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Abstract

We prove a conjecture of Gessel, which asserts that the joint distribution of
descents and inverse descents on permutations has a fascinating refined y-positivity.
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1 Introduction

Let &,, denote the set of all permutations of [n] := {1,2,...,n}. A permutation 7 € S,
will be represented here in one line notation as 7 = 7y - - - m,. For a permutation 7 € &,,,
an index i € [n—1] is a descent of 7 if m; > m;11. Denote by des(m) the number of descents
of . The descent polynomial on &,

A(t) = 3 g

TeS,

is known as the classical Eulerian polynomial (cf. [14, Section 1.3]) of order n. Foata and
Schiitzenberger [7] proved the following beautiful y-positivity result, which implies the
symmetry and unimodality (see [2] for definitions) of the Eulerian polynomials.

Theorem 1 (Foata—Schiitzenberger). Forn > 1,

Ln+1)/2) '
Au(t) = > gt (41" (1.1)

=1

where 7, ; are nonnegative integers.
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Foata and Strehl [8] later constructed an elegant combinatorial proof of (1.1) via a
group action, which has sparked various interesting extensions [1,5,6,10]. For many other
~v-positivity results and problems arising in enumerative and geometric combinatorics,
we refer the reader to the excellent exposition by Petersen [13]. Regarding the joint
distribution of descents and inverse descents on permutations, Gessel (see [1,2,12,15])
has conjectured the following refined y-positivity:

Conjecture 2 (Gessel 2005). Let

An<3,t) = Z SdeS(ﬂ71)+ltdes(7r)+1.

7T€6n
Then, forn > 1
An(s,t) = D Anag(st)' (1+ st) (s + )" 772, (1.2)
i>1,520
j+2i<n+1

where vy, ;i are nonnegative integers.

These refined Eulerian polynomials A, (s,t), that we shall call double Eulerian poly-
nomials, were first studied by Carlitz, Roselle and Scoville [4]. Conjecture 2 has received
considerable attention since the publication of Bréndén [1] in 2008. The existence of in-
tegers 7, ; satisfying (1.2) follows from symmetry properties of A,(s,t) and Lemma 5.
The open problem is nonnegativity. For example, we have:

Aq(s,t) = st,

Ay(s,t) = st(1 + st),

As(s,t) = st(1 + st)* + 2(st)?,

Ay(s,t) = st(1 + st)® + 7(st)*(1 + st) + (st)*(s + ),

As(s,t) = st(1+ st)* + 16(st)*(1 + st)* + 6(st)*(1 + st)(s + t) + 16(st)*.

In this note, we give a proof of Conjecture 2.

Using Eulerian operators and a homogenized multivariate refinement for A, (s,t), Vi-
sontai [15] derived a recurrence for the coefficients 7, ; ;, from which the nonnegativity
does not follow immediately. But surprisingly, we are able to deduce the nonnegativity
of vy,,; from his recurrence. Even more, we characterize completely when the coefficient
Yn,ij 18 positive. Generalizations of Conjecture 2 will also be proved (see Theorems 6
and 10). The question of finding a combinatorial proof of expansion (1.2) is still open.

2 Proof of Conjecture 2

We shall first provide a new direct approach to the following recurrence relation due to
Visontai and then apply it to give a proof of Conjecture 2.
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Lemma 3 (Theorem 10 of [15]). Let n > 1. For alli > 1 and j > 0, we have
(n+ Dyngriy = (n+i(n+2 —i— J)Vnij1 + (@@ +7) = 1)V
+ (n + 4 — 27 — j)(n + 3— 21— j)ﬂyn,i—l,j—l
+ G+ +2— )i+ G+ DG+ 2)Vmi-1i42,

where y110=1, 71,5 =0 (unlessi =1 and j =0) and v,,;,; =0 ifi <1 or j <O0.

(2.1)

Proof. We will use the following recurrence of A, (s, t) computed by Petersen [12, Equation
(9)] via the machine of balls in boxes (or 2-D barred permutations):

nA,(s,t) = (n’st +(n—1)(1 —s)(1 — 1)) A,_1(s,1)

0 0
+nst(l = s)5-Anr(s,) +nst(l =) 5 A (s,1) (2.2)
32
+ St(l — 8)(1 — t)@Anfl(S,t).

