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Abstract

As a variation of De Bruijn graphs on strings of symbols, the graph of overlap-
ping permutations has a directed edge 7(1)7(2) ... 7(n+1) from the standardization
of m(1)m(2)...m(n) to the standardization of 7(2)7(3)...7(n + 1). In this paper,
we consider the enumeration of d-cycles in the subgraph of overlapping (231,4132)-
avoiding permutations. To this end, we introduce the notions of marked Motzkin
paths and marked Riordan paths, where a marked Motzkin (resp. Riordan) path
is a Motzkin (resp. Riordan) path in which exactly one step before the leftmost
return point is marked. We show that the number of closed walks of length d in
the subgraph of overlapping (231, 4132)-avoiding permutations are closely related to
the number of marked Motzkin paths and that of marked Riordan paths. By estab-
lishing bijections, we get the enumerations of marked Motzkin paths and marked
Riordan paths. As a corollary, we provide bijective proofs of two identities involv-
ing Catalan numbers in answer to the problem posed by Ehrenborg, Kitaev and
Steingrimsson. Moreover, we get the enumerations of (231,4132)-avoiding affine
permutations and (312, 3241)-avoiding affine permutations.

Keywords: graph of overlapping permutations; cycles; Motzkin paths; Riordan

paths.

1 Introduction

This work is motivated by the problem of determining the number of d-cycles in the
graph of overlapping pattern avoiding permutations, which was initiated by Ehrenborg et
al. [15].

*Corresponding author.
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Denote by &,, the set of all permutations on [n] = {1,2,...,n}. For any permutation
7, we write |7| to denote the number of entries of 7 and we write 7(i) to denote the ith
entry of 7. Given a permutation 7 = 7(1)7(2)...7(n) € &,, and a permutation 7 =
T(1)7(2)...7(k) € &, we say that m contains the pattern T if there exists a subsequence
7(i1)m(iz) ... m(ix) of 7 that is order-isomorphic to 7. Otherwise, 7 is said to avoid the
pattern 7 or be T-avoiding. We write G,,(7) the set of all T-avoiding permutations in &,,.

The classic problem of enumerating permutations avoiding a given pattern has received
a great deal of attention and has led to interesting variations. For a thorough summary
of the current status of research, see Béna’s book [6, 7] and Kitaev’s book [20].

A barred permutation T of [k] is a permutation of & having a bar over one of its
elements. Let 7 be the permutation of [k] by unbarring 7, and 7 be the permutation
obtained from 7 by removing the barred elements. For any permutation w, if every
subsequence which is order-isomorphic to 7 can be extended to a subsequence which is
order-isomorphic to 7, then we say that 7 avoids the pattern 7. For example, if 7 =
37258416 and 7 = 23514, then we have 7 = 23514 and 7 = 1243. All subsequences of
the pattern 1243 are 3586 and 2586, which are subsequence of 35816 and 25816. So we
have m € G5(23514). The classes &,,(321,3142) and &,(231,4132) are enumerated by the
n-th Motzkin number, see [2, 8, 17, 19]. In [9], Chen et al. established a correspondence
between Riordan paths and (321, 3142)-avoiding derangements.

A De Bruijn graph is a directed graph on vertex set {0,1,...,q — 1}", the set of all
strings of length n over an alphabet of size ¢, in which there is a directed edge from the
string x to the string y if and only if the last n — 1 coordinates of x agree with the first
n — 1 coordinates of y. It is well known that the number of directed cycles of length d,
for d < n, is given by

S /e (11)

eld

where the sum is over all divisors e of d, and where p denotes the number theoretic Mobius
function, see ([18], p.126) for instance. Recall that p(n) is (—1)* if n is a product of k
distinct primes and is zero otherwise.

For a permutation m = m(1)m(2)...7(n) consisting of distinct real numbers, the stan-
dardization of 7 is the unique permutation 7 € &,, which is order-isomorphic to 7. For
example, the standardization of 4(—1)53 is 3142.

As a variation of De Bruijn graphs, the graph of overlapping permutations, de-
noted by G(n), has a directed edge mw(1)mw(2)...m(n + 1) from the standardization of
m(1)7(2)...m(n) to the standardization of 7(2)w(3)...m(n + 1), which are also called
the graph of overlapping patterns in [1] ( see also ([20], Section 5.6) ). The graph G(n)
appeared in [10] in connection with universal cycles on permutations, and was used as a
tool in determining the asymptotic behaviour of consecutive pattern avoidance in [14].

The graph of overlapping T-avoiding permutations, denoted by G(n, 7), is the subgraph
of G(n) having the vertex set &,(7) and the edge set S,,+1(7). For example, the graph
((2,{231,4132}) is illustrated in Figure 1. Recently, Ehrenborg et al. [15] derived that,
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for d < n, the number of cycles of length d in the graph G(n,312) is given by

7 Sutaf (%), (12)

eld

which can be viewed as an analogous result for De Bruijn graphs. In their paper [15], they
also posed the problem of evaluating the number of d-cycles in the graph of overlapping
permutations avoiding any set of patterns of length 3 or more. In this paper, we derive
that, for n > 2 and d < n, the number of cycles of length d in the graph G(n, {231, 4132})
is given by

T 556

Due to straightforward symmetries, one can easily verify that all the graphs G(n,
{312,3241}), G(n,{132,2314}) and G(n,{213,1423}) are isomorphic to the graph

G(n,{231,4132}).
R
@b oRo
w

312
Figure 1: The graph G(2,{231,4132}).

In order to get the enumeration of d-cycles in the graph G(n, {231,4132}), we introduce
the notions of marked Motzkin paths, marked Riordan paths and free Motzkin paths.

A Motzkin path of order n is a lattice path in Z x Z from (0,0) to (n,0) using up
steps U = (1,1), down steps D = (1,—1) and horizontal steps H = (1,0), and never
lying below the z-axis [13]. Denote by M, the set of all Motzkin paths of order n. It
is well known that Motzkin paths of order n are counted by the n-th Motzkin number

m, = Zf& Z%(Z) (212) A free Motzkin path is just a Motzkin path but without the
restrictions that it has to end with a point on the x-axis and that it cannot go below the

x-axis. Let FM, denote the set of free Motzkin paths from (0,0) to (n,0). By simple
arguments we have that |[FM,,| = ZE(J, (3.

A marked Motzkin path is a Motzkin path 1;1 which exactly one step before the leftmost
return point is distinguished. Recall that for a lattice path, the points on the x-axis
except for the initial point are called return points. In this sense, the ending point is
always a return point. Denote by M} the set of all marked Motzkin paths of order n.
Let a,, = my—9 + 0;1 where m_; = 0 and 9,,; = 1 if n = 1 and 0 otherwise. By simple
computation, we derive that the number of marked Motzkin paths of order n with k return
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points is given by

E N1y Oy -« . Ol
P

where the sum is over all compositions P = (nq,ns,...,n;) of n into k parts. Recall
that a composition of a non-negative integer n into k parts is a list of k positive integers
(ny,ng,...,n;) such that their sum is n.

By establishing a bijection ® between the set M and the set FM,,, we derive that
15)

SN =Y (;) (2;) (1.4)

k=1 P i=0

where the second sum is over all compositions P = (ny,ns, ..., ng) of n into k parts.

A Riordan path is a Motzkin path without horizontal steps on the x-axis. Denote
by R, the set of Riordan paths from (0,0) to (n,0). The Riordan number 7, counts
the number of Riordan paths from (0,0) to (n,0), see [3] and sequence A005043 in [21]
for other combinatorial interpretations of r,. A marked Riordan path is a Riordan path
in which exactly one step before the leftmost return point is distinguished. Denote by
R} the set of all marked Riordan paths from (0,0) to (n,0). Furthermore, denote by
FM(n, k) the set of all free Motzkin paths from (0,0) to (n, k).

Let R;(U) denote the subset of R} in which the marked step of each path is an up
step. Analogously, let R* (H) (resp. R; (D)) denote the subset of R} in which the marked
step of each path is a horizontal (resp. down) step.

