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Abstract

In this paper we construct infinite families of non-linear maximum rank distance
codes by using the setting of bilinear forms of a finite vector space. We also give a
geometric description of such codes by using the cyclic model for the field reduction
of finite geometries and we show that these families contain the non-linear maximum
rank distance codes recently provided by Cossidente, Marino and Pavese.

1 Introduction

Let My, s (F,), m < m’, be the rank metric space of all the m x m' matrices with entries in
the finite field F, with ¢ elements, ¢ = p", p a prime. The distance between two matrices
by definition is the rank of their difference. An (m,m’, q; s)-rank distance code (also rank
metric code) is any subset X of M,, ,,v(F,) such that the minimum distance between two
of its distinct elements is s + 1. An (m,m’, ¢; s)-rank distance code is said to be linear if
it is a linear subspace of M,, ., (F,).

It is known [11] that the size of an (m,m/, ¢; s)-rank distance code X is bounded by
the Singleton-like bound:

] < g
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When this bound is achieved, X is called an (m,m’, ¢; s)-mazimum rank distance code, or
(m,m’,q;s)-MRD code, for short.

Although MRD codes are very interesting by their own and they caught the attention
of many researchers in recent years [1, 9, 32], such codes have also applications in error-
correction for random network coding [18, 22, 37], space-time coding [38] and cryptography
(17, 36].

Obviously, investigations of MRD codes can be carried out in any rank metric space
isomorphic to M, ,v(F,). In his pioneering paper [11], Ph. Delsarte constructed linear
MRD codes for all the possible values of the parameters m, m’, ¢ and s by using the frame-
work of bilinear forms on two finite-dimensional vector spaces over a finite field (Delsarte
used the terminology Singleton systems instead of maximum rank distance codes).

Few years later, Gabidulin [16] independently constructed Delsarte’s linear MRD codes
as evaluation codes of linearized polynomials over a finite field [26]. That construction
was generalized in [21] and these codes are now known as Generalized Gabidulin codes.

In the case m’ = m, a different construction of Delsarte’s MRD codes was given by
Cooperstein [7] in the framework of the tensor product of a vector space over F, by itself.
Very recently, Sheekey [35] and Lunardon, Trombetti and Zhou [28] provide some new
linear MRD codes by using linearized polynomials over Fgm.

In finite geometry, (m,m,q;m — 1)-MRD codes are known as spread sets [12]. To
the extent of our knowledge the only non-linear MRD codes that are not spread sets are
the (3,3,¢;1)-MRD codes constructed by Cossidente, Marino and Pavese in [8]. They
got such codes by looking at the geometry of certain algebraic curves of the projective
plane PG(2, ¢*). Such curves, called ClL-sets, were introduced and studied by Donati and
Durante in [13]. In this paper, we construct infinite families of non-linear (m, m, ¢; m —2)-
MRD codes, for ¢ > 3 and m > 3. We also show that the Cossidente, Marino and Pavese
non-linear MRD codes belong to these families. Our investigation will carry out in the
framework of bilinear forms on a finite dimensional vector space over [F,.

Let 2 = Q(V, V) be the set of all bilinear forms on V', where V' = V(m, ¢) denotes an
m-dimensional vector space over F,. Clearly, Q is an m?-dimensional vector space over

F,.

The left radical Rad(f) of any f € Q by definition is the subspace of V' consisting of
all vectors v satisfying f(v,v") = 0 for every v' € V. The rank of f is the codimension of
Rad(f), i.e.

rk(f) = m — dimg, (Rad(f)).

Let uy,...,u, be a basis of V. For a given f € Q, the matrix (f(u;, u;))ij=1,..m, 18
called the matriz of f in the basis uq,...,u,, and the map

V:V{ul,“.,um}: Q — Mmym(IFq)
fo= (f(ui, v)))ij=1,..m

is an isomorphism of rank metric spaces giving rk(f) = rk(v(f)).
The group H = GL(V) x GL(V) acts on Q as a subgroup of Autg, (€2): for every
(9,¢") € H, the (g, ¢ )—image of any f € Q is defined to be the bilinear form f9) given
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by
Fe (0,0") = fgv,9"").
Any 0 € Aut(F,) naturally defines a semilinear transformation of V. For any f € Q
and 6 € Aut(F,), we define the bilinear form f%(v,v’) = f(v(’_l,v’afl)@.
The involutorial operator T : f € Q — fT € Q, where f' is given by

fT(Uv Ul) = f(vl7v)a

is an automorphism of €2. It turns out that the above automorphisms are all the elements
in Autg, (), i.e. Autg, (2) = (GL(V) x GL(V)) x (T) x Aut(IF,).

