive real numbers a and b, and a weight
function w : E — RT such that for any v € A we have

Z w(e) = a,

vEe
ecE
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and for any u € B we have

Z w(e) =b.

u€e
eck

Now we are ready to prove Theorem 6, namely that (@, <) is a normalized matching
poset.

Proof of Theorem 6. By Proposition 12, it is enough to show that the bipartite subgraph
of the comparability graph of (@, <) induced on [n]*~1 U [n]®) is a normalized matching
graph for k = [n/2] +1,...,n.

Fix k with n/2 +1 < k < n, and let G = ([n]*=V,[n]*), E) be the bipartite graph,
where z € [n]*~Y and y € [n]®*®) are joined by an edge if + < y. We show that with the
choice a = 2n — 2k + 2 and b = 2k, there is a weight function w : E — R satisfying the
conditions of Proposition 13.

Define w : E — R as follows. Suppose that z € [n]*~Y and y € [n]*) such that z < y
and let the elements of *'(y) be iy - -+ < i9g—,. Then z = y\ {i,} for some 1 < u < 2k —n.
Also, [iy_1,%u)n 18 @ maximal interval in I'(x), where the index u — 1 is meant modulo
2k —n. Let

w({z,y}) = [ltu-1, ulnl

We show that w suffices. Fix 2 € [n]*~Y and let [j1, pr’,(j1)ln, - - -, [Je, o (Ge)]n be the
maximal intervals in I’(z). The neighbours of z in [n]*) are

zULpro (i)} - e U{pre ()}

Hence, we have
t

> wle) = [lju 7 Gu)lnl-

TEe u=1
eclk
But the intervals [j1,p7%(51)]n, - - -, [Je, 2% (3¢)]n are pairwise disjoint and their union is

[n] \ # (), s0 t
Y pr(Gu)lal = 1]\ ¥ (2)] = 20 — 2k +2 = .

Now fix 3 € [n]®) and let 4; - - - < ig;_, be the elements of *'(y). The neighbours of y

in G are
y\{inks -y \ {i2k-n}-
Hence,
2k—n
Zw(e) = Z |[fu—1, iu]nl,
yee u=1
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where the index u — 1 is taken modulo 2k — n. Every element of [n] \ () is contained in
exactly one of the intervals [i1, i2]n, - . ., [(2k—n, ¢1]n, While every element of () is contained
in exactly two of those intervals. Hence,

2k—n
D liu-1, iula| = 2k =1b.
u=1
So the weight function w suffices and (@, <) is a normalized matching poset. H

3 Partitioning the Boolean lattice into rank-symmetric chains of
uniform size

In this section, we prove Theorem 4. In the proof, we apply the following two theorems
from [16].

Theorem 14. Let P be an unimodal normalized matching poset of width w. The poset
P can be partitioned into w chains, each chain of size at most % + 5.

Theorem 15. Let P be a normalized matching poset with levels Ag, Ay, ..., A, and let
a; = |A;] fori=0,...,n. Suppose that w = ay > ay > ... = a,. Let f:{0,...,n} —
N U {oo} be defined by

f(k) =min{i > k:ag1 + ... +a; > w},

where a; = 0 if i > n. Also, let f{ = f and f; = f o f;_1 denote the iterations of f; set
fo = 0. Finally, let d be the largest integer such that f4(0) < oco. The poset P can be
partitioned into w chains of size at least d + 1.

The proof of Theorem 4 is almost the same as the proof of Theorem 1.5 in [16]. For
completeness, we provide the proof here as well, but we shall copy most of it word by
word.

Proof of Theorem 4. Again, let Q = [n]®*™? and choose a bijection p : Q — [n](s"/?)
and partial ordering < such that they satisfy the conditions of Theorem 1. The width of
(Q,<) isw = <Ln72 j) as the symmetric chain decomposition of 2" also defines a chain

decomposition of (@), <) into w chains. (It also follows from the normalized matching
property.) For i =0,...,|n/2], let A; = [n]("/21+9 First, we need some approximation
of the size of the level A;, where i = O(y/n).

Using Stirling’s approximation one can easily get the estimation that for any ¢t € R

e e <n/2 Lﬁ) = (1+ 0(1))2"e2t2\/% = (14 o(1))e * w, @

as n — 0.
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For k =1,2,..., let T, > 0 be the smallest integer such that (

by (1) we have Ty, = (1/v/2 + o(1))/ny/Iog k.

