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Abstract

Recently, Fici, Restivo, Silva, and Zamboni defined a k-anti-power to be a word
of the form wyws - - - wg, where wy, wa, ..., wy are distinct words of the same length.
They defined AP(x, k) to be the set of all positive integers m such that the prefix
of length km of the word x is a k-anti-power. Let t denote the Thue-Morse word,
and let F(k) = AP(t,k) N (2ZT —1). For k > 3, v(k) = min(F(k)) and T'(k) =
max((2ZT — 1) \ F(k)) are well-defined odd positive integers. Fici et al. speculated
that (k) grows linearly in k. We prove that this is indeed the case by showing that
1/2 < likrgioréf(’y(k)/k) <9/10and 1 < likm sup(y(k)/k) < 3/2. In addition, we prove

— 00

that liminf(I'(k)/k) = 3/2 and limsup(I'(k)/k) = 3.
k—o00 k—o0
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1 Introduction

A well-studied notion in combinatorics on words is that of a k-power; this is simply a
word of the form w* for some word w. It is often interesting to ask questions related to
whether or not certain types of words contain factors (also known as substrings) that are
k-powers for some fixed k. For example, in 1912, Axel Thue [7] introduced an infinite
binary word that does not contain any 3-powers as factors (we say such a word is cube-
free). This infinite word is now known as the Thue-Morse word; it is arguably the world’s
most famous (mathematical) word [1, 2, 3, 4, 5].

Definition 1. Let w denote the Boolean complement of a binary word w. Let Ay = 0.
For each nonnegative integer n, let B, = A, and Ani1 = A, B,. The Thue-Morse word t
is defined by

t= lim A,.

n—o0
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Recently, Fici, Restivo, Silva, and Zamboni [6] introduced the very natural concept of
a k-anti-power; this is a word of the form wyws - - - wyg, where wq, ws, ..., wy are distinct
words of the same length. For example, 001011 is a 3-anti-power, while 001010 is not.
In [6], the authors prove that for all positive integers k and r, there is a positive integer
N(k,r) such that all words of length at least N(k,r) contain a factor that is either a k-
power or an r-anti-power. They also define AP(x, k) to be the set of all positive integers
m such that the prefix of length km of the word x is a k-anti-power. We will consider
this set when = = t is the Thue-Morse word. It turns out that AP(t, k) is nonempty
for all positive integers k [6, Corollary 6]. It is not difficult to show that if k£ and m are
positive integers, then m € AP(t, k) if and only if 2m € AP(t,k). Therefore, the only
interesting elements of AP(t, k) are those that are odd. For this reason, we make the
following definition.

Definition 2. Let F (k) denote the set of odd positive integers m such that the prefix of t
of length km is a k-anti-power. Let (k) = min(F(k)) and T'(k) = sup((2Z*T — 1)\ F(k)).

Remark 3. Tt is immediate from Definition 2 that F(1) 2 F(2) 2 F(3) D ---. Therefore,
(1) <(2) <y(B) <+ and D(1) < T(2) < TB) < -+

For convenience, we make the following definition.

Definition 4. If m is a positive integer, let £(m) denote the smallest positive integer k
such that the prefix of t of length km is not a k-anti-power.

If £ > 3, then (2Z" — 1) \ F(k) is nonempty because it contains the number 3 (the
prefix of t of length 9 is 011010011, which is not a 3-anti-power). We will show (Theorem
9) that (2Z* — 1) \ F(k) is finite so that I'(k) is a positive integer for each k& > 3. For
example, (2ZT — 1)\ F(6) = {1,3,9}. This means that AP(t,6) is the set of all postive
integers of the form 2°m, where ¢ is a nonnegative integer and m is an odd integer that
is not 1, 3, or 9.

Fici et al. [6] give the first few values of the sequence (k) and speculate that the
sequence grows linearly in k. We will prove that this is indeed the case. In fact, it is the
aim of this paper to prove the following:

o — gliminfﬁ < 3
k
o 1 glimsupm < §
k—oo 2
e liminf w = §
k—oo 2
r
e limsup ﬁ = 3.
k—o0 k

Despite these asymptotic results, there are many open problems arising from consid-
eration of the sets F(k) (such as the cardinality of (2Z% — 1) \ F(k)) that we have not
investigated; we discuss some of these problems at the end of the paper.
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2 The Thue-Morse Word: Background and Notation

Our primary focus is on the Thue-Morse word t. In this brief section, we discuss some of
the basic properties of this word that we will need when proving our asymptotic results.

Let t; denote the i*" letter of t so that t = titots---. The number t; has the same
parity as the number of 1’s in the binary expansion of ¢ — 1. For any positive integers
a,f with a < 3, define (o, 8) = tatas1---ts. In his seminal 1912 paper, Thue proved
that t is overlap-free [7]. This means that if  and y are finite words and x is nonempty,
then xyzyzr is not a factor of t. Equivalently, if a,b,n are positive integers satisfying
a <b< a+n,then (a,a+ n) # (b,b+ n). Note that this implies that t is cube-free.

