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Abstract

Let F, be a finite field of order ¢ with characteristic p. An arc in IF’; is an ordered
family of at least k vectors in which every subfamily of size k is a basis of qu“ . The
MDS conjecture, which was posed by Segre in 1955, states that if k¥ < ¢, then an
arc in FZ has size at most ¢ + 1, unless ¢q is even and k = 3 or k = ¢ — 1, in which
case it has size at most g + 2.

We propose a conjecture which would imply that the MDS conjecture is true for
almost all values of k when ¢ is odd. We prove our conjecture in two cases and thus
give simpler proofs of the MDS conjecture when k& < p, and if ¢ is not prime, for
k < 2p — 2. To accomplish this, given an arc G C IF’; and a nonnegative integer n,
we construct a matrix Mg”, which is related to an inclusion matrix, a well-studied
object in combinatorics. Our main results relate algebraic properties of the matrix
Mg" to properties of the arc G and may provide new tools in the computational
classification of large arcs.

1 Introduction

Let IF, be a finite field of order ¢ with characteristic p. An arc in IF’; is an ordered family
of at least k vectors in which every subfamily of size k is a basis of F’; . Most authors
define an arc, equivalently, as an unordered set of points in the corresponding projective
space. For the techniques developed in this article, however, we find it more convenient
to define arcs as ordered families of vectors. On the other hand, we will denote arcs with
set notation rather than tuple notation as this is more natural.

Given an arc G C F¥ and a basis B of F¥, let M (G, B) be the matrix whose columns are
the vectors in GG written with respect to the basis B in the order given by G. If G, G’ C IF’;
are two arcs, then we say that G is linearly equivalent to G’ if the matrix M (G, B) can

*Research supported by NSF grant DMS-1203982.

THE ELECTRONIC JOURNAL OF COMBINATORICS 23(4) (2016), #P4.29 1



be transformed into the matrix M (G’, B) using only elementary row operations, column
permutations, and multiplication of columns by nonzero scalars.
A natural question is to determine how large an arc in ]F’; can be.

Question 1.1 What is the maximum size g(k, ¢) of an arc in IF’;?

Question 1.1 interests the coding theory, algebraic geometry, and finite geometry commu-
nities, and its importance is highlighted by a $1000 prize offered for its solution by the
Information Theory and Applications (ITA) center at UCSD [18].

If (eq,...,ex) is a basis for F’;, then a natural arc in IF’; of size k + 1 is given by

{617"'76k7€l+"'+6k}7 (11)

which proves that g(k,q) > k+ 1. A straightforward argument shows that g(k,q) = k+1
when k£ > ¢, and moreover if S C IF’; is an arc of size k 4 1, then S is linearly equivalent
o (1.1). This result was first proved by Bush [5] in 1952.

Question 1.1 becomes difficult to answer, however, when k < ¢. In this case, we can
construct arcs that are larger than the arc in (1.1). For example, the normal rational
curve Ry C F ’;, which is defined by

Ry = {(1,t,#%, .. " |t e F,}uU{(0,...,0,1)}, (1.2)

is an arc of size ¢ + 1. The normal rational curve Ry shows that g(k,q) > ¢+ 1, and in
1955, Segre [16] conjectured that this lower bound is tight in most cases when k < q.

Conjecture 1.2 (Segre, [16]) If k < ¢, then the maximum size g(k, ¢) of an arc in F¥
1s
(h,q) = g+1 ifgisoddork ¢ {3,q—1}
g q+2 ifgiseven and k € {3,q — 1}.

Conjecture 1.2 is called the MDS conjecture or the main conjecture for maximum distance
separable codes, and was first posed by Segre as a question.

By the well-known principle of duality, if S C IF’; is an arc of size s > k, then up to
linear equivalence, we can associate a unique dual arc S+ C IFZ”“ of size s. This has two
immediate implications. First, it explains why in Conjecture 1.2, exceptions occur for
both k = 3 and & = ¢ — 1 when ¢ is even. Second, it shows that if g(k,q) = ¢ + 1, then
g(q+2—k,q) = q+1. As aresult, if ¢ is odd and g(k,q) = ¢+ 1 when k < (q + 2)/2,
then g(k,q) = g + 1 for all k£ < ¢. Duality thus allows us to prove Conjecture 1.2 when ¢
is odd by restricting to the case k < (¢ +2)/2.

Ball [1] proved that g(k,q) = ¢ + 1 when k < p = char (F,), and thus verified Con-
jecture 1.2 when ¢ is prime. For a complete list of when Conjecture 1.2 is known to hold
for ¢ non-prime, see [10] and [11]. The best-known bounds up to first-order of magni-
tude (¢; are constants), are that for ¢ an odd non-square, we have g(k,q) = ¢ + 1 when
k < \/pq/4 + c1p, which was proved by Voloch [19]. For ¢ = p?", where p > 5 is a
prime, we have g(k,q) = ¢+ 1 when k < /q/2 + ¢, which was proved by Hirschfeld and

THE ELECTRONIC JOURNAL OF COMBINATORICS 23(4) (2016), #P4.29 2



Korchmaros [9]. Ball and De Buele [4] proved that g(k,q) = ¢+ 1 when k < 2,/g—2 and
q=p.

If k < qandqisoddork ¢ {3,¢g— 1}, it is natural to ask if the normal rational curve
Ry is the unique arc in IF’; of size ¢+ 1 up to linear equivalence. By results of Kaneta and
Maruta [12] and Seroussi and Roth [17], a positive answer to this question would imply
Conjecture 1.2. For many values of £ and ¢, the normal rational curve Ry is the unique
arc in F¥ of size ¢+ 1 up to linear equivalence [10], but Glynn [7] showed that this is not
always true. The Glynn arc G C F} is an arc of size 10 and is defined by

G ={(1,t, 2 +nt® £ t*) |t € Fo} U {(0,0,0,0,1)}, (1.3)

where 1 € [y satisfies n* = —1. Remarkably, the Glynn arc G is the only known arc in IF’;
of size ¢ + 1 that is not linearly equivalent to the normal rational curve R when k < ¢
and ¢ is odd.

1.1 New Results

We propose a conjecture, Conjecture 1.9, which would imply that g(k,q) = ¢ + 1 when

p—2 p—1
k< 3— , 1.4
(%—3)q+( %—3) (14)

where p = char (F,). In Section 1, we noted that to prove Conjecture 1.2 when ¢ is odd,
it suffices to restrict to the case k < (¢ +2)/2 by duality. As p grows, the right hand side
of (1.4) becomes very close to (¢ + 2)/2. Consequently, if Conjecture 1.9 is true, then
Conjecture 1.2 is true for almost all values of k£ when ¢ is odd.

To state Conjecture 1.9, given an arc G C IF’; and a nonnegative integer n, we define

a matrix Mg" whose algebraic properties are related to properties of G.

Definition 1.3 Let G C IF’; be an arc and let 0 < n < |G| — k + 1. Let B be a basis of
F’; and let M(T;n be a matrix whose rows are indexed by (kfl), whose columns are indexed
by ordered pairs (U, A) where U € (f) and A € (f}g), and whose (C, (U, A))-entry is
det(u, C fAcCcCcG\U
M (C, (U, A)) = {EU e, Qs 1 ACCCE (5)

otherwise.

In (1.5), det(u,C')p denotes the determinant of the matrix whose first row is u written
with respect to the basis B and whose last £ — 1 rows are the elements of C' written with
respect to the basis B in the order inherited from G.

Although the matrices Mg" may seem unfamiliar, we claim that they are related to
inclusion matrices, which are well-studied in combinatorics. Recall that the inclusion
matrix I,(a,b) has its rows indexed by ({1”('1"’”}), its columns indexed by ({1"1’)'”}), and
(A, B)-entry
1 tBCA

) (1.6)
0 otherwise.