By establishing a bijection I' between the set R} (U)UR(H ) and the set FM(n—1,1),
and a bijection T between the subset of R} (U) in which each path has k return points
and the set FM(n —1—k, k— 1), we derive that

L3]

Z anmn1—2mn2—2 N (RS Z (n Z__ZI 1) (T;)a (1.5)

k>1 P i=1

where the second sum is over all compositions P = (ny,ns, ..., ng) of n into k parts.

Note that each connected subgraph of a path is also a path. Hence a composition
(n1,ne,...,nk) of n can be thought of as a subgraph of the path on n vertices, where n;
is the size of the ith connected component. The number of connected components of the
subgraph is the number of parts of the composition. Analogously, a cyclic composition of
n is defined to be a subgraph of the labeled cycle on n vertices where each component is
a path.

Given a cyclic composition P of n into k parts, we first label the path containing the
vertex 1 by B;. Then label the connected components of P clockwise by By, Bs, ..., Bg.
The type of P, denoted by type(P), is defined to be (ny, ng, ..., ng), where n; is the size of
B;. The compositions and the cyclic compositions of n are closely related by the following
trivial observation.

Observation 1.1. There are ny cyclic compositions P of n into k parts with type(P) =
(nl,ng, c. ,nk).

THE ELECTRONIC JOURNAL OF COMBINATORICS 23(3) (2016), #P3.57 4



Let ¢, = -1 (2") and 3, = ¢,—1 + 0,,1. Using generating functions, Ehrenborg et al.

n+l\n
S5 BsBs - By = (2:) (1.6)

[15] proved that

k>1 P
2n —k—1
Z Cni—1Cng—1---Cpp—1 = ( n—1 ), (17)
P
where the sum is over all cyclic compositions P of type (nq,ns,...,n;). They also asked

for bijective proofs of (1.6) and (1.7).
By Observation 1.1, Formulae (1.6) and (1.7) can be rewritten as

S5 BBy B = (2:) (1.8)

k>1 P
2n —k —1
Z N1Cp1—1Cpo—1---Cnyp—1 = ( n—1 ), (19)
P
where the sum is over all compositions P = (nq,na,...,n) of n into k parts.

Relying on the bijections ® and T, we provide bijective proofs of Formulae (1.8) and
(1.9) in answer to the problem posed by Ehrenborg et al. [15].
Let &,, denote the set of all bijections 7 : Z — Z such that

(i +n) =m() +n, (1.10)

Y (i) = ("+1). (1.11)
i=1 2
én is called the affine symmetric group, and the elements of én are called affine permu-
tations. The combinatorial description of affine permutations is due to Lusztig and the
first combinatorial study of them was conducted in [10, 16].

As an interesting variation of pattern avoidance on ordinary permutations, Crites [11]
studied the generating functions for affine permutations avoiding a given pattern. In his
paper [11], he derived that the number of 231-avoiding affine permutations in &,, is given
by (Q"n_l). We denote by én(r) the set of all 7-avoiding permutations in Sn.

Based on Formula (1.4), we derive that

12 .

- i - : 2

15,,(231,4132)| = |6,(312, 3241)| = G) (Z)
0

]

w3

2 The bijective proofs of (1.4) and (1.5)

Throughout this section we identify a path with a word by encoding each up step by the
letter U, each down step by D and each horizontal step by H. If P = p1ps ... p, is a path,
then the reverse of the path, denoted by P, is defined by pppn_1...pi. For example, the
reverse of the path P = HUDDUDH is given by HDUDDUH.
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Theorem 2.1. There is a bijection ® between the set of M’ and the set FM,,.

Proof. We first define a map ® from the set M} to the set FM,. Given a marked
Motzkin path P € M}, we define ®(P) as follows. Let A be the starting point of the
marked step. Denote by P, the section of the P which goes from (0,0) to the point A.
Let P_ denote the remaining section of P. Define ®(P) = P_P,.

According to the construction of the map ®, we preserve the number of up steps, the
number of down steps and the number of horizontal steps. Hence, the map ® is well
defined, that is, ®(P) € FM,,.

In order to show that the map ® is a bijection, we describe a map ® from the set
FM,, to the set M. Given a free Motzkin path L € FM,,, we define ®'(L) as follows.
Let B be the lowest point of the path L. If there are more than one such lowest point,
we choose B to be the rightmost one. Denote by L_ the section of L which goes from
(0,0) to the point B. Let L, denote the remaining section of L. Denote by L* the path
obtained from L_ by marking its first step. Define ®'(L) = L, L* .

Since the map ®’ preserves the number of up steps, the number of down steps, and
the number of horizontal steps, the resulting path is from (0,0) to (n,0). Since B is the
(rightmost) lowest point of L, the path L, has only one lowest point in L. This implies
that L, has only one lowest point and its initial point is the lowest point of L. Clearly,
the ending point of L_ is the lowest point in both L and ®'(L). Hence, the resulting path
®’(L) is a Motzkin path of order n. Moreover, the marked step is to the left of the first
return point of ®'(L). This implies that the map @’ is well defined.

It is easily seen that the starting point of P, is the (rightmost) lowest point of ®(P).
This ensures that the maps ® and & are inverse of each other. Hence, the map ® is a
bijection, which completes the proof. 1

Figure 2 shows, as an example, a marked Motzkin path P € M in which a down
step is marked, and Figure 3 shows a free Motzkin path ®(P) € F Mg, whose (rightmost)
lowest point is B.

Figure 2: A marked Motzkin path P € M.

B

Figure 3: The corresponding free Motzkin ®(P) € F Ms.
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A Dyck path of order n is a lattice path in Z x Z from (0,0) to (2n,0) using up steps
U = (1,1) and down steps D = (1,—1), and never lying below the z-axis [12]. Denote
by D,, the set of all Dyck paths of order n. It is well known that Dyck paths of order n
are counted by the n-th Catalan number ¢, = n%l (2:) A free Dyck path is just a Dyck
path but without the restrictions that it has to end with a point on the x-axis and that
it cannot go below the x-axis. Let FD,, denote the set of free Dyck paths from (0,0) to
(2n,0). By simple arguments we have that |FD,,| = (2:) A marked Dyck path is a Dyck
path in which exactly one up step before the leftmost return point is distinguished, and
each peak of height one maybe marked or not. Recall that the height of a step is defined
to be the y-coordinate of its ending point. The height of a peak is the defined to be the
height of its up step. Denote by D} the set of all marked Dyck paths of order n.

From the construction of the bijection ®, one can easily verify that for any marked
Motzkin path L in which the marked step is an up step, its corresponding free Motzkin
path ®(L) starts with an up step. Hence, we have the following result.

Theorem 2.2. The map ® induces a bijection between the set of marked Dyck paths of
order n but without any marked peaks and the set of free Dyck paths of order n that starts
with an up step.

By simple arguments, we have that the number of free Dyck paths from (0, 0) to (2n, 0)
that start with an up step is equal to %(2:) = (Q”n_l). Moreover, the number of marked
Dyck paths of order n but without any marked peaks is counted by

E E N1Cny—1Cng—1 - - - Cny—1,

k>1 P

where the second sum is over all compositions P = (ny,ns, ..., ng) of n into k parts. By
Theorem 2.2, we derive that

2n —1
Z Z N1Cp1—1Cpo—1 -+ -Cnyp—1 = ( n ) (21)

k>1 P

By simple computation, we get that the number of marked Dyck paths of order n with
k return points is given by

Z nlﬁnlﬁHQ cee ﬁnka
P

where the sum is over all compositions P = (ny,na,...,nx) of n into k parts. Thus, the
left-hand side of (1.8) counts the number of all marked Dyck paths of order n, while the
right-hand side of (1.8) counts the number of all free Dyck paths of order n. In order to
prove (1.8), it suffices to establish a bijection between the set D} and the set FD,,.

