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Abstract

The anti-van der Waerden number, denoted by aw([n], k), is the smallest r such
that every exact r-coloring of [n]| contains a rainbow k-term arithmetic progression.
Butler et al. showed that [logzn| + 2 < aw([n],3) < [logyn] + 1, and conjectured
that there exists a constant C' such that aw([n],3) < [loggn]| + C. In this paper,
we show this conjecture is true by determining aw([n],3) for all n. We prove that
for 7-3m 2 4+1<n<21-3m2

m+2, ifn=3"
m + 3, otherwise.

(i 3) = {

Keywords: arithmetic progression; rainbow coloring; Behrend construction; uni-
tary coloring

1 Introduction

Let n be a positive integer and let G € {[n],Z,}, where [n] = {1,...,n}. A k-term
arithmetic progression (k-AP) of G is a sequence in G of the form

a,a+d,a+2d,...,a+ (k—1)d,

where d > 1. For the purposes of this paper, an arithmetic progression is referred to as
a set of the form {a,a + d,a + 2d,...,a + (k — 1)d}. An r-coloring of G is a function
¢ : G — [r], and such a coloring is called ezact if ¢ is surjective. Given ¢ : G — [r],
an arithmetic progression is called rainbow (under c¢) if c¢(a + id) # c(a + jd) for all
0<i<j<hk—1.
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The anti-van der Waerden number, denoted by aw(G, k), is the smallest  such that ev-
ery exact r-coloring of GG contains a rainbow k-AP. If G contains no k-AP, then aw (G, k) =
|G| + 1; this is consistent with the property that there is a coloring of G with aw(G, k) —1
colors that has no rainbow k-AP.

An r-coloring of G is unitary if there is an element of G that is uniquely colored.
The smallest r such that every exact unitary r-coloring of G contains a rainbow k-AP is
denoted by aw, (G, k). Similar to the anti-van der Waerden number, aw, (G, k) = |G| + 1
if G has no k-AP.

Problems involving counting and the existence of rainbow arithmetic progressions have
been well-studied. The main results of Axenovich and Fon-Der-Flaass [1] and Axenovich
and Martin [2] deal with the existence of 3-APs in colorings that have uniformly sized
color classes. Fox, Jungi¢, Mahdian, Nesetril, and Radoici¢ also studied anti-Ramsey
results of arithmetic progressions in [6]. In particular, they showed that every 3-coloring
of [n] for which each color class has density more than 1/6, contains a rainbow 3-AP. Fox
et al. also determined all values of n for which aw(Z,, 3) = 3.

The specific problem of determining anti-van der Waerden numbers for [n] and Z,, was
studied by Butler et al. in [4]. It is proved in [4] that for k > 4, aw([n], k) = n!=°") and
aw(Zy, k) = n'=°1). These results are obtained using results of Behrend [3] and Gowers
[5] on the size of a subset of [n] with no k-AP. Butler et al. also expand upon the results
of [6] by determining aw(Z,, 3) for all values of n. These results were generalized to all
finite abelian groups in [7]. Butler et al. also provides bounds for aw([n],3), as well as
many exact values (see Table 1).

In this paper, we determine the exact value of aw([n],3), which answers questions
posed in [4] and confirms the following conjecture:

Conjecture 1. [4] There exists a constant C' such that aw([n],3) < [logsn] + C, for all
n = 3.

Our main result, Theorem 2, also determines aw,([n],3) which shows the existence of
extremal colorings of [n] that are unitary.

Theorem 2. For all integers n > 2,

B  m+2, ifn=3"
awu([n],3)—aw([n]>3) _{ m+37 an#z%m and7_3m72+1 <n<213m72

In Section 2, we provide lemmas that are useful in proving Theorem 2 and Section 3
contains the proof of Theorem 2.

