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ABSTRACT. Lots of research focuses on the combinatorics behind various bases of cluster
algebras. This paper studies the natural basis of a type A cluster algebra, which consists of
all cluster monomials. We introduce a new kind of combinatorial formulas for the cluster
monomials in terms of the so-called globally compatible collections. We give bijective proofs
of these formulas by comparing with the well-known combinatorial models of the T-paths
and of the perfect matchings in a snake diagram. For cluster variables of a type A cluster
algebra, we give a bijection that relates our new formula with the theta functions constructed
by Gross, Hacking, Keel and Kontsevich.

1. INTRODUCTION

Cluster algebras were first introduced by S. Fomin and A. Zelevinsky in [8] to design
an algebraic framework for understanding total positivity and canonical bases for quantum
groups. A cluster algebra is a subring of a rational function field generated by a distinguished
set of Laurent polynomials called cluster variables. The long-standing Positivity Conjecture,
now proved in [15] and [10], asserts that the coefficients in the Laurent expansion of any
cluster variable with respect to any fixed cluster are positive integers. From the combinatorial
point of view, the Positivity Conjecture suggests that these coefficients should count some
combinatorial objects. Lots of research focuses on building such combinatorial models. We
give a brief summary of the pros and cons of four such models.

e T-paths: In [19], Schiffler (independently Carroll-Price and Fomin-Zelevinsky in their
unpublished work) obtained a formula for the cluster variables of a cluster algebra of
finite type A (see §2 for the definition) in terms of T-paths. This formula has been
modified and generalized to cluster algebras coming from surfaces [16, 17, 20, 21, 11].
The formula is computation-friendly, but it does not seem to generalize to cluster algebras
not coming from surfaces.
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e Perfect matchings of a snake diagram: A description that is similar to the T-path
model but has a more graph-theoretic flavor [16]. Interesting combinatorics, for example
the snake graph calculus [4, 5], arises in the study of this model. This formula is simply
bijective to the T-path formula, but uses more classical graph-theoretical notion “perfect
matching” and is easier to compute; like the T-path formula, it is also restricted to cluster
algebras coming from surfaces.

e Compatible pairs in a Dyck path: In [14], the cluster variables of rank 2 quivers are
described in terms of Dyck paths. A more general construction of the so-called compat-
ible pairs is used in the study of greedy bases in [13], and another generalization called
GCC is used in [1, 12]. This formula is computation-friendly and easy to implement,
and it applies to rank 2 cluster algebras that do not necessarily come from surfaces.
Meanwhile, the main drawback is that we could not yet find a generalization that gives
the cluster variables for higher rank non-type-A cluster algebras. The combinatorics is
quite different than the T-paths and perfect matchings, but we shall give a bijection
in this paper showing that they indeed coincide in the type A case (Theorem 5.4 and
Theorem 9.3).

e Broken lines and Theta functions: Discovered in [10], they are the most general
combinatorial models so far. They are so powerful that can be used to proved several
well-known conjectures including the positivity conjecture. On the other hand, they are
mainly of theoretical importance but do not yet give a satisfying combinatorial model
(at least not in the sense of the previous three models): for example, the finiteness of
the number of broken lines is not immediate from the definition, and it is difficult to
implement even for rank 2 cluster algebras.

Our ultimate goal is to find a combinatorial model that is both general and effective in
computation. Even though this goal appears out of reach for now, we feel that the model
of maximal Dyck paths and compatible pairs has the potential to be generalized. This
motivates the main goal of this paper:

For a type A quiver, give a new formula for the cluster monomials using a combinatorial
model similar to compatible pairs, and find the bijections to other known models.

We reach this goal by proving three equivalent formulas.

— In Theorem 4.1, we give a formula using a sequence of 0-1 sequences called a GCS
(globally compatible sequence), where each vertex of the quiver is assigned a 0-1 sequence
satisfying a certain compatibility condition.
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— In Theorem 4.5, we give a formula using globally compatible collections (GCCs) in Dyck
paths. This formula has a similar flavor to the combinatorial formula for greedy bases in
[13].

— In §3, we first use a combinatorial gadget called pipelines to decompose the d-vector of a

cluster monomial into the ones of cluster variables, then give a formula for cluster variables
using GCCs in Theorem 4.6.

We would like to point that that the above results are extending the results on the equior-
iented type A quivers given in [1].

Moreover, for cluster variables of a type A quiver, we construct a bijection between GCSs
(which is equivalent to GCCs) and broken lines in Theorem 7.10 (the even rank case) and
7.13 (the general case), which relates our new formula with the theta functions constructed
in [10]. The simplicity of this bijection came as a surprise for us: namely, under our setting,
the ¢-th number in a GCS (which is a 0-1 sequence) is 0 if and only if the corresponding
broken line bends at the i-th coordinate hyperplane e;-. This suggests that there could be
further connections between our new combinatorial formulas and theta functions, and thus
could provide a new approach to understanding broken lines (which are difficult to describe
explicitly in general); however, as explained in Remark 7.4, right now we are only able to
construct a bijection for cluster variables of a type A quiver because the broken lines are
special in this case.

The paper is organized as follows. In §2 we recall the definition of cluster algebra and some
facts about type A quivers. In §3 we define the d-vector of a cluster monomial and introduce
its decomposition using pipelines. §4 consists of the statements of the main results of the
paper. In §5 we prove the GCC formula for cluster variables (Theorem 4.6) by establishing
a bijection from GCCs to perfect matchings. Then in §6 we give the proof of the other main
results of §4. In §7 we give the bijection between GCSs and broken lines. Then we give some
examples in §8. In the appendix, we give another proof of Theorem 4.6 using T-paths.

Acknowledgement. We are grateful to Ralf Schiffler for valuable correspondences, and to Man
Wai Cheung, Mark Gross and Greg Muller for very helpful discussion on scattering diagrams
and broken lines. We are grateful to the anonymous referees for carefully reading through
the manuscript and giving us many constructive suggestions to improve the presentation.

2. BACKGROUND ON CLUSTER ALGEBRAS AND TYPE A QUIVERS

In this section, we recall some definitions and fix notations about quivers and skew-
symmetric cluster algebras (§2.1) and some special type A quivers (§2.2).
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2.1. Quivers and skew-symmetric cluster algebras. Recall that a finite oriented graph
is a quadruple @ = (Qo, @1, h,t) formed by a finite set of vertices Qo, a finite set of arrows
()1 and two maps h and t from @)y to )y which send an arrow «a respectively to its head
h(c) and its tail ¢(«). An arrow a whose head and tail coincide is a loop; a 2-cycle is a pair
of distinct arrows 5 and 7 such that h(3) = t(+) and ¢(5) = h(~y). Similarly, it is clear how
to define n-cycles for n > 3. A vertex is a source (respectively a sink) if it is not the head
(resp. the tail) of any arrow.

In this paper, a quiver is a finite oriented graph without loops or 2-cycles.

Given a quiver () and a vertex v € @)y, the mutation p,(Q) is the new quiver @)’ obtained
as follows:

(1) For every path of the form u — v — w, add a new arrow from u to w.
(2) Reverse all arrows incident to v.

(3) Remove all 2-cycles.

Let @ = (Qo,Q1,h,t) be a quiver. Let Qo = {v1,...,v,} = {1,...,n} (for simplicity,
we denote v; by i in this paper if no confusion arises; and later we also use notation I =
Is = Qo to denote the same set). Let F' = Q(xy,...,x,) be the field of rational functions in
x1,Ta, ..., T, with rational coefficients. A seed is a pair (u, Q) where u = {uy, us, ..., u,} is
a set of elements of F' which freely generate the field F'. For any vertex i € )y, we denote

[He= I we  [lw= 11 wse

j—i acQ1,h(a)=i i—j a€Q1,t(a)=i

The mutation p;(u, @) is the seed (u’, Q') where Q" = p;(Q) and u’ is obtained from u by

replacing u; by
H U + H U,

’ j— —]

(2 uz

Let ({1...,2,}, @) be the initial seed. A cluster is a set u’ which appears in a seed (u’, Q')
obtained from the initial seed by iterated mutations. An element in a cluster is called a
cluster variable. A cluster monomial is a product of cluster variables in the same cluster.
The (coefficient-free) cluster algebra A(Q) associated with @ is the subring of F' generated
by all cluster variables.

Next we recall the definition of the cluster algebra A, with principal coefficient cor-
responding to the coefficient-free cluster algebra A = A(Q). Let Iy = Qo = {1,...,n},
I={1,...,2n}. Define a quiver Q) with the vertex set Qo := I and the edge set

Ori=Q U{(n+idi=1,....,n}h
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In other words, Q is obtained from @ by adding an arrow from n+i to i for eachi =1, ..., n.
We call i € s unfrozen vertices and ¢ € I\ I frozen vertices. Starting with the initial seed
({x1, ..., 220}, Q), we mutate it iteratively similar as above, with the restriction that we only
use the mutations y; for 1 <i < n (that is, only mutate at the unfrozen vertices). For each
new seed ({z/,...,2),},Q’), the first n rational functions 2/, .../, form a cluster. (Note
that the frozen variables do not change after mutation, that is, x; = x; for n +1 <7 < 2n;
and we do not consider them to be cluster variables.) The union of all clusters gives the set
of cluster variables. The cluster algebra A, is the subring of Q(x1, ..., xs,) generated over
QP := Q[z},, ..., 735, by all cluster variables.

Let Q' = (Qp, @1, I, t') be another quiver. We say that @ is a subquiver of @' if

Qo C Qp and Q1 € @)
and h(e) = h'(e) and t(e) = t'(e) for any arrow e € ;. We say that @ is a full subquiver of
Q' if @ can be obtained from @' by removing vertices @ \ Qo and their incident arrows.

2.2. Special classes of type A quivers. Here we define type A, linear, completely ex-
tended linear, and extended linear quivers. The relation among the four classes can be
described as follows:

{type A} D {extended linear} D {completely extended linear}

> {linear}

2.2.1. Type A quivers. By definition, type A quivers are those that are mutation equivalent
to quivers of the form @ — e — --- — e. In [3], A. Buan and D. Vatne showed that a type
A quiver is a connected quiver such that

e all nontrivial simple cycles in the underlying graph have length 3, and the corresponding
directed subgraphs are oriented (3-cycles);

e the vertex degrees of the underlying graph are at most 4; moreover, a degree-4 vertex
belongs to two 3-cycles, a degree-3 vertex belongs to one 3-cycle.