-[T(aa b)(A,B) — {
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For example, when n = 0, the matrix ]\4&0 is the inclusion matrix I (k — 1,k —2). When

n > 0, the matrix Mg" is formed by gluing together matrices which are equivalent to
inclusion matrices. For a fixed U € (i), let Dy be a diagonal matrix whose rows and

columns are indexed by (G\U) and whose (C, C)-entry is [ [,y det(u, C)p. We then have

k-1
that the submatrix Mgn(U ) of Mg” whose rows are indexed by (gg) and whose columns
are indexed by ordered pairs (U, A), where A € (fﬁg), equals Dylicnu|(k — 1,k — 2).

It is easy to see that linear equivalence of the arcs G and G’ induces equivalence of the
corresponding matrices Mg" and Mgf. More precisely, if G, G’ C ]F’; are linearly equivalent
arcs and B and B’ are the bases of F} used in the construction of the matrices ML and
Mgf? respectively, then there exist invertible matrices Ny and Ny so that M} = N; Mngg.

Our main results relate algebraic properties of the matrix Mg” to properties of the arc
G. For example, our first main result says that if GG is an arc whose matrix Mgn has full
row rank, then G cannot be extended to a larger arc of a specific size.

Theorem 1.4 Let G C IF’; be an arc and let n € N be a natural number such that

< q+2k—2+n‘

nt+k—1<|G| < 5 (1.7)

If the matrix Mg” has full row rank, then the arc G cannot be extended to an arc of size
q+2k—1+n—|G|

The left-hand and right-hand sides of (1.7) respectively are required so that the matrix
ME" exists and so that the arc G has size strictly smaller than ¢ 4 2k — 1 +n — |G|.
Suppose 0 < n < ¢ — 2k + 4 so that 2k — 3+ n < ¢+ 1. Also, suppose we can show
that for all arcs G C IF’; of size 2k — 3 + n, the matrix Mg” has full row rank. If an
arc of size ¢ + 2 exists in F'g, then it would contain a subarc G of size 2k — 3 + n that
can be extended to an arc of size ¢ + 2k — 1 4+ n — |G|, which contradicts Theorem 1.4.
Consequently, Theorem 1.4 allows us to eliminate the existence of arcs of size ¢ + 2 in IF’qC

by proving that for all arcs G C F'g of size 2k — 3 + n, the matrix Mg” has full row rank.

Corollary 1.5 If 0 < n < ¢ — 2k + 4 and for every arc G C IF’; of size 2k — 3 + n, the
matrix Mg” has full row rank, then g(k,q) = q+ 1.

Since the matrices M(E" are related to inclusion matrices, knowing the ranks of inclusion
matrices over [F, will be crucial to verifying the condition in Corollary 1.5.

Theorem 1.6 (Frankl [6], Wilson [20]) For fixed integers 0 < b < a < r —b and a
prime p = char (F,), we have

rank, I(a,0) = Y @ - (Z;) (1.8)

0<i<b

Pi(3=3)
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For example, when n = 0 and G C F’; is an arc of size 2k — 3, the matrix Mgo is
the inclusion matrix lo;_3(k — 1,k — 2). Theorem 1.6 thus implies the first assertion of
Theorem 1.7.

Theorem 1.7 If G C IF’q“ is an arc of size 2k — 3, then the matrix Mgo has full row rank
exactly when k < p. Hence g(k,q) = q+ 1 when k < p.

The second assertion of Theorem 1.7 follows from Corollary 1.5 when ¢ is not prime.
If g is prime, then Corollary 1.5 implies that g(k,q) = ¢+ 1 when k£ < (¢ + 4)/2 and
hence the second assertion of Theorem 1.7 follows from duality. The second assertion of
Theorem 1.7 was first proved by Ball [1].

In Section 7, we again use Theorem 1.6 to verify the condition in Corollary 1.5 when
n=1and k <2p—2<q.

Theorem 1.8 If k < 2p—2 < g and G C IF’; is an arc of size 2k — 2, then the matrix
Mgl has full row rank. Hence, if q is not prime, then g(k,q) = ¢+ 1 when k < 2p — 2.

The bound k < 2p — 2 in the first assertion of Theorem 1.8 cannot be improved because

one can check using a computer that if G C Fj is a subarc of size 8 of the normal rational

curve R5 C F3, then the matrix MJ" does not have full row rank. The second assertion

of Theorem 1.8 follows from Corollary 1.5 and was first proved by Ball and De Buele [4].
Recalling that p = char (F,), we conjecture that if 0 < n < ¢ and

q+4—n}

- (1.9)

2<k<min{p+n(p—2),

then the condition in Corollary 1.5 holds.

Conjecture 1.9 If 0 < n < ¢, k satisfies (1.9), and G C IF’; is an arc of size 2k — 3 + n,
then the matrix M(T;” has full row rank.

Observe that Theorem 1.7 and Theorem 1.8 prove Conjecture 1.9 when n =0 and n = 1.
For larger values of n, we have computational evidence to support Conjecture 1.9.
If Conjecture 1.9 is true then, by Corollary 1.5, g(k,q) = ¢ + 1 when (1.4) holds.

Corollary 1.10 If Conjecture 1.9 is true for any particular n satisfying

0<n<

—2p+4
‘w', (1.10)

2p —3

then g(k,q) = ¢+ 1 when k < p+n(p — 2). If Conjecture 1.9 is true, then g(k,q) = q¢+1
when (1.4) holds.
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1.1.1 Classification

The matrices M, g" are also useful for determining when the normal rational curve R, C IF’q“
is the unique arc of size ¢ + 1 up to linear equivalence. The second main result of this
article is that if 0 < n < ¢ — 2k and for any arc G C F’; of size 2k — 2 4+ n, the matrix

M(T;" contains a certain vector in its column space, then the normal rational curve is the
unique arc of size ¢ + 1 up to linear equivalence.

To state our theorem precisely, we define a matrix H" " that is equivalent to the matrix
M(T;" so that the vector we require in the column space has a nice form. Recall that we
have defined arcs to be ordered sets and that if (X, <) is an ordered set then A C X
is smaller than B C X in colex order if the largest element of the symmetric difference
AAB lies in B.

Definition 1.11 Let G C F'g be an arc, let 0 < n < |G| — k + 1, and let B be the basis
of F ’; fixed in Definition 1.3. For each C & (kfl), let Lo € (Gy\LC) be the last n-subset of

(G\C) in colex order. Let J(T;” be a diagonal matrix with rows and columns indexed by

(,.,) and (C, O)-entry
JF(C.0) = ] det(y. C)5". (1.11)

yelc
Define the matrix H)' = J5'ML" and put the rows of the matrix Hj;" in colex order.

Observe that the entries of the matrix H, g are independent of the basis B. We restate
our second main result precisely using the matrices H 1n.

Theorem 1.12 [f0 < n < ¢— 2k and for every arc G C ]F’; of size 2k — 2+ n, the column
2k—2+n
space of the matrix Hg contains a vector v € IF( =) such that v; =1 ifi € {1,...,k}

and v; = 0 otherwise, then the normal rational curve Ry is the unique arc in IF’; of size
q + 1 up to linear equivalence.

When n =0 and G C IF’; is an arc of size 2k — 2, the matrix Hgo equals the inclusion
matrix o, _o(k — 1,k — 2), so we can easily verify that the column space of the matrix
HE contains the required vector when k < p = char (F,).

Theorem 1.13 Ifk < p = char (F,) and G C F} is an arc of size 2k — 2, then the column
2k—2

space of the matrix H(T;O contains a vector v € Fg =) such that v; = 1 ifi € {1,...,k}

and v; = 0 otherwise. Hence, if k < p and k # (q + 1)/2, then the normal rational curve

Ry is the unique arc in IF'“ of size ¢ + 1 up to linear equivalence.

It is easy to see that the bound k < p in the first assertion of Theorem 1.13 cannot be
improved. The second assertion of Theorem 1.13 was first proved by Ball in [1], although
the condition k # (¢ + 1)/2 was missing there.

We conjecture in Conjecture 1.14 that if £ < 2p — 2 < g and G C IF’; is an arc

of size 2k, then the column space of the matrix Hg contains the required vector in
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Theorem 1.12. We have computational evidence to support Conjecture 1.14, and we note
that if Conjecture 1.14 is true, then the normal rational curve R, is the unique arc in IF’;
of size ¢ + 1 up to linear equivalence when k < 2p — 2 < q.