2 Main Tools

In [4, Theorem 1.6] it is shown that 3 < aw(Z,,3) < 4 for every prime number p and
that if aw(Z,, 3) = 4 then p > 17. Furthermore, it is shown that the value of aw(Z,, 3) is
determined by the values of aw(Z,, 3) for the prime factors p of n. We have included this
theorem below with some notation change.
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1215 18 20 20 22 23 23 23 24
12 15 19 21 21 23 23 24 24 24 25

n\k|3 4 5 6 7 8 9 10 11 12 13 14
3 3
4 4
) 4 5
6 4 6
7 4 6 7
8 5 6 8
9 4 7 8 9
10 |5 8 9 10
11 5 8 9 10 11
12 5 8 10 11 12
3 |5 8 11 11 12 13
14 |5 8 11 12 13 14
15 5 9 11 13 14 14 15
6 |5 9 12 13 15 15 16
17 |5 9 13 13 15 16 16 17
18 |5 10 14 14 16 17 17 18
9 |5 10 14 15 17 17 18 18 19
20 |5 10 14 16 17 18 19 19 20
21 5 11 14 16 17 19 20 20 20 21
22 6 12 14 17 18 20 21 21 21 22
23 |6 12 14 1v 19 20 21 22 22 22 23
6
6

Table 1: Values of aw([n], k) for 3 < k < 2£2.

Theorem 3 ([4]). Let n be a positive integer with prime decomposition

n = 260291 p2 : --p?

fore; >0,1=0,...,s, where primes are ordered so that aw(Z,,,3) = 3 for 1 <i < { and
aw (Z,,,3) =4 f 7’€+1 <1< s. Then

2+Zeg+ Z 2¢j, if n is odd

aW(Zn,3) — ]:1 Jj= £+1
3—|—Ze]+ Z 2ej, if n is even.
7j=1 Jj=0+1

We use Theorem 3 to prove the following lemma.
Lemma 4. Let n > 3, then aw(Z,,3) < [loggn]| + 2 with equality if and only if n = 3
or2-3 forj>1.

Proof. Suppose n = 2%p7'ps? ... pS withe; > 0fori =0, ..., s, where primes py, pa, ..., ps
are ordered so that aw(Z,,,3) =3 for 1 <i < { and aw(Z,,,3) =4 for { +1 <i <s. We
consider two cases depending on parity of n.

Case 1. Suppose n is odd, that is eg = 0. Then aw(Z,,3) = 2 + Z e; + Z 2e; by
j 1 j=0l+1

Theorem 3. Since aw(Z,,3) = 3 for odd primes p < 13, we have p; > 17 for i > ¢ + 1,
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and clearly p; > 3 for ¢ < ¢, therefore

2+§Zj et > 2
3aW(Zn3) — 3 =17 S T = 9. 30,35 . g8 L. Q% L 9 pSt e p® =9,

Note that the equality holds if and only if n is a power of 3, that ise; = 0 for 2 < j < s.
Therefore, aw(Z,,3) < [logsn| + 2 for odd n, with equality if and only if n = p{*.

S

¢
Case 2. Suppose n is even, that is ey > 1. Then aw(Z,,,3) =3+ > e; + >, 2¢; by
J=1 j=t+1
Theorem 3. If n = 2% -3/ for j > 1, then by direct computation aw(Z,,3) = 3 + j <
2 + [loggn], With equahty if and only if eg = 1. So suppose there is ¢ such that p; # 3,

and let h =

2?0
Ife</ then pi =5, and so 3 - 3% < 2°p7 for all ey > 1 and e; > 1. Therefore, since
h is odd, by the previous case

3aw(Znd) — 3. 3¢ . 3av(Zn3) L 3.3 . 9l < 2°90p%i . 9h = On.

If i > ¢+ 1 then p; > 17, and so 3 - 9% < 2°p* for all g > 1 and e; > 1. Then by the
previous case

3vn3) — 3. 9% . 3 (E3) L 3.9% . 9h < 2p% - Oh = On. O

A set of consecutive integers [ in [n] is called an interval and ¢(I) is the number of
integers in /. Given a coloring ¢ of some finite nonempty subset S of [n], a color class
of a color 7 under ¢ in S is denoted ¢;(S) := {x € S : ¢(x) = i}. A coloring ¢ of [n]
is special if n = 7q 4+ 1 for some positive integer ¢, ¢(1) and c¢(n) are both uniquely
colored, and there are two colors @ and (3 such that c¢,([n]) = {¢+ 1,2¢ + 1,4¢ + 1} and
cs([n]) = {3¢+1,5¢ + 1,69 + 1}.

Lemma 5. Let N be an integer and ¢ be an exact r-coloring of [N| with no rainbow 3-AP,
where 1 and N are colored uniquely. Then either the coloring c is special or |{c(z) : x =i
(mod 3) and x € [N|}| =r—1 fori=1 ori= N.