Theorem 2.3. There is a bijection between the set of D} and the set FD,,.

Proof. We first define a map V¥ from the set D} to the set FD,,. Given a marked Dyck
path P € D}, we define L = ¥(P) by the following rules:
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e Let O and N be the initial point and the ending point of P, respectively.

e Let A is the starting point of the up step in the leftmost marked peak. If there is
no such marked peak, let A = N.

e If P has exactly t marked peaks, then it can be uniquely decomposed as
P =Pos(UD)*PL(UD)*P,...(UD)*P,,
where each P; is a (possibly empty) Dyck path.

e Define L = U(P) by letting L = DPLUDP,U ... DRU®(Pp,) if there are exactly
marked peaks, and letting L = ®(Pp4), otherwise.

According to the construction of the map ¥, we preserve the number of up steps and
the number of down steps. Hence, the map W is well defined, that is, V(P) € FD,,.

In order to show that the map W is a bijection, we describe a map ¥’ from the set
FD,, to the set Df. Given a free Dyck path L € FD,, we define V(L) by the following
rules:

e Let N be the ending point of L.

Let A be the starting point of the leftmost up step that is above the z-axis. If there
is no such up step, let A = N.

Denote by L4x the section of L that goes from the point A to the point V.

If L starts with a down step, then L is uniquely decomposed as
L=DL,UDL,U ... DL, ULy,
where each L; is a (possibly empty) Dyck path. Set

V(L) = & Y(Lan)(UD)*Ly(UD)*Ls ... (UD)*Ly.

e If L starts with an up step, then set ¥/(L) = @1 (Lay).

By Theorem 2.2, the path ®1(L4y) is a marked Dyck path without any marked peaks.
Hence, the resulting path W'(L) is a marked Dyck path of order n. This implies that the
map V' is well defined. Since ® is a bijection, one can easily check that the map ¥ and
U’ are inverses of each other. Thus, the map W is a bijection. This completes the proof.

Now we proceed to give a combinatorial proof of Formula (1.5). A lifted Motzkin path
of order n is a free Motzkin path from (0,0) to (n, 1) such that it starts with an up step
and all the points are above the x-axis except for the initial point. Denote by £LM,, the set
of lifted Motzkin paths of order n. A marked lifted Motzkin path is a lifted Motzkin path
in which exactly one step is marked. Let LM denote the set of marked lifted Motzkin
paths of order n.
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Theorem 2.4. There is a bijection between the set LM and the set FM(n,1).

Proof. Given a marked lifted Motzkin path P € LM, we shall construct a path Q(P) €
FM(n,1) as follows. If the first step of P is marked, then let Q(P) = P. Otherwise, let A
be the starting point of the marked step. Denote by P, the section of P which goes from
(0,0) to the point A, and P_ denote the remaining section of P. Define Q(P) = P_P,. It
is easily seen that the map €2 preserves the number of up steps, the number of horizontal
steps and the number of down steps. This yields that the resulting path Q(P) is a free
Motzkin path from (0,0) to (n, 1), that is, the map Q is well defined.

Conversely, given a free Motzkin path L € FM(n,1), we wish to recover a path
V(L) € LM, as follows. Let B be the lowest point of the path L. If there are more than
one such lowest point, we choose B to be the rightmost one. If B is the initial point of
L, define ¥'(L) = L. Otherwise, let L_ denote the section of L which goes from (0,0) to
the point B, and L, denote the remaining section of L. Denote by L* the path obtained
from L_ by marking its first step. Define Q'(L) = L, L*.

Since the map ' preserves the number of up steps, the number of down steps and
the number of horizontal steps, the resulting path is from (0,0) to (n,1). One can easily
verify that the resulting path €'(L) is a lifted Motzkin path when B is the initial point of
L. In order to show that the map €’ is well defined, it remains to show that /(L) € LM,
when B is not the initial point of L. It is easy to check that the point B is the lowest
point of L_ both in L and (L). Obviously, B is the ending point of (L) and the
y-coordinate of B is 1. Hence, all the points of L_ are weakly above the line y = 1 in
Y(L). Moreover, the path L, has exactly one lowest point according to the definition
of B. Clearly, the initial point of L, is such point. This implies that all the remaining
points of L, are above the z-axis in {(L). Thus, the resulting path /(L) is a lifted
Motzkin path of order n.

It is easily seen that the ending point of P_ is the (rightmost) lowest point of Q(P).
Since the section P_ contains at least one step, the initial point of €2(P) is not the
(rightmost) lowest point of Q(P). This ensures that the maps 2 and €' are inverse of
each other. Hence, the map 2 is a bijection, which completes the proof. 1

Theorem 2.5. There is a bijection between the set R (U)UR;(H) and the set FM(n—
1,1).

Proof. First, we describe a map I' from the set R} (U) UR}(H) to the set FM(n—1,1).
Given a path L € R (U)UR:(H), we construct a path I'(L) by the following procedure.

e Let O and A be the initial point and the leftmost return point of L, respectively.

e Let Loa denote the section of L which goes from O to A, and let L' denote the
remaining section of L.

e Let L” be the path obtained from Lo, by removing its last down step.
e Define I'(L) = L'Q(L").
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By Theorem 2.4, the path Q(L") € FM(n — 1,1) which starts with either an up step or
a horizontal step. Meanwhile, the path L’ is a free Motzkin path ending on the z-axis in
which each step is below the x-axis. Hence, the resulting path I'(L) € FM(n —1,1).

Conversely, given a path P € FM(n —1,1), we can recover a path I''(P) € R (U) U
R:(H) as follows.

e Let s be the leftmost step in P which is weakly above the x-axis.

e Let P, denote the section of P which goes from (0, 0) to the starting point of s, and
let P_ denote the remaining section of P.

e Define I'(P) = Q" '(P_)DP,.

By Theorem 2.4, the path Q~!(P_) is a marked lifted Motzkin path in which either an up
step or a horizontal step is marked. This implies that the marked step s is to the left of the
leftmost return point in the resulting path I''( P). Since each step of Py is below the z-axis,
all the steps of P, is above the z-axis. Hence, we deduce that I'"(P) € R*(U) U R (H).
Since €) is a bijection, one can easily check that the maps I" and I" are inverses of each
other. Thus, the map I' is a bijection, which completes the proof. |

Figure 4 shows, as an example, a marked Riordan path L € RE(U) in which an up
step is marked, and Figure 5 shows a free Motzkin path I'(L) € FM(7,1).

Figure 4: A marked Riordan path L € Ri(U).

Figure 5: The corresponding free Motzkin I'(L) € FM(7,1).

Theorem 2.6. Fixn > 2 and 1 < k <n —1. There is a bijection between the subset of
R:(U) in which each path has exactly k return points and the set FM(n—1—k, k—1).

Proof. First, we describe a map T from the subset of R’ (U) in which each path has k
return points to the set FM(n —1—k,k —1). Given a path L € R’ (U) with exactly k
return points, it can be uniquely decomposed as

L=1I,Ly... L,
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where each L; is a Riordan path having exactly one return point.
Now we proceed to construct a path T(L) by the following procedure.

e For all 1 < i < k, denote by L/ the path obtained from L; by removing its rightmost
step.

e Let L’ be the path obtained from (L)) by removing its leftmost step.
o Define Y(L) = L'LLLY ... L.

By Theorem 2.4, it is easy to check that Q(L]) is a free Motzkin path which starts with
an up step and ends on the line y = 1. From the construction of the map Y, we remove
altogether k down steps and one up step. Hence, the resulting path (L) is a free Motzkin
path from (0,0) to (n — 1 —k, k —1).

Conversely, given a path P € FM(n — 1 — k,k — 1), we wish to recover a path
T'(P) € R:(U). Clearly, the path P can be uniquely decomposed as

P = P181P282P3 e Sk—lpkza

where the step s; is last step that leaves the line y =7 — 1 forall 1 <¢ < k—1, P; is the
section of P from (0,0) to the starting point of s;, each P; is the section of P between
the steps s;_1 and s; for all 2 < i < k — 1, and P, is the remaining section of P.