Conjecture 1.14 When k < 2p — 2 < ¢, for every arc G C IF’; of size 2k, the column

2k
space of the matrix ng contains a vector v € ng_l> such that v; = 1ifi € {1,...,k}
and v; = 0 otherwise.

1.1.2 Verifying Conjecture 1.2 and Classifying Large Arcs Computationally

An important benefit of the conditions in Corollary 1.5 and Theorem 1.12 is that they
can be checked with a computer. Corollary 1.5 and Theorem 1.12 may consequently be of
use in verifying Conjecture 1.2 and classifying large arcs computationally. For example,
if one could classify arcs in IF’; of size 2k — 2 up to linear equivalence, then one could test

the rank of the matrix Mgl for a representative GG from each linear equivalence class. If
the matrix Mgl has full row rank, then Corollary 1.5 would rule out the possibility that
any arc in the linear equivalence class of G could be extended to an arc of size ¢ 4+ 2. If
the matrix Mgl does not have full row rank, then one could extend G to an arc H of size
2k —1 and check if the matrix M;IQ has full row rank. This should dramatically reduce the
space of possible subarcs of arcs of size ¢+ 2. In the same way, Theorem 1.12 can be used
to check if the normal rational curve Ry is the unique arc in IF’; of size ¢ + 1 up to linear
equivalence. These algorithms should be possible to implement because the question of
classifying arcs up to linear equivalence has already been considered in [8] and [13].

1.2 Important Remarks and Outline of Paper

The results in this paper are joint work with Simeon Ball, but he has elected to write
a separate exposition of some of these results in [3]. A straightforward consequence
of the proof of Theorem 1.4 is Theorem 1.15, which shows that that the conclusion of
Theorem 1.4 holds if the matrix Mg" satisfies the slightly weaker condition of having a
vector of weight one in its column space. Theorem 1.15 is the main result of [3].

Theorem 1.15 Let G C IF’; be an arc and let n € N be a natural number such that

2k — 2
n+k-1<)6 < 2

(1.12)

If the matrix Mg” has a vector of weight one in its column space, then the arc G' cannot
be extended to an arc of size ¢+ 2k — 1+ n — |G|.

For the most interesting application of Theorem 1.4, namely Corollary 1.5, we do not
believe that Theorem 1.15 offers any benefit over Theorem 1.4. In other words, we believe
that if 0 < n < ¢ — 2k + 4 and if for every arc G C IF’; of size 2k — 3 + n the matrix Mg"

has a vector of weight one in its column space, then for every such arc G the matrix Mg"
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has full row rank. Indeed, the bound on k in our stronger Conjecture 1.9 matches exactly
the bound on £ in Ball’s weaker Conjecture 1 in [3].

This paper builds on the methods initiated in [1], [2], and [4]. An important change
in the proof approach of [1], [2], and [4] lies in the definition of certain parameters ay
in Lemma 6.1. In [2, Chapter 7], the analogue of the parameter a4 in Lemma 6.1 is
referred to as Q(A, F') and its definition is dependent on a smaller subarc of a larger arc.
In Lemma 6.1 and in [3, Section 3], the parameters a4 are defined so that they no longer
depend on the smaller subarc and only depend on the larger arc. This change is crucial
to the proof of Theorem 1.4.

The three main ingredients in the proofs of Theorem 1.4 and Theorem 1.12 are duality,
polynomial interpolation, and Segre’s Lemma of Tangents. Section 2 discusses the prop-
erties of polynomial interpolation that we use. Section 3 explains the concept of tangent
functions. In Section 4, we reduce our first main result Theorem 1.4 to Theorem 4.2.
In Section 5, we reduce Theorem 4.2 to Lemma 5.3. In Section 6, we state and prove
Segre’s Lemma of Tangents and use it to prove Lemma 5.3, thus completing the proofs
of Theorem 1.4 and Theorem 4.2. In Section 7, we prove Theorem 1.8 and thus prove
Conjecture 1.9 when n = 1. In Section 8, we prove Theorem 1.12 and Theorem 1.13.

2 Polynomial Interpolation

That one can uniquely determine a polynomial f € F[X] in one variable of degree at
most ¢ over any field F from ¢ 4 1 of its values is well-known. Similarly, one can recover
a homogeneous polynomial in two variables f € F(X,Y") of degree ¢ by knowing values of
f on the points of an arc {(x;,y;) :i € {1,...,t+ 1}} of size t + 1 in F2.

Suppose f(X,Y) = 3!, ¢ XY is a homogeneous polynomial in two variables of
degree t and we know its values f(z;,y;) on the points of an arc {(x;,y;) : i € {1,...,t+2}}
of size t + 2 in F2. Let P € Myy1,442(F) be a matrix with (i, j)-entry P(i,7) = mé-_ly;_iﬂ
and let ¢ = [co,...,¢) and 2= [f(z1,91),- -, f(Tt42, Y1+2)]. As P has more columns than
rows, its columns are linearly dependent. Hence, there is a solution 1w = [wy, ..., wio]”
to Pw = 0 and thus Zw = 0 because éP = Z. We now show in Theorem 2.1 that a solution

@ to PwW =0 and Zw = 0 is given by

t+2
w; = H(J]Zyj —ZL’ij)_l, 1€ {1,,t+2} (213)

j=1
J#i
Theorem 2.1 is a key ingredient in the proof of Theorem 1.4.

Theorem 2.1 Suppose f(X,Y) € F[X,Y] is a homogeneous polynomial in two variables
of degree t and {(x;,y;) :i € {1,...,t +2}} is an arc of size t + 2 in F2. We then have

t+2 t+2
> Flan ) [ [(@is =z~ = 0. (2.14)
=1 7j=1

J#i
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Proof. Using the definitions of P, w, and 2" from the preceding paragraph, let B be a
square matrix whose columns are the first £ + 1 columns of the matrix P. Let b be the
last column of the matrix P. Note that a solution 7= [ry,...,74]7 to Br = l;gives a
solution @ to Pw = 0 with w; = r; for i € {1,...,t+ 1} and w2 = —1.

Since {(x;,y;) : i € {1,...,t + 2}} is an arc of size ¢ + 2 in F?, we may assume that
Y1,---,Yrr1 are nonzero. Hence the matrix B is nonsingular, so by Cramer’s Rule, a
solution 7 to BF = b is given by r; = det(B;)/ det(B) where B; is the matrix formed
by replacing the i*" column of B with b. Using the formula for the determinant of a
Vandermonde matrix,

o) =) TT(22-2) =TT o)

1<l<m<t+1 1<l<m<t+1

det(Bz') = I I (xmyl - fClym) I I (l’t+2yz - xlyt+2) I I (SUmsz - $t+2ym)-
1<i<m<t+1 1<i<i <m<t+1
11, mAi

Hence, after a little algebraic manipulation,

. det(B;) _HK,@H(xmyz — T1Yei2)
' det(B) H1<§§¢+2(5Eiyl —my;)

(2.15)

Multiplying the corresponding solution @ to P = 0 by — Iicicon (@eroy — Tiyer2) ™
yields the solution @ to Zi = 0 given by (2.13). O

3 Tangent Functions

Let S C IF’; be an arc and let A C S have size k — 2. We first count in Lemma 3.1 the
number of (k — 1)-dimensional subspaces of F¥ that intersect S precisely in A.

Lemma 3.1 (Ball [1, 2]) Let S C F¥ be an arc and let A C S have size k — 2. Let
H},...,H! be the (k — 1)-dimensional subspaces of F¥ whose intersection with S is A.
We have

t=q+k—1—|9|. (3.16)

Proof. Since A is a linearly independent set of size k—2, the number of (k—1)-dimensional
subspaces of F’; that contain A is ¢+ 1. Since S is an arc, a (k — 1)-dimensional subspace
of F% that contains A can contain at most one other vector of S'\ A. O

Given an arc S C F’q“ and a subset A C S of size k — 2, we now define the tangent
function at A, which can be viewed as a homogeneous polynomial in two variables with
respect to certain bases of IF’;. We will then apply Theorem 2.1 to the tangent functions
fas for various A C S to prove Theorem 1.4.
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Definition 3.2 (Ball [1, 2]) Let S C F} be an arc and let A C S have size k — 2. Let
H},...,H! be the (k — 1)-dimensional subspaces of F} defined in Lemma 3.1, where ¢t is
given by (3.16). Let 8% : Ff — F, be a linear functional whose kernel is HY}. We define
the tangent function at A, denoted f4 : ]F"qC — Fy, by

fas(@) =[] Bi@). (3.17)

Observe that f4 s(z) = 0 precisely when x € Ule HY and that f4 g is defined up to a
scalar factor.