Let K be the smallest positive integer such that

K
Vg k — \/log(k — 1
O‘_E<\/§Z 0og og( )
2 P k

(n/2711+Tk) < w/k. Then,

Note that for £ > 2 we have

Viogk — /loglh— 1) (logh) — (log(k—1)) 1

< —.

k  k(\log(k — 1) + VIogk) k2
V1 \/1 —1)
Hence, the tail of the sum Z 08 K og(k
k=2

can be easily bounded:

K

Z Viog k \/log - 1) Z
k=K+1 k=K+1 k2

This implies K = O(1/e).

Let P be the subposet of (@), <) induced by the levels Ay, ..., Az, . Define f and d as
in Theorem 15. For k =2 3,..., K, if T),_1 < j < T} — k, then f(j) = j + k. Hence,

153 (BB (1) v T

— +o(1)

- V2 -
> G + 0(1)) vi(a-5). (3)

Thus, by Theorem 15 there exists a chain partition of P into w chains, each of size at
least (1/2 + o(1))y/n(a — €/2) and at most

Tx = (% + 0(1)> Vvny/log K.

Let {Cx}meBWﬂ be such a partition with x € C;, for all x € By, /2.
Let P’ be the subposet of @ induced by the levels Az, ..., Aj,/2). Then P’ is also a
unimodal normalized matching poset with width

W = |Ar | = (% + 0(1)) w,

Thus, by Theorem 14, P’ has a partition into w’ chains, each of size at most

AP| o 2K +o(IQl _ (Ko o o [
w' w w 2
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Let {Dy}yeBMMHTK be such a partition with y € D, for all y € By, 2147, -
For all z € By, o1, let C, = C, if C,NAp, = 0 and let C!, = C,UD, if C,NAr, = {y}.
Then {C’, : © € Ay} is a partition of @) satisfying

™n

G + 0(1)) (a - %) Vi < |Gy < Tie + (K + o(1)y /-

for all z € Ay. Here, the right hand side equals to

(5 ) o).

Hence, {C’. Up(C") : x € Ay} is a chain partition of 2" into rank-symmetric chains
of size between (o — €/2 4 o(1))y/n and O(y/n/e).

Setting € = 0.04, one can get the exact bounds 0.8y/n and 13+/n for sufficiently large
n. We shall avoid doing these calculations. O]

4 The number of symmetric chain partitions
of the Boolean lattice

In this section, we present bounds on the number of symmetric chain decompositions of
2" and we prove Theorem 5. First, we show a short proof of a slightly worse bound than
the one we have in Theorem 5, without using Theorem 1. This simple proof exploits the
inductive method we used to define the CSCD.

Proposition 16. The Boolean lattice 2" has at least
92" /v/n)

symmetric chain decompositions.

Proof. Let m = (L(n”__l)l /o j) and let C1,...,C,, be a symmetric chain decomposition of
2= such that [Cy| > --- > |Cp|. Let 1 < [ < m be the largest integer such that
|Cy| > 1, then

1= (o yeg) = 0@

For each sequence (iy,...,4) € {0,1}, we define the following symmetric chain partition
of 2",

For j=1+1,...,m, let C; = {x,x U {n}}, where z is the only element of C;. For
J € [l], let the elements of C; be xy C -+ C . If i; =0, let

C; =A{x1,... a2, U{n}},

C? ={z; U{n},...,z U {n}}
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and if i; = 1, let
C]l = {1‘171’1 U {n}, ey T U {TL}},

C'J2 ={x9,..., 2}

Then one can easily check that Cf,...,C! C?, ...C? is a symmetric chain decomposition
of 2" and for each sequence (iy,...,4;) € {0,1} we get a different partition. Hence, we
showed that 2" has at least 2! = 2%(2"/v") symmetric chain decompositions. O

Now we show that we can gain an extra logn factor in the exponent by utilizing
Theorem 1.

Let @ = [n]®"/?) and choose a bijection p and partial ordering < satisfying the
conditions in Theorem 1. Also, for simplicity, write M = [n/2] and w = ( 1\714) fCcaqQ
is a skipless chain with minimal element lying in [n]™, then C'Up(C) is a symmetric chain
in 2.

For i = M,...,n — 1, let G; be the comparability graph of the subposet of (Q, <)
induced on the levels [n]®) and [n]@+Y. Then G, is a normalized matching graph. Let T;
be the set of complete matchings from [n]*V) to [n]® in G;. Note that each sequence
of matchings (Tys,...,Th-1) € Tpr X -+ X T, 1 corresponds to a unique partition of
Q into skipless chains with minimal elements in [n]™). Look at the graph with vertex
set (), where two elements are joined by an edge if they are joined by an edge in one
of Ty,...,T,—1. Then the components of this graph are skipless chains, and every
component intersects [n]™). Hence, the components of this graph form a chain partition
of ) into skipless chains with minimal elements in [n]*).