We write AS“ to denote the set of all words over an alphabet A. Let W, and W,
be sets of words. A morphism f: W) — W, is a function satisfying f(xy) = f(z)f(y)
for all words z,y € Wi. A morphism is uniquely determined by where it sends letters.
Let p: {0,1}s% — {01,10}¥ denote the morphism defined by £(0) = 01 and p(1) = 10.
Also, define a morphism o: {01,10}s“ — {0,1}* by ¢(01) = 0 and ¢(10) = 1 so that
o = pu~!. The words t and t are the unique one-sided infinite words over the alphabet
{0,1} that are fixed by u. Because p(t) = t, we may view t as a word over the alphabet
{01,10}. In particular, this means that to; 1 # to; for all positive integers i. In addition,
if  and 3 are nonnegative integers with o < 3, then (2a+1,23) € {01,10}¥. Recall the
definitions of A,, and B, from Definition 1. Observe that A, = p™(0) and B,, = pu"(1).
Because p"(t) = t, the Thue-Morse word is actually a word over the alphabet {A,,, B, }.
This leads us to the following simple but useful fact.

Fact 5. For any positive integers n and v, (2"r +1,2"(r + 1)) = pu"(t,41).

3 Asymptotics for I'(k)

In this section, we prove that lilgn infI'(k)/k = 3/2 and limsup I'(k)/k = 3. The following
—0 k—00

proposition will prove very useful when we do so.

Proposition 6. Let m > 2 be an integer, and let §(m) = [logy(m/3)].

(i) If y and v are words such that yvy is a factor of t and |y| = m, then 290 divides
lyvl.

(1) There is a factor of t of the form yvy such that |y| = m and 2™+ does not divide
lyv]-

Proof. We first prove (i) by induction on m. If m = 2, we may simply set y = 01 and
v=1. If m =3, we may set y = 101 and v = € (the empty word). Now, assume m > 4.
First, suppose m is even. By induction, we can find a factor of t of the form yvy such that
ly| = m/2 and such that 2°(™/2+1 does not divide |yv|. Note that pu(y)u(v)u(y) is a factor
of t and that 2°0™/2%2 does not divide 2|yv| = |u(y)u(v)|. Since 6(m/2) +2 = 6(m) + 1,
we are done. Now, suppose m is odd. Because m + 1 is even, we may use the above
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argument to find a factor y'v'y’ of t with |3/| = m + 1 such that 2°(™*D+1 does not divide
|y'v'|. Tt is easy to show that §(m) = d(m + 1) because m > 3 is odd. This means that
2°0m)+1 does not divide |y/v'|. Let a be the last letter of ', and write ¢ = y"a. Put
v" = av’. Then y"v"y" is a factor of t with |y”| = m and |y"v"| = |y/v|. This completes
the inductive step.

We now prove (i) by induction on m. If m < 3, the proof is trivial because §(2) =
0(3) = 0. Therefore, assume m > 4. Assume that yvy is a factor of t and |y| = m. Let
us write t = zyvyz.

Suppose by way of contradiction that |vy| is odd. Then |zy| and |zyvy| have different
parities. Write y = yya, where a is the last letter of y. Either zy or xyvy is an even-length
prefix of t, and is therefore a word in {01, 10}, Tt follows that the second-to-last letter of
y is @, so we may write y; = ysa. We now observe that one of the words xy; and xyvy; is
an even-length prefix of t, so the same reasoning as before tells us that the second-to-last
letter in y; is a. Therefore, y = yzaaa for some word y3. We can continue in this fashion
to see that a@aaa is a suffix of vy. This is impossible since t is overlap-free. Hence, |vy|
must be even. We now consider four cases corresponding to the possible parities of |z|
and m.

Case 1: |z| and |y| = m are both even. We just showed |vy| is even, so all of the words
x, xy, xyv, xyvy are even-length prefixes of t. This means that x,y,v, 2z € {01,10}5¥, so
t = o(z)o(y)o(v)o(y)o(z). By induction, we see that 2°07®WD divides |o(y)o(v)|. Because
5(lo(y)|) = d(m/2) = 6(m) — 1 and |o(y)o(v)| = |yv|/2, it follows that 2°(™) divides |yv|.
Case 2: |z| is odd and m is even. As in the previous case, |v| must be even. Let a,b,c
be the last letters of y, v, x, respectively. Write y = yoa, v = vgb, x = xgc. We have
t = zocyoavobyoaz. Note that |zo|, |cyol, |avo|, and |byy| are all even. In particular, cyo
and byy are both in {01,10}S¥. As a consequence, b = c¢. Setting 2’ = zg, vy = byo,
v = avy, 7 = az, we find that t = 2'y/v'y'2’. We are now in the same situation as in the
previous case because |2'| is even and |y'| = m. Consequently, 2°(™) divides |y'v'| = |yv].
Case 3: m is odd and |z| is even. Let a be the last letter of y. Both v and z start with
the letter @, so we may write v = av; and z = @z;. Put 1 = x and y; = ya. We have
t = x1y1v1y121. Because |z;| and |y;| = m + 1 are both even, we know from the first case
that 2°0"*1) divides |y,v1] = |yv|. Now, simply observe that §(m) = d(m + 1) because
m > 3 is odd.

