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Abstract

We determine the possible intersection sizes of a Hermitian surface H with an
irreducible quadric of PG(3, ¢?) sharing at least a tangent plane at a common non-
singular point when ¢ is even.
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1 Introduction

The study of intersections of geometric objects is a classical problem in geometry; see e.g.
[12, [13]. In the case of combinatorial geometry, it has several possible applications either
to characterize configurations or to construct new codes.

Let C be a projective [n, k]-linear code over GF(q). It is always possible to consider
the set of points Q in PG(k — 1, q) whose coordinates correspond to the columns of any
generating matrix for C. Under this setup the problem of determining the minimum
weight of C can be reinterpreted, in a purely geometric setting, as finding the largest
hyperplane sections of €2. More in detail, any codeword ¢ € C corresponds to a linear
functional evaluated on the points of €2; see [19, 2I]. For examples of applications of these
techniques see [4, [5, [6].
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Clearly, it is not necessary to restrict the study to hyperplanes. The higher weights of
C correspond to sections of C with subspaces of codimension larger than 1; see [17] and
also [22] for Hermitian varieties.

A different generalization consists in studying codes arising from the evaluation on 2
of functionals of degree t > 1; see [19]. These constructions yield, once more, linear codes,
whose weight distributions depend on the intersection patterns of {2 with all possible
algebraic hypersurfaces of PG(k — 1, ¢) of degree ¢.

The case of quadratic functional codes on Hermitian varieties has been extensively
investigated in recent years; see [2], [8, 9] [10, 1T}, I8]. It is however still an open problem
to classify all possible intersection numbers and patterns between a quadric surface Q in
PG(3,4?%) and a Hermitian surface H = H(3, ¢%).

In [1], we determined the possible intersection numbers between Q and H in PG(3, ¢?)
under the assumption that ¢ is an odd prime power and Q and H share at least one
tangent plane. The same problem has been studied independently also in [7] for Q an
elliptic quadric; this latter work contains also some results for ¢ even.

In this paper we fully extend the arguments of [I] to the case of ¢ even. It turns
out that the geometric properties being considered, as well as the algebraic conditions
to impose, are different and more involved than in the odd ¢ case. Our main result is
contained in the following theorem.

Theorem 1.1. In PG(3,¢?%), with q even, let H and Q respectively be a Hermitian surface
and an irreducible quadric sharing at least a tangent plane at one common non-singular
point P. Then, the possible sizes of the intersection H N Q are as follows.

e For Q elliptic:
=+, -+ 1, — g+ L+ L+ a+ L+ -+ 1L+ P+ 1
e For Q a quadratic cone:
-+, g+, g+ L, —q+ 1, 2 — g+ 1
e For Q hyperbolic:
C+1,¢ -+, =+ 1, =g+ 1,8+, + g+ 1L+ P — g+ 1, + P+ 1,
FH2¢8 —q+ 1, +2¢* + 1, +3¢% —q+ 1,284 + ¢ + 1.

We remark that, as we are dealing with irreducible quadrics in PG(3, ¢%), by quadratic
cone (or, in short, cones) we shall always mean in dimension 3 the quadric projecting an
irreducible conic contained in a plane 7 from a point (vertex) V & .

Our methods are mostly algebraic in nature, based upon the GF(g)-linear represen-
tation of vector spaces over GF(¢?), but in order to rule out some cases some geometric
and combinatorial arguments are needed, as well as some considerations on the action of
the unitary groups.

For generalities on Hermitian varieties in projective spaces the reader is referred to
[3, [16, 15 20]. Basic notions on quadrics over finite fields are found in [15, [16].
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2 Invariants of quadrics

In this section we recall some basic invariants of quadrics in even characteristic; our main
reference for these results is [15], §1.1, 1.2, whose notation and approach we closely follow.
Recall that a quadric Q in PG(n,q) is just the set of points (zo, ..., z,) € PG(n,q)

such that F(xo,...,z,) = 0 for some non-null quadratic form
n
F(zg,...,z,) = Z a;x? + Zaijxiffj-
i=0 i<j

If there is no change of coordinates reducing F' to a form in fewer variables, then Q is
called non-degenerate or non-singular; otherwise Q is said to be degenerate or singular.
If the polynomial F' splits into linear factors in the algebraic closure of GF(q), then Q
is reducible; otherwise Q is wrreducible. It is well known that if Q is reducible, then
F(zy,...,x,) = Li(z1,...,25)Lo(21, ..., 2,) with Ly and Ly linear polynomials defined
over GF(¢?).

The minimum number of indeterminates which may appear in an equation for Q is
the rank of the quadric, denoted by rank(Q); see [14), §15.3].