Two MRD codes X; and &) are said to be equivalent if there exists ¢ € Auth(Q) such
that XQ = X{p

This paper is organized as follows. In Section 2 we introduce a cyclic model of €. In
this model we construct infinite families of non-linear MRD codes. More precisely, for
g >3, m >3 and [ any subset of F, \ {0, 1}, we provide a subset F,, ,.; of € which turns
out to be a non-linear (m, m, ¢;m — 2)-MRD code (Theorem 19).

In Section 3 we give a geometric description of such codes. If a given rank dis-
tance code X is considered as a subset of V(m? ¢), then one can consider the corre-
sponding set of projective points in PG(m? — 1,¢) under the canonical homomorphism
¥ : GL(V(m?,q)) — PGL(m?, q). We prove (Theorem 24) that the projective set defined
by Fonqr, with [I| = k, is a subset of a Desarguesian m-spread of PG(m? — 1,q) [34]
consisting of two spread elements, k pairwise disjoint Segre varieties S, ,,(F,) [20] and
q—1—k hyperreguli [30]. Additionally, if one consider the projective space PG(m?*—1, q)
as the field reduction of PG(m — 1,¢™) over F, then the projective set defined by F,, 4.1
is, in fact, the field reduction of the union of two projective points, £ mutually disjoint
(m — 1)-dimensional F -subgeometries and ¢ — 1 — k scattered F-linear sets of pseudoreg-
ulus type of PG(m — 1,¢™) [13, 24, 29]. The main tool we use to get the above geometric
description is the field reduction of V(m,¢™) over F, in the cyclic model for the tensor
product Fym @ V' as described in [7].

2 The non-linear MRD codes in the cyclic model of bilinear
forms

In the paper [7], the cyclic model of the m-dimensional vector space V' =V (m, q) over F,
was introduced by taking eigenvectors, say vy, ..., v, of a given Singer cycle o of V', where
a Singer cycle of V' is an element of GL(V') of order ¢™ — 1. Since the vectors vy, ..., v,

have distinct eigenvalues over Fym, they form a basis of the extension V= V(m,q™) of
V. In this basis the vector space V' is represented by

V= {Z aqj_lvj ta € qu} : (1)
j=1

We call vy,...,v,, a Singer basis of V' and the above representation is called the cyclic

model for V [19, 15].
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The set of all 1—-dimensional [F;,—subspaces of 1% spanned by vectors in the cyclic model
for V' is called the cyclic model for the projective space PG(V'). Note that the above cyclic
model corresponds to the cyclic model of PG(V') where the points are identified with the
elements of the group Zgm-1gm—24...1411 [19, pp. 95-98] [15]. Very recently, the cyclic
model for V(3,q) has been used to give an alternative model for the triality quadric

Q" (7,9) [2].

Let V* be the dual vector space of V with basis vy, ..., v, the dual basis of the Singer
basis v1,...,v,. Then the dual vector space of V is

m
V= {Zaq”v;—" fa € ]qu} .
i=1

A linear transformation from V' to itself is called an endomorphism of V. We will
denote the set of all endomorphisms of V' by End(V).
An m x m Dickson matriz (or q-circulant matriz) over F,m is a matrix of the form

Qo 51 Qm—1
q q q
Apm—1 Qg Ay —2
D(ag,a1,eam-1) = : : :
qul qul qul
af as ag
with a; € Fym. We say that the above matrix is generated by the array (ag, ar, ..., am-1).

Let D,,(F,m) denote the Dickson matriz algebra formed by all m x m Dickson matrices
over F,m. The set B,,(F,m) of all invertible Dickson m x m matrices is known as the Betti-
Mathieu group [6].

Proposition 1. [39, Lemma 4.1] End(V') ~ D,,(Fym) and GL(V) =~ B,,(Fym).
A polynomial of the form

m—1

L(z) = Z ar?, o€ Fym,

1=0

is called a linearized polynomial (or g-polynomial) over Fym. It is known that every endo-
morphism of F;m over F, can be represented by a unique g—polynomial [33].
Let £,,(F,m) be the set of all g-polynomials over F;m. In the paper [39], it was showed
that the map
o1 Ln(Fgm) S Dy (Fym)
211_01 izt D(O‘Ow-,amfl)

is an isomorphism between the non-commutative F,—algebras L,,(F,m) and D,,(F;m).
From Proposition 1 we see that any Singer basis of V realizes this isomorphism.