Obviously, each s; is an up step. Moreover, P, is a free Motzkin path ending on the
r-axis and each P; is a Motzkin path in which each step is weakly above the line y =7 —1
for all 2 <7 < k.

Define Y/(P) = Q Y (UP,)Ds; P,DsyP3D ... s;,_1P,D. By Theorem 2.4, one can easily
check that the resulting path Y'(P) € R (U). Moreover, the maps T and Y’ are inverses
of each other. Hence, the map T is the desired bijection. This completes the proof. 1

From Theorems 2.5 and 2.6, it follows that
IR = IRL(U)| + [R;(H)| + R (D)]
= [RL(U)] + Ry (H)] + R (U))]
:|.7:./\/lgn—1 D+ >,- |.7:M(n—2—k k)|
- Z o (21+1) (2?1) + 2 ZiLZO (n 2 k)( )
Zk__12L oy
=Y S G (D
(using (MG =G
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Hence, we have
2] n—1—14\(n
!W=Z(%%)Q) (2.2)
i=1

On the other hand, by simple computation, we have

|R:L| = Z Z nlmn1—2mn2—2 AR mnk—27 (23)

k=1 P

where the second sum is over all compositions P = (ny,ng,...,ng) of n into k parts.
Combining Formulae (2.2) and (2.3), we are led to Formula (1.5).

Notice that our bijection T reduces to a bijection between the subset of D} in which
each path has k return points but without marked peaks and the set of free Dyck paths
from (0,0) to (2n — 1 — k, k — 1). By simple computation, one can verify that the former
set is counted by the left-hand side of Formula (1.9), while the latter set is counted by
the right-hand side of Formula (1.9). This leads to a bijective proof of (1.9).

3 Cycles in the graph of (231, 4132)-avoiding permutations

We begin with some definitions and notations. A cut point of a permutation 7 € &,, is
an index j with 1 < 7 < n — 1 such that for all © and k satisfying 1 <i < j <k <n we
have 7(¢) < m(k). The cut points split a permutation into components, each ending at a
cut point. A permutation without cut points is said to be indecomposable.

A permutation 7 is said to a L-marked (resp. R-marked) permutation if exactly one
entry of the leftmost (resp. rightmost) component of 7 is marked. Denote by G and G2
the set of L-marked permutations and R-marked permutations, respectively.

For two positive integers a and b with a < b, we write [a,b] to denote the sets of
all integers that are larger than a — 1 and smaller than b+ 1. Given two permutations
T=71)7(2) ... 7(k) € S and 0 = o(1)o(2)...0(f) € &, we write T B o to denote
the permutation 7(1)7(2)...7(k)(c(1) + k)(c(2) + k) ... (c({) + k), and we write 7 S0 to
denote the permutation (7(1) + ¢)(7(2) +£)...(7(k) + )a(1)o(2)...0(¥).

A closed walk of length d in a graph is a list of d edges (e, es,...,¢e4) such that
head(e;) = tail(e;41) for 1 < i < d — 1 and head(ey) = tail(e;), where for a directed
edge e, head(e) is the node the edge points to, while tail(e) is the other node incident
to e. Two closed walks (e, es,...,eq) and (e;, €41, ..,€q,€1,€2,...,6;,_1) are said to be
equivalent. Then a d-cycle is defined to be an equivalence class of size d. For example,
the graph G(2,{231,4132}) in Figure 1 has 5 closed walks of length 2, namely,

(132,312), (312, 132), (132, 213), (213, 132), (123, 123).

However, the graph G(2,{231,4132}) has only two 2-cycles, since the first (resp. third)
closed walk is equivalent to the second (resp. fourth) walk, while the fifth walk yields a
1-cycle.
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Denote by W, 4 the set of all closed walks of length d in the graph G(n). Denote by
G4 the set of permutations 7 = 7(1)7w(2)...7(n+d) € &,44 such that 7(1)7(2)...7(n)
is order-isomorphic to 7(d 4+ 1)w(d + 2)...7(n + d). Let W, 4(7) denote the set of all
closed walks of length d in the graph G(n,7). Denote by &, 4(7) the subset of &,, 4 in
which each permutation avoids the pattern 7.

Lemma 3.1. Let n > 2 and n > d > 1. There 1s a bijection between the set
W,.a(231,4132) and the set &, 4(231,4132).

Proof. We first define a map f from the set W, 4(231,4132) to the set &, 4(231,4132).
Given a closed walk W = (01,09,...,04) € W,4(231,4132), we recursively generate a
sequence (my,ma, ..., 7y) of permutations in which m; € &4, for all i = 1,2,...,d. Let
m = o01. Suppose that we have obtained 7;_;. Now we proceed to construct m; from m;_;
by the following insertion algorithm.

o If o;(n+1) = n+ 1, then let m(n + i) = n+ ¢ and let (k) = m_1(k) for all
1<k<n+i—1.

e Otherwise, suppose that 0;(a) = 0;(n+ 1) + 1. Then let m;(n+1) = m_1(a +i — 1)

and let
mi(k) = mici(k)+ 1 if moq(k) 2 moa(a+i—1),
S mia(R) otherwise.

Define f(W) = m,.
Claim 1. The subsequence m;(i)m;(i + 1) ... m;(i + n) of m; is order-isomorphic to o;.

We prove Claim 1 by induction on ¢. Since m; = o7, the claim obviously holds for
i = 1. Assume that the claim also holds for ¢ — 1, that is, the subsequence m;_1(i —
D)ymi—1(i) ... mi—1(i—14n) of m;_; is order-isomorphic to o;_;. From the construction of 7,
it is easily seen that the subsequence 7;(1)m;(2) ... m;(n+i—1) is order-isomorphic to m;_;.
This implies that the subsequence m;(i)m;(i41) ... m;(i — 14 n) is order-isomorphic to the
subsequence m;_1(i)m;—1(i+1) ... m_1(i—14+n). Recall that head(o;_1) = tail(o;). By the
induction hypothesis, the subsequence 7;(i)m;(i+1) ... m;(i — 14 n) is order-isomorphic to
oi(1)oi(2) ...0;(n). Now we proceed to show that the subsequence m;(i)m;(i+1) ... m;(i+n)
is order-isomorphic to 0;(1)0;(2)...0;(n + 1). We have two cases.

If 0;(n+1) = n+ 1, then we have m;(i +n) = i +n. Clearly, we have 0;(j) < g;(n+1)
and m;(j+1—1) <m(n+i) forall 1 <j<n.

If 0;(a) = 0;(n+ 1)+ 1, then we have m;(i +n) = m;_1(a+1i—1). It is easily seen that
mi(a+1i—1) = m(n+1i) + 1. Moreover, we have m;(j +¢ — 1) < m;(n + i) if and only if
oi(j) <oi(n+1) foral 1 <j<n.

In both cases, one can verify that the subsequence m;(i)m; (i + 1) ... m;(i + n) is order-
isomorphic to 0;(1)0;(2) ... 0;(n+ 1). Hence, Claim 1 is proved.

Claim 2. The subsequence m;(j)m;(j + 1)...m(n + j) is order-isomorphic to o; for all
J <

We prove Claim 2 by induction on i. Since m; = o7, the claim obviously holds for

1 = 1. Assume that the claim also holds for i — 1. From the construction of 7, it is easily
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seen that the subsequence m;(1)m;(2) ... m;(n + ¢ — 1) is order-isomorphic to m;_;. Hence,
the subsequence 7;(j)m;(j+1)...m(n+7) is order-isomorphic to o, for all j <i—1. From
Claim 1, it follows that the subsequence m;(i)m;(i+1) ... m;(i4+n) of 7; is order-isomorphic
to ;. This completes the proof of Claim 2.