2.2.2. Linear quivers. For two integers a and b, we denote [a,b] = {a,a+1,...,b} if a <D,
and [a,b] =0 if a > b.

A linear quiver is a quiver with n vertices {vy, vq,...,v,} and n — 1 arrows in which any
two consecutive vertices v; and v;;1 (¢ € [1,n — 1]) are connected by a single arrow in either
direction and there are no others arrows.

In order to have a convenient description for a linear quiver (), we construct a sequence
{6:}1<i<n—1 such that §; = 0 if there is an arrow going from the vertex v; to the vertex
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vir1, and 0; = 1 otherwise. For example, for the quiver 1 — 2 — 3 — 4 < 5, we have
(01,...,904) = (0,0,0,1).

2.2.3. Completely extended linear quiver. We define a completely extended linear quiver Q'
as obtained from a linear quiver () by attaching a 3-cycle to every edge, a 3-cycle to v, and
a 3-cycle to v,. (So Q" has 2n + 3 vertices.) By abuse of terminology, we also call the pair
(Q, Q") a completely extended linear quiver, whenever we need to specify the linear quiver
Q.

Let (Q,Q’) be a completely extended linear quiver with Qo = {vy,...,v,} and Qf =
{v1,...,van43}. v, € Qp\ Qo is adjacent to both v; and v,44 then we also denote v; ;411 = ;.
For the 3-cycle attached to vy, the head (resp. tail) of the outgoing (resp. incoming) arrow
is denoted vy ¢ (resp. v11). We define v, o and v,,; similarly.

Example 2.1. The quiver (@, Q') in Figure 1 is a completely extended linear quiver, where
Q is the linear part 1 — 2 — 3 < 4. In there, vig := 5, v11 =6, V12 = 7, va3 := 8§,
U34 =9, g9 = 10 and vg; = 11.

6 10
‘\ 02 03 14/J

S VAVAVAN

5y = 83 =

FIGURE 1. A completely extended linear quiver

For convenience, if v = v;, then we denote the variable x;;, = ;.

2.2.4. Extended linear quivers. An extended linear quiver (@, P) is obtained from a com-
pletely extended linear quiver (@, Q') by removing some vertices (or none) in Qf \ Qo and
the arrows incident with them. Equivalently, we can characterize P as a quiver obtained
from @ by adding some (or none) of the following:

e a 3-cycle or an edge hung on vy, or
e a 3-cycle or an edge hung on v, or
e 3-cycles attached to some edges of ().

There is an obvious way to obtain a completely extended linear quiver (@, Q') from an
extended linear quiver (@, P) (up to relabeling vertices in @ \ Fp). An example is shown in
Figure 2.
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N/ i/\/\/\i

FIGURE 2. An extended linear quiver before and after being completed

3. PARAMETRIZATION OF CLUSTER MONOMIALS BY d-VECTORS

3.1. Cluster monomials and d-vectors. It is well known that any cluster algebra as-
sociated to a type A quiver with n vertices can be constructed from a triangulation on a
(n 4+ 3)-gon P. A diagonal on the (n + 3)-gon P is a line segment connecting two non-
adjacent vertices. Two diagonals are said to be crossing if they intersect in the interior of
P. A triangulation is a maximal set of non-crossing diagonals together with the boundary
edges of P. A connected curve on the polygon is called a pseudo-diagonal if it is isotopic to
a diagonal (and its endpoints are the same as those of the diagonal) and if its interior is in
the interior of the polygon. Two pseudo-diagonals are said to be crossing if they intersect
in the interior of the polygon. Note that if two pseudo-diagonals are not crossing, then the
corresponding diagonals either coincide or do not cross in the interior of the polygon.

Given a triangulation of P, assume the non-crossing diagonals are T7,...,7T, and the
boundary edges are T,,,1,...,T5,13. Then it induces a type A quiver ) with n vertices
labeled by Ti,...,T,, such that there is an arrow from 7; to T if and only if there is a
triangle with 7; and 7} being its two sides, and 7} is obtained from 7; by rotating (< 180°)
counterclockwisely about their common endpoint. (For example, for the triangulation in
Figure 14, the corresponding quiver is T} — T» — T3 < Ty.) The triangulation also induces
a larger quiver @' with 2n + 3 vertices labeled by 77, ..., 75,3 following the same rule as
above. We call T,,,1, ..., 5,3 the frozen vertices of Q'

Take P and ) as above. It is also known that the cluster variables of A(Q) are in natural
bijection with all the diagonals of P. Using this bijection, a cluster monomial of A(Q) can
be identified with a finite set of pairwise non-crossing (and non-identical) pseudo-diagonals,
or equivalently with

{(D1,d1),...; (D, dim) }

where m is a non-negative integer, D.,...,D,, are pairwise non-crossing diagonals, and
dy, ..., d,, are positive integers. It is easy to see that given {(D1,d), ..., (Dm,dyn)}, we can
always find a finite set of pairwise non-crossing (and non-identical) pseudo-diagonals, such
that d; of these pseudo-diagonals are isotopic to D; for 1 < i < m.
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The following definition uses a natural intersection number, which was already considered
in [7, 16, 20, 21, 17].
Definition 3.1. For two diagonals D, E on the (n+3)-gon, we define the intersection number

i(D, E) of D and E as follows:

1,
i(D,E):=¢ —1
0, otherwise.

Then the d-vector of the cluster monomial {(Dy,dy), ..., (D, d,)} is defined by

(a1, an) = ) _d;i(D;, Th), .., Y dji(D;,T)).
j=1 j=1

if D and E cross each other;

, if D and E are the same;

It is easy to see that the d-vector (aq, ..., a,) of any cluster monomial satisfies the following:

Property A. For any 3-cycle i@ — j — k — 7 in @) such that a;,a;, a; are positive and
satisfy the triangle inequalities (i.e., the sum of any two numbers is strictly greater than the
third), the sum a; + a; + a;, is even.

Proof. Assume ¢ — j — k — iis a 3 cycle in @) such that a;, a;, a; are positive and satisfy the
triangle inequalities. Correspondingly, the three diagonals 7;, T}, T} form a triangle. Since

a; > 0, T; is not in {Dy,..., D,,}. Similar conclusion holds for T; and 7T}. There are two
cases to consider:
04k
T 7. .
6].“3[" _\\ 5jki
Ty

FIGURE 3. Two cases.

Case 1: there is at least one diagonal in {D;, ..., D,,} that crosses an edge and shares a

vertex with the triangle formed by 73, T}, T},. Without loss of generality, assume D, crosses
T}, and shares a vertex with 7; and T} (see Figure 3 Left, where we draw pseudo-diagonals
to illustrate the multiplicity). In this case all the a; diagonals (with multiplicity) crossing T;
must cross 7}, (otherwise they will cross Dy). Similarly, all the a; diagonals (with multiplicity)
crossing T); must cross T;. Thus the total number of diagonals crossing T}, is a;, = a; +a; + ay,
contradicting to the triangle inequality assumption.

Case 2: each diagonal in {D;, ..., D,,} either cross two of T}, T}, T}, or none (see Figure
3 Right). In this case, assume o;j; is the number of diagonals (with multiplicity) crossing
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T‘i and Tj, etc. (SO Uijk = Ujik-) Then a; = Uijk + O_k‘ija Clj = Uijk + O'j]ﬂ', Qp = O'j]ﬂ' + O_k‘ija
therefore a; + a; + ar = 2(0jx + ojki + Ok;ij) is even. O

3.2. Construction of pipelines. In this subsection, the notion of pipelines will be intro-
duced (which we do not claim any originality') to help us understanding d-vectors of cluster
monomials.

Let W be the set of all integer vectors (aq, ..., a,) satisfying Property A, that is, a;+a;+ay,
is even when both of the following conditions are satisfied:

(i) i —j — k —iis a 3-cycle, and

(ii) @i, aj, a; are positive and satisfy the triangle inequalities.
(In particular, if ) has no 3-cycles, then W = Z".)

In this subsection we prove that the cluster monomials of A(Q) are in bijection with
W. We will define a map from W to the cluster monomials, which would then induce the

immediate bijection. Let [z], = max(z,0) for any real number z. Let a = (a4, ...,a,) € W.
We define a function o : R%; — R as follows:

(3.1)
( .
L if y >+ 2
- 2 0, if 2> 2+
l‘—i—y—z’ otherwise.
\ 2

For convenience, we denote
a __
ol = o(ai, aj, ag).

(If no confusion shall arise, we denote o;j; = Ok Note that it coincides with o;;;, appeared
in the proof of Property A, Case 2.)

Remark 3.2. By case-by-case analysis for the cases shown in Figure 3, it is obvious that
the equality ox;; + 0k < [ag]+ (and similar inequalities obtained by permuting ¢, j, k) holds
for any 3-cyclei =7 —k — 1.

TA set of pipelines (to be defined in Proposition 3.3) are, in many aspects, similar to a lamination
introduced in [6], and a pipeline is similar to a curve in a lamination (we thank one of the referees to point
it out to us). For example, our construction of the set of pipelines given in Proposition 3.3 is essentially the
same as the “Reconstruction” of the lamination given in [6, page 11]. The main difference is the following:
the two ends of our pipelines are marked points, and that two pipelines may meet at marked points; in
contrast, two curves of a lamination do not end at marked points, and two curves do not meet at endpoints.
Moreover, we do not discuss homotopy equivalence of pipelines in this paper.
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Proposition 3.3. Let ) be a type A quiver. Then

(1) a € Z™ is the d-vector of some cluster monomial of A(Q) if and only if a € W.

(2) Two distinct cluster monomials have different d-vectors.

Proof. Let M be the set of monomials of A(Q). An element in M can be identified with a
set {(D1,d1), ..., (Dpm,dm)}. Let f: M — W be the map that sends a cluster monomial to
its d-vector. It follows from Property A that the image of f is indeed in W.