Proposition 2. Let vy,...,v, be a Singer basis of V. Then the matrix of any f €
with respect to vy, ..., v, is an m X m Dickson matrixz. Conversely, every m x m Dickson
matrix defines a bilinear form on V x V.
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Proof. Let D, be an m x m Dickson matrix generated by the m-ple a = (ag, a1, ..., an_1)
over Fym. Let f, be the bilinear mapping on V x V defined by

i—1 ..
fa(vi,v)) = af, ;. ; forij=1,....m

where subscripts are taken modulo m, and then extended over 1% by linearity. Set L,(z) =
Zznol a;z? and let Tr denote the trace function from F,m onto F:

Tr:y e Fyn — Tr(y qu]eIF

It is easily seen that the action of f, on V' x V is given by

fa(v,0") = fa(z,2") = Tr(La(2)x), (2)
with v = 37, 29 v, 0" = > 2/ ;, which is a bilinear form on V' x V. The assertion

follows from consideration on the size of Dy, (Fm). O

For any m-ple a = (ag, ..., an—1) over Fym, fa will denote the bilinear form having
matrix D, in the Singer basis v, ..., v,,. For any set A of m—ples over F m we put

Fa={fa€Q:ac A}
Corollary 3. Let a = (ag,...,a;,_1). Then

V{Ul,“wm}: Q — 'Dm<qu) (3)
fa = D(a()a---vamfl)

is an isomorphism of rank metric spaces giving tk(fa) = rk(Diag,...am_1))-

Remark 4. By Proposition 1, Autg, (£2) is represented by the group (B, (Fgm ) x By, (Fgm)) >
(t) @ Aut(F,) in the Singer basis vy, ..., v,,. Here, t denote transposition in M,, ,,(Fym)
and it corresponds to the operator T.

Remark 5. Note that (2) coincides with the bilinear form (6.1) in [11] when m' = m.

Remark 6. Since a change of basis in VxV preserves the rank of bilinear forms, for
any given f € () we can consider its matrix representation in the Singer basis vq,...,v,.
Therefore, we can assume f = f, for some m-ple a over F,m, so that Rad(f,) is the set
of vectors v/ = 2/vy + -+ 2" v, €V, 2 € Fm, such that L,(z") = 0.

We are now in position to construct non-linear MRD codes as subsets of €.
Let N denote the norm map from Fym onto IFy:

N:z€Fym — N(z quje]F

For every nonzero element o € Fym, let

To = {2, Aaa, Al P Al g e B\ {0}).
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Remark 7. The matrix of the Singer cycle ¢ of V' in the basis vy,...,v,, is given by
diag(pe, p?, ..., 9" "), where u is a generator of the multiplicative group of Fom [7]. It S
is the Singer cyclic group generated by o, then the set F,, is the (S x S)-orbit of the
bilinear form f,, with a = (1, o, 9, ... @' +4"7*)_ It turns out that the bilinear forms
in F,, have constant rank.

Proposition 8. 7w, = w3 if and only if N(o) = N(f).

Proof. Let a, 8 € Fym \ {0} such that N(a) = N(B). By Remark 7 it suffices to show
that (1,, a9, ... oot 4" ) s in 4.
Since N(a) = N(f3), then a = Bc?™! for some ¢ € F,m \ {0}. As
(1+q+-+¢")(g—1)=¢"™ — 1, we have
Qltat+dt Cflﬁ1+q+---+chq’“+1.

Conversely, let 7, = m3. Then

1 = M
a = At (4)
a1+,,,+qm72 _ )\/61+...+qm72xqm71

for some A,z € Fym \ {0}. From the last equation we get

2., m—1 2., m—1
QT @b T g gatet et

By taking into account the first and second equation of (4) we get N(«) = MAN(B)zxx? =
N(B). O

We will write 7, instead of 7,, if « is an element of Fym \ {0} with N(a) = a.
Lemma 9. Every 7, has size (¢ —1)*/(q¢ —1).
Proof. Let o € Fym \ {0} with N(a) = a. Clearly, we have

1+ 2 14 m—2 m—1 o 1+ 2 14 m—2 m—1
(Az, Aax? Ao ™z? . A T TxT ) = (py, pay?, par Tyt L pa T )

if and only if At = pyqi, fori =0,...,m — 1. If we compare the equalities with + = 0
and ¢ = 1, we get 297! = y9~1. For every fixed x € F, there are exactly ¢ — 1 elements
y in Fm such that y?=! = 2471,

Let A and z be fixed elements in Fym \ {0}. Then, for each element y € F,m such that
y?~1 = 2971 we get the unique element p = Azy~! and the result is proved. O

Lemma 10. i) Ifa € my, then rk(fa) = 1.
i) If a € Fy \ {0,1}, then tk(fa) = m, for any a € m,.

i) If a,b € F,\ {0,1}, then tk(fa — fo) = m — 1, for any a € 7, and b € m,, with
b#aifa=hb.