Case 4: m and |z| are both odd. Let d be the first letter of y. Both x and v end in
the letter d, so we may write = 2od and v = vod. Let yo = dy and 2o = z. Then
t = Tyysvayoze. Because |zp| and |ya| = m + 1 are both even, we know that 2°(m+!)
divides |yavs| = |yv|. Again, §(m) = d(m + 1). O

Corollary 7. Let m be a positive integer, and let 6(m) = [logy(m/3)]. If k > 3 and
m € (2Z+ — 1)\ F(k), then k —1 > 25(m),

Proof. There exist integers n; and ny with 0 < ny < ny < k— 1 such that (nym+1, (n; +

)m) = (ngm+1, (ng+1)m). Let y = (nym+1, (ny +1)m) and v = ((n; +1)m+1, nogm).
The word yvy is a factor of t, and |y| = m. According to Proposition 6, 2°(™) divides
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lyv| = (ny — n1)m, where 6(m) = [logy(m/3)]. Since m is odd, 2°0™ divides ny — n;.
This shows that k — 1 > ny > ny — nq = 2060m), O

The following lemma is somewhat technical, but it will be useful for constructing
specific pairs of identical factors of the Thue-Morse word. These specific pairs of factors
will provide us with odd positive integers m for which K(m) is relatively small. We will
then make use of the fact, which follows immediately from Definitions 2 and 4, that
I'(k) = m whenever k > K(m).

Lemma 8. Suppose r,m,t, h,p,q are nonnegative integers satisfying the following condi-
tions:

o h < 202

e rm=p-21 4 21 1 p

(r+1)m < p-291 + 5. 2072

(r+2%m=gq-21+3.22 4 h

® tpy1 7 tgpa
Then (rm +1,(r+ 1)m) = ((r + 2" m+ 1, (r + 22+ 1)m), and &(m) <r +2°2+ 1.

Proof. Let w = (rm + 1,(r + 1)m) and v = ((r + 2°2)m + 1, (r + 22 + 1)m). Let us
assume t,;; = 0; a similar argument holds if we assume instead that t,;; = 1. According
to Fact 5,

(p-2"1 + 1, (p+ 102"y = Apyy = ApoBe 2By 2Ar2Br2Ar2Ar2Brs.

We may now use the first three conditions to see that B,_9A,_ 9 B;_o = xruy for some words
x and y such that |z| = h and |y| = p- 21 + 522 — (r + 1)m (see Figure 1).
We know from the last condition that t,41 =1, so

(-2 + 1, (g + 102" = Byyy = By oAy 2Ar 9By 9Ar 9By 2By 2A; 5.

The fourth condition tells us that B,_oA,_9By_o = x'vy’ for some words 2’ and 1 with

|z’| = h. We have shown that zuy = z'vy/, where |z| = |2/| and |u| = |v|. Hence, u = v.
It follows that the prefix of t of length (r + 22 4+ 1)m is not a (r + 22 + 1)-anti-power,
so &(m) <7+ 272+ 1 by definition. O

We may now use Lemma 8 and Proposition 6 to prove that limsupI'(k)/k = 3. Recall

k—o0

that if k£ > 3, then I'(k) > 3 because 3 € (2Z7 — 1) \ F(k). A particular consequence of
the following theorem is that (2Z% — 1)\ F(k) is finite. It follows that if & > 3, then I'(k)
is an odd positive integer.

Theorem 9. Let I'(k) be as in Definition 2. For all integers k > 3, we have I'(k) < 3k—4.

r
Furthermore, lim sup ﬁ =3.
k—o0 k
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x| u |y r| v |y

Figure 1: An illustration of the proof of Lemma 8.

Proof. Fix k > 3, and let m € (2Z* — 1) \ F(k). If m < 5, then m < 3k — 4 as desired,
so assume m > 7. By Corollary 7, k — 1 > 2°(™ where §(m) = [log,(m/3)]. Since
m > 7 is odd, 6(m) > log,(m/3). This shows that k — 1 > 290" > m /3, so m < 3k — 4.
Consequently, I'(k) < 3k — 4.

(k)

We now show that lim sup ——= = 3. For each positive integer o, let k, = 22* +2%+2.

k—o0

Let us fix an integer & > 3 andset r =2 +1, m =3-22* - 294+ 1, (=20 + 2, h = 1,
p=3-293 and ¢ = 3-22°73 4272, One may easily verify that these values of r,m, ¢, h, p,
and ¢ satisfy the first four of the five conditions listed in Lemma 8. Recall that the parity
of t; is the same as the parity of the number of 1’s in the binary expansion of ¢ — 1. The
binary expansion of p has exactly two 1’s, and the binary expansion of ¢ has exactly three
1’s. Therefore, t,11 = 0 # 1 = t,4;. This shows that all of the conditions in Lemma
8 are satisfied, so &(m) < r+ 22+ 1 = k,. The prefix of t of length k,m is not a
kq-anti-power, so I'(k,) = m = 3-2%* — 2% 4+ 1. For each a > 3,

P(ka) _3-2%—2°41

Z [
ke 220 420 42

In the preceding proof, we found an increasing sequence of positive integers (kq)a>3
with the property that I'(k,)/ka — 3 as @ — oo. It will be useful to have two other
sequences with similar properties. This is the content of the following lemma.