Suppose ¢ even and consider the quadric @ in PG(3,q) of equation Z?:o a;x? +
Zi<j a;jx;x; = 0; define

2a9 apgr  ag2  ap3 0 ap1 Qo2 Qo3
I 200 a2 a3 B.— | T 0 a2 Q13
age @12 2ap asz |’ —Qp2 —Qi12 0 23
apz @13 Qg3 2a3 —ap3 —aiz —agz 0
and, for det B # 0,
_det A—det B 1)
C T T et B (

The values det A, det B and « should be interpreted as follows. In A and B we replace
the terms a; and a;; by indeterminates Z; and Z;; and we evaluate det A, det B and «
as rational functions over the integer ring Z. Then we specialize Z; and Z; to a; and
a; ;. Furthermore, as ¢ is even, the quadric Q induces a symplectic polarity which is
non-degenerate if, and only if, det B # 0 (this is actually equivalent to det A # 0 in
odd projective dimension), so the formula giving the invariant « is well defined for
non-singular quadrics.

By [15, Theorem 1.2], a non-singular quadric @ of PG(3,2") is hyperbolic or elliptic
according as

Tr,(a) =0 or Tr,(a) =1,

respectively, where Tr, denotes the absolute trace GF(¢q) — GF(2) which maps z € GF(q)
to x4+ 22+ 2% +... 422"
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3 Some technical tools

In this section we are going to prove a series of lemmas that shall be useful to prove our
main result, namely Theorem [I.1]

Henceforth, we shall always assume ¢ to be even; x,y, z will denote affine coordinates
in AG(3,¢*) and the corresponding homogeneous coordinates will be J, X,Y,Z. The
hyperplane at infinity of AG(3,¢?), denoted as X, is taken with equation J = 0.

Since all non-degenerate Hermitian surfaces of PG(3, ¢?) are projectively equivalent,
we can assume, without loss of generality, H to have affine equation

2%+ 2 = gt 4 g0t (2)

Since PGU(4, q) is transitive on H, see [20, §35], we can also suppose that a point where
‘H and Q have a common tangent plane is P = P,,(0,0,0,1) € H; so, the tangent plane
at Py to H and @ is Y. Under the aforementioned assumptions, Q has affine equation
of the form

z=ar’ + by fery+de+ey+ f (3)

with a, b, c,d, e, f € GF(¢?). A straightforward computation proves that Q is non-singular
if and only if ¢ # 0; furthermore Q is hyperbolic or elliptic according as the value of

Tr,2(ab/c?)

is 0 or 1 respectively. When ¢ = 0 and (a, b) # (0,0), the quadric Q is a cone with vertex
a single point V. Write now
Co = ONHNT,.. (4)

If Q is elliptic, the point P, is, clearly, the only point at infinity of Q@ N H, that is
Coo = {Px}. The nature of C,, when Q is either hyperbolic or a cone, is detailed by the
following lemma.

Lemma 3.1. If Q is a cone, then Cs consists of either 1 point or ¢*> + 1 points on a line.
When Q is a hyperbolic quadric, then Cs consists of either 1 point, or ¢> + 1 points on a
line or 2¢> + 1 points on two lines. All cases may actually occur.

Proof. As both H N X, and @ N X split in lines through P.., it is straightforward to
see that the only possibilities for C., are those outlined above; in particular, when Q is
hyperbolic, C., consists of either 1 point or 1 or 2 lines. It is straightforward to see that
all cases may actually occur, as given any two lines ¢, m in PG(3,¢?) there always exist
at least one hyperbolic quadric containing both m and /. Likewise, given a line ¢ € ¥
with P € ¢ there always is at least one cone with vertex V' € ¢ and V' # P meeting ¥,
just in /. m

Now we are going to use the same group theoretical arguments as in [I, Lemma 2.3]
in order to be able to fix the values of some of the parameters in without losing in
generality.
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Lemma 3.2. If Q is a hyperbolic quadric, we can assume without loss of generality:
1. b=0, and a?*! # 11 when Co is just the point Py ;
2. b=0, a =c when Cy 1s a line;

3. b=PBa,c=(B+1)a, a#0 and B =1, with 8 # 1 when Cy is the union of two
lines.

If Q is a cone, we can assume without loss of generality:
1. b =0 when Cy is a point;
2. a = b when Cs s a line.

Proof. Let A be the set of all lines of X, through P,,. The action of the stabilizer G of
P, in PGU(4, q) on A is the same as the action of PGU(2, q) on the points of PG(1, ¢?).
This can be easily seen by considering the action on PGU(2, ¢) on the line ¢ spanned by
(0,1,0,0) and (0,0, 1,0) fixing the equation X9t + Y4t = (. Indeed, if M is a 2 x 2

1 0 0
matrix representing any o € PGU(2,q), then M’ := [0 M 0| represents an element
0 0 1

of PGU(4, q) fixing Py, = (0,0,0,1). The action of PGU(2, g) on ¢ is analyzed in detail in
[20, §42|. So, we see that the group G has two orbits on A, say A; and Ay where A; consists
of the totally isotropic lines of H through P,, while A, contains the remaining ¢ — ¢ lines
of ¥ through P,,. Furthermore, G is doubly transitive on A; and the stabilizer of any
m € A, is transitive on As.

Let now Q. = QN Y. If Q is hyperbolic and Co, = {Px} we can assume Q. to
be the union of the line ¢ : J = X = 0 and another line, say v : J = aX + ¢Y = 0 with
a?t £ ¢4t Thus, b = 0.