Notation: Recall that an arc S C IF’; is ordered. If Ry, ..., R; are subsets of S we use
(Ry, ..., R;) to mean write the vectors in Ry in order first, and then the vectors in Rj etc.
When R; is a singleton set, we simply write the vector. For example, if z,y € S\ A and
B is a basis of IF’;, we write det(z,y, A)p for the determinant of the matrix whose rows
are the vectors z, y, and the elements of A in order written with respect to B.

Let S C F¥ be an arc and let A C S have size k — 2. Let B = (b1, by, A) be a basis of
F%. Also let T C S\ A have size t + 2, where ¢ is defined by (3.16). In Lemma 3.3, we

use Theorem 2.1 to obtain an equation for a pair (A,T) where A € (,ﬁQ) and T € (fﬁ)
Lemma 3.3 (Ball [1, 2]) Let S C F¥ be an arc and let A C S have size k — 2. Let
B = (b1,by, A) be a basis of FF. If T C S\ A has size t + 2, where t is given by (3.16),

then
ZfAﬁ(x) H det(z,y, A)5' = 0. (3.18)

xeT yeT\{z}

Proof. With respect to the basis B, the linear functional % in (3.17) is linear in just
the first two coordinates since its kernel contains A. Hence, the tangent function f4 ¢ is a
homogeneous polynomial in two variables of degree ¢, where t is given by (3.16). Since S is
an arc, when we write the vectors in 7" in terms of the basis B, their first two coordinates
form an arc of size t +2 in IFZ. Hence, we can apply Theorem 2.1 to f4 ¢ and T, and note
that with respect to B, we have det(x,y, A)p = T1y2 — y122. o

Theorem 2.1 and Lemma 3.3 explain how the entries of the matrix Mgn arise because
in Lemma 5.5 we show how the product of determinants in (3.18) is related to the product
of determinants in the entries of the matrix MJ".

4 Proof that Theorem 4.2 Implies Theorem 1.4

Let S C IF’; be an arc and let G C S have size t + k 4+ n, where t is defined by (3.16) and
n > 0. For each U € (g), we can analyze the system of equations obtained from applying

Lemma 3.3 to pairs (A,T") where A € (fﬁg) and T =G\ (AUU).
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Corollary 4.1 Let S C IF’; be an arc and let G C S have size t + k+n, where t is defined

by (3.16) and n > 0. For A € (,ﬁz), define a basis B(A) = (by,by, A) of FF. If Pl is
G

a matrix whose rows are indexed by (k—l)’ whose columns are indexed by ordered pairs
(U, A) where U € (f) and A € (G\U), and whose (C, (U, A))-entry is

k—2

P(T;”(O, (U, 4)) = fas(C\A) HyeG\(CUU) det(C'\ A,y,A);%A) ifACCcCG\U
0 otherwise,
then TPI" — 0.
Proof. For U € (f) and A € (iﬁg), let T'=G\ (AUU). Since |G| =t + k + n, we have
that T' € (S\A). Applying Lemma 3.3, we have that

t+2
> fas(a) 1T det(z,y, A)5{4) = 0. (4.19)
z€G\(AUU) y€(G\(AUD))\{=z}

Let us rewrite (4.19) so that it will be easier to express the system of equations given by

(4.19) in matrix form. For any fixed U € (S) and A € (iﬁg), we have

Yo fas@\A) T det(@\ Ay, Ayl =0 (4.20)

ACCG(%Y{) yeG\(CUU)

Consequently, letting Pg” be the matrix defined in Corollary 4.1, we see that we can write

the system of equations given by (4.20) in matrix form as TP(T;” = 0. O
The equation TP(T;" — 0 contains a wealth of information about the arc S C IF’;

and is crucial to the proof of Theorem 1.4. At the moment, the matrix Pg" defined in
Corollary 4.1 may seem ugly and difficult to analyze, but we claim that Pg" is equivalent
to the much simpler matrix MJ" defined in (1.5), which depends only on the arc G.

Theorem 4.2 Let S C F'q“ be an arc and let G C S have size t + k +n, where t is defined
by (3.16) and n > 0. If P(T;” is the matrix defined in Corollary 4.1, then there exist
invertible diagonal matrices Dy and Dy so that Dng"DQ = MCT;", where Mg" is defined
by (1.5).

We now reduce Theorem 1.4 and Theorem 1.15 to Theorem 4.2.

Proof of Theorem 1.4 and Theorem 1.15. We prove the contrapositive: namely that
if G C F} can be extended to an arc S C F} of size ¢ + 2k — 14+ n — |G/, then the matrix

M, g," cannot have full row rank or a vector of weight one in its column space. First we show
the arc GG satisfies the hypotheses of Corollary 4.1. As S has size ¢+ 2k — 1+n — |G/, the
arc G has size t + k + n, where t is defined by (3.16). By Corollary 4.1, we have IP(T;” =0
and so by Theorem 4.2, we have 0 = (fol)Mg”. Since D, is an invertible matrix, all
entries of 1Dy ! are nonzero. Hence, the matrix M cannot have full row rank or a vector
of weight one in its column space. O
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5 Proof that Lemma 5.3 Implies Theorem 4.2

To prove Theorem 4.2, we first define matrices Qf', Ry and I given a subset G C S
where S C IF’; is an arc. The matrix Ig” is a signed inclusion matrix and to define the
signing we need the following notation.

Definition 5.1 Let X be an ordered set, let A be an ordered subset of X, and let C' be
an ordered subset of X that contains A and has size |A| + 1. We define 7(A, C) to be the
minimum number of transpositions needed to order (A,C\ A) as C.

Definition 5.2 Let G C S C F}, where S is an arc, and let 0 < n < |G| — &k + 1.
Let Qg", RTGn, and Ign respectively be matrices whose rows are indexed by (,ﬁl), whose

columns are indexed by ordered pairs (U, A) where U € (f) and A € (G\U

k_g), and whose
(C, (U, A))-entries respectively are

fas(C\A) ifAcCcCcG\U

) (5.21)
0 otherwise,

an(cv <U7 A)) = {

-1 .
RINC, (U, 4)) = {?yeg\(cw) det(C\ Ay Agly TACCCG\U o))

otherwise,

. —1)TAOE) if ACcCcG\U
30, (U, 4)) = {é ) \

where fa g is defined by Definition 3.2, 7(A,C) is defined by Definition 5.1, and ¢t is
defined by (3.16).

(5.23)

otherwise,

We will prove in Section 6 that if S C IF’; is an arc, then the matrix ng defined in
(5.21) is equivalent to the matrix I%° defined in (5.23).

Lemma 5.3 Let S C F} be an arc. If QY is the matrix defined in (5.21) and I% is the
matrix defined in (5.23), then there exist invertible diagonal matrices E; and Ey such that
EngoEg = ]go

We now use Lemma 5.3 to prove that if S C IE"; is an arc and G C S satisfies the

constraints of Corollary 4.1 then the matrix QTGTL defined in (5.21) is equivalent to the
matrix I};* defined in (5.23).