By Claim 2, the subsequence my(1)m4(2)...mq(n + 1) is order-isomorphic to oy,
and the subsequence my(d)my(d + 1)...7m4(n + d) is order-isomorphic to 4. Since
head(og) = tail(oy), the subsequence m4(1)m4(2) ... m4(n) is order-isomorphic to the sub-
sequence m4(d + 1)my(d +2) ... mq(d + n) in w4. This yields that 75 € &,, 4.

In order to show that n; € Gmd(231,4132), it remains to show that m; avoids the
patterns 231 and 4132. First, we aim to show that w4 avoids the pattern 231. In fact,
we show that m; € &,,;(231) for all 1 < ¢ < d. We prove the assertion by induction
on i. Since o1 € 6,,1(231) and m; = oy, the assertion holds for i« = 1. Assume that
the assertion holds for m < i — 1, that is, 7, € &,1,(231) for all m < i — 1. Now
we proceed to show that m; € &,,,;(231). Suppose that the subsequence 7;(¢)m;(j)m;(k)
is an occurrence of 231 where ¢ < j < k. Recall that the subsequence m;(1)m;(2)...
mi(n + ¢ — 1) is order-isomorphic to m;_1, and the subsequence m;(i)m;(i + 1) ... m(n + 9)
is order isomorphic to ¢;. Thus, from o; € &,,,1(231) and the induction hypothesis that
i1 € ©,4-1(231), it follows that ¢ < i and kK = n 4 i. According to the construction
of m;, we have m;(i — 1+ a) = m_1(i — 1+ a)+1 = m(i +n) + 1. This yields that
mi(j) > mi(i = 1+ a). Then either m;(¢)m;(j)m(i — 14 a) or mi(i — 1 + a)m(j)mi(i + n)
would form an occurrence of 231. In the former case, m;_1(€)m;—1(j)mi—1(i — 1 + a) would
form an occurrence of 231 in m;_;. This contradicts the fact that m;_; € &,,.,-1(231). In
the latter case, the subsequence o;(a)o;(j — i — 1)o;(n + 1) would form an occurrence of
231 in o;. This contradicts the fact that o; € &,,.1(231). Hence, we have m; € &,,,,(231).

Our next goal is to show that 7, also avoids the pattern 4132. We claim that m; €
S,,1i(4132) for all i = 1,2,...,d. We prove the claim by induction on 7. Obviously, the
claim holds for ¢ = 1 since m; = o1 and 07 € &,,11(4132). Assume that 7, € &,,4,,(4132)
for all m < i — 1. Now we proceed to show that m; € &,,,;(4132). If not, there must exist
three indices ¢, j,k (¢ < j < k) such that m;(¢)m;(j)m;(k) is an occurrence of 321 which
cannot be extended to an occurrence of 4132. More precisely, we have m;(m) > m;(k)
for all £ < m < j. Recall that the subsequence m;(1)m;(2)...m(n + i — 1) is order-
isomorphic to m;_; and the subsequence m;(i)m;(i + 1) ... m;(n + ¢) is order-isomorphic to
0;. Since both m;_; and o; avoids the pattern 4132, we have ¢ < i and k = n +i. Then
we have 1 < m(n +1i) < n+ 4. Since 0; € 6,,1(231,4132) and n > 2, it follows that
l<oi(n+1)<n+1.

Suppose that o;(b) = o;(n+ 1) — 1. Since the subsequence m;(i)m;(i+1) ... m(n+1) is
order-isomorphic to o;, we have m;(i — 14 b) < m;(n+1). Recall that m;(m) > m;(n+1) for
all £ < m < j. This implies that j < i—1+0b. Then the subsequence 7;(¢)m;(7)m;(i —1+b)
would from an occurrence of 321. Since m;(1)7;(2) ... m;(n+4i—1) avoids the pattern 4132,
there exists an integer m such that ¢ < m < j and m;(€)m;(m)m;(j)mi(i — 1 + b) forms
an occurrence of 4132. Then we have m;(m) < m(i — 1+ b) < m;(n +¢). This yields a
contradiction with the fact that m;(m) > m(n + i) for all £ < m < j. Thus, we deduce
that the indices ¢, j, k do not exist. Hence, we have 7; € &,,,,;(4132).
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So far, we have concluded the map f is well defined, that is, f(W) € &,, 4(231,4132).

Conversely, given a permutation m € &, 4(231,4132), we can recover a closed walk
f(m) = (01,00,...,04) € W,.a(231,4132) by letting o; be the permutation of [n + 1]
which is isomorphic to w(i)7(i +1)...7(i+n) forall i = 1,2,... d.

In order to show that the map f is a bijection, it suffices to show that the maps f and
f" are inverses of each other. First, we aim to show that f'(f(W)) = W for any closed walk
W = (01,09,...,04) € W,,4(231,4132). By the construction of the map f, we recursively
generate a sequence (7,7, ..., Ty) of permutations in which each m; is a permutation
of [n + 4] and f(W) = my. By Claim 2, the subsequence my(i)mq(i + 1)...mq(i + n)
is order-isomorphic to o;. From the construction of the map f’, it is easily seen that
fw)) =w.

Next we turn to the proof of the equality f(f'(7)) = 7 for any 7 € &,, 4(231). Suppose
that f'(7) = (01,09,...,04). When apply the map f to f/(m), we recursively get a
sequence (7, g, ..., Tq) of permutations in which each ; is a permutation of [n + i] and
f(f'(r)) = mq. In order to show that f(f'(7)) = =, it suffices to show that m; is order-
isomorphic to 7(1)m(2)...7(n + 1) for all 1 < i < d. We prove by induction on . Since
m = oy and oy is order-isomorphic to 7(1)7(2) ... 7(n + 1), the assertion holds for i = 1.
Assume that m;_; is order-isomorphic to 7(1)m(2)...7(n +i — 1). Now we proceed to
show that the assertion also holds for . We have two cases.

Case 1. 0;(n+ 1) = n+ 1. From the construction of m;, we have m;(n +1i) = n+1
and m;_1(k) = m;(k) for all 1 < k < n+¢— 1. By the induction hypothesis that m;_; is
order-isomorphic to 7(1)7(2)...m(n + ¢ — 1), in order to prove the assertion, it suffices
to show that w(k) < m(n+i) forall 1 <k <n+i—1. Since 7(i)r(i+1)...7(i +n) is
order-isomorphic to o;, we have 7(k) < 7(i +n) for all t < k < i+ n — 1. It remains to
show that 7(k) < 7(i +n) for all 1 < k < ¢ — 1. Recall that 7(1)7(2)...7(n) is order-
isomorphic to w(d + 1)m(d+ 2) ... 7(d +n). This yields that 7(d+ 1)7(d+2)...7(i + n)
is order-isomorphic to w(1)7(2)...7(i +n — d). Since w(k) < 7w(i + n) for all d + 1 <
k <i-+n, we have m(k) < m(i+n —d) for all 1 < k < i+ n —d. Thus, it follows that
m(k)<m(i+n—d)<m(n+i)forall 1 <k <i—1.

Case 2. 1 < o;(n+1) <n-+ 1. Suppose that o;(a) = 0;(n + 1) + 1. According to the
construction of m;, we have m;(n+ 1) = m_1(a+1i— 1) and

(k) = (k) + 1 if mi (k) 2 m(a+i—1),
U mia(R) otherwise.