Proof. Observe that N is even, otherwise {1, (N+1)/2, N} is a rainbow 3-AP. We partition
the interval [N] into four subintervals Iy = {1,...,[N/4|}, I = {[N/4] +1,...,N/2},
Is={N/2+1,...,[3N/4]}, and I, = {|3N/4]+1,..., N}. Notice that every color other
than ¢(1) and ¢(N) must be used in the subinterval I5. To see this, assume ¢ is the missing
color in [ distinct from ¢(1) and ¢(IN). Let = be the largest integer in ¢;(/1). Since N
is even, we have 2z — 1 < 2[N/4] =1 < N/2;andso 2z —1 € [ UL If 20 —1 € I,
then ¢(2x — 1) # i since z is the largest integer in I; with color i; hence, {1, z,2z — 1} is
a rainbow 3-AP. If 2z — 1 € I, then ¢(2x — 1) # ¢ since color i is missing in I5; hence,
the 3-AP {1, z,2z — 1} is a rainbow. If there is no such integer z in I, then the integers
colored with ¢ must be in the second half of the interval [N], so we choose the smallest
such integer y in ¢;(I3U Iy). Then {2y — N,y, N} is a rainbow 3-AP since ¢(2y — N) # i,
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because 2y — N € I U 5. Similarly, every color other than ¢(1) and ¢(/N) must be used
in the subinterval I3.

Throughout the proof we mostly drop (mod 3) and just say congruent even though
we mean congruent modulo 3. We consider the following three cases.

Case 1: N =0 (mod 3). Assume |[{c(z) : © =i (mod 3) and x € [N]}| < r —1 for
both i = 1 and + = N. So there are two colors, say red and blue, such that no integer
in [N] colored with red is congruent to 1, and no integer in [N] colored with blue is
congruent to 0. We further partition the interval I into subintervals Ip;) and Iy so
that ((Iox)) < (L)) < €(I2;))+1, and partition the interval I3 into subintervals I3;) and
I35 so that €(I5:) < €(I3)) < £(I30:)) + 1. Then we have the following observations:

(i) x =0 for all € ¢,eq(I3U I4) and y = 1 for all y € cye(f1 U ).

If there is an integer r in I3 U I, colored with red and congruent to 2, then 2r — N =1,
and so ¢(2r — N) is not red by our assumption. Therefore the 3-AP {2r — N,r, N} is
rainbow. Similarly, if there is an integer b in I; U I colored with blue and congruent to
2, then 2b — 1 =0, and so ¢(2b — 1) is not blue, forming a rainbow 3-AP {1,b,2b — 1}.

(i) x = 2 for all © € ¢,eq(l) and y = 2 for all y € cpye(13).

If there is an integer r in ¢,eq(l2) congruent to 0, then 2r — 1 =2 and 2r — 1 € I3U I,
since 2r — 1 > N/2 + 1. Therefore, 2r — 1 is not colored with red by the previous
observation, and so the 3-AP {1,r,2r — 1} is a rainbow. Similarly, if there is an integer
b in cpue(I3) congruent to 1, then using N we obtain the rainbow 3-AP {2b — N,b, N},
because 2b — N =2 and 2b — N < N/2.

(1) Crea(I33ii)) = Chiue(Io@)) = 0.

If there is an integer r in I3(;) colored with red, then 2r — N = 0, by observation (7).
Furthermore, 2r — N < N/2 and 2r — N > 2(N/2+0(I34) +1) =N > (20(I3:)+1)+1 >
[N/4] +1. So 2r — N € I, and hence it is not colored with red by observation (i).
Therefore, {2 — N,r, N} is a rainbow 3-AP. Similarly, if there is an integer b in Iy
colored with blue, then 26 —1 =1 and N/2+1<2b—1< [3N/4]. So2b—1 € I3 and
hence it is not colored with blue by observation (i7). Therefore, {1,b,2b— 1} is a rainbow

3-AP.