Otherwise, up to the choice of a suitable element o € GG, we can always take Q. as
the union of any two lines in {/, s, t} where

(: J=X=0, s: J=X+4+Y =0, t: J=X4+p8Y =0
with 8971 =1 and 8 # 1.
Actually, when C., contains just one line we take Q. : X(X 4+ Y) = 0, while if C is

the union of two lines we have Q. : (X +Y)(X + 8Y) = 0. When Q is a cone, we get
either Q. : X2 =0o0r Q. : (X +Y)?=0. The lemma follows. m

4 Proof of Theorem [1.1]

We use the same setup as in the previous section. Thus, the Hermitian surface H has
equation whereas the quadric Q has equation . We first determine the number of
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affine points that Q and H have in common, that is the size of (Q NH) \ Coo, where Co
is defined in . Hence we study the following system of equations

)

2 = ax?® + by? + cry + dx + ey + f. (5)

In order to solve , recover the value of z from the second equation and substitute it in
the first. This gives

alx® 4 b1y 4 gyt + di2? + ely? + [+ ax?® + by* + coy +dr +ey + f = 297 +477 (6)

Consider GF(¢?) as a vector space over GF(¢) and fix a basis {1,e} with e € GF(¢?) \
GF(q). Write any element in GF(¢?) as a linear combination with respect to this basis,
that is, for any x € GF(¢?) let * = xy + z1&, where zg, 71 € GF(q). Analogously write
also a = ag+¢eay, b = by+¢cb; and so on. Thus, @ can be studied as a quadratic equation
over GF(q) in the indeterminates xg, x1, Yo, Y1 -

As q is even, it is always possible to choose ¢ € GF(¢?)\ GF(q) such that e?+e+v = 0,
for some v € GF(q) \ {1} and Tr,(v) = 1. Then, also, £2¢ + ¢? + v = 0. Therefore,
(e +¢)? + (9 +¢) = 0, whence e? + ¢ + 1 = 0. With this choice of ¢, (f)) reads as

(a1 + 1):1:3 + zozy + [ao + (1 +v)a; + I/]ZL‘% + (b + 1)y(2) + Yoy
+ [bo 4+ (1 + )by + V]y; 4+ c1zoyo + (co + c1)zoyr + (co + ¢1)x1y0 (7)
+ [co + (L +v)ar]zys + dizo + (do + di)z1 + eryo + (eo +e1)yr + fL = 0.

As is a non-homogeneous quadratic equation in (z, 1, Yo, ¥1), its solutions correspond
to the affine points of a (possibly degenerate) quadratic hypersurface = of PG(4, ¢). Recall
that the number N of affine points of = equals the number of points of H N Q which lie
in AG(3, ¢*); we shall use the formulas of [I5, §1.5] in order to actually count the number
of these points.

To this purpose, we first determine the number of points at infinity of =. These points
are those of the quadric =, of PG(3, ¢) with equation

f(zo, 21,90, 11) = (a1 + D)ag + zoz1 + ao + (1 +v)ay + v]z?

+ (b1 + D)yd + yoyr + [bo + (1 +v)by + v]yi + c1m0yo (8)

+ (co + c1)moyr + (co + c1)z1yo + [co + (1 + v)ar]ziy
=0.
Following the approach outlined in Section [2| we write the matrix associated to Qu
2(@1 + 1) 1 C1 Co + 1
A 1 2lap+ (1+v)ar+v] c+a co+(1+v)a ()
o C1 Co+ 1 2(b1 + 1) 1

co+ ¢ co+ (1+v)e 1 2[bo + (1 + v)by + V]

As ¢ is even, a direct computation gives
det Ay = 1+ 20+,

so, the quadric 2., is non-singular if and only if det Ao, # 0, that is ¢! #£ 1.
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Lemma 4.1. If Q is a cone, then rank(Z,,) = 4. If Q is non-singular then rank(Z,,) > 2
and if rank(Z..) = 2, then the quadric Q is hyperbolic.

Proof. Let Q be a cone, namely ¢ = 0. It turns out that det A,, # 0 and hence rank(Z.,) =
4. Now assume that Q is non-singular. If the equation of =, were to be of the form
f(xo, 21,90, y1) = (Ixg + may + nyo + ry1)? with I, m,n,r over some extension of GF(q),
then ¢ = 0; this is a contradiction. So rank(Z.) > 2. Finally, suppose rank(=Z) = 2,
that is E splits into two planes. We need to prove Trp(ab/c?) = 0. First observe that
c? =1 since the quadric Z,, is degenerate.