Obviously, we have m;(a +i—1) = m;_1(a+i — 1) + 1, which implies that m;(a+i—1) =
mi(i+n)+1. Recall that m;(1)m;(2) ... m(n+i— 1) is order-isomorphic to m;_; and m;_; is
order-isomorphic to 7(1)7(2) ... 7(n+7—1). In order to prove the assertion, it suffices to
show that m(a+i—1) = w(i+n)+1. Since o; is order-isomorphic to 7w(i)w(i+1) ... w(i+n),
the inequality o;(a) > o;(n+1) leads to m(i—14+a) > w(n+1). Suppose that 7(a+i—1) >
m(i+n)+1 and m(m) = 7(i4+n)+1. We claim that m < i. If not, suppose that m > i. Since
o; is order-isomorphic to the subsequence m(i)m(i+1)...m(n+1), we have m = a+1i — 1,
which contradicts the assumption 7(a +i—1) > (i +n) + 1 and 7(m) = 7(i + n) + 1.
Hence we have m < i. Then the subsequence m(m)m(a + i — 1)m(n + i) would form an
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occurrence of 231 in 7, which yields a contradiction with the fact that m avoids the pattern
231. This completes the proof. 1

Given a permutation 7 € &, 4(231,4132), suppose that the entry m(d + a) is the
maximum among the entries m(d+ 1), 7(d + 2),...,7(2d). The permutation is said to be
of type one if m(k) < m(d + a) for all 1 < k < d. Otherwise, it is said to be of type two.
We partition the set &,, 4(231,4132) into two subsets X and Y, where X is the set all
permutations of type one and Y is the set of all permutations of type two.

Observation 3.2. Let n > d > 1. Given a permutation m € &, 4, we have w(d + z) >
w(d+vy) if and only if 7(x) > w(y), where 1 <z <y < n.

Lemma 3.3. Let n > d > 1. Given a permutation 1 € S, 44, suppose that w(d + a) is
the mazimum among the elements w(d+ 1), w(d+2),...,m(2d). Then m € X if and only
if ™ has the following properties.

(i) The subsequence w(a)m(a+1)...7(a+d—1) is a (231,4132)-avoiding permutation
of l[a,d — 1+ al.

(ii) The subsequence w(1)mw(2)...m(a — 1) is a permutation of [a — 1] which is order-
isomorphic to the subsequence m(d+ )m(d+2)...7w(d+a—1).

(ili) 7(i +d) = 7(i) + d for alli > a.

Proof. 1t is easily seen that if 7 has properties (i), (ii) and (iii), then 7 € X.

Now suppose that m € X, we shall show that 7 verifies properties (i), (ii) and (iii).

(i) By Observation 3.2, the entry 7(a) is also the maximum among the entries
(1), 7(2),...,m(d). This implies that (i) < m(a) for all i < a — 1. Since 7 avoids the
pattern 231, we have 7(i) < m(j) for all i < a < j. By similar reasoning, it is easy to verify
that m(i) < w(j) for all i < a+d < j. Hence, the permutation 7(a)w(a+1)...7(a+d—1)
is a (231,4132)-avoiding permutation of [a,a + d — 1].

(ii) Recall that the subsequence 7(1)7(2)...7(n) is order-isomorphic to the subse-
quence 7(d+ 1)m(d+2)...7w(d+ n). Moreover, we have 7(k) < a for all k < a — 1. This
implies that the subsequence 7(1)7(2)...7(a — 1) is a permutation of [a — 1] which is
order-isomorphic to the subsequence w(d + 1)w(d +2)...7w(d 4+ a — 1).

(iii) By Observation 3.2, the subsequence 7((k+1)d+a)n((k+1)d+a+1) ... 7((k+2)d+
a—1) is order-isomorphic to the subsequence w(kd+a)m(kd+a+1)...7((k+1)d+a—1)
for all & > 0. In order to verify (iii), it remains to show that m(kd + a)7(kd + a +
1)...7((k + 1)d + a — 1) is permutation of [kd + a,(k + 1)d + a — 1] for all £ > 0.
We prove by induction on k. By property (i), the assertion holds for £ = 0. Assume
that the assertion holds for all m < k — 1. Now we proceed to show that the assertion
also holds for k. By the induction hypothesis, we have w((k — 1)d + x) < 7w(y) for all
a <z < d+a—1andy > kd+a—1. By Observation 3.2, we have w(kd+z) < m(d+y) for all
a <x<d+a—1andy > kd+a—1. Hence, by the induction hypothesis, the subsequence
n(kd+a)m(kd+a+1)...7w((k+1)d+a— 1) is permutation of [kd + a, (k4 1)d + a — 1].
This completes the proof. |
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Lemma 3.4. Given a permutation 7 € &,,14, suppose that w(d+ a) is the mazimum ele-
ment among the elements w(d+1), 7(d+2), ..., 7(2d) and there are exactly k entries among
the elements w(1),m(2),...,w(d) which are larger than wayq. Let w(by), w(ba), ..., w(bx) be
such entries, where by < by < ... < by, < d+a. Then m €Y if and only if © has the
following properties.

(1)/ a = bl.
(i) 7 € G

(iii)" For all 1 < i < k, the subsequence m(bi+1)m(b;+2) ... 7(bix1—1) avoids the patterns
231 and 4132 with the assumption by = d + b;.

(iv)" For allp >0 and 1 <14 < k, we have n(pd +b;) = n +d+ 1 —i — pk.

(v)" Forallp >0 and 1 <i < k, we have w(x) < 7(y) if v < pd+b; <y and x # md-+b;
forallm=>0and 1< j<k.

(vi)" For all 1 <i < k, we have b, — b; > 2 with the assumption by, = d + b;.

Proof. Tt is easy to check that if 7 has properties (ii)'-(v)’, we have 7 € &, 4(231). It
remains to show that 7 avoids the pattern 4132. We argue by contradiction. Suppose
that there exist three indices x,y, z with < y < z such that 7(z)7(y)7(2) (r <y < 2) is
a pattern of 321, which cannot be extended to a pattern 4132. By properties (ii)'-(v)’, we
have x = pd + b; for some nonnegative integer p and some positive integer i. By property
(i)', the subsequence 7 (b;)w(y — pd)w(z — pd) also forms a pattern 321 which cannot be
extended to a pattern 4132. By property (iii)’, we have z —pd > b; +d — 1. From property
(v)', we have y — pd > by, since 7(y — pd) > 7(z — pd). By property (v) and (vi)', there
exists an entry 7(¢) such that 7(¢) < 7(z —pd) and b; < ¢ < b;+1. Hence, the subsequence
7(b))m(y — pd)m(z — pd) forms a pattern 321 which can be extended to a pattern 4132,
which yields a contradiction. So such indices x,y, z do not exist. This implies that m
avoids the pattern 4132.

Our next goal is to show that if 7 € Y, then it verifies Properties (i)'-(vi)".

(i)" Recall that the entry 7(d + a) is the maximum among the entries 7(d + 1), 7(d +
2),...,m(d + a). From Observation 3.2, it follows that that the entry m(a) is also the
maximum among the entries w(1), 7(2),...,n(d). Since 7 avoids the pattern 231, we have
m(by) > m(by) > ... > w(by) > w(d + a). Notice that we have 7(j) < m(d + a) for all
j<dand j ¢ {b,by,...,bg}. Thus, the entry 7(b;) is the maximum among the entries
7(1),7(2),...,n(d), which implies that a = b;. This verifies property (i)’

Properties (i) and (iii)’ follow immediately from the fact that 7 € &, 4(231,4132).

(iv)" We proceed by induction on p. First, we aim to show that the assertion holds for
p=0. Recall 7(j) < w(d+a) for all j < d and j & {by,bs,...,bx} and w(by) > 7(be) >
...>7(bg) > mw(d+ a) = w(d + by). This implies that w(by) > 7(by) > ... > w(by) > 7(j)
for all j < d and j & {b1,b,...,bx}. In order to verify m(b;) = n+d+ 1 — i, it remains
to show that m(by) > m(by) > ... > mw(bg) > m(j) for all j > d. Notice that the entry
7(d + by) is the maximum among the entries 7(d + 1)m(d+ 2) ... w(2d). This implies that
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7(bg) > w(d+j) for all 1 < j < d. By Observation 3.2, we have w(pd+0by) > 7((p+1)d+j)
for all 1 < j < d. This yields that w(by) > 7(by) > ... > mw(by) > w(j) for all j > d. Thus,
we have m(b;)) =n+d+1—iforall 1 <i<k.