Lemma 10. For integers o > 3, > 9, and p > 4, define
ko =22 +2°42, Kz=2""143.27 149  and k,=2"+2.
We have
[(ky) > 3-22—2°+1, T[(Kp) =322 27141 and T(x,) =5-20""=8x(p)+1,

1, if p=0 (mod 2);

where x(p) = {27 if p=1 (mod 2).

Proof. We already derived the lower bound for I'(k,) in the proof of Theorem 9. To prove
the lower bound for ['(Kjg), put r = 3-2°3 448 m = 3- 221 — 261 1 1 (=23 + 3,
h =48, p=9-2°417 and ¢ = 3-2%°72 4 143 - 2°~* 4 17. Straightforward calculations
show that these choices of r,m, ¢, h, p, and ¢ satisfy the first four conditions of Lemma 8.
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The binary expansion of p has exactly four 1’s while that of ¢ has exactly nine 1’s (it is
here that we require 8 > 9). It follows that t,;; = 0 # 1 = t 41, so the final condition in
Lemma 8 is also satisfied. The lemma tells us that &(m) < r+2"2+1 = Kj, so the prefix
of t of length Kgm is not a Kg-anti-power. Hence, I'(Kg) > m = 3 - 2%+ — 26-1 4 1,
To prove the lower bound for k,, we again invoke Lemma 8. Let ' = 1, m' =
5-2071—8x(p)+ 1,0 = p+2, b =271 —8x(p)+1,p =0, and ¢/ = 5-2°"* —x(p). These
choices satisfy the first four conditions in Lemma 8. The binary expansion of ¢’ has an odd
number of 1’s, s0 t,y11 = t; =0 # 1 = t, 1. We now know that 8(m') < 420241 = Kp,
so ['(k,) =m' =5-2"1 —8x(p) + 1. O

We now use the sequences (kq)a>3, (K3)g=9, and (k,),>4 to prove that li;n inf(T'(k)/k)
—00
=3/2.

I'(k
Theorem 11. Let I'(k) be as in Definition 2. We have liin inf L(k) =5
—00
Proof. Let k > 3 be a positive integer, and let m = I'(k). Put d(m) = [logy(m/3)].
Corollary 7 tells us that k£ — 1 > 290" Suppose k is a power of 2, say k = 2*. Then the

3
inequality k£ — 1 > 290 forces d(m) < A —1. Thus, m < 3-221 = Qk This shows that

'k 'k 3
% < 5 whenever k is a power of 2, so lim inf <—) < =

To prove the reverse inequality, we Willkr?lgoke use of Lemma 10. Recall the definitions
of ko, Kgs, k,, and x(p) from that lemma. Fix k > k5, and put m = I'(k). Because
k > kis, we may use Lemma 10 and the fact that I" is nondecreasing (see Remark 3) to
see that m = ['(k) > T'(k1g) = 527 — 7. Let £ = [logym] so that 271 < m < 2¢. Note
that £ > 20. Let us first assume that 3272 — 2(6=2)/2 « 1y < 2¢. Temma 10 tells us that
C(keq) =522 —8x(¢ — 1) + 1. We also know that 5272 —8y(¢ — 1) + 1 > m, so
['(k¢—1) > m. Because I' is nondecreasing, xy—1 > k. Thus,

F(k) 3. 24—2 - 2(6—2)/2 3. 26—2 o 2(4—2)/2

> = 1
k Ke—1 21 + 2 ( )

if 3.272 - 2=2/2 <4y < 21
Next, assume 271 < m < 3 - 2672 — 202/2 and £ is even. According to Lemma
10, T'(k—2)2) = 3 - 20=2 _ 2=2)/2 1 1 > m. Because I' is nondecreasing, k < k—2)/2-

Therefore,

k) 27t 201 2)
k k(€_2)/2 T o2 L o0=2)/2 19"

Finally, suppose 27! < m < 3-22 — 2(6=2/2 and / is odd. Lemma 10 states that
D(K-gy0) = 3202 =292 41 > m. We know that k < K32 because I is
nondecreasing. As a consequence,

L(k) > 2 2 (3)
k7 Ky 202+43-2059/2 4 49°
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k;) 3. -2 _ 2(€72)/2

201 4+ 2
Because ¢ — oo as k — oo (I'(k) cannot be bounded since we have just shown I'(k)/k is

bounded away from 0), we find that lilgn infI'(k)/k > 3/2. O
—00

The inequalities in (1), (2), and (3) show that in all cases,

4 Asymptotics for v (k)

Having demonstrated that li;n inf(I'(k)/k) = 3/2 and limsup(I'(k)/k) = 3, we turn our
—oo k—o0

attention to v(k). To begin the analysis, we prove some lemmas that culminate in an
upper bound for £(m) for any odd positive integer m. It will be useful to keep in mind
that if j is a nonnegative integer, then to; # toj11 = t;1 and ty10 = taj4s.

Lemma 12. Let m be an odd positive integer, and let £ = [logym]. If &(m) > 2° + 1,
then t,, 1 1tmee = 11 and top, 1tomio = 10.