Next we construct a map g : W — M. Given a € W, we construct the set of pipelines
associated to a in three steps. We consider the triangulation of the (n+3)-gon corresponding
to @, and T;, T}, T}, appeared below are diagonals or boundary edges; in other words, 1 <
1,7,k <2n+ 3.

Step 1: If a; > 0 then draw a; marked points on 7; to separate it into a; + 1 segments. If
a; < 0 then draw —a; pipes so that these pipes are pairwise non-crossing pseudo-diagonals
isotopic to 7; and that they do not cross any other T; (j # 1).

Step 2: If T; and Tj are two sides of a triangle with the third side T}, then for 1 <r < 0y,
we join the two r-th marked points on 7; and 7} (ordering in the increasing distance from
the common endpoint of 7; and 7};) by a pipe inside the triangle. Draw these pipes so that
they are disjoint from each other and from the pipes constructed in Step 1.

Step 3: Suppose that T;,Tj, T, form a triangle. Then for each marked point on 7}, that is
not connected by a pipe to any marked point on T; or T (see Figure 3 Right), we draw a
pipe from the marked point to the common endpoint of 7; and Tj. Draw these pipes inside
the triangle in such a way that they are non-crossing with each other and with the pipes
constructed in Step 1,2.

A pipeline is a union of pipes connected consecutively through the marked points (but
not through the vertices of the (n + 3)-gon). Then the pipelines are pairwise non-crossing.
Since the endpoints of each pipeline are non-adjacent vertices of the polygon, every pipeline
is a pseudo-diagonal. Hence the set of pipelines corresponds to a cluster monomial, which
we define as the image g(a).

It follows immediately from the above construction that g is the inverse of f. So f is
bijective. The surjectivity of f implies (1) and the injectivity of f implies (2). O

The above propostion allows us to denote the (unique) cluster monomial with d-vector
(a1,...,a,) by z[ay,...,a,] or z[a].
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Each pipeline A corresponds to a 0-1 sequence b = by = (by,...,b,) such that

0, if the pipeline A is disjoint from Tj;

(3.2) b = PP )
1, otherwise.

Note that A corresponds to a linear full subquiver of (). Two pipelines sharing the same
endpoints correspond to the same 0-1 sequence. Let S be the multiset of 0-1 sequences
corresponding to all the pipelines in the set of pipelines associated to a. Then

(3.3) zla] = [ =[b].

beS

Example 3.4. The first two pictures in Figure 4 are a type A quiver with 7 vertices
and its corresponding triangulation on the 10-gon. For a clearer illustration, the 10-gon
is drawn as a concave polygon. The bottom illustrates the construction of pipelines for
a=(3,3,3,2,4,3,1).

1 4

N, A
WARAVAY,
A\, AV
ZAN
LT sn
LA

FIGURE 4. The construction of pipelines

The set of pipelines associated to a consists of 5 pipelines, namely those pass through
edges sets {1,2,3,4}, {1,2,5,6}, {1,2,5,7}, {3,4,5,6}, {3,5,6}, respectively. So the cluster
monomial z[a] is decomposed as z[3,3,3,2,4,3,1] = z[1,1,1,1,0,0,0] - z[1,1,0,0,1,1,0] -
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x[1,1,0,0,1,0,1] - 2[0,0,1,1,1,1,0] - 2[0,0,1,0,1,1,0], and the multiset S (which is indeed
a set in this example) consists of the five 0-1 sequences appeared above.

Lemma 3.5. For a € Z", assume that [a]; = [[a1]4,...,[a,]+] satisfies Property A and
z[[a]y] = [ z[b] is a factorization into cluster variables in the same cluster. Then

vla] = offaly] [T =TT [T =",

and that x[b] and x; (a; < 0) are in the same cluster.

Proof. 1f a; < 0, then there is no b satisfying b; > 0. Thus no pseudo-diagonals corresponding
to pipelines for [a], will cross the diagonal T;. Therefore, after adding T; we still get a set
of non-crossing pseudo-diagonals, which means that z[b] and x; (a; < 0) are in the same
cluster. It then follows that xz[a] = z[[a],] ixk“i]*. O

Remark 3.6. Assume that () is a full subquiver of ). We compare cluster variables in
various cluster algebras.

For simplicity, we denote the vertex sets Qo = {1,...,n} and Q;, = {1,...,n'}. By
definition, the cluster algebra with coefficients, denoted A(Q, @Q'), is generated by only those
cluster variables in A(Q’) obtained from iteratively mutating the initial cluster variables

Z1,..., %, only at vertices in {1,...,n}. (Vertices in {n+1,...,n’} are called frozen vertices.
The coefficients are in Z[xf}rl, ...,x5.) Thus, there is a natural bijection sending a cluster

variable in A(Q, Q') of the form z[dy, ..., d,] to the cluster variable z[dy,...,d,,0,...,0] €
A(Q’) of the same expression.

There is also a natural bijection sending a cluster variable z[dy, ..., d,] € A(Q, Q') to the
cluster variable z[dy,...,d,] € A(Q), given by substituting z; by 1 for i € [n + 1,n/]. More
generally, if () is a full subquiver of P, and P is a full subquiver of ), then there is a natural
bijection sending a cluster variable x[dy, ..., d,] € A(Q,Q’) to x[dy,...,d,] € A(Q, P) given
by substituting x; by 1 for i € Qf \ Pp.

If @Q is a full subquiver of @, and @’ is the vertex-induced subquiver of )" whose vertex
set consists of vertices in Qg and those adjacent to @, then the cluster variables in A(Q, Q')
have the same expressions as those in A(Q, Q").

4. GLOBALLY COMPATIBLE COLLECTIONS

In this section, we give three formulas for the cluster monomial z[a] for a € W. All results
here will be proved in §6. These formulas extend the results on the equioriented type A
quivers given in [1]. For general type A quivers, a new situation we need to handle is the
appearance of 3-cycles.
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First we reduce to a special case. We can replace a by [a],, thus can assume a; > 0,
because of Lemma 3.5. Moreover, for any edge ¢ — j of () that is not in a 3-cycle, we can
add a vertex k and two arrows j — k and k — i (the vertex k is a frozen vertex). Indeed,
assume the modified quiver is (’. Then by Remark 3.6, once we have a formula for cluster
monomials for @', we can set x; = 1 for all i € Q \ Qo and obtain a formula for cluster
monomials for @. In the rest of the paper, we assume that a = [a], and

(4.1) Q is of type A with more than one vertex, and every edge of @ is in a 3-cycle.

4.1. A formula using 0-1 sequences. Fix a deg-2 vertex ig of () (which exists because of
(4.1)). For i € Qo, denote by d(i) be the distance (i.e., the length of the shortest directed
path) from iy to i. Let s; = (s;1,8i2,---,5iq,) € {0,1}% be a 0-1 sequence, and define

a;

a;
il =D sir il =D (1= sip) = ai — [sil.
r=1

r=1
We say that a sequence of 0-1 sequences s := (si,...,8,) is a globally compatible sequence
(abbreviated GCS) if the following holds for any 3-cycle i — j — k — i

o If d(i) < d(j) < d(k), then (s;4,5;¢) # (1,0) for 1 <t < oy
o If d(j) < d(k) < d(i), then (s;q,41-t,5ja,41—1) 7 (1,0) for 1 <t < oy
o If d(k) < d(’L) < d(]), then (Si’aiJrl,t, Sjﬂg) 7é (1,0) for1 <t< Oijk-

Theorem 4.1. For any d-vector a = (ay,...,a,) € Z%, (i.e., a € WNZY,), we have the
following formula for the corresponding cluster monomial:

(4.2) z[a] = (H xlaz> Z (H ;pfl) , where e; = Z |8; |+ Z |sk| — Z O jkis
=1 s % i—J k—1 i—j—k—i

here s runs through all GCSs.
This formula specializes to the formula given in [1] for a linear quiver.

4.2. A formula using Dyck paths. We recall the following definition from [12].

Let (a1, as2) be a pair of nonnegative integers. Let ¢ = min(ay,as). The maximal Dyck
path of type a; X ag, denoted by D = D> is a lattice path from (0,0) to (a1, as) that
is as close as possible to the diagonal joining (0,0) and (ay, as), but never goes above it. A
corner is a subpath consisting of a horizontal edge followed by a vertical edge.

Definition 4.2. Let D; (resp. Ds) be the set of horizontal (resp. vertical) edges of a maximal
Dyck path D = D**%_ We label D with the corner-first indezx in the following sense:
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(a) edges in D; are indexed as uj, ..., u, such that u; is the horizontal edge of the i-th
corner for i € [1,¢] and u,; is the i-th of the remaining horizontal ones for i € [1,a; —¢],

(b) edges in D, are indexed as vy, . .., vy, such that v; is the vertical edge of the i-th corner
for i € [1,¢] and v.4; is the i-th of the remaining vertical ones for i € [1,as — ¢|.

(Here we count corners from bottom left to top right, count vertical edges from bottom to
top, and count horizontal edges from left to right.)

Vg
Uq

v3

ue us3

v2

v1

us ul

FIGURE 5. A maximal Dyck path

Definition 4.3. Let S; C Dy, S; C Dy, s € Z>o. We say that Sy and Sy are s-compatible if
for every 1 < r < s, either u, ¢ S; or v, ¢ Sy. In other words, neither of the first s corners
are in the subpath S; U .95.

Note that the following definition of global compatibility is different from [12].

Definition 4.4. Let a = (ai1,...,a,) € Z%, be a d-vector. For each pair i — j in Q, let

D) be a maximal Dyck path D%*%. We label D) with the corner-first index (described

in Definition 4.2), whose horizontal edges are denoted ui” ), e ,ug” ) and vertical edges are

denoted by vii’j ), e ,v((li’j ). We say that the collection
{Séi’j) C Déi’j) i — j is an arrow, { € {1,2}}
is a globally compatible collection (abbreviated GCC) if and only if for any k — i — j in Q:
e if 7 — k is also an arrow in @), then Sfi’j ) and Sg’j ) are oijk-compatible, and
vk ¢ Sék’i) = ugi’i)lfr & Sf’j), for all r € [1, a;];

e otherwise,

v e S = w0 ¢ ST for all v € [1,q,).
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Theorem 4.5. Assume n > 1. For any d-vector a = (ay,...,a,) € Z%,;, we have the
following formula for the corresponding cluster monomaial:

(4.3) z[a] = (H xl—al) Z (H x!S&m{As&,w’) . H e

i—j i—j—k—i
where the sum runs over all GCCs. (Note that because of the rotational symmetry, each
3-cycle contributes three terms to the last product.)