Let T (X,Y) := 37, Yni;X'Y7. Observe that decomposition (1.2) is equivalent to
the following relationship:
1+ st
s+t

t
Ap(s,8) = (s + "I, (X,Y)  with X = (S—Si——t)? and Y =

Substituting this into (2.2) and dividing both sides by (s + ¢)"*1, we get
Oa(X.Y) | Oa(X,Y)

ALA(X,Y) = @il 1 (X, Y) + 0 = ag s
0T, (X,Y) T, (X.Y) 8T, (X,Y) ‘
€ RENFIE “TToxay
where
CnPst+(n—1)(1—-s)(1—t) n’st(2—s—1t) n(n—1)st(l—s)(1—1t)
‘= s+t (s+1)? (s+1)3
=(n—-1)Y —-1)+n(n—-1)XY + (n*+n)X,
nst 0X 0X nst(l—s)(1—t) [0X 0X
— 1— )= 4 (1 — )= el el
@ s—l—t(( )95+ t)at)+ (5 1 0)2 or " as )t
st(l —s)(1—1t) 9*°X 9 9
=(n—1)XY —4n) XY + X —6X
N s+t dsot (= DXY + (6 = dn) * 0X%
nst Y Y nst(l—s)(1—t) [0Y 0OV
- 11— f1-nZ or L or
@ s+t(( s T )8t>+ (s+1) ot Tas )"
st(1—s)(1—t) ?Y )
= (-2 2)XY" +2nX — 2XY,
* s+t Jsot (=2n+2) en ’
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_st(l—s5)(1—-t)0X0X 4 5
ay = p—— 5 O =4X°(Y —1) - X*(Y — 1),

st(l—s)(1-¢t)oy oy B 2
S ae = XY )XY )

af =

and

N st(1—s)(1—1) (aX Y Y oX
.= ekttt

- — —_ 2 —
St 95 9t " B Gt) XY (Y —1)+4X°Y(Y —1).

Extracting the coefficient of X?Y7 in both sides of (2.3), we get (2.1) after shifting the
index n by one. O]

The same manipulations above can be applied to deduce the recurrence relations for
the 7-coefficients of two extensions of A, (s,t) in the next section. It does not follow
immediately from recurrence relation (2.1) that v,41; is a nonnegative integer: the left-
hand side has the multiplicative factor (n + 1) and the coefficient (i + j) — n in the
right-hand side may assume negative values. Nevertheless, the crucial observation that
Ynij 7 0 only if when (i + j) > n will lead to the nonnegativity of ~,; ;, as stated in the
following.

Theorem 4. Forn > 1, the coefficients vy, ;; are nonnegative. Moreover, the coefficient
Ynij 18 positive if and only if i > 1,5 20, 2i+j<n+1 andi(i+j) > n.

Proof. We will prove this result by induction on n using recurrence relation (2.1) for the
coefficient 7, ;.

Clearly, the result is true for n < 5 by the first formulae produced in the introduction.
Suppose that this result is true for some n with n > 5. We need to show the result for
n+ 1. We can assume that 7 > 1,7 > 0 and 2i + j < n + 2, otherwise v,,41,; = 0. There
are three cases to be considered.

Case 1: If i(i+j) = n, then the inductive hypothesis implies that all v, ; ;—1, Vni—1,j-1
Vrsie1js Vri—1j+1> Vni—1,j+1> Yni—1,j+2 are 0 (except 7, ; may not be zero), since now

ifi+j—1)<n, (GE-10GE+7j—-2)<n, (C—-1)0C+j+1)<n.

Thus, vp11,; =0if i(i +j) = n.
Case 2: If i(i+j) < n, then the inductive hypothesis implies that all v, ; ;—1, Vni—1,j-1,
Vnyi—1,js VYnji—1,j+1> Tnji—1,j+1 and Vn i1 j42, including v, ; ;, are 0, which forces v,11,; = 0.
Case 3: If i(i+7) > n+1, then we need further to distinguish two subcases. Subcase
I: 247 < n+1. In this case, the expression (i(i+7)—n)7,, ; in the right-hand side of (2.1)
is positive by the inductive hypothesis, and so v,41,; > 0. Subcase II: 2i +j =n +2. In
this case, as

i(i+j—1)=in+1—d)>2n and 2i+j—1=n+1,

we have (n +i(n 4+ 2 — i — j))nij—1 > 0 (again by the inductive hypothesis) in the
right-hand side of (2.1), and therefore v,41,; > 0. This ends the proof by induction. [
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For the sake of completeness, we provide a proof of the following fundamental result
regarding the basis

= {(st)"(1 +st)/(s+t)" 7% 14,5 > 0,5 +2i <n}.