Lemma 5.4 Let G C S C IF’; where S is an arc. If QTGn is the matrix defined in (5.21),
then there exist invertible diagonal matrices F and Fy such that FngnFQ = Igl.
Proof. Recall that, by Lemma 5.3, there exist invertible diagonal matrices £; and FE,

such that EngoEg = Igo. Let F; be the submatrix of E; whose rows and columns are
indexed by (kcjl) Let F, be the submatrix of Fy, whose rows and columns are indexed by

ordered pairs (U, A), where U € (f) and A € (f}g) As the entries of Qg" and Ig” don’t
depend on U € (f), we have Fng"FQ = [gl. O
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We now prove that if S C ]F’; is an arc and G C S satisfies the constraints of Corol-

lary 4.1 then the matrix Rg" defined in (5.22) is equivalent to the Hadamard product
10 o ML

Lemma 5.5 Let S C IF’; be an arc and let G C S satisfy the hypotheses of Corollary 4.1.

If RI? is the matrix defined in (5.22), then there exist invertible diagonal matrices Fy and
Fy such that FsRE'Fy = 11 o M.

Proof. Since |G| =t+k+n, for C € (,fl) and U € (f), we have |G\ (CUU)| =t+ 1.
Hence, for A C C, we have

(—D)@EVED ] det(C\ Ay, A)piy = ] detly, A,C\A)plyy  (524)
yeG\(CUU) yeG\(CUU)

because there are k — 1 transpositions needed to make C'\ A the last row.

Recall that for each A € (k(_;z), we defined a basis B(A) = (by,ba, A) of Fi. Now let
B be the basis of F fixed in Definition 1.3 and let M(B(A), B) be the change-of-basis
matrix from B(A) to B. Observe that

det(y, A, O\ A)5!, det(M(B(A), B)) ™" = det(y, A, C'\ A)5". (5.25)

Define Fj to be a diagonal matrix with rows and columns indexed by ordered pairs (U, A)

where U € (g) and A € (iﬁg), and ((U, A), (U, A))-entry
F((UA), (U, A)) = (—1)FDED det(M (B(A), B)) =+, (5.26)

By (5.24) and (5.25), the (C, (U, A))-entry of Rl F} is

A AR if A
RYF(C, (U, 4)) = { Lo detl A CAAS H A CECEAT 5 o)
0 otherwise.
Observe that
[T det(y, A, C\ AR = (1)@ T det(y, C)' (5.28)

yeG\(CUU) yeG\(CUU)

because moving C'\ A from the end to its proper place in the ordering of C' requires
7(A, C) transpositions for each of the ¢t + 1 determinants in the product.
Hence, defining F5 to be a diagonal matrix with rows and columns indexed by (,ﬁl)
and (C,C)-entry
F3(C.C)= [] det(y,C)s, (5.29)
yeG\C

we see that FgRgnF4 = ]g" o Mg” m)
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Finally we reduce Theorem 4.2 to Lemma 5.3.

Proof of Theorem 4.2 We express the matrix PT defined in Corollary 4.1 as the
Hadamard product PT" QT" Rg", where the matrices Q and Rg are defined in
(5.21) and (5.22) respectlvely

Using Lemma 5.3, we show in Lemma 5.4 that there exist invertible diagonal matrices
Fy and F, such that FlQT"FQ [T” By Lemma 5.5, there exist invertible diagonal
matrices Fy and Fj such that FgRT"F4 = ITn MT" Settmg D, = F\F3 and Dy, = FyF),
Theorem 4.2 follows. ]

6 Proof of Lemma 5.3

In this section, we prove Lemma 5.3 and hence complete the proofs of Theorem 1.4 and
Theorem 4.2. In Lemma 6.1, we show that Lemma 5.3 holds if we can find a vector in
the nullspace of a certain matrix L all of whose coordinates are nonzero. In Lemma 6.2,
we state and prove Segre’s Lemma of Tangents, which we use in Lemma 6.3 to show that
the matrix L does not have full column rank. Consequently, L has nonzero vectors in its
nullspace and we prove Lemma 5.3 by showing that any nonzero vector in the nullspace
of L must have all coordinates nonzero.

Recall that an arc S C FF ’; is ordered and that if (X, <) is an ordered set then A C X
is smaller than B C X in lex order if the smallest element of the symmetric difference
AAB lies in A.

Lemma 6.1 Let S C F’; be an arc. Let L be a matrix whose columns are indexed by ( s )

and whose rows are indexed by ordered pairs (A, A") where A, A" € ( ,), AUA € (k s
and A < A’ in lex order. Let the ((A, A’), A”) entry of L be

<_1)T(A’AUA,)(t+1)fA,S(A/ \ A) if A" = A
L((A,A/)),A//) _ (_1)T(A’7AUA’)(t+1)+1fA,’S(A \ A') if A" = A (6.30)

0 otherwise,

1|
where t is defined by (3.16). If there exists a vector d € ng_2) in the nullspace of L all
of whose coordinates are nonzero, then Lemma 5.3 holds.

Proof. We write the coordinates of & as a4 where A € ( s ) Since @ is in the nullspace

of L, if @} is the matrix defined in (5.21), C € (%), 4, 4" € (,5,), and ¢ is defined by
(3.16), then

(~1)7 A0, QI(C, A) = (—1) WO 0, QIR(C, A). (6:31)

Define F5 to be a diagonal matrix with rows and columns indexed by (kf 2) and (A, A)

entry E,(A, A) = a4. Since the coordinates of & are nonzero and Q% (C, A) # 0 when
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A C C, there exist nonzero constants ac € F, for C' € (kfl) such that the (C, A) entry
of QEOEQ is
(—1)TAO g, if AC O

QF Ex(C, A) = { 0 (6.32)

otherwise,

by (6.31). Consequently, defining F; to be a diagonal matrix with rows and columns
indexed by ( 5 ) and (C, C)-entry E;(C,C) = ag', we see that Lemma 5.3 holds. O

k—1
Y
To prove the existence of a vector @ € Fy*~* satisfying the hypotheses of Lemma 6.1,

we first show in Lemma 6.3 that the matrix L defined in (6.30) does not have full column
rank over FF,. For this, we need Lemma 6.2, which is called Segre’s Lemma of Tangents
and gives a relationship between values of different tangent functions.

Lemma 6.2 (Ball [1, 2]) Let S C FF be an arc and let t be defined by (3.16). For a
subset D C S of size k — 3 and a subset {u,v,w} € S\ D, we have

Fpugur.s(0) Foogers (W) Fougwys(@) = (=1 fooguy.s (W) Fouger,s (W) fooguy.s (V). (6.33)

Proof. Observe that B = (u,v,w, D) is a basis of F'g because S is an arc. For x € ]F’;,
let © = (21,...,x)) be the coordinates of x with respect to B. By (3.17),

t

fouguys(@) = H(ﬂ%u{w}(u)flfl + ﬁ})u{w}(v)wz)- (6.34)

i=1

Our first goal is to show that

{ —%U{w}(v) s {1,...,t}}u{x1 : ES\B} =T, \ {0}. (6.35)

To accomplish this, observe that the first set on the left hand side of (6.35) contains ¢
nonzero elements of F, because for i € {1, ...,t}, the (k—1)-dimensional subspaces ng{w}
defined in Lemma 3.1 are all distinct and intersect S only in D U {w}. Now observe that
the second set on the left hand side of (6.35) is disjoint from the first set and contains
|S| — k nonzero elements of F, because S is an arc and because for i € {1,...,t}, the
(k — 1)-dimensional subspaces H, | {w} defined in Lemma 3.1 intersect S only in DU {w}.
Since t 4+ |S| — k = ¢ — 1, (6.35) is established.

Since the product of the nonzero elements of a finite field F, equals —1, (6.35) implies

ﬁ <——%U{“’}(U)> L2, (6.36)
z€S\B

i=1 5gu{w}(v) 1
By (6.34), we can rewrite (6.36) as

fougeys) J] 22 = (D" fooys@) [ 21 (6.37)

z€S\B zeS\B
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Repeating the argument above with the (k — 2)-subsets D U {u} and D U {v}, we have

Jputuy,s(v) H T3 = 1 fpuguy,s(w H T (6.38)
©€5\B 2€S5\B

fpugey,s(w H T = 1 fpugeys(u H 3. (6.39)
©e5\B 25\ B

Multiplying (6.37), (6.38), and (6.39), and canceling [],cq\ p 217223 from both sides, we
see that (6.33) holds. m

Now we use Lemma 6.2 to show that the matrix L defined in (6.30) does not have full
column rank over F,.