4.3. A more explicit formula for cluster variables. The third method of computing
the cluster monomial with given d-vector is to first decompose the cluster monomial into a
product of cluster variables using pipelines and then use a formula for cluster variables using

GCCs.

For given d-vector, we construct pipelines as in the subsection 3.2. Then each pipeline
corresponds to a cluster variable. We give the GCC formula of the cluster variable z[a] in a
completely extended linear quiver (Q, Q)'), where a = (aq, ..., a, ) such that a; = 1if i € Q,
and a; = 0 otherwise. For any arrow (i 4+ d;) — (i + 1 — ¢;) of @ we attach a Dyck path
DU = D! which consists of one horizontal edge and one vertical edge. (Recall that §; is
defined in §2.2.2.) Then Definition 4.4 specializes to the following:

Let S;, C DY for i € [1,n — 1], r € [1,2]. We say that the collection {S;,} is a GCC' if

(4.4)  (ISial,[Siz]) #
(a) if (6;-1,6:) = (0,
(b) if (di-1,0:) = (1,
) if (3
(1,

(1,1) for i € [1,n — 1], and the following holds for i € [2,n — 1]:
0), then |S;—12| # |Sial;
1), then [Si14] 7 [Sial;
(¢) if (0i-1,0:) = (0,1),
(d) if (0i-1,0:) = (1,0),
Theorem 4.6. Let (Q,Q’) be a completely extended linear quiver, and n = |Qo| > 1,

= |Qy|. Define ag = (as,...,ay) such that a; = 1 if i € Q, and a; = 0 otherwise.
Then the cluster variable with d-vector ag s

(4.5) rlaq] = (ﬁ xi_l) 2 (12 y) |

i=1

then [S;_12| = |Si2l;
then [S;—11| = |Si1]-

where the sum runs over all GCCs {S;,},

i, if (1Sial; [Sizl) = (0:,1 = 6;)
Tirt, A ([Sial,[Sie]) = (1= 65, 6:)
Tigrr, o (1Sial,15i2]) = (0,0)

A |Si,2‘ |S7.1| 1- |Slll ‘522‘
Yi = 'TiJréi i+1—0;"1,1+1
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forie[l,n—1], and
Yo : {561,07 if |S1146, | =1 — 41, ) {xn,O, if 1Sn-12-6, 1| = On-1,
0=

n T

x11, otherwise, Tn,1, otherwise.

Remark 4.7. Note that the above theorem induces a formula for the cluster variables of
any type A quiver, that is, any mutation-equivalent type A quiver (possibly including some
3-cycles). Indeed, let Q be any type A quiver and x[a] be a non-initial cluster variable
(the formulas for initial cluster variables are trivial) with d-vector a = (ay,...,a, ), with
n' = |Qo|. Then the subset of vertices {i|a; = 1} is equal to the set of vertices Qg of a
linear full subquiver Q). By relabeling vertices if necessary, we assume Qo = {1,...,n} (thus
ay =---=a, =1and a,y; = --- = a, = 0 and for convenience we denote a = 1o,
By removing vertices in Qg but not in or adjacent to Qo, we get an extended linear quiver
(@, P); from this extended linear quiver we can obtain a completely extended linear quiver
Q'. Define n’ = |Qp|, m = |P|. Thanks to Remark 3.6, a formula for cluster variable
z[1"0" "] € A(Q, Q') induces a formula for z[1"0™"] € A(Q, P) by substituting z; = 1 for
i € Q) \ Py, which is also a formula for z[a] = 2[170" "] € A(Q). (See Example 8.2.)

Remark 4.8. We also give a formula for cluster variables of any type A quiver in terms
of GCS as follows. Let Q be a type A quiver and Q be a linear full subquiver of @, as in
Remark 4.7. Define

1, ifi € Qo;
4.6 = 1) h i = ’ P ’
(4.6) ag = (a;), where a {0’ i ¢ Qo
Relabelling vertices if necessary, we assume that @) is 1 <— 2 cee 4 n where each

arrow can go either direction. We will give a formula of the cluster variable z[ag].

Let s = (s;) € {0,1}", 0 < 5; < a; for every 1 <4 < n/. We say that s is a GCS if
(si,8;5) # (1,0) for every arrow ¢ — j in @);. Because s; = 0 for i > n, by abuse of notation
we also view s as an element in {0, 1}".

Let deg, (i) be the number of arrows in Q1 whose tails are in @, and heads are the vertex
1, let degg(z’) be the number of arrows in (); whose heads are in Qg and tails are the vertex
i. Let K be the set of vertices k € Q \ Qo such that there exists a 3-cycle k i — j — k
with s; = s; = 1; or equivalently,

K ={keQo\Qo| degg(k) = degi(k) = 1}.

Denote 5; = a; — s;. We have the following formula, where arrows ¢ — j are in Q:

Zs (Hi—)j ‘Tfjle> H ) gﬁfﬁi
(4.7) rlag] = x ! =Y z, whereza =" "7
TEQIO ' [Tiew ©n ; i ; HreruK Ly
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and s runs through all GCSs.

5. A BIJECTION BETWEEN PERFECT MATCHINGS AND GCCs

In this section, we first recall the construction of snake diagram and the formula of cluster
variables using perfect matching as in [16], then give a bijective proof of Theorem 4.6 via
perfect matchings.

Associated to a completely extended linear quiver (Q,Q’), we recursively construct the
snake diagram by gluing n-tiles together as follows: we first put the 2"-tile to the right side
of the 15%-tile; suppose the itB-tile is placed, we add the (i 4+ 1)"-tile to the right side or
on top of the i*®®-tile such that the (i — 1), (i)™ and (i + 1) -tiles are in the same row or

column if and only if §;, 1 # ¢;.
Next, we label the edges as follows.
e The common edge of the i™-tile and the (i + 1)*™-tile is labeled T} ;.

e Denote by Pl the parallelogram bounded by the main diagonals of the i*"-tile and
the (i+1)®-tile and two boundary edges. Any edge forming an angle of 135° with the
main diagonal of the i*"-tile will be labeled Ti(j ) (where j indicates the parallelogram
to which the edge belongs).

e For convenience, we let PI© be the right triangle with legs T} 10 and 77, and let
PI1™ the right triangle with legs T and T, 1.

e The edges of the first and the last tiles are labeled as in Figure 7.

Ti(i)
S
Ti(i—l) Tyt Ti(i—l) Ti(}r)l
= ) = 3
. | B Tih 2 it
i—2 i—1 i—1 i

Ti<—2 : Ti(—l ) Ti(—l : Ti()

51’—1 = (51 51’—1 # 51

FIGURE 6. Labels of edges in (i — 1) i*h and (i + 1)"-tiles in two cases

A perfect matching of the snake diagram is a set of edges such that each vertex is incident
to exactly one edge in the set.
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T2(1) Tnv]-*(sn—l Tn767z—1
T 15, 1 T Th1in WM Ths, or Tffjl) n Thi-6,
T1751 Téﬁzl) Tn—l,n
First tile Last tile

FiGURE 7. Labels of edges in the first and last tiles

FiGURE 8. The associated snake diagram of the quiver 1 — 2 — 3 with a
perfect matching.

For the fixed completely extended linear quiver (@, Q'), let M be the set of all perfect
matchings in the associated snake diagram, and G be the set of all GCCs. We shall construct
a bijective map Y g : M — G and its inverse ¢g 4. First we prove a simple lemma.

Lemma 5.1. For any perfect matching v and i € [0,n], there is exactly one edge of v lies
in P11,

Proof. The statement is obviously true for ¢ = 0 and i = n. Suppose the statement is false
for some i € [1,n — 1]. Since 7 is a perfect matching, we are in one of the following two

cases.

Case 1: both Ti(i), i(jr)l are in . If we remove Pl (4 vertices and 3 edges), then the rest
graph has two components which have odd number of vertices and have perfect matchings.
This is a contradiction.

Case 2: none of the three edges TZ@, 7}@1, T} i+1 lies in 7. Then we remove the three edges
(but do not remove the vertices) and apply the same argument as in Case 1. 0

Remark 5.2. Thanks to the above lemma, we can write a perfect matching v as {~1,..., v}
where ~; € P,
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Definition 5.3. - (i) We define a map ¢¥pg : M — G by sending v € M to {S,,} € G such
that for i € [1,n — 1],

(6, 1=6,), TV en,
(1S, [Ss2l) = § (1= 6,,8)), T €,
(07 0)7 if ﬂ,i-&-l €.

(By Lemma 5.1, exactly one of the three cases occurs.)
(ii) We define a map ¢g s : G — M by sending {S;,} € G to the set of edges v =
{Y0,71,---,Vn} such that
T, it (|Sial,|Sial) = (6.1 )
v = T it (18l 1Sial) = (1= 0;,6)
Tz’,z’ﬂ, if (‘Si,lla ‘Sm’) = (070)

for i € [1,n — 1], and

o = Tio if [Sia4e ] =1—01, = Tho if [She12-6, 1| = 0n-1,
0 T); otherwise, " 1,1 otherwise.

We assign a weight w(u) for each edge u of the snake diagram as follows for all 7, j:
(5.1) w(T") =25, w(Ti) =250

For a perfect matching v = (o,...,7,), define its weight w(y) = [T, w(y). In [16] it is
proved that the cluster variable with d-vector a is

(5.2) zla] = (H xf) > w(y).

Theorem 5.4. The maps Yag and Yg pm are well-defined and are inverses of each other.
Moreover, w(7;) = y;, thus g induces a bijective proof of Theorem 4.6 using (5.2).

Proof. (i) We show that 9 g is well-defined, that is, ¢y g(y) = {5} satisfies the condition
(4.4). It’s clear from the construction that for every ¢ € [1,n—1], (|S;1],[Si2|) # (1,1). Next,
we prove (a) and (c) of (4.4), since (b) and (d) can be proved similarly.