Now assume that m(md+b;) =n+d+1—j—mkforallm <p—1land1<j <k We
shall show that m(pd +b;) =n+1—j —pk for all 1 < j < k. We argue by contradiction.
Suppose that ¢ is the maximum integer such that ¢ < k and w(pd+0b,) = n+d+1—{—pk
for all ¢ < ¢. In other words, we have m(pd + b,) < n+d+ 1 — g — pk. Suppose that
m(x) = n+d+1—q—pk. Notice that we have showed that 7(by) > w(be) > ... > w(bg) >
7(y) for all y & {by,bs,...,bx}. By Observation 3.2, we have w(pd + by) > 7(pd + by) >
... > 7(pd+ b)) > w(pd + y) for all y & {by,bs,...,br}. So we have x < pd. If ¢ > 1,
then the subsequence 7(z)m(pd + by)w(pd + b,) would form an occurrence of 231 in .
This contradicts the fact that m avoids the pattern 231. If ¢ = 1, then the inequality
m(x) > m(pd + by) implies that w(x — d) < 7((p — 1)d + by) by Observation 3.2. This
contradicts the fact that 7(y) < 7((p —1)d+b;) for all y < (p —1)d + by and y # sd+ b,
for all s > 1 and 1 < j < k. Thus, such integer ¢ does not exist. This implies that
m(pd+b;) =n+d+1—j— pk for all 1 < j < k, which verifies property (iv)".

Property (v) follows immediately from property (iv) since m avoids the pattern 231.

Now we proceed to show that 7w has property (vi)'. We have two cases.

Case 1. k> 1. If by = b;+1for 1 < i < k—1, then by property (iv)" the subsequence
7(b;)m(biy1)m(d + by) would form an occurrence of 321 which cannot be extended to a
pattern 4132, which yields a contradiction. This implies that b;, 1 —b; > 2for 1 < < k—1.
If bpyy = by + 1, then by property (iii)’, the subsequence (b )7 (d + by)m(d + by) would
form an occurrence of 321 which cannot be extended to a pattern 4132, which yields a
contradiction. This yields that by.; — by > 2. Thus, we deduce that when k£ > 1, we have
bix1 —b; =2forall 1 <i<k.

Case 2. k = 1. We claim that d > 1. If not, suppose that d = 1. Since n > 2, we have
n+d > 3. Recall that b, = 1 when d = 1. By property (iv)’, the subsequence 7(1)7(2)7(3)
would form an occurrence of 321, which cannot be extended to an occurrence of 4132.
This yields a contradiction. Hence, the claim is proved, that is, we have d > 1. Then we
have by — by = d + by — by = d > 2. This completes the proof. |

Lemma 3.5. Let n > d > 1. There is a bijection between the set X and the set
G5 (231,4132).

Proof. Given a permutation 7 € X, we wish to obtain a marked permutation g(m) €
&L (231,4132). Suppose that 7(d + a) is the maximum element among the elements
m(d+1),m(d+2),...,7(2d). Let 7’ be the permutation of [d] which is order-isomorphic
to m(a)m(a+1)...m(a +d —1). Define g(m) to be the permutation obtained from 7’ by
marking the entry 7'(d — a + 1).

Obviously, 7’ avoids the patterns 231 and 4132. This implies that the resulting permu-
tation g(m) also avoids the patterns 231 and 4132. Since the subsequence 7(1)7(2) ... 7(n)
is order-isomorphic to the subsequence 7(d+1)7(d+2) ... 7(d+n), the element 7(a) is also
the maximum among the elements 7(1), w(2),...,7(d). Thus, we have 7(i) < 7(a) for all
a+1 < i < d. Since 7’ is order-isomorphic to the subsequence 7(a)r(a+1)...7(a+n—1),
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the leftmost component contains at least d —a + 1 elements. Hence, the resulting permu-
tation g(7) € &£(231,4132).

Conversely, given a marked permutation o € &£L(231,4132), we wish to recover a
permutation 7 = ¢'(0) € X. Suppose that the b-th entry of its leftmost component is
marked. Let a = d+1—b. Define 7 to be the permutation such that 7(a)mw(a+1)...7(a+
d — 1) is order-isomorphic to o and verifies properties (i), (ii) and (iii).

By Lemma 3.3, one can easily verify that ¢’(7) € X and and the maps g and ¢ are
inverses of each other. Hence, the map ¢ is a bijection. This completes the proof. 1

Lemma 3.6. Letn > 2 and n > d > 1. There is a bijection between the set Y and
the set of permutations m € &%(231,4132) in which each component contains at least two
entries.

Proof. Given a permutation m € Y, suppose that 7(d + a) is the maximum among the
entries m(d + 1), 7(d + 2),...,7(2d). Suppose that there are exactly k entries among the
entries w(1),7(2),...,m(d) which are larger than mg,. Let 7(by), 7(b2),...,m(bx) be such
entries, where b; < by < ... < by, < d+ a. By Lemma 3.4, 7 has Properties (i)'-(vi)".

Now we proceed to define a map £ from the set Y to the set of permutations m &€
G1(231,4132) in which each component contains at least two entries. Assume that by, =
d + by. Let o; be the permutation of [b;;1 — b; — 1] which is order-isomorphic to the
subsequence 7(b; + D)7w(b; +2) ... 7w(bipyy — 1) forall 1< i<k . Leto=(160) B (16
09)... D (1 ©og). Define £(m) to be the permutation obtained from ¢ by marking the
a-th entry of the rightmost component of o.

By properties (iv)" and (v)’, we have that the subsequence 7 (b;)m(b; +1) ... 7(biy1 — 1)
is a (231, 4123)-avoiding permutation which is order-isomorphic to 160; for all 1 < i < k.
Hence, the resulting permutation o € G,4(231,4132). Since by < d and by, = d + a, we
have that |ox| = bxy1 — by —1 > d+a—1—d = a— 1. This ensures that the rightmost
component of o contains at least a entries. Thus, we have £(7) € &%(231,4132). In order
to show that the map ¢ is well defined, it remains to show that each component of £(7)
contains at least two entries. By property (vi)’, we have |o;| = bipq — b; — 1 > 1 for all
1 <7 < k. Hence, we have concluded that the map & is well defined.

Conversely, given a permutation o € G%(231,4132) in which each component contains
at least two entries, we shall recover a permutation £'(0) € Y. Suppose that o is uniquely
decomposes as

c=160)d(1S0)...0 (1S oy,

where each o; is a (231, 4132)-avoiding permutation. Assume that the a-th entry of the
last component of ¢ is marked. Let by = a and b,y = b; + |o;| for all 1 < i < k. Let
¢'(0) to the permutation 7 such that the subsequence m(b; + 1)mw(b; +2) ... 7w(biy1 — 1) is
order-isomorphic to o; for all 1 <4 < k, and satisfies properties (ii)'-(vi)".

Recall that b;11 — b; = |o;| = 1. By Lemma 3.4, we have 7 € Y and the maps £ and £’
are inverses of each other. Hence, the map ¢ is the desired bijection. This completes the
proof. |

THE ELECTRONIC JOURNAL OF COMBINATORICS 23(3) (2016), #P3.57 19



Next we give an overview of Guibert’s bijection [19] between the set &,,(231,4132) and
the set M,,. Given a permutation 7 € &,,(231,4132), we recursively construct a Motzkin
path x(m) as follows.

e Suppose that 7 = 7'n, where 7’ € &,,(231,4132). Set x(7) = x(7')H.

e Suppose that 7 = 7'n(i + 1);’7 for some 0 < i < n — 2, where 7’ € 6;(231,4132),
7’ € &,_5_;(231,4132) and 7" is obtained from 7" by adding i + 1 to every entry.

Set y(r) = x(+")Ux(x")D.
Notice that the bijection x induces an one-to-one correspondence between the set of

indecomposable (231, 4132)-avoiding permutations of [n] and the set of Motzkin paths of
order n with exactly one return point.

Lemma 3.7. Forn > 1, the number of indecomposable (231, 4132)-avoiding permutations
of [n] is given by my,_o + 0y 1.