Consider now the following 4 intersections Cy : Eo, N [zg = 0], C1 : 2 N 21 = 0],
Co:ZoNlyo = 0], C3 : E N [y1 = 0]. Clearly, as =, is, by assumption, reducible in
the union of two planes, all of these conics are degenerate; thus we get the following four
formal equations

1 2[ap+ (1 +v)ay +v] o+ co+ (1+v)a
5 det Co+C1 2(b1 + 1) 1 = 0,
o+ (1+v)e 1 2[bo + (1 +v)by + v
1 2(@1 + 1) C1 Co + 1
5 det C1 2(b1 + 1) 1 = 0,
00+Cl ]_ Q[bo—f—(l—f—y)bl—f-y}
1 2(a1 +1) 1 co+
5 det 1 2[ap + (1 +v)ay + V] o+ (1+v)a =0,
co+ a1 [co+ (1 +v)cq] 2[bo + (1 + v)by + V]
1 2(a; + 1) 1 1
§det 1 2lap+ (1 +v)ay +v] co+c | =0.
a1 co+ 1 2(by +1)

Using the condition ¢! = 1, these give
ap+ (L +v)ay + (3 + A)bg + v(c2 +c+ cv)by =0
ai + by + (2 + vc2)by =0
(2 +chag+v(cd+ A +ve2)ay + by + (1 +v)by =0
C%ao + (C% + UC%)CLl + b1 = 0.
Since ¢! =1, if ¢; = 0, then ¢y = 1. Solving , we obtain
=b
{al 1 (11)

ao+a1—l—b0:0.

(10)

Therefore Tr,2(ab/c?) = Trpz((ap+ear)(ao+ (e +1)ar)) = Trpe(a?™) = 0 as a?™' € GF(q).
Suppose now ¢; # 0. Then @™ = (¢ + coc; + ve?) = 1 and, after some elementary
algebraic manipulations, System becomes

_ (< b1
g = 2+V 014—3

P (12)
boz‘i—%—|—<c—8+u>b1,
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hence,

ab  (af +b})(civ + cfe 4 ¢§) + arbi (v + cfe 4 c§ + 1)°
2 ci(co +ecy)? '

Since €? = e+ v and v + 2 + 1 = ¢ycy, we get
1 0 )

ab  ai+b  ab

2 4 2
c (5 ]

€ GF(q),

which gives Tr2(ab/c?) = 0 once more. Hence if rank(Z,,) = 2, then Q is hyperbolic. [

Lemma 4.2. Suppose Q to be a hyperbolic quadric with C being the union of two lines.
If rank(Ey) = 2, then 2o = II; UIly is a plane pair over GF(q).

Proof. By Lemmawe can assume that b = Ba, c = (8 +1)a, a # 0 and 9 =1 with
B #1.

Furthermore, since rank(Z,,) = 2, we have = = II; U Il where the planes II; and Il
have respectively equations lxg + mxi + nyg + ry; = 0 and l'zg + m'x1 + n'yo + 7'y1 = 0,
for some values of I, m,n,r and I',m/,n’,r" in GF(¢?). Clearly, in this case,

f(@o, z1,y0,y1) = (lxg + may + nyo + ry1) (U'wo + m'zy + n'yo + r'y1). (13)

Then, up to a scalar multiple, the following must be satisfied:

(

W =a +1

Im"+1I'm=1

'n+in =¢
Ur+1lr'=c+c

mm’' =ay+ (1 +v)a; +v
mn' +nm’ = cy+ ¢

mr' +rm’ =co+ (1 +v)q
nr' +rn’ =1

nn' =b; +1

rr’ =by+ (1 +v)b + v.

\

If ¢; = 0, then ¢y = 1 as ¢! = 1; in particular, as ¢ = b+ a, we have ag +by = co = 1
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and, consequently, as holds we get a; = 1 = b;. So System becomes

;

=0
Im'"+1I'm=1
I'mn+1In"=0
U'r+1r=1

mm’' = ag+ 1
mn' +nm’ =1
mr’ +rm’ =1
nr' +rn’ =1
nn' =0

L7 = by + 1.

We can assume without loss of generality either [ = 0 or I’ = 0. Suppose the former; then
I'40and m=1"". We also have n = 0 and r = I’ ~*. It follows that II; is the plane of
equation 1 + y; = 0. In particular, IT; is defined over GF(¢q) and, consequently, also Iy
is. If I’ = 0, an analogous argument leads to Il : 21 + y; = 0 and, once more, =, splits
into two planes defined over GF(q).

Now suppose ¢; # 0. From ((14) we get

(I =a; +1
In' +U'n=c
nn' =b; +1

mm’' =ap+ (1+v)a +v
mr’ +rm’ =co+ (1 + 1)
' =by+ (1 +v)by +v
nr' +rn’ =1

\lm’ +1U'm=1.

(15)

We obtain lI' +nn' = a; +b; = ¢; = I’ +1'n and mm’ +rr’ = o+ (1 +v)cy = mr’ +rm’.
Hence,
(I"+n")(1l+n)=0, (m+r)(m' +1")=0.

There are the following two cases to consider:
1. I =n and m = r or, equivalently, I’ = n’ and m' = o’/
2. I =n and m’ =1’ or, equivalently, I’ =n’ and m = r.