(“}) Cred(]2(ii)) = Cblue(I?)(i)) = @

Suppose there is an integer r in ;) colored with red. Since the coloring of I contains
both red and blue and there is no integer in Iy(; colored with blue, by (74i), there must be
an integer b in I(;) colored with blue. By (i) and (i7), b = 1 and r = 2. Without loss of
generality, suppose b > r. Then 2r —b =0 and 2r — b € I, since (1)) < £(12)) + 1. So
2r — b is not colored red or blue and hence the 3-AP {2r — b, r, b} is rainbow. Therefore,
there is no integer in I5;;) that is colored with red. Similarly, there is no integer in I(;
that is colored with blue.

Recall that every color other than ¢(1) and ¢(/V) is used in both intervals I and I.
Therefore, sets cred(L23i)), Cotue(L2(ii)): Crea(I33i)), and Cpue(I33:5)) are nonempty. Using the
above observations we next show that in fact these integers colored with blue and red in
each subinterval are unique. Let B = {b,...,b2} be the shortest interval in Iy(;; which
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contains all integers colored with blue and let R = {ry,..., 2} be the shortest interval in
I3;) which contains all integers colored with red. Choose the largest integer x in ¢ycq(I2())
and consider two 3-APs {z, by,2b; — x} and {z, by, 2by — x}. Since z is congruent to 2 and
both b; and by are congruent to 1, we have that both 2b; — x and 2b, — x are congruent
to 0 and are contained in I3, otherwise the 3-APs are rainbow. Since all integers colored
with blue in I3 are congruent to 2 by (ii), we have that 2b; — z and 2by — x are both
colored with red and so contained in R. Therefore, 2¢(B) — 1 < ¢(R). Now using the
smallest integer in cyue(L33:4)), we similarly have that 20(R) — 1 < ¢(B). Since {(B) > 1
and ((R) > 1, we have that {(R) = {(B) = 1, i.e. there are unique integers b in cyye(I2(:))
and r in ¢rea(L30:))-

Now for any integer 7 from Cred(IZ(i)) the integer 2 — 1 must be colored with red,
otherwise the 3-AP {1,727 — 1} is rainbow. Since 27 — 1 € I3, it must be equal to the
unique red colored integer r of I3. Therefore, there is exactly one such 7 in Iy, i.e.
Cred(I2)) = {7}. Similarly, using N there is a unique integer b in s colored with blue.
Since {1,7,r}, {7, b, 7}, {b,r,b}, and {b,b, N} are all 3-APs, N = 7(¢({b,...,r})—1)+1 =
7(r—1>b)+ 1.

Observe that if 7 is even, the integer (7 + N)/2 in 3-AP {7, (7 + N)/2, N} must be
red and congruent to 1 since 7 = 2 by (%i), contradicting our assumption. So 7 is odd,
and hence the integer ' = (7 + 1)/2 in I; must be colored with red. Notice that there
cannot be another integer z larger than 7’ in c¢,¢q(/;), otherwise 2z — 1 will be another
integer colored with red in I, distinct from 7. Now, since £({7’,...,7}) = £({b,...,r}) we
have that {r’,r, N} is a 3-AP, and so r’ must be even. Suppose there are integers smaller
than 77 in ¢.q(11), and let z be the largest of them. Then 2z — 1 is also in ¢.q(/1) and
must be equal to or larger than ' in I;. However, that is impossible because 7’ is even
and there is no integer in c¢,¢q(/;) larger than r’. So 7’ is a unique integer in /; colored
with red. Similarly, there is a unique integer b’ in I colored with blue. Therefore the 8-
AP can be formed using integers 1,7/, 7, b, 7, b v, N since (({1,...,7"}) =L({r',...,7}) =
0{r, ..., b)) =L({b,....,r}) =L({r,...,b}) =L({b,....b'}) =L({V,...,N}).

In order for this coloring to be special, it remains to show that cye(l1) = ¢rea(ls) = 0.
If cppue(11) # O, then choose the largest integer y in it and consider the 3-AP {1,y, 2y —1}.
Since 2y — 1 must be in ¢yue(l2) and the only integer in this set is b, we have 2y — 1 = b.
However, we know that b is even because b = 2b — N, a contradiction. Similarly, if
Cred(I4) # 0 choose the smallest integer = in it and consider the 3-AP {2z — N, x, N}.
Since 2o — N must be in ¢,.q(I3) and the only integer in this set is r, we have 2o — N = r.
However, we know that r is odd because r = 2r — 1, a contradiction. This implies that
crea([N]) = {r', 7,7} and cyue([N]) = {b,b,1'}, so the coloring is special.