THE ELECTRONIC JOURNAL OF COMBINATORICS 24(2) (2017), #P2.33 6



Proof. i) Let a = (Az, Az?,..., Az ") € m. It suffices to note that La(z) = (\z)z +

(Az9) 29 + --- (Az?" )29""" = 0 is the equation of a hyperplane in the cyclic model of V.
ii) By Remark 7, we may assume a = (1, a, ..., o™ 7" ) with N(a) =a # 1.
For any z € Rad(fa), we have

Lo(2) = 2+ @28+ - 4 T Ha" 70" = (5)

giving a[L,(2)]9 — La(z) = (N(a) — 1)z =0. As N(a) = a # 1, we get z = 0.
i) Let a = (1,c, ..., o™ T7"*) with N(«) = a # 1, and

b = (Az, A\Ba?, ... ABIHat ey

with N(8) = b # 1.
For any z € Rad(fa — f»), we have

Lap(z) = (1—Xx)z+ (a0 — ABx?)2%+

-4 (a1+---+qm_2 . )\51+...+qm—2xqm—1)zqm_1 -
and . o
(a¢1+...+q _ )\Q6q+‘..+q x)z + (1 _ )\qu)ZQ+ :
cee 4 (aq+--~+qm*2 - )\qﬁq+...+qu2xqul)zqm71 _ 07 ( )
forv=1,2.

After subtracting Equation (6) side-by-side from Equation (7) multiplied by «, we get
[a — 1+ (A= XNaBrt " gz + (AS — Ma)xlz9+ )
b (A — M) gt T e T T =,
Suppose A3 = Ma. Then, [a — 1 — (b — 1) \z]z = 0. Suppose a — 1 — (b — 1) Az =0, i.e.

—1
A= Z 1:13_1. By plugging this value in b, we get
a—1 —1 1+ 21 14g+4-tdgm—2 gm—1_1
b:b 1(1751}1 T e SG L St A )

Note that if b = a, we can assume § = a giving v € F, as b # a.

We claim that the bilinear form f, — fp has maximum rank m. Indeed, suppose there
exists a nonzero z € Fym such that L,_p(2) = 0. By plugging that value of A in Equation
(8) we get

— 1 m—1
Z ] [(6 _ Oé($_1)q_1)ﬁq+"'+q z+ (ﬁxq—l o Oé)Zq—l—
e (ﬁxqm71*1 o amqulfq)6q+.._+qm72qu—l] — 0
or, equivalently,
(2= &) v + ot (el ook ) = 0
r T

THE ELECTRONIC JOURNAL OF COMBINATORICS 24(2) (2017), #P2.33 7



where B_ % # 0 since either b # a or x? # z if b = a. Therefore, the following equation
r
holds:

B,H_....i_qm*ly Tyl ﬁqytf + 5q+q2yq3 4.4 6q+,,.+qu2qu71 =0 (9)

given

ﬂq2+~~+qm*1y + /31+q2+~~+q’"*1yq + yq2 + 5q2yq3 T Bq2+~~+qm*2qu*1 — 0. (10)

By subtracting Equation (9) from (10) multiplied by 57 we get b = 1, a contradiction.
Hence, we may assume a — 1 — (b — 1)Az # 0, giving z = 0.

HA=XN—-XNa#0,weset V=a—1+(\— )\qozﬁq+"'+qm71)x. From Equation (8),
then we get

%z F(22)T A - BT () =, (11)

If we multiply by 7 the ¢-th power of equation (11) and then subtract it from (11),
we get the g-polynomial

vq V m—1
q9 _ R9I___ q _— _ Rqttq —
(az ,BAq)z +(A B x)z-O. (12)
m—1 - 1
If V—pat-+a"""xA =0, then A = Z : 2! which implies rk(fa— f) = m. Therefore,
we may assume (9" p A — ¥ £ 0, giving (12) is a nonzero polynomial of degree at
most ¢. This means, rk(fa — fp) = m — 1. O

For every nonzero element a € Fym, let
Jo={(A\2,0,...,0,=Xaz?" ) : X,z € Fyn \ {0}}.

Remark 11. Note that the set F;, is the (S x S)-orbit of the bilinear form f,, with
a=(1,0,...,0,—«). It turns out that the bilinear forms in F;, have constant rank.

By arguing similarly to the proof of Proposition 8 and Lemma 9, we get the following
result.

Lemma 12. Each set J, has size (¢™ —1)?/(q — 1) and J, = Jg if and only if N(a) =
N(B).

We will write J, instead of J,, if « is an element of F,m with N(a) = a.
Lemma 13. For any a = (x,0,...,0,y) with x,y € Fm not both zero, tk(fa) = m — 1.

Proof. The bilinear form f,, is equivalent to the bilinear form f, with a = (z,y9,0,...,0),
via the automorphism T. The result then follows from Remark 5 and Theorem 6.3 in
[11]. O
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Corollary 14. Let a,b be nonzero elements in F,. Then rk(fa — fo) = m — 1, for any
acJ, and b € J,, with a# b if a=b.