For (a), we suppose (0;_1,0;) = (0,0) and need to show that Ti(:l) €Ev& Ti(fr)l ¢ ~v. This
is true because the two edges Ti(jl) and Ti(i)l are incident to the same deg-2 vertex, thus
exactly one of them is in v. (See the left diagram in Figure 6.)

For (c), we suppose (0;-1,9;) = (0, 1) and need to show that Ti(:l) Ev& 7}@1 € 7. These
two edges are opposite edges of a tile which is the middle of three tiles in a row or a column.
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Deleting these two edges will separate the snake diagram into two graphs with even number
of vertices each. Thus the two edges must be both in v or not in . (See the right diagram
in Figure 6.)
(ii) We show that 1g A4 is well-defined, that is, 1g A4({Si,}) = 7 is a perfect matching. Since
the snake diagram has 2n + 2 vertices and v has n 4+ 1 edges, it suffices to show that all
edges in v are disjoint. We assume the contrary that 7. shares a vertex with v, for some
0 <c<d<n. Since v, € Pl and Yq4 € Pl Pl and PI¥ much be consecutive, thus
d=c+1.

We first assume 1 < ¢ < n — 2. We shall discuss two cases (., 0.+1) = (0,0) and (0, 1),
and omit the other two cases (1,0) and (1, 1) since the proof is similar.
Case (0¢, 6c41) = (0,0): since {5;,} is a GCC, we must have (|S. 1], |Se2l, [Set1.1]s [Sex12]) =
(0,1,0,1), (0,1,0,0), (1,0,1,0, or (0,0,1,0). Correspondingly,

(Yer Yer1) = (T, TET) (T8O, Togt opn), (T, TSED), o1 (Toerr, TSHD).

It is obvious from Figure 9 that . and ., are disjoint, a contradiction as expected.

1
Ty
c+2
. 11
Téjr)l Tet1,c42 Tc(i)l Tc(iZ )
~
~ ~ ¢
+
c §c+1 Tty c §c+1 Ce+2
- — —+
V)
o Ot

FIGURE 9. Left: (J.,0.+1) = (0,0) and Right: (6., d.+1) = (0,1)

Case (d¢,0cr1) = (0,1): similar as the above case,

(Vca ’YC-‘rl) - (T(C)7 Tc(i—gl)>’ (T(:(Jcr)la Tc(fr—"l_l)% (T(:(Jcr)la TC+1,C+2)7 (TC,C+17 Tc(fjl_l)) or (TC,C+17 TC+1,C+2)'

c

We get the expected contradiction by observing Figure 9.
The cases of ¢ = 0 and ¢ = n — 1 are proved by a similar argument.

(iii) The fact that ¢ g and g o are inverse of each other, and w(y;) = y;, follows easily
from their definitions. 0

Example 5.5. If v = {11, T3, T¢, T3, Tio} then ¥ag(y) = ((0,1),(0,0),(1,0)) as shown in
Figure 10.
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T11
T§3) Tho
Ty
(2) /y
T2 L0 PMe xl Ty
4
1
T2() Is ) XT3 X3
Ts T T:.EQ)
Ts Tl(l)

FIGURE 10. An example of the map ¥ g

6. PROOF OF MAIN THEOREMS 4.1 AND 4.5

We have explained in §4.3 that, in order to compute cluster variables, it suffices to have
the formula for a completely extended linear quiver, namely Theorem 4.6. This theorem
follows from Theorem 5.4. In this section, we show how to derive Theorem 4.1 and Theorem
4.5 from Theorem 4.6.

6.1. Proof of Theorem 4.5. Let z'[a] be the right hand side of the formula in Theorem
4.5. We shall show that (i) the GCCs for the d-vector a are in one-to-one correspondence
with the collections of GCCs for the d-vectors b’s described in (3.2); (ii) 2’[a] = [],, 2/[b];
and (iii) '[b] = z[b] using Theorem 4.6. It then follows that z'[a] = z]a].

(i) Let {Séi’j)} be any GCC for the d-vector a. For each pipeline A, let b = by, we
construct a GCC {SlE” 8% for the d-vector b by requiring the following for each arrow
1= gt

— if A intersects the edge ¢ at the r-th marked point, then |S§i’j)’A|
ug«w) c SYJ)’

— if A intersects the edge j at the r-th marked point, then |S§i’j)’A\ = 1 if and only if
,U”Eivj) c Sg’»])’

(in both case the marked points are ordered in the increasing distance from the common

= 1 if and only if

endpoint of ¢ and j).

To verify that {Séi’j )’A} is a GCC for the d-vector b, we need to check the conditions in
Definition 4.4. The only nontrivial condition to check is that for a 3-cycle k — i — j — k,
S and Sg’j)’A are op-compatible. That reduces to showing that (|S§i’j)’A|, |S£i’j)’A|) #
(1,1) in the case (b;,b;,b;) = (1,1,0). In this case, A intersects edges i and j at the r-th
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marked points for some 7 < of;. Then either ul?) ¢ Sgi’j ) or v\ ¢ Séi’j ). In the former

case, |S"}| = 0; in the latter case, | S| = 0. Therefore (|5, |SSM)) £ (1,1).
It is easy to see that a unique GCC {Séi’j)} is determined if we take any collection of

GCCs {Séi’j )’A} for all pipelines A. So we have the desired one-to-one correspondence.

(ii) We show that [[,, 2'[b] = 2’[a]. Since ) b = a, it suffices to show that, for each GCC
{551 letting {5} be defined as in (i), the following holds (recall that b = by depends
on A):

|S§¢,j>,A| ‘S{i’j)’A’ —ob\ |S§m> } |S§m‘> | —o3,
x; x; : x; = x; x; : x; .
A i—J i—j—k—1 i—7J i—j—k—i

Since the left hand side is equal to

H xZA |Séi’j)’A ‘ xZA |S£i7j)’A| ) H o oA U?ki’

1 7 1
1—J i—j—k—1i

it suffices to show that |S§i’j)’A| = |S§i’j)|7 PN |S£i’j)’A = |S§i’j) ,and Yo, 00 = 0%,
The first two are clear. To show the last equality: first note that if A is disjoint from
the edge j, then b; = 0 and thus O'kai = 0. So we only need to consider those A’s that
intersect j. Let A, (1 <1 < a;) be the pipeline that intersects j at the r-th marked point
(ordered in the increasing distance to the common endpoint of j and k). If r < 0%, then
(bj, br, b)) = (1,1,0), thus o, = 1; otherwise, either b; = 0 or by = 0, thus o}, = 0.
Therefore ), 0%, = 0%,.

(iii) We show that z’'[b] = z[b]. By Remark 3.6, it suffices to show that, in the setting
of Theorem 4.6, the right hand side of (4.5) is equal to z'[a]. It breaks down to show that,
for i € [0,n], the following equality holds for the i'-th 3-cycle i — j — k — i in Q' (for
i" € [1,n — 1], the #/-th 3-cycle is the one that contains vertices v;, v;41 and v;;41; the 0-th
3-cycle is v — vy 9 — v11 — v1; the n-th 3-cycle is v, — v 0 = V1 — Uy):

(6.1) (xz} S ‘ N |AS£Z',.7') ‘ ) <x ‘-Séj’k) ‘ xl[:sgj,m | ) (Il}fék,i)

J J

‘Sgk,i)
x:

>. —Ojki, ~Okij ~Oijk
K3

x, ry My =y

We shall only prove the case when ¢ € [1,n — 1] and J; = 0, because other cases can be
proved in a similar way. In this case, the i'-th 3-cycle is v; = v;i41 — v;41 — v; (where
i =1'), and the left hand side of (6.1) is equal to

Si2 Si o 1-|Si2 1—

So (6.1) holds.

Si 1 Si2 Sii| 1—|Sin Si2

0 -1 _ —



NEW COMBINATORIAL FORMULAS FOR CLUSTER MONOMIALS OF TYPE A QUIVERS 23

6.2. Proof that Theorem 4.5 implies Theorem 4.1. We give a bijection between GCSs
and GCCs. Let s be a GCS. Consider a 3-cycle ¢ — j — k — ¢, labeled in the way that
d(k) < d(i) < d(j). Then we define

S = fu, e DI s, =13, S8 = {v, € DI]s;, = 0}
SUD = {u, € DI85 041-0 = 1}, S8 = {v, € DY|s;, = 0}
Sfj’k) = {ur S ngk)}sjya]drlfr = 1}7 Séj,k) = {UT € ngk)‘sk,akJrlfr = O}

It is then easy to check that the conditions of GCSs and GCCs, as well as the two theorems,
are equivalent under this bijection.

7. A BIJECTION BETWEEN GCSS AND BROKEN LINES

This section is devoted to the construction of a bijection between GCSs and broken lines
in the even rank case (Theorem 7.10) and the general case (Theorem 7.13). In §7.1, we give
a description of the g-vector of a cluster variable, which will determine the initial direction
of the broken lines. In §7.2, we recall the necessary facts on scattering diagrams, broken
lines, and theta functions. The rest of the section is to state and prove Theorem 7.10 and
7.13.

In this section, we let Q be a type A quiver and @ be a linear full subquiver of Q.
Relabelling vertices if necessary, we assume that () is

(7.1) Q: 1 2¢— - <—n (each arrow can go either direction).

7.1. g-vectors. It is shown in [10, Theorem 7.5 (4)] that, if m is the g-vector of a cluster
variable, then the cluster variable is exactly 9,,. So we first study g-vectors.

Lemma 7.1. Let ag be defined as in (4.6). Then the g-vector mg = (g,) of the cluster
variable x[ag] is given by

degg(r) =1, ifr € Qo;
gr=19 L ifr¢ Qo and (deg)(r),degy(r)) = (0,1);
0, ifré¢ Qo and (degg(r), degg(r)) # (0,1).

Proof. We use the description of g-vectors in [17, §13.1]:

z(P-)

— deg — N =)
v = CC8 cross(T°,7)
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It is easy to verify that P_ corresponds to the GCS s = (s;) where s; = 1 if and only if 7 € @
(this is the unique GCS satisfying s; = 0). Thus
(HHJ‘ xi]xji) B HHj xj’

leex zx [licw zn

Meanwhile, cross(T°,7) = [, z; “. So we can compute the g-vector case by case:

(7.2) 2(P) =

If » € Q: the power of x, in (7.2) is equal to the number of arrows i — r with s, = 1,
which is degg(r). Since a, =1, g, = degg (7).