Suppose first [ = n and m = r; then n(n’ +1') = ¢; # 0; consequently, n = # 0 and also
n' #1'. If m = 0, then II; has equation x¢ + x; = 0 and is defined over GF(q); then also
I, is defined over GF(q) and we are done.
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Suppose now m # 0 (and hence r # 0). We claim [/m € GF(q). This would give that
I1; is defined over GF(q), whence the thesis. From we have

nl — b1+1

n
1 — bot(4v)bitv
T

r

nr' +rn’ = 1.
Replacing the values of n’ and 7’ in the last equation we obtain
n* (b + (1 +v)by +v) + 12 (by + 1) + nr = 0; (16)

if we consider
! ai+1
= ===

Im'+1lm' =1
mm' =ayg+ (1 +v)a; +v

a similar argument on [,1’, m, m’ gives
I? (ap + (14 v)ay +v) + m*(a; + 1) + Im = 0. (17)
Since, by assumption, [ = n and m = r we get
I? (ap + bo + (1 +v)(ay +b1)) +m?(a; +by) =0,

whence 1?/m? € GF(q). As ¢ is even, this gives [/m € GF(q). The case I’ = n’ and
m' = r' is clearly analogous and can be obtained by switching the roles of II; and II,.
Suppose now | = n and m’ = r’. Since ¢; # 0, we also have [ # 0; furthermore,
n' = bt 1.

l

If m" =" = 0, then I, has equation (a; + 1)xg + (by + 1)yo = 0 and, consequently, is
defined over GF(q). Suppose then m’' =1’ # 0. There are several subcases to consider:

e if m =0, then m’ =+’ = [~! and II, has equation (a;+1)zg+z1+ (by+1)yo+y1 = 0,
which is defined over GF(q);

o if r =0, then m' =7 =n~! =17! and we deduce, as above, that I, is defined over

GF(q);
e finally, suppose m # 0 # r; then by + (1 + v)by + v # 0 and from we get

m,_a0+(1+u)a1+u r,_b0+(1+u)b1+u

m r

Since m’ = " we deduce

m  ao+ (14+v)a; +v
— = € GF(q). 18
r b+ (1+v)b+v (4) (18)

THE ELECTRONIC JOURNAL OF COMBINATORICS 23(4) (2016), #P4.13 10



Observe that I’ = (a; + 1)I7" and also v’ = (b + (1 + v)by + v)r~!; thus from ((14))
we obtain
P(bo+ (1 +v)by +v) +1%(a; + 1) + (co + c1)lr = 0. (19)
On the other hand, since Im’ +I'm =1,
l m
E(ﬁo +(1+v)a; +v)+ T(

using we obtain

a; +1) =1;

=1,

%(bo +(14+v)b+v)+ ;(al 1) (ao + (14 v)a; + 1)

bo+ (1+v)by +1

whence

=0;  (20)

1 1
P(bo+ (1 + )by +v) +1r +7%(ay + 1) (a0+( + v)a; + )

bo+ (14+v)by +1

thus, adding to , we get

! a; +1 (a0+(1+u)a1+1

T:C0+C1—|—1 b0+(1—|—V)bl—|—1

)eew@

and the plane II; is defined over GF(g). The case I’ = n’ and m = r is analogous.

]

Lemma 4.3. Suppose that Q is a hyperbolic quadric Co, = {Px}. If rank(Z.) = 2, then
Zeo 48 a line.

Proof. By Lemma we can assume b = 0. Since rank(Z,,) = 2, we have det A, = 0,
that is ¢?™ = 1 and holds. If ¢; = 0, then solving we obtain and, since
b =0, we get a = 0. In the case in which ¢; # 0 from (12) we again obtain a = 0. We
have now to show that =, is the union of two conjugate planes. In order to obtain this

result, it suffices to prove that the coefficients [, m,n,r in belong to some extension
of GF(q) but are not in GF(gq). Since holds we have

=1
Im'"+1I'm=1
mm’ = v;

thus, & + ™ = 1; hence vI® + Im + m?* = 0. Since Try(v) = 1 this implies that L ¢
GF(q). O

Now, set N = [(HNQ)NAG(3,4?)|. First we observe that N = |Z|—|=.,|. By Lemma
MWe see that rank(Z,,) > 2. Thus, the following possibilities for N may occur according
as:
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(C1) rank(Z) =5 and rank(Z) = 4;
(.1) = is a parabolic quadric and =, is a hyperbolic quadric. Then,

N=@g+)(@+1)-(g+1)°=¢—q¢

I

(.2) = is a parabolic quadric and the quadric =, is elliptic. Then,
N=(@+)@+1)—-(+1)=¢+q

(C2) rank(Z) =5 and rank(Z) = 3;

= is a parabolic quadric and the hyperplane at infinity is tangent to = whereas =,
is a cone comprising the join of a point to a conic. Then,

N=@+1)(@+1)—(*+q+1)=¢"

(C3) rank(Z) =4 and rank(=Z) = 4;

((Bl1) E is a cone projecting a hyperbolic quadric of PG(3,¢) and the quadric Eq,
is hyperbolic. Then,

N=qlg+1°+1-(¢g+1)°=¢+¢—q.