Thus, every element of T); x --- x ¥,,_; corresponds to a unique symmetric chain
partition of 2[". Our task is reduced to estimating the size of T; for i = M,...,n — 1.

Theorem 17. Let G = (A, B, E) be a normalized matching graph with |A| < |B|. The

number of complete matchings from A to B is at least (E")

Proof. Let |A| = k and |B| = n. Let
M(G) = {V € B® : 3 complete matching from AtoV in G}.

k

We use the following observation: let G’ = (A, B, E’) be another normalized matching
graph on the same vertex set. Then M (G)NM(G’) # (. To prove this observation, we use
the following well known result of Griggs [7]: every rank-symmetric, unimodal normalized
matching poset has a symmetric chain partition.

Create the following graded poset (P, <): let the levels of P be A, B, A’, where A’ is a
disjoint copy of A; let the partial order < be induced by the following relations: for a € A,
a€Aandbe Bleta<bifabe F,and b < d if ¢’b € E’. Then (P, <) is a unimodal,
rank-symmetric normalized matching poset, so it has a symmetric chain decomposition.
This chain decomposition contains chains of size 1 and 3. Let V C B be the set of
elements which are the middle elements of chains of size 3. Then V € M(G) N M(G").

It is enough to show that M(G) >4/ (}).
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Let Sg denote the set of all permutations of B. For m € Sp define the bipartite graph
G, = (A, B, E;) such that a € A and b € B are joined by an edge if an(b) € E.

Clearly, G; is a normalized matching graph as G is isomorphic to G. Hence, we have
that M(G) N M(G,) # 0. Note that

M(Gy) = {m"Y(V):V e M(G)},

so for each m € Sp there exists a pair (V,W) € M(G) x M(G) such that V = 7~ 1(W).
But for each pair (V,W) there are exactly k!(n — k)! permutations 7 € Sp such that
V =a"Y(W). So, we must have

kl(n — k)| M(G)* = nl. O

Remark. The result of Theorem 17 is not sharp for any 1 < k < n — 1. However, we

cannot replace (Z) in the theorem with any number larger than (Z) This is true as

every minimal normalized matching graph is a forest (see [3|), and in this case the number
of complete matchings from A to B is equal to [M(G)|. Note that [M(G)| < (}) trivially
holds.

Proof of Theorem 5. Write a;, for (Z) We have already established that 2" has at least

|Zar| - |%n_1| symmetric chain decompositions. Also, by Theorem 17, we have |T;| >
’/(aZil) for k = M,...,n — 1. We shall estimate (aZ:) for n/2 + /n <k <n/2+ 2y/n.

In this case, we have ay = ©(2"/y/n) and a, — axy1 = O(2"/n). Hence, using the well
known lower bound () > (a/b)® for binomial coefficients, we get

ap—ag—1
a a a
Ak+1 A — k41 A — Qk41

_ \/59(2"/77,) _ 2@(2” logn/n). (5)

Thus, we have

n—1
s [ ()= |

_ Q41
k=M n/2+y/n<k<n/24+2v/n

We note that 2" has at most 20" 1% symmetric chain decompositions. Furthermore,
it has at most 2°("1°¢™) chain decompositions into (MT/L2 J) skipless chains. We can get

the upper bound n?" by the following simple observation: every chain partition of 2
into (W% J) skipless chains corresponds to a unique sequence (Uy, ..., U,_1), where Uy is a

complete matching from [n]® to [n]**+Y for k < M, and Uy is a complete matching from
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Uiy to U for k > M. But for each k, the number of such matchings is less than n(z),
as the comparability subgraph of 2[" induced on the levels [n]® U [n]*+!) has maximum
degree at most n. Hence, the number of symmetric chain decompositions of 2" is less
than [],_, n() = n2".

Let us mention that an unpublished result of Balogh and Wagner shows that the

number of chain decompositions of 2" into (LnT/LQ J) skipless chains is exactly 20(2"logn),

5 Open problems

In this section, we propose some open problems.

After the method we used to prove Theorem 4, it is natural to ask the following
question. Let P be a rank-symmetric, unimodal normalized matching poset of width w.
Can we partition P into w rank-symmetric chains such that the sizes of the chains are as
close to each other as possible?

As we do not know the answer in the simpler case when our chains are not necessarily
rank-symmetric, we ask a less ambitious question.