Lemma 5. The set B,, is a basis (over Z) for polynomials A(s, t) = Y =g axas*t" € Z[s, 1]
with symmetries

ag; = i and ag; = Qp_gny for all k1> 0. (2.4)

Proof. Clearly, all polynomials in B,, satisfy the symmetries (2.4), as well as their linear
combinations. It remains to show that each polynomial with symmetries (2.4) can be
expanded uniquely in B,.

Let by, := (st)"(1 + st)?(s + )" 72, We order the polynomials in B,, as:

byi; is before by, ,,, if ¢ <wori=wubut j <wv

so that the term s"~*¢"*7 does not appear in any polynomial after b, ;; in this order. Let
A, be the set of all polynomials in Z[s, ] with symmetries (2.4). We say a polynomial
A(s,t) € A, has complexity

([(n+2)/2] —i)([(n+3)/2] —i) —j

if it contains the term s+ but does not contain any term st satisfying k > n — i
or k =n—ibutl < i+ j. For such a polynomial A(s,t), consider the polynomial
A(s,t) —ap—iit+jbn  (obviously in A, ). The complexity of this new polynomial reduces at
least by one, since the term s"“+**7 vanishes. Therefore, by induction on the complexity,
we can show that each polynomial from A,, can be expanded uniquely in B,,. O]

3 Generalizations

Fix a positive integer k& < n. Define the generalized double Eulerian polynomial Aﬁf)(s, t)

by the identity
ij+n—=Fk\ ;. A(k)(s t)
't = . 1
= () = a2 @1

1,520

The generalized double Eulerian polynomials first arise implicitly in [11]. Gessel [15]
(see also [9]) further noticed that the generalized double Eulerian polynomials have the
following nice interpretation

k) S t § : des(m +1tdes(7w)+1
)
WEGTL

where 0 € &,, is any fixed permutation with des(c) = k — 1. Note that Ag)(s,t) =
An(s,t). This suggests the following more general form of ~-positivity, first appeared as
Conjecture 10.2 (also due to Gessel) in [1].
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Theorem 6 (Generalization of Conj. 2). Forn > 1 and 1 < k < n, we have

AP (s, 1) = > A (st) (1 + sty (s + )R, (3.2)
i>1,5>0
j+2i<n+1

where 7(k)

nij are nonnegative integers.

For s = 1 or t = 1, expansion (3.2) reduces to the classical result (1.1) with v, ; =
> is0 77(1]2 ;- Thus, the coefficients 77(1]?2)7 ; are refinements of the triangle 7, ;. We decompose
the proof of Theorem 6 into the following three lemmas.

Lemma 7. The generalized double Eulerian polynomial A,(zk)(s, t) satisfies the recurrence
relation

nAW (s 1) = (nst + (n — k)(1 — s)(1 — 1)) A%, (s, 1)

0 0
—l—nst(l—s)%z‘l(k) (5,1) +nst(l — 1) A (s,1) (3.3)
o
+st(1—s)(1 —t)asatA (s, 1),
where
AP (s,1) = Y slesm Dt hdes(m) — gkl 4 (5.1 /1), (3.4)

TES

Proof. In the special case when o = k(k — 1)---21, we have des(ro) = k — 1 — des(m)
for each m € & and (3.4) follows. For simplicity, the left-hand side of (3.1) is denoted as

FF )(s t). Since

ij+n—k g (ij +n—Fk—1)
”( n )Z(“”‘“(n—l)(w—m

fiig+n—k—1 ij+n—k—1

we have
+n— o
F(k s, 1) Zn(w ) t
4,720
Zzg( n—l >3tj+2(n—k:)( 01 s't)
1,520 4,720
9?
= st B0 (5.0) + (n = k) B, (5.1).