((B]2) = is a cone projecting an elliptic quadric of PG(3,¢) and the quadric E is
elliptic. Then,

N=ql@+1)+1-(+1)=¢"—¢" +q¢
(C4) rank(Z) =4, rank(E) = 3;

(.1) = is a cone projecting a hyperbolic quadric and =, is a cone comprising the
join of a point to a conic. Then,

N=gqlg+1?>+1—[q(qg+1)+1] = ¢+ ¢

(.2) = is a cone projecting an elliptic quadric and =, is a cone comprising the
join of a point to a conic. Then,

N=q(@+1)+1-lgl¢+1)+1] =¢"— ¢
(C5) rank(Z) =4 and rank(Z,) = 2;

(.1) = is a cone projecting a hyperbolic quadric and =, is the union of two planes
defined over GF(q). Then,

N=qlg+1)*+1-2¢+q+1) =¢.
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(.2) = is a cone projecting an elliptic quadric and and =, is a line (i.e. the union
of two planes defined over the extension GF(¢*) but not over GF(q)). Then,

N=ql@+1)+1-(¢g+1)=¢"

(C6) rank(Z) = rank(ZE) = 3;
= is the join of a line to a conic and =, is a cone comprising the join of a point to

a conic. Then,
N=¢@+¢+q+1—(+q+1)=¢"

(C7) rank(Z) = 3, rank(E) = 2;

(7}1) E is the join of a line to a conic whereas Z, is a pair of planes over GF(q).
Then,
N=¢@+¢@+q+1-Q2¢+q+1)=¢"—¢"

(712) E is the join of a line to a conic whereas Z« is a line. Then,
N=@+¢@+q+1—q—1=¢"+¢
(C8) rank(Z) = rank(E) = 2;
(.1) E is a pair of solids and =, is a pair of planes over GF(q). Then,
N=2@+¢+q+1-02¢ +q+1)=2¢—¢"

is a plane and =, is a line. Then,

[1]

(CB2)

N=¢+q+1-(g+1)=¢"

We are going to determine which cases (f( may occur according as Q is either
elliptic or a cone or hyperbolic. In order to do this we need to establish the nature of =,
when =, is non-singular. Hence we shall to compute the trace of a as given by where

the matrix A is defined as A in @ and

0 1 Cq Co + C1
B— —1 0 Co+ 1 Co—|—(1+V)Cl
—C1 —(Co + Cl) 0 1
—(co+c1) —co—(1+v)g -1 0

Write v = (1 + ¢?™1) = (1 + 2 + ve? + cyep). A straightforward computation shows
Y 0 1

b b 1
“Oﬂ“j 0+ 01 + 50+ v)(ad + o)+

(0(2) + C%l/) (a0b1 + albo) + apaq + bob1 + aobocf + alblcg}. (21)
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4.1 The elliptic case

Let Q be an elliptic quadric. By Lemma , we have rank(Z,,) > 3 and hence cases
(C), (), (), () and ((6) may occur. Whence

Neld ¢ ¢~ +¢.0¢ 0.8 +¢,8+¢ —q¢.¢° +*}.
In this case Co, = { P}, hence
QNH=N+1e{@ - +1,¢ - +q+1,¢—q+1.¢+1,¢+q+1,
¢+ —q+1,¢+q¢ +1}
4.2 The degenerate case
Let Q be a cone. By Lemma[d.1] N falls in one of cases ((f)) or ((f3) and hence
Neld - +a.¢°—a.¢* +a.¢° +¢* —q}.

Here, by Lemma Co is either a point or ¢? + 1 points on a line. We distinguish these
two cases.

o Cx = {Px}.| By Lemma , we can assume b = 0 in (3). Thus becomes

a=ag+a; + (1+v)a? + apa; and Try(«) may be either zero or one.
Hence cases ((fl) and (C(f3) may happen; so
QNH=N+1e{¢’ - +a+1.¢’ —q+1,¢’ +q+1.¢" +¢" —q+1}

° By Lemma , we can assume a = b in (3). Furthermore as Q is a
cone ¢ = ( in ; thus, in this case, gives a = 0 that is, Tr,(a) = 0; this means

that only subcases ((fIJ[1)) of (1) and (G3|[1) of (3) may occur. In particular,
ONH|=N+@+1e{*+¢ —q+1.¢°+2¢° —q+1}.

4.3 The hyperbolic case

Let @ be a hyperbolic quadric. Then, by Lemma rank(Z,,) > 2 and all cases ((1f)—
(CB) might occur.

Ne{, - -+ -3¢+, +¢ —q. ¢+ . 2¢% — ¢}

We have three possibilities for C., from Lemma , that is C, is either a point, or ¢? + 1
points on a line or 2¢? + 1 points in the union of two lines. We now analyze these cases.

o |Coo = {Px}.| We are going to show that some subcases of (f( can be ex-

cluded. Indeed, when rank(Z.,) = 2, from Lemma [4.3| we have that subcases ((7l1)
and ((8J[)) cannot occur. So,

ONHI=N+1e{F+1,¢ -+ 1. ¢ - +q+1,¢ —qg+ 1,4+ 1,
CHa+ 1.+ —q+ 1,3+ P2+ 1}
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e |C., is one line. ‘ By Lemma we can assume b = 0 and a = ¢ in (3)).