Proof. Let wy = (1,m), wy = 2 Im + 1, (271 + 1)m), and wy = (2°m + 1, (2° + 1)m).
The words wy, wy, ws must be distinet because £(m) > 2¢ + 1. For each n € {0,1,2}, w,
is a prefix of

(nm2c + 1, (nm + 2)2Y = 4 (tmeitumez). It follows that tito, t,41tmpe, and
tomii1tomao are distinct. Since t1ty = 01 and to,,11 # ton,12, we must have to,, 11t 12 =
10. Now, tomi1tomse = p(tms1), SO tmyr = 1. This forces t, 11t = 11. O

Lemma 13. Let m > 3 be an odd integer, and let { = [logy,m]|. Suppose there is a
|+ 1

positive integer j such that tjt; 11 =t 1ty j11. Then K(m) < (1 + ‘L) 2t

m

Proof. First, observe that
RU=D+1,2(+1)) = p(tjt01) = 4 (b jtmrjrn) = °(m+j—1)+1,2(m+j+1)).

(4)

Because |(2°(j — 1)+ 1,255 +1))| = 271 > 2m, there is a nonnegative integer r such that

2 - 1)+ 1,2 + 1) =wlrm + 1, (r + 1)m)z ()

2+ 1)
m

2m+j—-1)+1<2m+rm+1<2m+(r+1)m<2(m+j+1),

for some nonempty words w and z. Note that r + 1 < . It follows from (5) that

S0
m+j-1)+12m+j+1) =w{(2+r)m+ 1,2 +r+1)m)
for some nonempty words w’ and z’. Note that |w'| = (2°+r)m —2(m +j — 1) =
rm — 2Y(j — 1) = |w|. Combining this fact with (4), we find that
(rm+1,(r+1)m) = (2° +r)ym + 1,2 +r + 1)m).

Consequently,

20(j+1
ﬁ(m)<2€+r+1<2‘+ﬂ. O
m
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Lemma 14. Let m be an odd positive integer with m #Z 1 (mod 8), and let £ = [log, m].
We have R(m) < (14 27) 2°.

Proof. Suppose instead that &(m) > (1 + 3—TZ) 2¢. Let us assume for the moment that
m % 29 (mod 32). We will obtain a contradiction to Lemma 13 by exhibiting a positive
integer j < 36 such that t;t;,1 = t,,1;tmejr1. Because £(m) > 2° 4+ 1, Lemma 12 tells
us that t,,11t,,02 = 11 and to,, 1 1t9,10 = 10.

First, assume m = 3 (mod 4). We have (m + 2,m + 5) = p*(t(mi5)/4), S0 either
(m+2,m+5) = 0110 or (m + 2,m + 5) = 1001. Since t,,4o = 1, we must have
(m+2,m +5) = 1001. This shows that t,, 4t,, 15 = 01 = t4ts5, so we may set j = 4.

Next, assume m = 5 (mod 8). Let x01°01 be the binary expansion of m, where x is
some (possibly empty) string of 0’s and 1’s. As m =5 (mod 8) and m # 29 (mod 32),
we must have 1 < s < 2. Because t,,,1 = 1, the number of 1’s in the binary expansion of
m is odd. This means that the parity of the number of 1’s in x is the same as the parity
of s.

Suppose s = 1. The binary expansion of m + 3 is the string 1000, which contains
an even number of 1’s. As a consequence, t,,,4 = 0. The binary expansion of m + 4 is
21001, so t,,.5 = 1. This shows that t,, 4t,,.5 = 01 = t4t5, so we may set j = 4.

Suppose that s = 2 and that = ends in a 0, say x = y0. Note that y contains an even
number of 1’s. The binary expansions of m + 19 and m + 20 are y100000 and y100001,
respectively, S0 t,,120tmi01 = 10 = togto;. We may set j = 20 in this case.

Assume now that s = 2 and that z ends in a 1. Let us write = 2/01%, where 2’ is
a (possibly empty) binary string. For this last step, we may need to add additional 0’s
to the beginning of z. Doing so does not raise any issues because it does not change the
number of 1’s in . The binary expansion of m is 2/01¥01101. Note that the parity of
the number of 1’s in 2’ is the same as the parity of s’. The binary expansions of m + 19
and m + 35 are 2/10+° and 2/10¥10000, respectively. If s’ is even, then we may put
j = 20 because t,, 20t 101 = 10 = togte;. If &' is odd, then we may set 7 = 36 because
tmysetmysr = 10 = tagtar.

We now handle the case in which m = 29 (mod 32). Say m = 32n — 3. Let b be the
number of 1’s in the binary expansion of n. The binary expansion of m + 17 = 32n + 14
has b + 3 1’s. Similarly, the binary expansions of m + 18, m + 19, 2m + 17, 2m + 18,
and 2m + 19 have b+ 4, b+ 1, b+ 3, b+ 2, and b+ 3 1’s, respectively. This means that

totistmt19tmy20 = tomt1stomt19tamioo. Therefore,
(m+17)27" + 1, (m +20)27") = 4" (tmyastms19tms20)

t2m+18t2m+19t2m+20) ((2m —+ 17)2671 + 1, (2m + 20)2871>. (6)