Substituting F\"(s,t) = A¥(s,¢)(1 — s)™ (1 — ¢)™""! into the above relation, we
get (3.3) after simplification. O
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Lemma 8. Fix a positive integer k. Let n > k. Then, for alli > 1 and j > 0
(n+ Dy = (b L=k in+ 2 =i = ),
(i +5) = (n+ 1= k)
+ (42— n+3-2— )", (3.5)
+(n+2i+ ) n+3-2i— )
+ (G + D@0+ 2= iy + G+ D0+ 2001 e

h k) _ -
where ’Yk’@j = Vk,ik+1—2i—j-

Proof. Follows from Lemma 7 by the same manipulations as the proof of Lemma 3. Note
®) _ o i
that 7,7 ; = Yiik+1-2i-; is equivalent to (3.4). O

If we sum up both side of (3.5) for all possible j, then we go back to the recurrence
relation for ~,; [7, Remarque 5.3

Yot = 1ni +2(n 4+ 3 — 20) Vi1

Note that in recurrence (3.5) the integer i(i + j) — (n + 1 — k) may assume negative

value. The nonnegativity of coefficients 77(;?] is confirmed by the following lemma based
on Theorem 4.

Lemma 9. Fix a positive integer k. Let n > k. Then, fort > 1,7 20 and 2i+j < n+1:

(i) all the coefficients fyﬁkzj are nonnegative;
(i1) the coefficient 77(112)7]- vanishes if i(i +j) <n+1—k.
We will prove this result by induction on n (for n > k) using recurrence relation (3.5)

for the generalized coeflicients fyffz) e

Proof. As fy,(fz)] = Vh,ikt+1-2i—j, the two statements are true for n = k by Theorem 4.
Suppose that this result is true for some n with n > k. We need to show the two
statements for n + 1. It suffices to show statement (ii) in view of recurrence (3.5). We
distinguish two cases.

Case 1: If i(i + j) = n+ 1 — k, then the inductive hypothesis implies that all 'y(k)

nyij—1
%(1,271,3'717 %S,ilua /yf(z,i)fl,jJrl? %S,Ll,jﬂv %(1,1‘)71,342 vanish (except %(z,i),j may be positive),

since now
max{i(i+j—1),0—1)(+j—2),F—-1)(+j+1)}<n+1—k.
Thus, 7\, = 0if i(i +j) =n+1—k.

Case 2: If i(i + j) < n+1— k, then the inductive hypothesis implies that all 7&) i1

k k k k k . . k . .
%(L,i)—m—p ’77(1,2—1,@ 77(%2_1,].“, 77(1’2_17%1 and 77(1,1')—1,]’—',-27 including %S,B,jv vanish, which forces

Thus, the proof is completed by induction. O
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3.1 Type B analog

Consider the Type B Cozxeter group B,,, whose elements are regarded as signed permuta-
tions of [n]. The type B descent statistic of m € 9B,,, denoted desp(7), is defined as

desp(m) :=#{ie[n—1]:m >mu}+ x(m <0).

This type B descent statistic was introduced by Brenti [3]. Gessel [15] noted that the
Type B double Eulerian polynomials By,(s,t) := > o sdess (™) ydess (™) hag the generating

function ) B, (5.1
ijAitin\ (st

= . 3.6

Z ( n )S (1 _ S>n+1(1 _ t)nJrl ( )

1,520

We have the following type B analog of Conjecture 2, which also implies the y-positivity
of B,(1,1), a result known previously [5,6].

Theorem 10 (Type B analog of Conj. 2). Forn > 1,

Bu(s,t) = > Anaj(st) (14 st) (s + )",

i,j =0
j+2i<n

where 7, ; are nonnegative integers. Moreover, 7, ; is positive if and only if i,j > 0,
2i+j<nand2i(i+j+1)+75>n.

For instance, the first few expansions of B, (s,t) are

Bi(s,t) =1+ st,

By(s,t) = (14 st)? + 4st,

Bs(s,t) = (14 st)* + 16st(1 + st) + 4st(s + 1),

By(s,t) = (1 + st)* + 41st(1 + st)* + 30st(s +t)(1 + st) + st(s +t)* + 80(st)?.

We have the following recursion for the type B ~y-coefficients ¥, ; ;.

Lemma 11. Letn > 2. For allv,j > 0, we have

Nni; = (2n—j+2i(n —i— ) V141 + 2@ +7+ 1) +j+1—n) V1.,
+2n+2—2i—)(n+1—2i — )V 141,
+2n+2i+5)(n+1—2i—j)Vn-14-1,

+ (G 4+ 1)(4n = 25)n-1i-1,+1 + 205 + 1)(J + 2)Vn—1,i—1,j42-

(3.7)

Proof. By (3.6) using similar approach as Lemma 3. All the computations are routine
and tedious which we omit. O]

Proof of Theorem 10. The proof is essentially the same as that of Theorem 4 by in-
duction on n, but using recursion (3.7) for 7, ; instead. O
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