1. When Z, is non-degenerate, only cases ( and ( may occur. Observe
that becomes

co+c 1
a = 07 1—|—¥[(1+V>(C%)+C()Cl].

Since vy = ¢ +vc? + coe; + 1 we have ¢ +vc? +cicg = v+ &+ i+ 1. Therefore

co+c 2+ 1 1
(w+a)  d+d 1,1

gl 7’ v
and Tr,(a) = 0. Hence, subcases ((J1}2)) and ( cannot happen; so,

ONH|=N+@F+1e{@+¢—q+1,¢+2¢* —q+1}.

2. Assume now that = is degenerate, that is 2 < rank(E.) < 3. Cases ((f2) and
(CA)—(R) occur. We are going to show that rank(=) = 3. Suppose, on the
contrary, rank(Z.,) = 2; then we end up with considering a system identical
to , as it appears in the proof of Lemma and its consequences
and ; so we shall not repeat explicitly these equations here. First observe
that holds. If it were ¢; = 0, from we would have a; = ag = 0, that is
a = 0, which is impossible. So, ¢; # 0; since we are assuming b = by + eb; = 0,
that is, by = by = 0, we would now have from a; = ag = 0—again a
contradiction.

Thus, only cases ((2) and (CH4]) might happen; in particular,

ONH=N+@F+1c{+1,¢+¢+1,¢+2¢* +1}.

° ’Coo consists of two lines. ‘ By Lemmawe can assume b = fBa, ¢ = (6+1)a where
a#0and g7 =1 in (3).

1. Suppose now Z,, to be non-degenerate. Cases (C[l) and ((f3)) occur.
From ¢ = a + b we get ¢! = a9 + a% + bla + b9, Since b9t = a9, we
have c?*! = q9b + bla, that is

2 2
apby 4+ a1by = ¢y + vey + copcq,

On the other hand, from ¢y = ag + by and ¢; = a; + by we obtain coc; =
agaq + a0b1 + a1b0 + b0b1 that is

2 2
aopaq + b0b1 =C( + vey.

Now (g 4 vt + coer) (2 + ved) = (aphy + arbo)(apar + bob1) = agbo(a? + 0%) +
arby(ad + b3) = agboct + a1bicd and thus becomes

o = Co + C1 (Co + 01)2
1+ tvdtee (14 +ved+cpep)?’
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so, « has trace 0.

Hence just subcases ((fIJ[1)) and (CBJ[L) may occur and
QNHI=N+2¢" +1€{q’ +2¢" —q+1,¢° + 3¢ — g+ 1}.

2. If = is degenerate then cases ‘ and ( ‘— ‘ ) may happen.
When rank(ZE,,) = 2 1t follows from Lemma [4.2] that only subcases ((J7][1]) in

and ( 1' in ( may occur.

NOW, we need a prehmmary lemma. Recall that a quadric Q meeting a Her-
mitian surface H in at least 3 lines of a regulus is permutable with #; see |14,
§19.3, pag. 124|. We have the following statement.

Lemma 4.4. Suppose Q to be hyperbolic and Cy, to be the union of two lines;
then |[H N Ql= ¢ + 3¢> + 1 cannot happen.

Proof. The case |H N Q|= ¢ + 3¢*> + 1 may happen just for case ( Let
R be a regulus of Q and denote by 71,79, 73 respectively the numbers of 1-
tangents, (¢ + 1)-secants and (¢® + 1)-secants to H in R. A direct counting

gives
7“1—|-7‘2—|—T3:q2—|—1 (22)
i+ (g+ Dre +r3(* + 1) = ¢ + 3¢ + 1.
By straightforward algebraic manipulations we obtain
gri+ (¢ =2 = q(¢* — ¢ — 1).
In particular, r, = ¢t with t < ¢. If it were t = ¢, then 1, = —1 — a

contradiction; so 1 < q(¢ — 1). Solving in 1 and r3, we obtain

2 20 — 2 2_2
o TH207 O H2 g
q q

In particular, there are at least 3 lines of R contained in H. This means that
Q is permutable with H, see [14, §19.3, pag. 124] or [20, §86, pag. 154] and
|Q N H|=2¢> 4+ ¢* + 1, a contradiction. O

So, by Lemma only subcase " in is possible.
Thus we get

ONHI=N+2¢+1€{+¢+1,¢+2¢*+1,2¢° +¢* + 1}
and the proof is completed.

It is straightforward to see, by means of a computer aided computation for small values
of ¢, that all the cardinalities enumerated above may occur.
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5 Extremal configurations

As in the case of odd characteristic, it is possible to provide a geometric description of
the intersection configuration when the size is either ¢ + 1 or 2¢® + ¢® + 1. These values
are respectively the minimum and the maximum yielded by Theorem [I.1} and they can
happen only when @ is an hyperbolic quadric. Throughout this section we assume that
the hypotheses of Theorem hold, namely that ‘H and Q share a tangent plane at some
point P.