1
We have U (2r T 1) (5, 1), so there exists some r € {9,10,...,17} such that

5 < 2@ < +1 Equivalently, 17 - 21 < rm < (r + 1)m < 20 - 271 Tt follows
,
that there are nonempty words w and z such that ((m + 17)2! + 1, (m + 20)2¢71) =
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w((r+2Ym+1, (r + 21 + 1)m)z. Similarly, there are nonempty words w’ and 2’ such
that ((2m + 17)2 1 + 1, (2m +20)2 Y = w'{(r + 29m + 1, (r +2° + 1)m)z’. Note that
lw| = rm — 17 - 271 = |v/|. Invoking (6) yields ((r +2Y)ym + 1, (r + 21 + 1)m) =
((r+29m+1,(r+2“+1)m). This shows that &(m) < r +2¢+1 < 2°+ 18, securing our
final contradiction to the assumption that &(m) > (1 + 27) 2. O

Lemma 15. Let m be an odd positive integer, and let £ = [logym]. Suppose m = 2Lh+1,

2L+1 4
where L and h are integers with L > 3 and h odd. We have K(m) < (1 + —+> 2t
m

Proof. Suppose instead that &(m) > (1 + 2. We will obtain a contradiction

to Lemma 13 by finding a positive integer j < 257 + 3 satisfying t;t;41 = tpijbmrjr1-
Let 201°0%~11 be the binary expansion of m, and note that s > 1. Let N be the number
of ’s in . The binary expansions of m + 2L + 2, m + 2L + 3, m + 2871 4+ 2, and
m + 2L 4+ 3 are 21057F7211, 21057573100, 210°7110£-211, and 210°7*10%73100. This
shows that t,,,oc 3t 004 = 10 if N is even and t,,,or+1,3t,,0+1,4 = 10 if N is odd.
Observe that torstor 4 = tort1,gtorii 4 = 10. Therefore, we may put j = 2L + 3 if N is
even and j = 21 + 3 if N is odd. O

Lemma 16. Let m be an odd positive integer, and let £ = [log,m]. Assume m = 2Fh+1
for some integers L and h with L > 3 and h odd. Ifn is an integer such that 2 < n < 2871,

tin = tm—nt1, and m < (1 — le) 2t then R(m) < 2¢ —n.

2L—1 2L—1

Proof. Let y and z be the binary expansions of —n and —n + 1, respectively.
If necessary, let the strings y and z begin with additional 0’s so that |y| = |z| = L — 1.
Let 10% be the binary expansion of m — 1. The binary expansions of m — 2n — 1 and
2m — 2n — 1 are x0y0 and x01yl, respectively. The quantities of 1’s in these strings
are of the same parity, so t,, 2, = ton_2,. Similarly, t,, 2,10 = to,_2,12 because the
binary expansions of m — 2n 4+ 1 and 2m — 2n 4+ 1 are 20z0 and 20121, respectively.
Let a = t,,_,. Because t,,_, = t,,_,11 by hypothesis, we have to,, 2, = tom_2ni2 = a.
Therefore, t,, 2, = t,_oni2 = @. The word t is cube-free, so t,, 2.t _ont1tm_onio =
aaa = t2m—2nt2m—2n+1t2m—2n+2- Hence,

((m—=2n -2 41, (m —2n 4+ 2)2°") = 1" (tm_ontm—ont1tm—oniz)

= 1 (bam—2nbom-ant1bom—onta) = ((2m — 20 — 1)27 4+ 1, (2m — 2n + 2)2°1). (7)

2n—1

1 2n — 2 2 1

Now, m € (2671, (1 — 21 C U n 21 nt 2711 50 there is some
2n + 2 ~ r r+1

r=n

e
2 1
{n,n+1,...,2n — 1} such that nt
r+1

,
D21 <25 —r = Dm < (251 —r)m < (m — 2n + 2)2¢7 L. We find that

2n — 2

21 <m < 271 Equivalently, (m — 2n —

(m—2n—-12""4+1,(m—2n+2)2"Y =w(2" ' —r —Dm+ 1,2 —r)m)z
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and
(2m —2n— 12 +1,2m — 20 +2)2°) = (2" —r — D)m + 1, (2" — r)m) 2

for some words w, w', 2, 2’. Because |w| = (2n +1)2°t — (r + 1)m = |w'|, we may use (7)
to deduce that

(2 —r —Dm+ 1,27 —=r)m) = (2" —r — )m + 1, (2" — r)m).
This shows that £(m) < 2¢ —r < 2° — n as desired. O

Lemma 17. If m is an odd positive integer and £ = [log, m], then £(m) < 2¢42+5)/2 ¢
10.

Proof. We will assume that m > 65 (so £ > 7). One may easily use a computer to check
that the desired result holds when m < 65.
If m# 1 (mod 8), then Lemma 14 tells us that

37
R(m) < (1 + —) 20 < 20 4+ 74 < 28 4 212 L 1.
m

Suppose that m = 1 (mod 8), and let m = 2Xh + 1, where L > 3 and h is odd. First,

) 2. Because 2528 —m + 1 and 2 — m + 1 > 0, we have

2€
2l <28 —m +1 < ——— + 1. This implies that 22F — 4.2 < 2 + 28 — 4 so

2L — 4
{+1
2L < 2L 45— 4.27F < 27142 Hence, L < % By Lemma 15,

> (11—
assume m < 5L 1

2L+l 4 4

R(m) < (1+ )23<2E+2L+2+8<2f+2(“5>/2+10,

1
2L —4

Next, assume m < (1 — ) 2¢ and L > 4. Let n be the largest integer satisfying

m—n =2 (mod 4) and n < 2L71. Note that m < <1 - ) 2¢ because n > 2671 -3,

2n + 2
Asm—n =2 (mod 4), we have t,,_,, = t,,_n+1. We have shown that n satisfies the criteria
specified in Lemma 16, so &(m) < 2¢ —n < 2+ 20649/2 410,