By Lemma 3.7, it is easy to verify that the cardinality of the set &% (231,4132) is given
by the left-hand side of Formula 1.4, while the cardinality of the subset of &%(231,4132)
in which each component contains at least two entries is given by the left-hand side of
Formula 1.5. Together with Formulae (1.4) and (1.5), Lemmas 3.5 and 3.6 imply that,
form>2andn>d>1,

16,,.4(231,4132)| = uﬂ+nq
(3.1)

J
. L3] d (dy (2
- ZZ=20 d_(2z)(z)'
Combining Lemma 3.1 and Formula (3.1), we get the enumeration of closed walks of

length d in the graph G(n,231,4132).

Theorem 3.8. Forn > 2 andn > d 1, the number of closed walks of length d in the
graph G(n,231,4132) is given by ZZ 0 p Z(dl) (*).

)

Following the approach given in [15], we get the enumeration of d-cycles in the graph
G(n,231,4132).

Theorem 3.9. Forn > 2 and n > d > 1, the number of d-cycles in the graph
G(n,231,4132) is given by éze‘d Z}Eé p(dfe)==(5) (%),
Proof. Let h(d) denote the number of d-cycles. A closed walk of length d can be obtained

by choosing a divisor e of d, an e-cycle and a starting point on the cycle. By repeating
the e-cycle d/e times, we obtain a closed walk of length d. Hence, by Theorem 3.8, we

have
NI
= - h(e).
§:d_¢(%>(¢) D e-h(e)
=0 eld
The result follows by classic Mobius inversion. This completes the proof. 1
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4 Affine permutations avoiding barred patterns

Given a permutation w € &,,, the reverse-complement of 7w, denoted by 7", is defined to be
the permutation (n+1—m(n))(n+1—m(n—1))...(n+1—mx(1)). Clearly, the permutation 7
is indecomposable if and only if its reverse-complement 7"¢ is indecomposable. Moreover, a
permutation is (231, 4132)-avoiding if and only if its reverse-complement 7" is (312, 3241)-
avoiding. By lemma 3.7, we get the following result.

Lemma 4.1. Forn > 1, the number of indecomposable (312, 3241)-avoiding permutations
of [n] is given by my,_o + 0y 1.

By Lemmas 3.7 and 4.1, we have

|61(231,4132)] = |6]7(312,3241)| = > * ) n1a, i, - . O, (4.1)
k>1 P
where the second sum is over all compositions P = (ny,ns,...,ng) of n into k parts.

Hence, from Formula (1.4), it follows that

&L(231,4132)| = |67(312, 3241)| = S (") (2Z> (4.2)

, 21 1
=0

0|3

Lemma 4.2. There is a bijection between the set &,,(231,4132) and the set SE(231,4132).

Proof. Given a permutation 7w € én(231, 4132), we wish to obtain a marked permutation
O(m) € &L(231,4132). Suppose that 7(a) is the maximum element among the elements
(1), 7(2),...,7(n). By Condition (1.10), m(n + a) is also the maximum element among
the elements m(n+1), 71(n+2),...,m(2n). Moreover, we have 7(i) < m(a) for alli < a—1.
Since 7 avoids the pattern 231, we have 7(i) < m(j) for alli < a < j. By similar reasoning,
it is easy to verify that w(i) < m(j) for all i < a +n < j. Hence, the permutation
m(a)m(a+1)...7(a+n—1)is a (231,4132)-avoiding permutation of [a,a +n — 1]. Let
7" be the permutation of [n] which is order-isomorphic to m(a)r(a +1)...7(a +n — 1).
Define 6(7) to be the permutation obtained from 7’ by marking the (n 4+ 1 — a)-th entry.

Obviously, 7’ avoids the patterns 231 and 4132. This implies that the resulting per-
mutation 6(7) also avoids the patterns 231 and 4132. Recall that 7(i) < m(a) for all
a+1 < i< nand 7 is order-isomorphic to the subsequence w(a)m(a+1)...7(a+n—1).
This yields that the leftmost component of 7’ contains at least n+ 1 — a elements. Hence,
the resulting permutation () € &L (231,4132).

Conversely, given a marked permutation o € &L(231,4132), we wish to recover an
affine permutation m = #'(c) € &,(231,4132). Suppose that the o(b) is marked. Define
7 to be the bijection 7 : Z — 7Z such that

e T(n—b+ 1)m(n —b+2)...m(2n — b) is a permutation of [n — b+ 1,2n — b] which
is order-isomorphic to o;

o w(i+n)=m(i)+n.
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Clearly, the resulting permutation 7 avoids the patterns 231 and 4132. In order to show
that 7 € 6,(231,4132), it suffices to show that Srm(i) = ("3Y). From w(i+n) = m+n

and annbb-i,-l m(i) = (nH) + n(n — b), it follows that

n 2n—b
. . n+1
Zﬂ(z) = Z (1) —n(n—0b) = ( 5 )
=1 i=n—b+1
Hence, the map @' is well-defined, that is, 7 = 6'(0) € &,,(231, 4132).
It is straightforward to check that the construction of the map 0’ reverses each step of

the construction of the map 6. Thus the maps 6 and €' are inverses of each other. This
yields that the map 6 is the desired bijection, which completes the proof. 1

Our next goal is to establish an analogous bijection between the set én(312, 3241) and
the set G%(312,3241).

Lemma 4.3. There is a bijection between the set &,,(312,3241) and the set GE(312,3241).

Proof. Given a permutation 7 € én(312, 3241), we wish to obtain a marked permutation
7(7) € 61(312,3241). Suppose that m(a) is the minimum element among the elements
w(1),7(2),...,m(n). By Condition (1.10), m(a + n) is also the minimum element among
the elements m(n+1),7(n+2),...,m(2n). Moreover, we have 7(i) > 7(a) for all i > a+1.
Since 7 avoids the pattern 312, we have m(i) < w(y) for alli < a < j. By similar reasoning,
it is easy to verify that w(i) < m(j) for all i < a +n < j. Hence, the permutation
m(a+1)...7(a+n) is a (312, 3241)-avoiding permutation of [a + 1,a + n|. Let 7’ be the
permutation of [n] which is order-isomorphic to the subsequence 7(a+1)w(a+2)...7(a+
n). Define 7(7) to be the marked permutation obtained from 7’ by marking the a-th
entry.

Obviously, 7’ avoids the patterns 312 and 3241. This implies that the resulting permu-
tation 7(m) also avoids the patterns 312 and 3241. Recall that w(n+1) > 7(n + a) for all
1 <i<a—1and 7 is order-isomorphic to the subsequence w(a + 1)m(a+2)...7(a+n).
This yields that the rightmost component of 7’ contains at least a elements. Hence, the
resulting permutation 7(7) € &%(312,3241).

Conversely, given a marked permutation o € &%(312,3241), we wish to recover an
affine permutation = = 7'(0) € én(312, 3241). Suppose that the b-th entry of its rightmost
component is marked. Define 7 to be the bijection 7 : Z — Z such that

o m(b+1)w(b+2)...m(n+0b) is a permutation of [b+1, n+b] which is order-isomorphic
to o;

e m(i+n)=m(i) + n.

Clearly, the resulting permutation 7 avoids the patterns 312 and 3241. In order to show
that 7 € 6,,(312,3241), it suffices to show that >, 7(i) = ("3'). Since m(i+n) = 7 +n
and Z?erzl m(i) = ("3") + nb, we have

zn:w(i) - ni 7(i) — nb = ("‘2”)

i=1 1=b+1
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Hence, the map 7’ is well-defined, that is, that is, o = 7/(P) € én(3127 3241). Tt is easy
to verify that the maps 7 and 7" are inverses of each other. Thus, the map 7 is the desired
bijection, which completes the proof. 1

Together with Formula (4.2), Lemmas 4.2 and 4.3 lead to the following result.

Theorem 4.4. Forn > 1, we have |&,,(231,4132)] = |&,,(312,3241)| = L% (2) (%)

? 24
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