Lemma 15. Let a,b be distinct nonzero elements in F,. Then rk(fa — fo) = m —1 for
any a € T, and b € J,.

Proof. By Remark 7 we can assume a = (1, @, ..., o't t7" ") with N(«) = a. By arguing
as in the proof of Lemma 10 we see that the triple
(a—1+ A+ aBiX)z, —aXa?, -\ ) (13)

is a solution of the linear system

m—1
Zle—I—Z(IJXz—FZg X3 = 0 (14>
m—1
ZzXl -+ ngQ -+ Zg X3 =0
q
for some z;, 2z € Fym linearly independent over F, with A = il z}] # 0. Any solution
2 2
(1, o, z3) of (14) satisfies
A/
Ty = ——0
2 NG
here A/ — |1 Zilm_l Since A" = 4 A = —A we get 19 = ——x3 giving N(xq) =
w - 2 ng*1 . - 2121 29 - we g 2 — A/q—l 3 gving 2) —

N(z3). As a solution of (14), the triple (13) must satisfies aN(A\)N(z) = bN(A)N(
giving either Ax = 0 or @ = b, a contradiction.

Let A; = {(z,0,0,...,0) : x € Fm \ {0}} and Ay = {(0,0,0,...,2):x € Fm \ {0}}.

Lemma 16. 1k(fa) =m, for any a € A;, i = 1,2. Further, rk(fa — f») = m — 1, for any
ac Ay andb € A,.

O&

Proof. The first part can be easily proved by taking the Dickson matrix D, with a € A;.
The second part follows from Lemma 13. O

Lemma 17. Let a € F,\ {0,1}. Then tk(fa — fo) 2 m —1, for any a € m, and b € A;,
i=1,2.

Proof. By Remark 7 we can assume a = (1,a,...,a' 77" ") with N(a) = a. Let b =
(x,0,...,0). By proceeding as in the proof of Lemma 10 we see the pair (a—(1—x), —az?)
is a solution of the linear system

{Zle—f—Z(l]XQ = 0

22X1 + ZSXQ = 0
q
with A = il ?’ # 0. Then the above linear system has the unique solution (0, 0) giving
2 2
x =0 and a = 1, a contradiction.
For ¢ = 2, similar arguments lead to the same contradiction. O
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Lemma 18. Let a € F,\ {0}. Then tk(fa — fo) =2 m —1, for anya € J, and b € A;,
i=1,2.

Proof. Use Lemma 13. U
Finally, we have the main theorem.

Theorem 19. Let ¢ > 2 be a prime power and m = 3 a positive integer. For any subset
I of Fg \{0,1}, put Uy = U,er Tar 't = Uper,\(rugoy) o and set

Am,q;[ - H[ @) F[ U Al UA2 U {0}

where 0 is the zero m—ple. Then the subset Fp, g1 = {fa: @ € Ay g1} of Q is a non-linear
(m,m,q;m — 2)-MRD code.

Proof. By Lemmas 9, 12 we get that A,, ,.; has size ¢*™. By Lemmas 10, 13, 15, 16, 17 and
Corollary 14, we see that F,, ,; has minimum distance m — 1, i.e. it is a (m, m, ¢;m — 2)-
MRD code. To show the non-linearity of F,, ., it suffices to find two distinct elements
in it whose F,-span is not contained in F, 4.

Let fa € Fa, and fy, € Fi,, a € I. By corollary 3, we can work with the Dickson
matrices D, and Dy, or equivalently, with m-ples a and b as arrays in V' (m,¢™). Let
a=(0,...,0,n) and b = (\z, Aaz?, ... ATt 720" Suppose a+ b € m,, for some
beF, Then

m—3 m—2 q m—2 m—1

At aT T g g2 gm-i_gn-2 At g

. =a? x = f
)\a1+,‘,+qm—4l_qm—3 )\al_;’_,,,_i_qm—&xqm—Q

giving ¢ = 0. Therefore, the subspace spanned by a and b meets trivially every m, if

b # a, or just in the 1-dimensional subspace spanned by b if b = a. The result then
follows. U

3 A geometric description for the non-linear MRD codes

Let PG(t — 1, ¢°) be the projective space whose points are the 1-dimensional subspaces of
V(t,q°). Forany v € V(t,¢°)\{0}, [v] will denote the corresponding point of PG(t—1, ¢*).
For any subset X of V(¢,¢°) \ {0}, we set [X] = {[v] : v € X,v # 0}. The set [X] is said
to be an [F,-linear set of rank r if X is an r-dimensional [F-linear subspace of V' (¢, ¢*). An
[F-linear set [X| of rank r is said to be scattered if the size of [X| equals |[PG(r —1, ¢)|; see
[31] for more details on [F-linear sets and [27] for a relationship between linear MRD-codes
and F,-linear sets.