Case 2: N =2 (mod 3). This case is analogous to Case 1.

Case 3: N =1 (mod 3). Assume |[{c¢(z) : 2 = ¢ (mod 3) and z € [N]}| <r —1 ie.
there are two colors, say red and blue, such that no integer in [N] colored with red or
blue is congruent to 1. Recall that every color other than ¢(1) and ¢(N) appears in I
and I3. First, notice that all integers colored with red or blue in Iy must be congruent
modulo 3. Otherwise, choosing a red colored integer and a blue colored integer, we obtain
a 3-AP whose third term is colored with red or blue and is congruent to 1 contradicting
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our assumption. Similarly, this is also the case for I3. So suppose all integers in ¢;..q(l2) U
Coue(I2) and Cpeq(I3) U cpue(I3) are congruent modulo 3 to integers p # 1 and g # 1,
respectively. Pick the largest integers from ¢,cq(l2) and cpue(l2) and form a 3-AP whose
third term is in I3. Then the third term is colored with red or blue and is congruent to
p. Therefore, p=q # 1.

We further partition the interval I, into subintervals Io;) and Iy, so that E(Iz(i)) <
((Ioiiy) < L(1a)) + 1. If there exists @ € creq(L23)) U Coiue(L2(s)), the integer 2z — 1 must
be colored with ¢(z) and contained in I3, so 2 — 1 = p while z = p # 1, a contradiction.
S0 Crea(I2()) U Chiue(l2¢y) = 0. However, then the smallest integers of ¢yeq(l2z4)) and
Ciue(L2(is)) form a 3-AP whose first term is contained in I5;) and is colored with red or
blue, a contradiction. This completes the proof of the lemma. O

3 Proof of the main result

Given a positive integer n, define the function f as follows:

f(n) = m+2, ifn=23"
Tl m+3, ifn#3"and 7-3"2+1<n<21-3"2

In this section, we prove Theorem 2 by showing that aw([n],3) = f(n) for all n. Through-
out the proof we mostly drop (mod 3), although all equivalences will happen modulo 3.

First, we show that f(n) < aw,([n],3) by inductively constructing a unitary coloring
of [n] with f(n) — 1 colors and no rainbow 3-AP. The result is true for n = 1,2,3, by
definition. Suppose n > 3 and that the result holds for all positive integers less than n.
Let n = 3h — s, where s € {0,1,2} and 2 < h < n.

Let r = aw,([h],3). So there is an exact unitary (r — 1)-coloring ¢ of [h] with no
rainbow 3-AP. Let red be a color not used in c¢. Define the coloring ¢; of [n] such that
if z =1 (mod 3), then ¢i(x) = ¢((x + 2)/3), otherwise color x with red. When s # 0,
define the coloring ¢ of [n] as follows:

e if x Z0 (mod 3), then cy(z) = red,

e if x =0 (mod 3), then

o co(x) = c(x/3+ 1), if ¢(h) is the only unique color in c,

o ca(x) = c(x/3), otherwise.

Notice that ¢y is a unitary aw,([h — 1], 3)-coloring when s # 0 and ¢; is a unitary
r-coloring of [n]. Now consider a 3-AP {a,b,2b —a} in [n]. If a = b # 1, then a and b
are colored with red, and so the 3-AP is not a rainbow. If a =b =1, then 2b —a =1, so
this set corresponds to a 3-AP in [h] with coloring ¢, and hence the 3-AP is not rainbow.
If a # b, then 2b — a is not congruent to a or b, so two of the terms of the 3-AP are
colored with red, and hence the 3-AP is not rainbow under ¢;. Similarly, this 3-AP is not
rainbow under cp. Therefore, ¢; and ¢y are unitary colorings of [n] with no rainbow 3-AP.
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Also note that aw,([n],3) > aw,([h],3) + 1 under ¢; and aw,([n],3) > aw,([h —1],3) + 1
under c. We proceed with three cases determined by %.

Case 1. First suppose 7-3"24+1<n <3 -3 o0r 3™ <n<21-3"2 By the
induction hypothesis and using the coloring ¢y,

aw,([n],3) = aw,([h],3) + 1 > f(h) + 1= f(n).