Question 18. Define the function f : QT — N as follows: for r € Qt, f(r) is the
maximal positive integer such that any rank-symmetric, unimodal normalized matching
poset P of width |P|/r can be partitioned into rank-symmetric chains of size at least f(r).
Is it true that im,_,, f(r) = c0?

Another closely related question is motivated by the following theorem of Lonc [14].
He proved that if given a positive integer h and n is sufficiently large, then 20" has a
chain partition, where all but at most one of the chains have size h. The author of this
paper [17] showed that the smallest such n is O(h?) and this bound is best possible up to
a constant. We propose the following rank-symmetric version of this problem.

Conjecture 19. For every positive integer h there ezists a positive integer N(h) such
that if n > N(h) and n is odd, then 2I" has a partition into rank-symmetric chains, where
all but at most one of the chains have size 2h.

We note the following connection between the results of this paper and Conjecture 19.
Suppose that the following conjecture is true.

Conjecture 20. There exists some real t > 0 such that taking k = |[n/2 + t\/n],
the bipartite subgraph of (Q, <) induced on [n]* and [n]**Y has a spanning tree with
mazimum degree o(y/n).

Then Conjecture 19 follows from Theorem 4. Surprisingly, we have not been able
to prove the much weaker statement that the bipartite subgraph of (@, <) induced on
[n]® and [n]*+Y) is connected for k = n/2 4+ ©(y/n). We note that if n is even, then
the bipartite subgraph of (Q, <) induced on the levels [n]/? and [n]™/?*1) is not even
connected, it is the union of trees of size n + 1.

THE ELECTRONIC JOURNAL OF COMBINATORICS 23(2) (2016), #P2.53 16



Acknowledgements

I would like to thank the referee for the useful comments and suggestions.

References

[1] I. Anderson. Combinatorics of Finite Sets. Ozford University Press, 1987.

[2] N. G. De Brujin, C. van Ebbenhorst Tengbergen, D. Kruyswijk. On the set of divisors
of a number. Nieuw Arch. Wiskunde, 23(2):191-193, 1951.

[3] D. E. Daykin, L. H. Harper, D. B. West. Some Remarks on Normalized Matching.
Journal of Combinatorial Theory A, 35:301-308, 1983.

[4] R. P. Dilworth. A Decomposition Theorem for Partially Ordered Sets. Annals of
Mathematics, 51(1):161-166, 1950.

[5] Z. Fiiredi. Problem session. Kombinatorik geordneter Mengen, Oberwolfach, B.R.D.,
1985.

[6] C. Greene, D. J. Kleitman. Strong versions of Sperner’s theorem. Journal of
Combinatorial Theory A, 20(1):80-88, 1976.

[7] J. R. Griggs. Sufficient conditions for a symmetric chain order. STAM J. Appl. Math.,
32(4):807-809, 1977.

[8] P. Hall. On Representatives of Subsets. J. London Math. Soc., 10(1):26-30, 1935.

[9] T. Hsu, M. J. Logan, S. Shahriari, C. Towse. Partitioning the Boolean lattice into
chains of large minimum size. Journal of Combinatorial Theory A, 97(1):62-84, 2002.

[10] T. Hsu, M. J. Logan, S. Shahriari, C. Towse. Partitioning the Boolean lattice
into a minimal number of chains of relatively uniform size. FEuropean Journal of
Combinatorics, 24:219-228, 2003.

[11] K. K. Jordan. The necklace poset is a symmetric chain order. Journal of
Combinatorial Theory A, 117:625-641, 2010.

[12] D. J. Kleitman. On a lemma of Littlewood and Offord on the distribution of certain
sums. Mathematische Zeitschrift, 90(4):251-259, 1965.

[13] D. J. Kleitman. On An Extremal Property of Antichains in Partial Orders. The Lym
Property and Some of Its Implications and Applications. NATO Advanced Study
Institutes Series, 16:277-290, 1975.

[14] Z. Lonc. Proof of a Conjecture on Partitions of a Boolean Lattice. Order, 8:11-21,
1991.

[15] E. Sperner. Ein Satz tiber Untermengen einer endlichen Menge. Mathematische
Zeitschrift (in German), 27(1):544-548, 1928.

[16] I. Tomon. On a conjecture of Fiiredi. Furopean Journal of Combinatorics, 49:1-12,
2015.

[17] 1. Tomon. Improved bounds on the partitioning of the Boolean lattice into chains of
equal size. Discrete Mathematics, 339(1):333-343, 2016.

THE ELECTRONIC JOURNAL OF COMBINATORICS 23(2) (2016), #P2.53 17