Consider the set A,, 4. defined in Theorem 19 as a subset of V= V(m,q™), by setting
agv1 + a1V + -+ + A1V, for any a = (ag, ..., am-1) € Apgr1; here, vy, ..., v, is the
Singer basis of V' defined in Section 2. Therefore, [m;] = [V] is a scattered FF-linear set of
rank m of PG(m — 1, ¢™) isomorphic to the projective space PG(m — 1, q).
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For any a € F;m \ {0}, the endomorphism

~ ~

To : \% — \%4
1+m+qm—2
apV1 + a1v9 + - - -+ 1V, — QU] + a9 + -+ Ar—1Um

maps 7 into 7, with a = N(«), and J; into J,, with b = a™ 1.

Let W be the span of v; and v, in V. For any a € F, \ {0}, [Ja] is a scattered
[F,-linear set of rank m of [W]. In particular [J,] is a maximum scattered F -linear set of
pseudoregulus type of [W] [24, 29].

Summarizing we have the following result.

Theorem 20. Let ¢ > 2 be a prime power and m > 2 a positive integer. Let I be any
nonempty subset of F, \ {0,1} with k = |I|. Then, the projective image of Apm g1 in
PG(m —1,¢™) is union of two points [A4], [As], k mutually disjoint (m — 1)-dimensional
[F,-subgeometries [m,], a € I, and ¢ — 1 — k mutually disjoint F,-linear sets [J,],b €
F,\ (I U{0}), of pseudoregulus type of rank m contained in the line spanned by [A1] and
[As].

We now investigate the geometry in PG(m? — 1,q) of the projective set defined by
each MRD code F,, ,.r viewed as a subset of V(m?,q).

Let V = V(m, q) be the F-span of uy, ..., u,, and set V= V(m,q™) =Fm®V(m,q).
The rank of a vector v = ajuy + agug + - -+ + AUy, € V by definition is the maximum
number of linearly independent coordinates a; over F,.

If we consider Fyn as the m-dimensional vector space V, then every a € Fym can be
uniquely written as o = zu; + xaug + - - - + T Uy, With x; € Fy. Hence, V can be viewed
as V@V, the tensor product of V' with itself, with basis {u ;) = v;®@u; 14,7 =1,...,m}.
Elements of V ® V are called tensors and those of the form v ® v/, with v,v" € V are
called fundamental tensors. In PG(V ® V'), the set of fundamental tensors correspond to
the Segre variety S, (F,) of PG(V ® V) [20].

Let ¢ be the map defined by

¢ = ¢{u1,...,um} : ‘/} — VeV
U+ Ul > Y T Uy D) T Uim)s

with oy = T1pu1 + Torts + - - - + Tk, Tix € Fy. We call this map the field reduction of
V over IF, with respect to the basis uy, ..., un,. The projective space PG(V ®@ V) is the the
field reduction of PG(‘A/) over F, with respect to the basis uy, ..., Up.

Under ¢, every 1-dimensional subspace (v) of Vis mapped to the m-dimensional F-
subspace k, = ¢({v)) of V @ V. It turns out that the set K = {k, : v € V,v # 0} is a
partition of the nonzero vectors of V ® V. In particular K is a Desarguesian partition,
i.e. the stabilizer of K in GL(V ® V') contains a cyclic subgroup acting regularly on the
components of IC [14, 34].
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To any component k, of K there corresponds a projective (m — 1)—dimensional sub-
space [k,] of PG(V ® V). The set § = {[k,] : v € V,v # 0} is so called a Desarguesian
(m — 1)—spread of PG(V @ V') [34], [14].

In addition, the projective set of PG(V ® V) corresponding to the ¢-image of the
1-dimensional subspaces spanned by non-zero vectors in V' is the Segre variety S, m(Fy).

Let v be the map defined by

V= Vit VOV Muu(F)
meij“(m‘) — (%ij)ig=1,..m

For every v = aquy + - -+ 4 Gty € V, the k-th column of the matrix v(¢(v)) is the
m-ple (Z1g, ..., Tmi) of the coordinates of ay, with respect to the basis uy, ..., Uy, of Fym.

From [16], the rank of v equals the rank of v(¢(v)), for all v € V. In addition, the v-image
of fundamental tensors is precisely the set of rank 1 matrices.

Remark 21. Evidently, v is an isomorphism of rank metric spaces which also provides an
isomorphism between the field reduction V' ® V' of V with respect to uq,...,u,, and the
metric space € of all bilinear forms on V' = (uy, ..., um)r,.