Finally, if L = 3, then Lemma 15 tells us that

20
R&(m) < (1 + —) 20 < 20 140 < 26 4+ 2+9/2 10, O
m
At last, we are in a position to prove lower bounds for lilgn inf(v(k)/k) and
—00
limsup(y(k)/k).
k—o00
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Theorem 18. Let v(k) be as in Definition 2. We have
(K

liminf —= >
k—o0 k

~—

1 k

3 and liinﬁsotjp% > 1.

Proof. For each positive integer ¢, let g(¢) = |2¢+ 2(**5/2 1 10| + 1. Lemma 17 implies
that £(m) < g(¢) for all odd positive integers m < 2¢. Tt follows from the definition of
that v(g(¢)) > 2° + 1. Therefore,

k 2t +1
limsupM > lim su 7(9(0)) > i +

PN it L ) B el U s S B

Now, choose an arbitrary positive integer k, and let £ = [log,(v(k))]. By the definition
of v, k < R(y(k)). We may use Lemma 17 to find that

£ R (L) N
k 2£+2(£+5)/2+10 2€+2(£+5)/2+10'

Note that this implies that (k) — 0o as k — oo. It follows that ¢ — oo as k — o0, so

0—1
lim inf M > lim 2 =

1
—. U
k—oo  k too0 20 4+ 20645)/2 410 2

In our final theorem, we provide upper bounds for hm 1nf (v(k)/k) and lim sup( (k)/k).
k—

This will complete our proof of all the asymptotic results mentioned in the mtroductlon
Before proving this theorem, we need one lemma. In what follows, recall that the Thue-
Morse word t is overlap-free. This means that if a,b,n are positive integers satisfying
a <b< a+n,then (a,a+n) # (b;b+ n).

Lemma 19. For each integer £ > 3, we have

22[—2
201 +3

5. 22[—3

RB-272 41> 2T
( V> 55

and K27 +3) >
Proof. Fix ¢ > 3, and let m = 3-22 + 1 and m’ = 2! + 3. By the definitions
of R(m) and ﬁ( '), there are nonnegative integers r < £(m) — 1 and " < &(m') — 1
such that (rm + 1, (r + 1)m) = ((R(m) — 1)m + 1, K(m)m) and (r'm’ + 1, (' + 1)m/) =
(R(m') —1)m/+1,&(m/)m’). According to Proposition 6, 2°=* divides (&(m) —1)m —rm
and 272 divides (R(m’) —1)m/ —r’m’. Since m and m’ are odd, we know that 2/t divides
5. 22(—3

A(m)—r—1 and 22 divides K(m') —r'—1. If RA(m)—r—1 > 2¢, then K(m) > T 9]
as desired. Therefore, we may assume £(m) = r + 2! + 1. By the same token, we may
assume that &(m’) =r' + 22 + 1.

5. 224—3

m

. Put

With the aim of finding a contradiction, let us assume K(m) <
u={rm+1,(r+1)m) snd o= {(K(m)—1)m+1,K(m)m).
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We have
p2301) = 2B tats) = (32273 41,5 2%7%) = woz

for some words w and z. Observe that |w| = (&(m) — 1)m — 3 - 2%73 = rm + 21, Since
p273(01) = p273(kto) = (1,22°°3), we have v = (rm + 271 + 1, (r + 1)m + 2°°1). If we
set a =rm+1and b=rm+21+1, then a < b < a+m. It follows from the fact that

t is overlap-free that u = v. This is a contradiction.
22

Assume now that K(m’) < Let

m'
o =({'m + 1,0+ )m') and v = {((&K(m') — 1)m' + 1, R(m")m’).

Let ¢ = [(r'm/ +1)/2°2] and H = min{(r' + 1)m/, (¢ + 2)2°%}. Finally, put U =
(r'm’+1,H) and V = ((r' + 22)m’ + 1, H + 2°"2m’). The word U is the prefix of u' of
length H — r'm’. Because &(m') = 1"+ 22 41, V is the prefix of v’ of length H — 7'm’.
Since v/ = v’, we must have U = V.

There are words w’ and 2’ such that

P2 (bgbgiatare) = (¢ = 1)27% + 1, (¢ +2)2%) = w'UZ,
Furthermore,
-2 _ / l—2 I =2\ __ . M "
1 (g b 1bgimr) = (@ +m' = 1277+ 1, (g +m' +2)277) =w'"Vz

for some words w” and 2”. Note that 0 < |w'| = 7'm’ — (¢ — 1)2°72 = |w”| < 272 (the
inequalities follow from the definition of ¢). The suffix of u*~2(t,) of length 272 — |w/| is
a prefix of U. Similarly, the suffix of *~2(t, ) of length 262 — |w”| is a prefix of V.
Since |w'| = |w"| and U = V, we must have t;, = t,4,,. Similar arguments show that
tor1 = tgrm and tyio = toyn 1o (see Figure 2).