Theorem 5.1. Suppose |HNQ|= ¢*+1. Then, Q is a hyperbolic quadric and = HNQ
s an ovoid of Q.

Proof. By Theorem [1.1], Q is hyperbolic. Fix a regulus R on Q. The ¢* + 1 generators of
@ in R are pairwise disjoint and each has non-empty intersection with H; so there can be
at most one point of H on each of them. It follows that H N Q is an ovoid. In particular,
by the above argument, any generator of Q through a point of €2 must be tangent to .
Thus, at all points of €2 the tangent planes to H and to Q are the same. n

Theorem 5.2. Suppose |[HNQ|= 2¢*>+¢*+1. Then, Q is a hyperbolic quadric permutable
with H.

Theorem can be obtained as a consequence of the analysis contained in [§], §5.2.1],
in light of [I4, Lemma 19.3.1].

References

[1] A. Aguglia, L. Giuzzi, Intersection of the Hermitian surface with Irreducible quadrics
in PG(3,¢%), q odd, Finite Fields Appl., 30 (2014), 1-13.

[2] D. Bartoli, M. De Boeck, S. Fanali, L. Storme, On the functional codes defined by
quadrics and Hermitian varieties, Des. Codes Cryptogr. 71 (2014), 21-46.

[3] R.C. Bose, .M. Chakravati, Hermitian varieties in a finite projective space PG(N, ¢?),
Canad. J. Math., 18 (1966), 1161-1182.

[4] I. Cardinali, L. Giuzzi, Codes and caps from orthogonal Grassmannians, Finite Fields
Appl., 24 (2013), 148-169.

[5] I. Cardinali, L. Giuzzi, K. Kaipa, A. Pasini, Line Polar Grassmann Codes of Orthog-
onal Type, J. Pure Applied Algebra 220 (2016), 1924-1934.

[6] I. Cardinali, L. Giuzzi, Minimum Distance of Symplectic Grassmann Codes, Linear
Algebra Appl. 488 (2016), 124-134.

[7] A. Cossidente, F. Pavese, On the intersection of a Hermitian surface with an elliptic
quadric, Adv. Geom., 15 (2015), 233-239.

[8] F.A.B. Edoukou, Codes defined by forms of degree 2 on Hermitian surfaces and
Serensen’s conjecture, Finite Fields Appl. 13 (2007), 616-627.

THE ELECTRONIC JOURNAL OF COMBINATORICS 23(4) (2016), #P4.13 17



[9] F.A.B. Edoukou, A. Hallez, F. Rodier, L. Storme, The small weight codewords of the
functional codes associated to non-singular Hermitian varieties. Des. Codes Cryptogr.
56 (2010), no. 2-3, 219-233.

[10] F.A.B. Edoukou, Codes defined by forms of degree 2 on non-degenerate Hermitian
varieties in P*(F,). Des. Codes Cryptogr. 50 (2009), no. 1, 135-146.

[11] F.A.B. Edoukou, Structure of functional codes defined on non-degenerate Hermitian
varieties, J. Combin Theory Series A 118 (2010), 2436-2444.

[12] D. Eisenbud, J. Harris, 326/ and all that: A second course in algebraic geometry,
Cambridge University Press (2016).

[13] W. Fulton, Intersection theory, Springer Verlag, (1998).

[14] J.W.P. Hirschfeld, Finite Projective Spaces of Three Dimensions, Oxford University
Press (1985).

[15] J.W.P. Hirschfeld, J. A. Thas, General Galois Geometries, Springer Verlag (2015).

[16] J.W.P. Hirschfeld, Projective Geometries over Finite Fields, 2nd Edition, Oxford
University Press, New York, (1998).

[17] J.W.P. Hirschfeld, M. Tsfasman, S. Vladut, The weight hierarchy of higher-
dimensional Hermitian codes, IEEE Trans. Inform. Theory 40 (1994), 275-278.

[18] A. Hallez, L. Storme, Functional codes arising from quadric intersections with Her-
mitian varieties, Finite Fields Appl. 16 (2010), 27-35.

[19] G. Lachaud, Number of points of plane sections and linear codes defined on algebraic
varieties, Arithmetic, Geometry and Coding Theory; Luminy, France, 1993, Walter
de Gruyter (1996), 77-104.

[20] B. Segre, Forme e geometrie Hermitiane con particolare riguardo al caso finito, Ann.

Mat. Pura Appl. (4) 70 (1965).

[21] M. Tsfasman, S. V1addut, D. Nogin, Algebraic Geometry Codes: Basic Notions, Math-
ematical Surveys and Monographs 139, A.M.S. (2007).

[22] M. Tsfasman, S. Vladut, Geometric approach to higher weights, IEEE Trans. Inform.
Theory 41 (1995), 1564-1588.

THE ELECTRONIC JOURNAL OF COMBINATORICS 23(4) (2016), #P4.13 18



	Introduction
	Invariants of quadrics
	Some technical tools
	Proof of Theorem ??
	The elliptic case
	The degenerate case
	The hyperbolic case

	Extremal configurations