Now embed V ® V into V @ V by extending the scalars from F, to F,=. By taking a
Singer basis vy, ..., v, of V defined by the Singer cycle o, Cooperstein [7] defined a cyclic
model for V' ® V within V' ® V' with basis v jy = v; ® v;, 1,7 =1,...,m. Let

m

®(j) = {Z aqi_lv(z‘,j—uz') ta € Fgn},

i=1

where the subscript j — 1 4 ¢ is taken modulo m. As an F,-space, ®(j) has dimension m
and by consideration on dimension we have

VeV = ey);
j=1

see [7]. We call this representation the cyclic representation of the tensor product V@ V.

Proposition 22. Let vq,...,v,, be a Singer basis of V and 5 be the map defined by

6 = Gforsnin} v — VeV
m i—1 m i
v+ Uy Yo v o+ Dol lv(i,m,lﬂ-).
Then Im(¢) is precisely Im(¢) within V @ V.

Proof. We notice that, for any given vector u € V we may write u = Y .-, zu; =
S ad wy, for some x; € Fy, i =1,...,m and a € Fym. Let v = 3. ayv; € V be
linear combination of k vectors of rank 1, 1 < k£ < m.
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Assume first k = 1, ie. v = A7, a? w), and set A = 327 L, a = S0, wau,
with l;, z; € F,. Therefore, v=A>_", ru,;) and

dv) = (A0 @ (0l y)
(Do bug) @ (30 waus)

D iy limiugny + o+ 300 LU
= ¢(v).

Now assume v = A (30 a(fi_lvi) +- o+ 00, agi_lvi), k>1. Set \j =>7" Liju,
aj = Y xu;, with l;, z;; € Fy. Therefore,

= /\1(2 Tiau;) + -+ )\k(z Tipll;) = Z (AMmig + -+ 4+ Apxan)u;
i=1 i=1 i=1

giving ¢(U) = 221 (lilxu + -+ likl’lk)uu’l) + -+ ZZl (lill'ml + -+ likxmk)u(i,m)-
On the other hand, we have

1

o) = (TN v @ (Thal v) 4+ (SN v @ (D0 el v)
oy i) @ (23 waws) + -+ + (000 lvws) @ (3202, waui)

Yoy lariiugy + -+ > li1 Tm1U(im) + -+ -

+ 300 Lkt + o Dy LTk U(im)

Yoty (w4 -+ lpz)ugny + -+ Dy (@ + -+ + Lik@k) Uiim)
¢(v).

O

We call the map (Z the field reduction of V over F, with respect to the Singer basis

vy, ..., Uy and its image the cyclic model for the field reduction of‘A/ over F,. The projec-
tive space whose points are the 1-dimensional F,—subspaces generated by the elements

of 5(‘7) is the cyclic model for the field reduction of PG(‘A/) over IF,.
Let v be the map defined by

U=V VOV — Mmmq};qm)
Do Ty — (Ti)is

77777

Then, for any v = v, + -+ + Amom € V, the matrix 7(¢(v)) is the Dickson matrix
D(a,,....am)- Since the cyclic model for the field reduction of V is obtained from the field
reduction ¢(1A/) by changing a basis in V® YA/, we get that the rank of ﬁ(g(v)) equals the
rank of v(¢(v)), for any v € V.

In addition, the element k, = ¢((v)) of the m-partition K is

m

U(z i) +--F Z ()\Oém)qiil'l}(i,m_l_i_i) A E qu}.

=1

||M3
§
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In particular, {J,cy o) 7(kv) is the set of all rank 1 matrices in Dy, (Fym).

From the arguments above, we see that the set F,, ,; can be considered, via the
isomorphism (3), as the field reduction of the set A, ,.; with respect to the Singer basis
Uiy vy Uy
As [my] = [V], then the set F,, = ¢(m;) defines the Segre variety Sim(Fy) of PG(VRV)
and F,, defines a Segre variety projectively equivalent to S, ., (F;) under the element of
PGL(V ® V) corresponding to the linear transformation 7, with N(«) = a.

Remark 23. Note that, whenever a # 1, elements in F,, have rank bigger than 1 by
Lemma 10. This is explained by the fact that the linear transformation of V @ V =
V(m?, q) corresponding to 7, is not in Autg, (V @ V).