Now,
22@—2 226—3 —5. 2[—2 -3
rr=Rm) -2 1< =— -2 1= , :
m m
r'm! + 1 o 01 )
50 —i < 271 — 5. Therefore, g +4 < 2. It follows that for each j € {0, 1,2}, the

binary expansion of ¢ +m’ + j — 1 has exactly one more 1 than the binary expansion of
q+7+2. Wefind that t i s3toiators = termtormsitorm e = totgr1tyre. However, utilizing
the fact that t is cube-free, it is easy to check that XX is not a factor of t whenever X
is a word of length 3. This yields a contradiction when we set X = t,t, 1t, 0. O]

Theorem 20. Let (k) be as in Definition 2. We have

(k)9 : (k) _ 3
N < 2 < -
= T S R
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((g—1)22+1,(q +2)2¢72) ((g+m' =122 11, (g +m +2)22)

HE2(8,) 12 (g0 1 2(82) ) [ W )] 6 )

w/ U Z/ w// V ZI/

Figure 2: An illustration of the proof of Lemma 19.

5. 22Z73 22572
Proof. For each positive integer ¢, let f(¢) = {WJ and h(f) = {MJ One
may easily verify that h(¢) < f(¢) < h(€+ 1) for all £ > 3. Lemma 19 informs us that
£(3-22 4 1) > f(¢). This means that the prefix of t of length (3-2/°2 +1)f(¢) is an
f(0)-anti-power, so v(f(¢)) < 3-272 + 1. As a consequence,

k) v (f() 3-224+1 9
RASYAP LI« e B
lim inf == < Tim inf o S Jm 70 10

Now, choose an arbitrary integer & > 3. If h(¢) < k < f(¢) for some integer ¢ > 3,
then the prefix of t of length (322 + 1)f(¢) is an f(f)-anti-power. This implies that
(k) <3-22+1, 50

v(k) 3-27%+1
PEEAT)
Alternatively, we could have f(¢) < k < h(¢ + 1) for some ¢ > 3. In this case, Lemma 19
tells us that the prefix of t of length (2° + 3)h(¢ + 1) is an h(£ 4 1)-anti-power. It follows
that

k) 2043
7()< +

kT f(0)

in this case.
Combining the above cases, we deduce that

lim su 7(k> < limsu {ma {3 2741 2% 43 }} ma {3 6} 3 L]
— < X , = X4 =, ===

Remark 21. Preserve the notation from the proof of Theorem 20. We showed that

k) 3-20241 3
i < h(é) :§+0(1)

if h(¢) <k < f(¢) and
v(k)y 243 6
< = - 1
TG
whenever f(¢) < k < h(¢ + 1) (the o(1) terms refer to asymptotics as k — o0). This
is indeed reflected in the top image of Figure 3, which portrays a plot of ~(k)/k for

3 < k< 2100.
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Figure 3: Plots of v(k)/k for 3 < k < 2100 (top) and I'(k)/k for 3 < k < 135 (bottom).
In the top image, the green lines are at y = 9/10 and y = 3/2. In the bottom image, the
green lines are at y = 3/2 and y = 3.
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Figure 4: A plot of &(m) for all odd positive integers m < 299. In purple is the graph of
y = 2MMos2 ]

5 Concluding Remarks

In Theorems 9 and 11, we obtained the exact values of hlin inf("'(k)/k) and lim sup( (k)/E).
k—

Unfortunately, we were not able to determine the exact values of hm mf( ( )/k) and

limsup(y(k)/k). Figure 3 suggests that the upper bounds we obtalned are the correct
k—ro0
values.

Conjecture 22. We have

liminfM =— and limsupM = §
k—s00 10 k— 00 2

Recall that we obtained lower bounds for lilgn inf(y(k)/k) and limsup(vy(k)/k) by first
—0 k—o0

showing that £(m) < 2M°82™1(1 + o(m)). If Conjecture 22 is true, its proof will most
likely require a stronger upper bound for K(m).

We know from Theorem 9 that (2Z1—1)\F (k) is finite whenever k > 3. A very natural
problem that we have not attempted to investigate is that of determining the cardinality
of this finite set. Similarly, one might wish to explore the sequence (I'(k) — y(k))k>3-

Recall that if w is an infinite word whose i'" letter is w;, then AP(w,k) is the set
of all positive integers m such that wyws - - - wg,, is a k-anti-power. An obvious general-
ization would be to define AP;(w,k) to be the set of all positive integers m such that
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W1 Wit2 - - Wjtkm 1S a k-anti-power. Of course, we would be particularly interested in
analyzing the sets AP;(t, k).

Define a (k, A)-anti-power to be a word of the form wyws - - - wy, where wy, wo, . .., wy
are words of the same length and |{i € {1,2,...,k}: w; = w;}| < A for each fixed
Jj € {1,2,... k}. With this definition, a (k, 1)-anti-power is simply a k-anti-power. Let
£,(m) be the smallest positive integer k such that the prefix of t of length km is not a
(k, A)-anti-power. What can we say about K, (m) for various positive integers A and m?

Finally, note that we may ask questions similar to the ones asked here for other infinite
words. In particular, it would be interesting to know other nontrivial examples of infinite
words x such that min AP(z, k) grows linearly in k.
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