Lemma 6.3 Let S C IE"; be an arc. If L is the matrix defined in (6.30), then L does not
have full column rank over F,.

Proof. Write S = {s1,..., 5|5/} in order. We use the ordering of S to write the elements

of A e (1:2)7 and the elements of S\ A € ( ) in order as A = {ay,...,a5_2} and

S \ A= {ala v 7&|S|—k+2}'
Let L4 ) denote the row of L that is indexed by (A, A’). To prove that L does not
have full column rank over F,, we will show that the rows in L are spanned by

s
|S|—k+2

R ={L(a)vfar,ar-sha) - A # {51, sk—2}} (6.40)

To accomplish this, we must order the rows of L. First, list the rows of R and then list
the remaining rows in lex order. We will show that each row of L that is not in R can
be written as a linear combination of two rows of L that precede it. Hence, by induction,
every row of L can be written as a linear combination of rows in R.

Let La ay be a row of L that is not in R. We distinguish two cases.

Case 1: There exists s € S\ (AN A’) such that s precedes A\ A" and A"\ A in the
ordering of S.

A

Let A = {s} U(AN A) and note that A < A < A’ in lex order. Also observe that

7(A, AUA) = 7(A', AUA"), 7(A, AUA") = 7(A, AUA’), and 7(A', AUA') = 7(A, AUA)+1.
Let ¢ be defined by (3.16) and define w; = (7(A, AUA) +7(A, AUA)+1)(t+1)+ (t+2)
and wy = (T(A, AU A) +7(A, AU A"))(t +1). Applying Lemma 6.2 with D = AN A’,
u=A\A,v=A"\Aand w=s implies that L(4 ) is a linear combination of L4 4
and L4 41

w Jas(A'\ A4) wy Jars(A\ A')
La,ay = (-1) %L(A,A)"i_(_l) IL}ZTL(A,A’)‘ (6.41)

It ANA"={ai,...,ak-3} and s = @y, then L4 5) € R; otherwise the rows L4 4 and
L(A,A/) precede L4 an.
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Case 2: There does not exist s € S\ (AN A’) such that s precedes A\ A" and A"\ A in
the ordering of S.

Write D = ANA" = {di,...,d,_3} using the ordering of S. Observe that A\ A" precedes
di_3 in the ordering of S; otherwise D = {sy,...,s,_3} and A\ A" = s;_», which would
imply Liaay € R. Let A= D\ {dy_3} U{A\ A} U{A"\ A} and note that A < A < A’
in lex order because A\ A’ precedes dj_3 in the ordering of S. Since the union of any two
of A, A’, and A equals the union of all three, we have Liaay = _L(A,A) + L(A,A/)' Also,
the rows L(A,A) and L(A,A') precede L ary. O

We now prove Lemma 5.3 and thus complete the proofs of Theorem 1.4 and Theo-
rem 4.2.

Proof of Lemma 5.3 By Lemma 6.3, the matrix L defined in (6.30) does not have
full column rank over F,, so there exists a nonzero vector & in the nullspace of L. The

coordinates a4 of @ satisfy (6.31) and we now show that they are all nonzero. Suppose,
for a contradiction, that there exists A € (ki) such that a; = 0. By (6.31), aar = 0 for

all A’ € (ks2) such that AU A’ € (ki) Repeating this argument, we see that a4 = 0 for

all A € (kf 2), which contradicts that @ # 0. Therefore, all coordinates of & are nonzero
so Lemma 5.3 holds by Lemma 6.1. ]

Let I be the subset consisting of the first k£ — 2 elements of S. For a subset A € (iﬁz)v
let D=ANF, let A\F ={x1,...,2,.},let F\A={z,..., 2.}, and let s be the minimum
number of transpositions required to order (F'NA, F'\ A) as F. Let t be defined by (3.16).

Is|

(x2)

One can show that an explicit solution for a nonzero vector a € Fy in the nullspace
of L is given by

: fDU{z ey Ziy i1 :vl}S(xz)
oy = (=1 T (6.42)
Z—Hl fDU{ZT ,,,,, Zid15Lgyeeny xl},S(Zi)

which motivates Ball’s definition of a4 in [3, Section 3].

7 Proof of Theorem 1.8

2k—2
Let G C F} be an arc of size 2k —2. For C' € (k(—;l)7 let e(C) € ]F,g = be the C-coordinate
vector; that is e(C)or = 1 if C = C”" and e(C') ¢ = 0 otherwise. To prove that the matrix
Mgl defined in (1.5) has full row rank over F, when k < 2p — 2 < ¢, we will show that
for each C' € (,ﬁl), the C-coordinate vector e(C) lies in the column space of Mgl.

For a fixed U € (?), recall that we noted in Section 1.1 that the submatrix Mgl(U )
of Mgl equals Dylox_3(k — 1,k — 2). Hence, to understand the column space of Mgl, we
must understand the column space of Io;_3(k — 1,k — 2). By Theorem 1.6, the inclusion
matrix Iop_3(k — 1,k — 2) is invertible over [, exactly when k& < p = char (F,) so our
first goal is to determine a spanning set for the orthogonal space of the column space of
Ipg_3(k — 1,k —2) over F, when k > p. This will allow us to prove that a vector ¥ lies in
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the column space of I;_3(k — 1,k — 2) over F, by showing that ¢ is orthogonal to every
vector in the spanning set.

Lemma 7.1 If k > p = char (F,) then, over F,, the nullspace of the inclusion matrix
Ly_3(k+p— 2,k —1) is the column space of Io;_3(k — 1,k — 2).

Proof. Over F,, the column space of Ip,_3(k — 1,k — 2) clearly lies in the nullspace
of the inclusion matrix I 3(k + p — 2,k — 1) so it suffices to show that the nullity of
Lyg_s(k+p—2,k— 1) equals the rank of Iy, _3(k — 1,k — 2). Observe that the inclusion
matrix lop_3(k — 2,k — p — 1) equals the inclusion matrix I, _s(k +p— 2,k — 1) so by
Theorem 1.6 and Lucas’ Theorem [14],

. 2k — 3 2k — 3 2k — 3
nulht”q[%3<k+p_2’k_1):<k—2)_z( i )_<¢—1)’ (743)

iceJ

where J ={0< i< k—2:7=4k—1(mod p)}. On the other hand, by Theorem 1.6 and
Lucas’ Theorem,

2k — 2k —
rank g, I_s(k — 1L,k —2) =) ( Z, 3) — < . 13), (7.44)

1€L

where L ={0<i<k—2:i%#k—1 (modp)}. Since (7.43) equals (7.44), the lemma
follows. =
2k—3
We now define some special vectors in IFS bt ) We will show in the proof of Theorem 1.8
that variants of these vectors lie in the column space of Mgl.

Definition 7.2 For 0 < i < k — 2, suppose that X = {z1,...,2;}, Y = {vy1,..., 4},
and A = {yis1,...,ys—1} are disjoint subsets of {1,...,2k —3}. For 7 C {1,...,i}, let
2k—3

X, ={z;:jer}andlet Y, ={y; : j € 7}. Define the vector 4;(X,Y,A) € Fg "1/ with

coordinates indexed by ({1 vvvv 2k—3}

k—1 ) as

(=Dl fC =X, UY\Y,)UA for 7 C {1,...,i}

) (7.45)
0 otherwise.

171(X7 Y7 A)C’ = {

We now show that if & > p = char (F,), the vector vj_,(X,Y,A) defined in (7.45) lies
in the column space of Iy,_3(k — 1,k — 2) over F,.

Lemma 7.3 If k > p = char(F,), then for any choice of X, Y, and A satisfying the
constraints in Definition 7.2, the vector vy_,(X,Y,A) defined in (7.45) lies in the column
space of Io,_3(k — 1,k —2) over F,.