Case 2. Suppose n = 3™ —t where t € {1,2}. Notice that h = 3™, so by induction
and using coloring co,

aw,([n],3) = aw,([h —1,3)+ 1> f(h—1)+1=fB™ =1 +1=(m+2)+1= f(n).

The upper bound, aw([n],3) < f(n), is also proved by induction on n. For small n,
the result follows from Table 1. Assume the statement is true for all values less than n,
and let 7-3™2+1 < n < 21-3™2 for some m. Let aw([n],3) = r + 1, so there is an
exact r-coloring ¢ of [n] with no rainbow 3-AP. We need to show that r» < f(n) — 1. Let
[n1,ng,...,ny| be the shortest interval in [n] containing all r colors under ¢. Define ¢ to
be an r-coloring of [N] so that ¢(j) = é(n;) for 7 € {1,..., N}. By minimality of N the
colors of 1 and N are unique. If [N] has at least r — 1 colors congruent to 1 or N, then
[n] has at least r — 1 colors congruent to ny or ny, respectively, so r < aw(|n/3],3) and
by induction r < f(|n/3]) < f(n)—1. So suppose that is not the case, then by Lemma 5
we have that the coloring c is special.

Let N = 7qg + 1 for some ¢ > 1, and let the 8AP in this special coloring be
{1,7r1,7r9,b1,73,b2,b3, N}, where 1,79, r3 are the only integers colored red, by,bs,bs are
the only integers colored blue and ¢ = r; — 1. If n > 9q, then the 8-AP can be extended
to a 9-AP in n by adding the 9th element to either the beginning or the ending. Without
loss of generality, suppose {1, 71,72, b1, 73, b2, b3, N,2N — bg} correspond to a 9-AP in [n].
Since the coloring has no rainbow 3-AP, the color of 2N — bs is blue or ¢(N), so we have
a 4-coloring of this 9-AP. However, aw([9],3) = 4 and hence there is a rainbow 3-AP in
this 9-AP which is in turn a rainbow 3-AP in [n]. Therefore, n < 9¢ — 1.

By uniqueness of the red colored integer r; in interval {1,...,ry — 1}, the colors of
integers in interval {r; + 1,... 75 — 1} is the same as the reversed colors of integers in
{2,...,r1 — 1}, ie. ¢(rp +14) = ¢(ry — i) for i = 1,...,¢ — 1. Similarly, coloring of
integers in interval {ro+1,...,b; — 1} is the reversed of the coloring of integers in interval
{r1+1,...,75 — 1}, and so on. This gives a rainbow 3-AP-free (r — 2)-coloring of Z,,.
Therefore, r — 2 < aw(Zy,, 3) — 1.

If ¢ = 3% for some 4, then n can not be a power of 3 because 7-3'+1<n<9-3° — 1.
Suppose n = 3™, then 2¢ is not twice a power of 3 and clearly 2¢ is not a power of 3.
Therefore, by Lemma 4 we have

r < aw(Zag, 3) + 1 < [logy(2q)] + 2 < [logs(2n/7)] + 2
= [logg(2-3"/T)]+2=m+1< f(n) — L
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Suppose now that n # 3™. If ¢ = 3 for some i then i < m — 2. Otherwise, if
i > m—1then ¢ > 3™ ! > 2 which contradicts the fact that ¢ < 2. Therefore,
29 <2-3"2=18-3""% and so by induction and Lemma 4,

r < aw(Zog,3) +1=aw([2¢,3) +1<m+2< f(n)— 1.

If ¢ is not a power of 3, then again using Lemma 4, r < aw(Zy,,3) + 1 < aw([2¢], 3).
Notice that 6 - 3™ 4+ 2 < 2n < 18- 3™7%, and so aw([2¢],3) < m + 2 by induction.
Therefore, r < m + 2 < f(n) — 1. This completes the proof of the main theorem. n

4 Concluding Remarks

We have determined the exact value of the anti-van der Waerden number aw([n],3) for
all n, which confirms a conjecture in [4]. Bounds on aw([n, |, k) for k > 4 are given in [4],
however the exact values are not known in general. These bounds can be improved and
it would be interesting to know exact values aw([n], k) for k > 4.

The values of aw(G, k) has been recently studied for finite abelian groups [7]. It would
be interesting to investigate this number for other groups.
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