If r ¢ Q and (deg)(r),degg(r)) = (0,1): then r ¢ K, thus the power of z, in (7.2) is
degg(r) = 1.

I 7 ¢ Q and (degl(r), degg(r)) # (0,1): then (degl(r), degg(r)) = (1,1), (1,0) or (0,0).
If it is (1,1), then r € K, thus the power of z, in (7.2) is degg(r) — 1 = 0; if it is (1,0)
or (0,0), then deg, = 0 and r ¢ K, thus z, does not appear in (7.2). In all cases, we get
gr = 0. OJ

Remark 7.2. The above is equivalent to the following description of the g-vector of z[ag]:

—1, if r € @) is not the head of any arrow in Q);
_J 1, if “r € Q is the head of two arrows in Q”, or “r ¢ Q is adjacent to only
Ir= one vertex in @), either 1 — r or n — r”;

0, otherwise.

7.2. Scattering diagrams and broken lines. We only recall the necessary facts needed
in our paper, specialized in our setting. For more reference, see [10].

Recall that in §2.1 we defined I = I = {1,...,n} for a coefficient free cluster algebra A
of rank n, and I = {1,...,2n} and I = {1,...,n} for a principal coefficient cluster algebra
Aprin of rank n.

Let M = 7" N = Hom(M,Z) with a basis (e;)icr, Mg := M ® R with dual basis (f;)er.
N is equipped with a skew-symmetric form {-,-}. Let Ny be a sublattice of N with basis

(€i)ier,,- Define
Nt :={ Z aeila; > O,Zai > 0}.
1€ s
We assume the Fundamental Assumption: the map pj : Ny — M given by n +— {n,-} is
injective.

Choose a strictly convex top-dimensional cone o C Mg, with associated monoid P :=

—

o N M, such that pi(e;) € P\ {0} for all i € Is. Let Z[P] be the completion of Z[P] at the
maximal monomial ideal m generated by {z™|m € P\ {0}}.
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A wall is a pair (0, f,) where 0 € Mg is a (rank/N — 1)-dimensional convex rational polyhe-
dral cone contained in ng for some primitive vector ng € N*, and fo =1+ k>0 cpp2kPi(no),

A scattering diagram ® is a collection of walls such that there are only finite many walls
(0, fo) € D satisfying f, Z1 mod m* for each k > 0.

Given a scattering diagram ®, define its support to be

Supp(®) = Jo,

and define its singular locus to be

Sing(®) :=|Joou  |J N0
dim01Mda=n—2
For a smooth path 7 : [0,1] — Mg \ Sing(®) whose endpoints are not in Supp(®) and
that it is transversal to each wall that it crosses, we define an automorphism 6,  of ZTF] as
follows: for each k > 0, we can find numbers 0 < ¢t; <ty < --- <t, < 1 such that v(¢;) € 0;,
with (s, fo,) €D, fo, Z1 mod m*, and d; # 9, if {; = ¢;, and s taken as large as possible.
For each i, define an automorphism 6; to be

O;(z™) == ™ i ™
where n; is the primitive vector annihilating 0, and satisfying ~/(¢;) - n; < 0. Define
(

0 = 0.0 1-+-01, and 6,0 = lim 6%

A consistent scattering diagram ® is a scattering diagram such that 6, » only depends on
the endpoints of .

Two scattering diagrams ©, ®' are equivalent if 0,5 = 6,9 for all paths v for which
both sides are defined. Let p* : N — M be given by n — {n,-}. A wall 0 is incoming if
p*(ng) € 0, where ng L 0 and nyg € N*; otherwise, the wall is outgoing. Define the initial
scattering diagram

(7.3) D = {(eF, 1+ 2%)

i€y}, where v; := pi(e;).
Note that all walls in ®;, are incoming.

Definition 7.3. Let ©® D ©;, be a consistent scattering diagram such that © \ ©;, consists
only of outgoing walls.

(It is proved in [10, Theorem 1.7] that ® exists and is unique up to equivalence.)

Let © be as defined in Definition 7.3, mg € M \ {0} and Q € Mg \ Supp(®). A broken
line for mg with endpoint Q is a piecewise linear continuous proper path v : (—o0,0] —
R™ \ Sing(®) with a finite number of domains of linearity. This path comes along with the
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data of, for each domain of linearity L C (—o00,0] of v, a monomial ¢;2™* € Z[M]. This
data satisfies the following properties:

(1) 7(0) =Q.

(2) If L is the first (and therefore unbounded) domain of linearity of v, then ¢ 2™t = z™o.
(3) For t in a domain of linearity L, 7/(t) = —my.
(4)

4) Let t € (—00,0) be a point at which 7 is not linear, passing from domain of linearity
Lto L. Let ©; = {(0, f,) € D|y(t) € 0}. Then cp2™ is a term in the formal power
series

CLZmL H fD|<’IL077TLL>|'

(D,fa)E@t
We denote the monomial attached to the final domain of linearity of v by Mono(7).
For given mg € M \ {0} and Q € Mg \ Supp(®), the theta function is defined to be

19Q,m0 - Z MODO(’YL
ol

where v runs over all broken lines for mg with endpoint Q.

Remark 7.4. The broken lines that we shall construct in this paper will not bend on walls
that are not in the initial scattering diagram ©;, defined in (7.3). A priori, there may exist
broken lines that do bend on walls in © \ ©y, (i.e., outgoing walls); but we shall argue that
there are no such broken lines in our setting (where we only consider those appearing in the
theta function corresponding to cluster variables; see §7.4.2). In general, broken lines can also
bend on outgoing walls if we consider those appearing in the theta function corresponding
to cluster monomials. Because of this obstacle, we could not yet extend the cluster variable
formulas Theorem 7.10 and 7.13 (which explicitly decribe the broken lines using GCSs) to
cluster monomials.

7.3. A bijection between GCSs and broken lines (in the even rank case). In this
subsection, we give a bijection between GCSs and broken lines for the cluster variable z[ag)]
when n' (the rank of the cluster algebra A) is even. This is exactly the case when the
exchange matrix B is of full rank, which guarantees that the Fundamental Assumption in
[10] is satisfied. (Indeed, since [2, Lemma 3.2] asserts that the rank is invariant under
mutation, it is suffices to consider the linear quiver 1 — 2 — --- — n/, in which case the
determinant of B is 1 if n’ is even, 0 if n’ is odd.)

Definition 7.5. For a given GCS s, we say that r € [1,n] is an adjustable position if

(a) the r-th coordinate of s is 0, and
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(b) the sequence obtained from s by replacing the r-th coordinate by 1 is still a GCS.

Remark 7.6. An adjustable position always exists as long as some coordinate of s = (s;)
is 0. This follows from the following equivalent definition: let ()° be the full subquiver of @)
with vertex set {j € Qo|s; = 0}. Then r is an adjustable position if and only if 7 is a sink
of Q°. Since @ is acyclic, Q° is also acyclic, thus Q)° has at least one sink.

Definition 7.7. For a given GCS s, let £ = n —|s|. Define s¢) = s, and define w; (1 < i < {)
and s; (0 < i < ¢ — 1) backward recursively as follows. Assume s is defined for some
i satisfying 1 < ¢ < ¢. Define w; € [1,n] to be the smallest adjustable position, and the
corresponding new GCS by sU~1. (It is clear that w1, ..., w, are mutually distinct, and the

set {wl,...,w[} = {j EQO|8]' :O})

Definition 7.8. (i) Define a function gg : {0,1}" — {0, £1}" sending s to (g,)1<,<n Where

(74) g = { degb?s(r) + deggfs(r) —1, ifr e Qq, or r and two vertices in Q¢ form a 3-cycle;
) e

degh(r) + degd5(r),  otherwise.

Here degéi;(z’) is the number of arrows j — ¢ in @)} such that j € )y and s; = 1, and
deg%:(i) is the number of arrows j < i in ()] such that j € @)y and s; = 0. (Remark 7.9(2)
explains why g, € {0, £1}.)

(i) Define m; = (m;,) := go(s®) € {0, £1}" for 0 <i < L.

Remark 7.9. (1) Note that s(© = [1,...,1] € {0,1}". We claim that my = (g,) co-
incides with the definition given in Lemma 7.1. Indeed, note that degOQ:(T) = 0. If
r € @Qo, nothing needs to be proved. We assume r ¢ @y in the rest of the paragraph.
If (deg)(r),degg(r)) = (0,1), then we are in the second case of (7.4), g, = degg2(r) =
degg (1) = 1; if (deg)(r), degg(r)) = (0,0) or (1,0), then we are in the second case of (7.4),
thus ¢, = degéfs(r) = degg(r) = 0; if (degg(r),degé(r)) = (1,1), then we are in the first
case of (7.4), thus g, = degy 1 (r) — 1 = degg(r) — 1 =0.

(2) It is easy to check that every coordinate of m; = (g,) satisfies —1 < g, < 1. Indeed,
gr > —1 is obvious; to check g, < 1, note that every vertex r is adjacent to at most two
vertices in )y, so we only need to show that in the second case of (7.4), it is impossible to
have degg, ;(r) + deggy5(r) > 2. But this equality implies that r is adjacent to at least two
vertices in (Qp; it follows from the description of type A quivers that r and two vertices in
Qo form a 3-cycle, which contradicts the condition of the second case.

The following main theorem gives a bijective construction of Jq m, = z[ag].
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Theorem 7.10. Assume the rank n' of the cluster algebra is even, and Q = (q1,q2, - - ., qu)
such that

(7.5) 0< G <K<K @KL qp, foreachi=n+1,...7n.