Proof. By Lemma 7.1, it suffices to show that the vector j_,(X,Y,A) lies in the
nullspace of the inclusion matrix lo;_3(k + p — 2,k — 1) for any choice of X, Y, and A
satisfying the constraints in Definition 7.2. For H € ({1’]#233}), let Ix_3(k+p—2,k—1)g
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be the row of the inclusion matrix Io;_3(k + p — 2,k — 1) corresponding to H. We want
to show that
[2k73<k +p— 2, k— 1)H6k7p(Xa Y, A) =0. (746)

Define H = {1,...,2k — 3} \ H and define R(X) = {1 < i< k—-p:x € H}
and R(YY) = {1 < i < k—p :y € H} Moreover, define F to be the family of
(k — 1)-subsets C' of {1,...,2k — 3} such that Iy_3(k +p — 2,k — 1)mc) # 0 and
Up—p(X,Y,A)e # 0. If H does not contain A or if R(X) and R(Y) have nonempty
intersection, then F = () and thus (7.46) holds. Otherwise, the elements of F are of the
form C = AUX,U(Y\Y;) where 7 = R(Y)UU and U C {1,...,k—p} \(R(X)UR(Y)).
Let W ={1,...,k—p} \ (R(X)UR(Y)) and observe that W # () because R(X) and
R(Y) are disjoint and because |H| = k — p — 1. Since the left hand side of (7.46) equals

]
Cpi — RN (WY i =y R;ig — vl —
> (=) =(-1) o(j)( 1)) = (=)™ (1 -1) 0,  (7.47)

r=R(Y)UU j=
UCW

the lemma follows. O

For a fixed U € ((1;), recall that we noted in Section 1.1 that the submatrix M. (U) of
ML equals Dyl s(k — 1,k — 2). Since Lemma 7.3 shows that the vector 7_,(X,Y, A)
lies in the column space of the inclusion matrix Io;_3(k — 1,k — 2) when k& > p, we have
that for U € (?), the vector Dyvy_p,(X, Y, A) lies in the column space of the submatrix
Mgl(U ). Padding the vector Dyvy_,(X,Y, A) with zeroes in the appropriate places thus

gives a vector in the column space of Mgl. To make this precise, we now define variants
of the vectors #;(X, Y, A) defined in Definition 7.2.

Definition 7.4 Let G C IF’; be an arc of size 2k — 2 and let U € (?) Let B be the basis
of IF’; from Definition 1.3. For 0 <i <k —2,let X = {zy,...,2;}, Y ={vy1,..., 4}, and

A = {Yis1,...,yp—1} be disjoint subsets of G\ U. For 7 C {1,...,i}, let X, and Y, be

2k—2
defined as in Definition 7.2. Define the vector v;(U, X, Y, A) € Fg =) with coordinates
indexed by (,fl) as

~)l! if C = C{l,...,i
Ui(U,X,Y,A)C:{é DImdet(U,C)p f C=X,U(Y\Y;)UA for 7 C{1,...,i}

otherwise.

(7.48)

Observe that the vector vj,_,(U, X, Y, A) is the vector Dytj—,(X, Y, A) padded with zeroes
in all coordinates C' € (,fl) that have nonempty intersection with U. Consequently, when
k > p, the vector vj,_,(U, X, Y, A) lies in the column space of Mgl for any choice of U € (?)
and any choice of X, Y, and A satisfying the constraints in Definition 7.4.

In the proof of Theorem 1.8, we show that each of the C-coordinate vectors e(C) are
linear combinations of the vectors vj_,(U, X, Y, A), and hence lie in the column space of
Mgl. To specify the linear combination, we need the following lemma.
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Lemma 7.5 Let G C IF’; be an arc of size 2k — 2 and let B be the basis of IF’; fixed in

Definition 1.3. Let C' € (,fl) and suppose that A C C. Let W C G'\ A have size k — |A|.
For any u € GG, we have

det(u, W\ w,A)p

S det(w, W\ w,A)p

det(w, C)p = det(u, C)p. (7.49)

Proof. Since WUA is a basis of IF’;, we can write u € G as a unique linear combination of
the elements of W UA. It is easy to see that the coefficient of w in this linear combination
is det(u, W\ w, A) g/ det(w, W\ w, A)g. Since A C C, (7.49) holds. O

The vectors v;(U, X, Y, A) have three nice properties: For fixed X, Y, and A and
U e (G\(XfYUA)), the support of the vector v;(U, X, Y, A) is always the same. Moreover,
all the (k — 1)-subsets C' in the support of v;(U, X, Y, A) contain the same fixed set A
and have empty intersection with G \ (X UY U A). Consequently, we can add vectors
v;(U, X, Y, A) for different U € (G\(XLfYUA)) using Lemma 7.5 to yield vectors with smaller

weight in the column space of M, 2;1. Eventually, we conclude that the C-coordinate vectors
e(C), which have weight one, lie in the column space of M.

Proof of Theorem 1.8 The matrix M' defined in (1.5) has full row rank if and only
if its column space contains the C-coordinate vector e(C') for each C € (,ﬁl) If £ <p,
then the inclusion matrix lo,_3(k — 1,k — 2) is invertible by Theorem 1.6. For a fixed

U e (?), recall that we noted in Section 1.1 that the submatrix ML (U) of M} equals

Dylo_3(k—1,k—2). Hence, for each U € (?), the submatrix M. (U) is invertible. Thus,
the column space of M, contains the C-coordinate vector e(C) for each C' € (kfl)

Now suppose that p < k < 2p — 2 < ¢. Observe that for any U € (?) and C € (fg),
the C-coordinate vector e(C') is a nonzero scalar multiple of the vector oy(U, 0,0, C). We
show that the vectors (U, 0, (), C) lie in the column space of Mgl by proving that for
any 0 <i<k—p, U € ((1;), and X, Y, and A satisfying the constraints in Definition 7.4,
the vector #;(U, X, Y, A) defined in (7.48) lies in the column space of M.

The proof is by induction on ¢. By Lemma 7.3 and the remarks preceding and following
Definition 7.4, the statement is true for the base case 1 = kK —p. We assume the statement
is true for i € {1,...,k — p} and prove the statement for i — 1 € {0,...,k —p — 1}.
Let U € ((1;) and let X' = {x1,...,z;4} Y = {y1, ... vi1}, and A = {y;, ..., yp1}
be disjoint subsets of G\ U. We will show that the vector v;_1 (U, X", Y’, A’) lies in the
column space of M(T;l.

Define z; = U and let X = X' U{z;}, Y =Y U{y;}, and A = A"\ {y;}. Write G
as the disjoint union G = X UY UAUW UQ, where |W| =i+ 1 and | =k —2 — 2i.
Note that i < k —p and k£ < 2p — 2 imply that || > 0. For each w € W, we have that
X, Y, and A are disjoint subsets of G \ w satisfying the constraints of Definition 7.4.
Consequently, by the induction hypothesis, for each w € W, the vector v;(w, X, Y, A) lies

in the column space of Mgl. Moreover, the support of U;(w, X,Y, A), denoted S, is the
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same for all w € W,

Sw:{Ce (kfl) :C:AUXTU(Y\YT)forrg{1,...,2’}}. (7.50)

We now show that the vector #;_;(U, X', Y’ A’) is a linear combination of the vectors
/&)Z(w7 X7 Y7 A)?

det(U, W\ w,A)p _,

Ui (U, XY, A') = J(w, X, Y, A). 7.51
(% 1( 9 ) ) ) = det(w,W\w,A)Bv (w ) ( )

Observe that the support of 7;_; (U, X', Y’ A"), denoted Sy, is a subset of the support S,
from (7.50),

G
Sy = {C’E <k—1> C=AUX, U \Y,) for T C {1,...,2’—1}}. (7.52)
Consequently, to prove (7.51), we must show that the C-coordinates of the left and right
hand sides of (7.51) are equal,

det(U, W\ w,A)p (-1l det(U,C)p if C €S, NSy

) 7X7Y7A -
£z det(w, W\ w,A)g (w Jo {0 if C'e S, \ Sp.