N Let W = (v, gm> C V. Then (Z(W) is a 2m-dimensional vector subspace of V@ V. In
[6(W)], the set [¢(J1)] is the Bruck norm-surface

N =N iym = {[¢(zv1 + yvm)] : 2,y € Fgm, N(y/z) = (-1)"}

introduced in [3] and widely investigated in [4, 5] and recently in [10, 23]. For any
z € Fygn \ {0} sct J, = {Azv; — Az?™" "0, ¢ A € Fm}. Then [¢(J,)] € N and the set
{6(J)] : = € F,m} is a so-called hyper-regulus of PG(W) [30]. It turns out, that under
the linear transformation 7, with N (@) = a, also J, defines a hyper-regulus of [¢(W)].
The following result, which summarizes all above arguments, gives a geometric de-

scription of the MRD codes F,, 4.1

Theorem 24. Let ¢ > 2 be a prime power and m > 2 a positive integer. Let I be
any nonempty subset of F, \ {0,1} with k = |I|. The projective image of the MRD code
Fgr m PG(m? —1,q) is a subset of a Desarguesian spread which is union of two spread
elements, k mutually disjoint Segre varieties Sy, m(F,) and ¢ — 1 — k mutually disjoint
hypereguli all contained in the (2m — 1)-dimensional projective subspace generated by the
two spread elements.

4 The Cossidente-Marino-Pavese non-linear MRD code

Recently, Cossidente, Marino and Pavese constructed non-linear (3,3, ¢; 1)-MRD codesin
a totally geometric setting [8, Theorem 3.6].

In PG(2,¢%), ¢ = 3, let C be the set of points whose coordinates satisfy the equation
X, XI— XIT =0, that is a C'h-set of PG(2, ¢) as introduced and studied in [13]. The set
C is the projective image of a subset of V/(3, ¢®) which is the union of A, A, = {(0,x,0) :
z € Fp\{0}} and the ¢ — 1 sets v, = {(\,, Az?™, Az?) : A,z € Fs \ {0}, N(x) = a}, with
a a nonzero element of [F,.

For any nonzero a € Fy, let o € Fjs with N(a) = a and set Z, = {(Az, —Aax?,0) :
A,z € Fgs \ {0}}. Let I be any non-empty subset of F, \ {0, 1} and put

A’(q;[):U'ya U ZyU A; U A, U {0}.

acl  beF,\(I1U{0})
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Up to an endomorphism of V' ® V viewed as the vector space V (9, ¢q), the image of set
A'(¢q; I) under v o ¢ is a non-linear (3,3, ¢; 1)-MRD code [8, Proposition 3.8].

Lemma 25. Let 0 be the semilinear transformation of V (3, q3) defined by

0 : V1 > U3
Vo = U1
V3 > Uy

with associated automorphism x 7. Then 6 maps v, into m,-1 and Z, into J,—1, for
any nonzero element a of F,.

Proof. Every element z € Fps with N(z) = a can be written as z = at?"! for some
t € Fs and « a fixed element in Fgs such that N(«a) = a. By straightforward calcula-
tions, we may write v, = {(\z, \a?'z9, A\atz?’) 1 N,z € Fs}. Then, we get 0(y,) =
{2, Ma )29 Na )@Y - Nz € F} = 1 as N(a @) = N(a™") =a~ L.

The last part of the statement follows from straightforward calculations. 0
Corollary 26. Let I be any non-empty subset I of F,\{0,1} and put 7' ={a™' :a € I}.
Then, up to the endomorphism 0 of V (3, ¢®) and the changing of basis in V(3,¢*)®V (3, ¢*)
from g jy to v ), the Cossidente-Marino-Pavese family of non-linear MRD codes is the
set Fagr-1.

Let L be any line of PG(2, ¢*) disjoint from a subgeometry PG(2, ¢). The set of points
of L that lie on some proper subspace spanned by points of PG(2, q) is called the exterior
splash of PG(2,¢q) on L [25].

Proposition 27. [10] The exterior splash of the subgeometry [m,] on the line [W] is the
set [Jy] with b= a™ .
Proof. First we note that [W] is disjoint from [m;]. The F,m-span of some hyperplane
in the cyclic model of V' is a hyperplane of V with equation Y ", 0?7 X; = 0, for
some nonzeroa € Fgm. As the Singer cycle o acts on the hyperplanes of V' by map-
ping the hyperplane with equation 327" o X
Yo () ' X97" = 0, then o maps the hyperplane of V with equation Yo ad
into the hyperplane with equation -7 (ua)? ' X; = 0. Note that o fixes W
The hyperplane " X; = 0 of V meets W in the F m-subspace spanned by v; — vy,.
By looking at the action of the Singer cyclic group S = () on W, we see that the exterior
splash of [m;] on [W] is the set [J;]. By using he map 7, defined above with N(«a) = a,
we get the result. O

= 0 to the hyperplane with equation
X =0

Remark 28. Let U be the Fym-span of v; and v, in V. Tt is evident that the semilinear
transformation § maps the exterior splash of [y,] on [U] into the exterior splash of [m,-1]
on [W].
The exterior splash of [y,] on [U] is
Vo) = {[(1,2,0)] : © € F s, N(z) = —a’}.

In [8], the splash of [y,] was erroneusly given as the set [Z,]. Note that, [Z,] never
coincides with [,], unless a = 1.
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