(Here © < y means 0 < x/y < e, where € > 0 is a fized real number satisfying (1+¢)" < 2.)
Let my be defined as in Lemma 7.1. Then there is a bijection ¢ between the set of GCS and
the set of broken lines for mqy with endpoint Q, such that each GCS's is sent to a broken line
v = @(s) satisfying Mono(v) = zs (defined in (4.7)): using notation in Definition 7.7, the
broken line v can be explicitly described as follows:

(i) it has £ + 1 domains of linearity Lo, Ly, ..., Ly (where Lo is unbounded);

(ii) 4t bends from the domain of linearity L;—y to L; at a point on the wall 0y, ;
(iii) v'(t) = —m; fort € L;;
(

iv) the monomial attached to L; is 2™

7.4. Proof of Theorem 7.10.

7.4.1. We show that (i)—(iv) determine a valid broken line. The setting of [10] for a type
A cluster algebra is specialized as follows: the lattice Ny = N = Z" is equipped with a
basis ey,..., e, and with a skew-symmetric bilinear form {-,-} : N x N — Q satisfying
{ei,e;} = €;; = —b;;. (Since type A is skew-symmetric, all the multipliers d; = --- =d,y =1
as noted in [10, p114]). The dual lattice M has a basis fi,..., fur dual to eq,...,e,. The
vector v; defined in [10, p29] is

vii={ei -} = Y biifs.
j=1

Step 1: check z™i—1 féZf”mi_ﬁ contains a term 2™, for 1 <4 < {. (Here ng is the primitive
vector annihilating the tangent space to d,, and that (ng,m;_1) is positive.) Since ny =
+e,,, and by Remark 7.9(2), all coordinates of m;_; take value in {—1,0,1}, we must
have (ng,m;_1) = 1. Meanwhile, by the initial scattering diagram described [10, p31],
fo,, =1+ 2z"i. So

. nQe,m;— . i .
Zmz_l féwo 3 1> — Zml 1 + Zmz 1+7Jw1’
i

and we are left to show that v,, = m; — m;_y, or equivalently b,,, = m;, — m;_1,, or
equivalently

(7.6) by, = X +Y
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where X = degg, ) (r) —degg to v (1), Y = deggy i1 (1) —deggyyrn (r). Since s® and s~ 1)
only differ in the w;-th coordinate (where the former has coordinate 0 and the latter has
coordinate 1), we have

otherwise.

—1, if there is an arrow w; — r; 1, if there is an arrow r — w;;
X = and Y = _
0, 0, otherwise.

Then (7.6) can be shown case by case: (1) if b,,, = 0, then r = w; or r is not adjacent to
w;, in either situation we have X =Y = 0, thus (7.6) holds; (2) if b, = 1: then X = 0,
Y =1, and (7.6) holds; (3) if b, = —1, then X = —1, Y = 0 and (7.6) still holds.

Step 2: denoting by Q; € 0, the point where v bends from the domain of linearity L; ; to
L;, check that Q; — Q41 € Rt m; for i =1,...,¢ (assume Q1 = Q).

Note that Q; = (q§i)) are determined by the following conditions:
Q1 =Q, CL(L) =0, Qi— Qi1 €Rmy.

For convenience, we introduce the following definition: for z,y,r € R,y > 0and 1 < r < 2,
define
x x
rR,yYy<—2—-r<—-<r (:})——1‘ §r—1>.
Y Y
Note that z ~, y implies > 0.

Lemma 7.11. (i) The w;-th coordinate of m; is —1.
(i) Qi — Qit1 = qg;rl)mi-

iii quf) ~ it G, for 1 < i < i <04+ 1. As a consequence, for all 1 < 1 < {, we
[ '(1+€) i
must have qf,ffl) > 0, hence Q; — Qi1 € Rtm;.

Proof. (i) By (7.4),
M, = deggy o (wi) + degey o (wi) — 1

So to show m;,,, = —1, it is equivalent to show that the above degrees are both 0.

Since s{) = 0, we must have sy) = 0 for any arrow j — wj;, otherwise it contradicts the

assumption that s is a GCS. Thus degé;;(i) (w;) = 0.

Similarly, since sq(f; D= 1, we must have sgifl) = 1 for any arrow w; — j, otherwise it
contradicts the assumption that s~ is a GCS. Thus degOQ:(i_l)(wi) = 0. Since s~V and
s only differ in the w;-th coordinate, we have degOQ:m (w;) = deg%:(i,w(wi) =0.

(ii)) Assume that Q; — Q41 = Am;. To determine A, it suffices to consider the w;-th

coordinate on both sides:

-

— gt = Amyy, = =\
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Then (ii) holds since i) = 0.

(iii) We prove it by fixing ¢ and using downward induction on i’. For i’ = £+ 1, q(Z ) = = Qu;
hence the statement holds. For i < ¢+ 1, using (ii) we have

(77) (L(L;Ll) q1(31+1) = qg ,—H)mi’,wi‘

Note that w; # w; since i’ # i. We argue in two cases:

Case 1: wy < w;. We have ql+ ) & R (14ey—it Gu, and q ) R 146y~ Quw, by inductive

assumption. Since my ,,, € {0,%1}, (7.7) implies
() (@ +1 ) (1'+1) (i'+1)

qwz ’ ‘ qwz—H) + q mi w; — Qu; S ‘ Gw; — Qu; + qw i/ ’
qw qwi qwi
q(z +1) @ (2 +1) q 3 3 3
= “; —1‘+‘ . ‘ ql <(I4+e) " —1+(1+e) " e=1+e)* " —1.

Case 2: wy > w;. We shall show that m ,,, = 0 (which implies qu) = qgf )~ R 1—(i'+1) Quys

therefore ql(j‘;) Rpi1-ir Qu,,)- 1t suffices to show that the two degrees in the following expression

are 0 and 1, respectively:

Mt = degégfs(i,)(wi) + deg%:(,-,)(wi) -1

Since s) is GCS and swl = 0 by the construction of s), there is no arrow j — w; in @
satisfying sg- ") = 1. Thus degQ’Sm(wi) =0.

Next, we prove degOQ‘_s(i/)(wi) = 1 by contradiction:

If deggf(zl)(wl) = 0, then there is no arrow w; — j in @ satisfying s(i/) = 0. But then w;
is also an adjustable position in s), which contradicts the property of being “smallest” i
the definition of wy (Definition 7.7).

If deg%:(i/>(wi) > 2, then by our assumption on @ (see (7.1)), there must be two arrows
w; = (w; — 1) and w; — (w; + 1) in Q satisfying s( v) ‘= sq(u/)le = 0. Consider the longest
path starting from w; and going left: j < (] +1) - (w; — 1) w; in Q s (defined
in Remark 7.6). Then j is a sink in QS , hence adjustable and satisfying j < w; < wy,

again contradicts the property of being ° smallest” in the definition of w;. O

7.4.2. The map ¢ is bijective. It is easy to see that ¢ injective, since different GC'S determine
different sets of w; ( i.e., the sets of walls where the broken line bend), thus determine different
broken lines. Thus to show the bijectivity of ¢, it suffices to show that the number of GCC
is not less than the number of broken lines. To show the latter, we use [10, Theorem 7.5 (4)]
which asserts that the cluster variable z]ag] is equal to the theta function ¥q . Since the
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number of GCS is equal to z[ag||s;—..—s ,—1, on the other hand each broken line contributes
at least 1 to zf[ag]|s;=..—s,,—1, We conclude that the number of GCS is not less than the
number of broken lines. Therefore ¢ is bijective. This completes the proof of Theorem 7.10.

Note that the above argument implies that each broken line that contributes to ¥q n,, will
not bend on any outgoing walls.

7.5. A bijection between GCSs and broken lines (in the general case). To extend
Theorem 7.10 to odd ranks, we need to consider principal coefficients. We denote by Z|a]
the cluster variable in A, that corresponds to the cluster variable z[a] in A.

Lemma 7.12. Let A be a (coefficient-free) cluster algebra of rank n, and Ay, the corre-
sponding cluster algebra with principal coefficients. Let z[a] be a cluster variable in A with
g-vector g € Z". Then the corresponding cluster variable Z[a] in Aun has g-vector

:

Proof. Recall that the g-vector of z[a] € A is the multidegree of the corresponding cluster

€Z" x 0" C Z*".

variable in principal coefficients. More precisely, start with matrix Bto =

?] , and for each

mutation ¢t —— ¢/ , B, and By are related by the rule
(78) bf] _ ij 1 )]
bﬁj + sgn(bfk)[bfksz]Jr, otherwise.

the new cluster variable is determined by

2n . 2n .
[bix]+ (=05 ]+
(7.9) Thyp Thyp = H T+ H Tip "
i=1 i=1

Each cluster variable is homogeneous with the assignment that, for 1 < ¢ < n, deg(z;) =
e; € Z", deg(x,4;) = —b; € Z™, where b; is the i-th column of B. This multidegree is the
g-vector of the cluster variable.

The g-vector of Z[a] € Apyy is defined similarly as above, with B and B, being replaced
by
—I

, respectively.

o ~ ~
~ O O
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Using (7.8), it can be proved by a simple induction that,

B, —C;
= Ct Dt . ~ Bt
B = f By =
t Ct Dt , 1 t Ot
0 1

(In fact, D; = 0 if the sign-coherence conjecture is true [18, Conjecture 8.8]; in particular, it
is true if B is skew-symmetric, but we do not need this fact in this paper.) Using (7.9), it
can be proved by a simple induction that Z[a] can be obtained from z[a] by the substitution
i — Ty and Ty > TpiiZonas, for 1 <4 < n. Since

deg 71 — el _ deg x; 7
0 0

0

7

] — (the i-th column of B) =

-]

the multidegree (i.e., the g-vector) of Z[a] must be [g] where g is the multidegree (i.e., the

deg(TnyiTonti) = [

g-vector) of x[a].

In the rest we show that Theorem 7.10 can be adapted to Apyin.
Theorem 7.13. Assume Q = (q1,q2, - -, Gon) such that
0<G<K< <K@ <L qp, foreachi=n+1,...n.

(Here x < y means 0 < x/y < e, where € > 0 is a fized real number satisfying (1 + &)™ < 2.
There is no condition on Gpi41, ..., qon.) Let

0 — 0 )

where my is defined in Lemma 7.1. Then there is a bijection ¢ between the set of GCS and
the set of broken lines for 1y with endpoints Q, such that each GCS's is sent to a broken

line v = p(s) satisfying Mono(’y)‘m = zs (defined in (4.7)): using notation in

Definition 7.7, the broken line ~y carrzlzle:é;;l?cli:t;y described as follows:
(i) it has £ + 1 domains of linearity Lo, L1, ..., Ly (Lo is unbounded);
(ii) 4t bends from the domain of linearity L; 1 to L; at a point on the wall d,,,;
(iii) 7/(t) = —m,; fort € L;, where m; = [szz ] :

r=1 ewr
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(iv) the monomial attached to L; is 2™,

Proof. Since B is full rank, the Fundamental Assumption in [10] is satisfied, thus the proof
in §7.4 works with little change; we point out the nontrivial revision change.