(7.53)

We see that (7.53) follows from Lemma 7.5 because if C' € S,, then A C C'and W C G\ A
has size k — |A] so the left hand side of (7.53) equals

det(U, W\ w,A)p

det(w, W\ w, A) (=D det(w, C)p = (1) det(U, C) 5. (7.54)
weW ’ ) B

If C €S8, )\ Sy, then i € 7 which implies that U € C and hence det(U, C)p = 0. m

8 Classification

To prove Theorem 1.12, we first state a sufficient condition for an arc S C IF’qC of size ¢+ 1
to be linearly equivalent to the normal rational curve Ry.

Lemma 8.1 (Roth-Lempel [15]) Suppose that S C F! is an arc of size ¢ + 1 and
let B = (ey,...,ex) C S be a basis of F¥. For x € S\ B, let x = (21,...,x;) be the
coordinates of v when written with respect to B. Let Wg g be a matrix whose columns are
the vectors (zy',...,x;")" forx € S\ B. If rank Wy p = 2, then S is linearly equivalent

to the normal rational curve R, C IF’; )

Suppose that S C F’; is an arc of size g+ 1 and that there exists a nonnegative integer n
for which the hypothesis of Theorem 1.12 is satisfied. Moreover, let B = (ey,...,ex) C S
be a basis of IF’;. To prove that the matrix Wg g defined in Lemma 8.1 has rank Wg g = 2,
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we will show that any three columns of Wy 5 are linearly dependent. Given three columns
of Wg g, we will show they are dependent by constructing a (k — 2) x k matrix Z with
rank Z = k—2 so that the three columns of Wy p lie in the nullspace of Z. In other words,
we want to find k£ — 2 independent vectors in F’; that are orthogonal to each of the three
given columns of Wg . Using the notation of Lemma 8.1, observe that for x € S\ B and
1 <j <k, wehave z;' = (—1)""!det(z, B\ {e;})5". The expression det(z, B\{e;})p has
appeared before, for example in (5.29), which suggests how to find the required vectors.
The following lemma makes this intuition precise.

Lemma 8.2 Suppose that 0 < n < ¢ — 2k and that for every arc G C F’; of size
2k — 2 + n, the column space of the matrix H(T;" defined in Definition 1.11 contains a

2k—2+n
vector v € Fg i) such that v; = 1 ifi € {1,...,k} and v; = 0 otherwise. If S C F% is
an arc of size ¢+ 1 and B = (ey,...,ex) C S is a basis of ]F’;, then there exist nonzero

constants cy, ..., ¢, € IF, such that for any (k — 2)-subset A C S'\ B, we have

k
(—1)UrDE=D, H y]fl =0, (8.55)
j=1 yeEA
where y = (y1, ..., yx) Is written with respect to the basis B.

Proof. Let A C S\ B be a subset of size k — 2 and let L € S\ (BU A) be a subset of
size |L| = n. Define an arc G and its ordering by G = (B, A, L). Reorder the arc S so
that G is the first 2k — 2 + n vectors of S.

Since |S| = ¢ + 1, we have t = k — 2, where ¢ is defined by (3.16). Observe that
|G| = t+k+n and that |S\ G| > 1 since 0 < n < ¢ — 2k. Since the arc G C §
satisfies the hypotheses of Corollary 4.1, we have that ng" = (. By Theorem 4.2, there
exist invertible diagonal matrices D; and D, such that Dng”Dg = M(T;" Recalling
Definition 1.11, we have

—

0=1P =1(J D) (I MDY so 0=1(J5FDy)tHY. (8.56)

Recalling that Dy = F}F3 where F} from Lemma 5.4 is defined by the matrix F; in
Lemma 6.1 and Fj is defined by (5.29), we see that the C-coordinate of T(J5*D;)~" is

(D) Ne=ac  [[  det(y,0)5", (8.57)
yEG\(CULC)

where Lo is the last n-subset of (G}IC) in colex order.

Note that Lo = L for all C' € (kf 1) since B is the first k& elements of G so

(T(Jg’nDl)_l)B\{ej} = aB\{ej}(—l)(j“)(k_l) H yj_l (8.58)

yeA

since yj_1 = (—1)]]rl det(y, B \ {ej})ffl'
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2k—2+4n
By assumption, the column space of the matrix HJ' contains a vector v € ]Fg =

such that v; = 1if i € {1,...,k} and v; = 0 otherwise. Since the rows of the matrix H'
are in colex order, by (8.56) and (8.58),

k
0= 1(JF D) 0) =) (=) Dag oy Ty (8.59)
j=1 yeA
Hence, Lemma 8.2 follows by setting ¢; = ap(e,}- ]

We now prove Theorem 1.12.

Proof of Theorem 1.12 Let S C IF’; be an arc of size g+1 and let B = (ey,...,e;) C S be
a basis of F¥. Since S is an arc, the matrix Ws p defined in Lemma 8.1 has rank W 5 > 2
because if a column of W g is a multiple of another column of Wy g then two vectors in
S are linearly dependent. To prove rank Wg g < 2, we will show that any three columns
of Wg p are linearly dependent. Let w,z,z € S\ B. We will show that there exists a
(k—2) x k matrix Z with rank Z = k — 2 such that the columns of Wy g corresponding to
w,x,z € S\ B are in the nullspace of Z. As nullity Z = 2, this proves that the columns
of Ws g corresponding to w,x,z € S\ B are linearly dependent.

To construct Z, first choose a (k — 2)-subset A C S\ (BU{w,z, z}), which is possible
since 0 < n < g — 2k. Write A = {ab.. ,ag—o} and define A; = A\ {a;} U {w}. By
Lemma 8.2 applied to A; for 1 < ¢ < k we have

k
Z 1)UHDE=1 H -1 —. (8.60)

Jj=1 yeA\{al}

Defining Z to be the (k — 2) x k matrix with (¢, j)-entry

20,5) = (-0 Ve [T ot (3.61)
yeA\{a:}

we see that (8.60) implies that the column of Wy 5 corresponding to w lies in the nullspace
of Z. Repeating the argument above, we similarly have that the columns of Wg 5 corre-
sponding to x and z lie in the nullspace of Z as well.

To complete the proof, we must show that rank Z = k£ — 2. Multiplying the j* column
of Z by (=1)UrDE=De A TT g, gives a (k—2) x k matrix Z whose rows are ay, .. . , ag_s.
Since aq, . .., ap_o are linearly independent vectors, k — 2 = rank Z = rank Z. ]

Finally we prove Theorem 1.13.

Proof of Theorem 1.13 We first show that if £ < p = char (F,) and G C F’; is an arc

2k—2
of size 2k — 2, then the column space of the matrix Hg contains a vector v € Fg =) such
that v; = 1if i € {1,...,k} and v; = 0 otherwise. First note that the matrix Hgo equals

the inclusion matrix Iox_o(k — 1,k — 2).
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Let B = {1,...,k}. For each subset A € ({1"',;’3272}), define I, = |A N B and

Ba = (=1l (k—2—14)!. For each subset C' € ({1"',;’371_2}), define r¢c = |C'N B|. Define
N 2k—2 —
RS IFS =) to be a vector v&iith coordinates indexed by ({1"‘,;3];_2}) and entries 54 = Sa.
Let W = ]2k_2(k - 1, k — 2)5

Consider the C-coordinate of w. If C' ¢ B, then there are k — 1 —r¢ subsets A € (,fQ)

such that [, = r¢. The remaining r¢ subsets A € (152) satisfy [4 = r¢—1. Consequently,

o= Y Ba=(k—1-rc)(=1)rcl(k—2—rc) +re- (1) (re=1)l(k—1-r¢)! = 0.

A€(,5,)

On the other hand, if C' C B, then all A € (,%,) satisfy {4 = k — 2 so

(8.62)

o= D fa=(-1) (DRh-20l= (D (k -1, (8.63)

A€(, %)

which is nonzero since £k < p. The first part of Theorem 1.13 is proved by setting
v = ((=1)2/(k — 1))@ since the rows of HY; are in colex order.

By Theorem 1.12 if k& < min{p, ¢/2}, the normal rational curve R is the unique arc
in IF’; of size ¢ + 1. By the well-known principle of duality, this implies that if £ < p and
k # (q+1)/2, then the normal rational curve Ry is the unique arc in F; of size ¢ + 1. O
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