Because of Lemma 7.12, the g-vector of Z[a] is indeed mg. Thus Z[a] is equal to the theta
function ¥¢ 5 by [10, Theorem 7.5 (4)].

e R?" . Since the first n’ coordinates of m;_; form

In Step 1, ng is replaced by ng = [g
the vector m;_1, we have (ng,m;) = (ng,m;) = 1. The function attached to the wall d; is

]Fal- =1+ 2% where 0; = Yl Thus

€;
Uwi my; — M1 ~ ~
= =m; — Myi—1.
Cw; Cw;
(i+1)
i

In Step 2, since 7(Q;) = Q;, we have Q; — Qi1 = qﬁjjl)mi with the same ¢, ' > 0 as in
Lemma 7.11. U

Uy, =

8. EXAMPLES

In this section, we give several examples to illustrate the computation of cluster variables
and cluster monomials using methods introduced in previous sections.

Example 8.1. We compute z[2,2,2], the cluster monomial with d-vector (2,2,2) for the
quiver @ =1 — 2 — 3 — 1 (a 3-cycle).

— Using formula (4.7): choose ig = 1. Then d(1) =0, d(2) = 1, d(3) = 2, 0123 = 0231 =
o312 = 1. A GCS s = (s, S9, 83) satisfies

(81,1782,1), (83,2, 81,2), and (82,2, 33,1) 7& (170)‘

A tedious computation using (4.7) gives x[2,2, 2] = z] x5 2r3 2 (21 + 22 +23)%. (But at least it
is easy to see that there are 27 terms; indeed, since each pair has 3 choices (0,0), (1, 1), (0, 1),
the total number of GCSs is 3 x 3 x 3 = 27.)

— Using formula (4.3): there are three Dyck paths of size 2 x 2 corresponding to the three
arrows 1 — 2, 2 — 3, 3 — 1: such that (i) we do not choose both u; and v; in each Dyck
path, and (ii) we choose v, in the i-th Dyck path if and only if we do not choose u3_, in the
(i + 1)-th Dyck path for » = 1,2 (by convention, the 4th Dyck path is the 1st one). In the
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v2 z1 x3
U2 €2
—

V1 xr1 €2
u1l Z1

FIGURE 11. Left: the 2 x 2 maximal Dyck path Right: An example of GCC.

example of GCC in Figure 11 (Right), the corresponding product

(2,7) (2,7)
‘SQ | ‘Sl ’ . _Ujki_( 3,2 ) -1,.-1,-1_ 2
Z,; l'j Zz,; = (T1X52%3) - Ty Ty Ty = T{T2.
i—j i—j—k—i

2,,—2, —2

Ty Tg (I1+ZL’2+IL'3)3.

— Using formula (4.5): first observe that there are 3 pipelines as shown in Figure 12.

Computing all possible GCCs gives z[2,2,2] = x]

FIGURE 12. Pipelines

According to §4.3, x[2,2,2] = z[1,1,0]z[0, 1, 1]z[1,0,1]. Now we compute z[1, 1, 0] using
Theorem 4.6. The pair (|S11],]S12]) can be (1,0),(0,1),(0,0). Correspondingly, we have

(1, Y0, Y2) = (21,210, T20), (T2, T11, T2,1), (%12, ¥1,1, T2,0). Then
2[1,1,0] = (723 ") Z yoyrye = (27 w5 ) (2121,022,0 + TaT1 1T 1 + T1,9T1,1%20)
= (a7 2y ") (@1 + 22 + 33)

where the last equality is obtained by substituting z; 2 = @3, and z19 = 211 = 229 = 221 =
1. Similarly, [0,1,1] = (x5 x5 ") (21 + zo + 23), 2[1,0,1] = (z7 x5 ") (21 + 29 + 23). Thus
7[2,2,2] = 27 %25 %25 % (01 + 29 + 73)°.
Example 8.2. We compute some cluster variables of A(Q) where Q is the following type
A quiver:

1 6——7

| >

/ \

> 33— 4
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As observed in Remark 4.7, the set of non-initial cluster variables is in one-to-one corre-
spondence with the set of d-vectors a = (aq,...,a,), where a; € {0,1} and {i|a; = 1} is
the vertex set of a linear full subquiver of Q. So we can compute all cluster variables using
Theorem 4.6.

For example, we consider the d-vector a = (1,1,1,0,0,0,0). Then the subset of vertices
{i|la; = 1} is equal to the set of vertices @y of the full linear subquiver @ =1 — 2 «— 3. Tt is
a subquiver of an extended linear subquiver P and after completing P, we get a completely
extended linear quiver )’ as shown in Figure 13.

/\ s /N
1\72%3\4 £ 1\*/>2%3\Jl

FIGURE 13. P and its completed version ()’

In P, we have v 2 = 5, v33 = 6, v39 = 4. Two 3-cycles are added and the new vertices are
v =8, v =9 and v3; = 10. All GCCs are described as follows.

x €3

fr = ) 55(51) = (935-T65U93310)/(5E1332$3)
) To
T T3
Ba = ) 95(52) = (x2x4x5:c9)/(w1x2x3)
i) T2
T I3
fs = , x(Bs) = (waxexs10)/(T12223)
T X2
T T3
By = , x(Ba) = (w3wa28)/ (T170223)
To )
Bs = o " ) $(55) = ($1$3$9$10)/($1I2$3)
) )

The cluster variable with d-vector (1,1,1,0,0,0,0) is

5 2
T5TeT9T1p + T2T4T5T9 + TaTeTgT1o + T3TaTg + T1X3T9T10
I[1717170707070] = § ,‘T(ﬁl) = :

T1T2T
— 12273



36 KYUNGYONG LEE, LI LI, AND BA NGUYEN

Setting xg = xg = w19 = 1, we get the following cluster variable of A(Q):

T5Xg + ToXals + Tole + T2x4 + 112
x[171’170’0’070]: 546 24445 246 24 13.
T1T273

The table below shows some d-vectors and their corresponding cluster variables of A(Q).

T + T5T
(1,0,0,0,0,0,0) To + Ts (1,1,0,0,0,0,0) T1T3 + XX ST
1 19
T4Ts + T5x
(051’07070,070) M (0’171707070’0) -Z']_x.?) —'I_ -T; ;1: 5 546
2 273
+ 2326 + T
(0,0,1,0,0,0,0) TaTa 1 T6 (0,0,1,1,0,0,0) Ty 3T6 6
s T34
! T+ 2o+
0,0,0,1,0,0,0) 5 (1,0,0,0,1,0,0) e
T4 T1T5
(0,0,1,0,0,1,0) ToTy + Tg + T3Tal7
P b A b R x3$6
(1,1,1,0,0,0,0) T5T6 + ToTals + Lol + T304 + 2123
ITITIIYIYY) xlx?x?’
(0,1,1,0,1,0,0) T1T3 + Toky + TalaZs + Tple
PTITIYY T x2x3x5
(0,1,1,1,0,0,0) L1253 + 125 + To24T5 + T5Te + T3T5T
ITITITIYYD x2x3x4
(0,0,1,1,0,1,0) To¥y + Te + T3Te + T3T4T7
IVI I TIYY x3x4x6
(1,1,1,1,0,0,0) 123 + 2123 + 2304 + TyT4Ts + To2s + TaT3Tg + LT + T3T5To

XT1T2X374

Example 8.3. Here we give an example to illustrate statements in §7. Let @’ be the

following type A quiver:
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Let @ be the full linear subquiver 1 <— 2 — 3, and correspondingly ag = (1,1, 1,0).
There are 5 GCS s = (s1, 52, 53):

(0,0,0),(1,0,0),(0,0,1),(1,0,1),(1,1,1)

0
-1
0
0

Consider s = (0,0,0). By Definition 7.7, £ = 3,

By Lemma 7.1, my =

s =1(0,0,0), s® =(1,0,0), sV = (1,0,1), s = (1,1,1), ws =1, wy =3, wy = 2.

By Definition 7.8, mg is as above,

-1 -1 -1
—1 0 1
my; = -1 3 mo = 1 9 mg = -1
1 1 0

The broken line v = ¢(s) described in Theorem 7.10 has 4 domains of linearity Ly, ..., Ls,
bends on walls 09,03,0; in that order. The direction vector of v on L; is —m; for ¢ =
0,...,3. The monomials attached to Ly, ..., L3 are 25", 27wy oy oy, 7 oy 2y, 27 20w3 ",
respectively. Thus Mono(vy) = z] *wez5 .

Follow the proof in Step 2 of §7.4, we compute the coordinates of Q; as follows:

G 0 —q3+q
oA | . |t a o - Q2+ q1
Q=Q= ;o Q3= Qutqgims = ;o Qo= Qs+ (gs—q1)me = ;
q3 q3 — 1 0
q4 44 44 +q3 —q1
—q3 — @2
0
Qi =Q+ (@ +q)m =
3 — 42— q1
qa + 43 + q2

Since q4 > g3 > o > qq, it is clear in this example that Q; — Q;;1 € R™m; for alli = 1,2, 3.



38 KYUNGYONG LEE, LI LI, AND BA NGUYEN

9. APPENDIX: A BIJECTION BETWEEN T-PATHS AND GCCs

In this section, we first recall the construction of T-paths and the formula of cluster
variables using T-paths as in [19], then give a bijective proof of Theorem 4.6 via T-paths.

Let P be a convex polygon with n + 3 vertices. Our initial triangulation of P will consist
of the set T ={T,...,T,} U{T10, 111, Tno, Tn1} U{T}is1 : @ € [1,n — 1]}, where the first
set is the set of diagonals and the last two sets are the set of boundary edges.

Tio=T 1, T =Ty

T:
Ty o =17 2 T34 =Ty
Ty =Tn

FIGURE 14. The initial triangulation of the quiver (@, Q') in Example 2.1.

The process of constructing the initial triangulation starts with choosing any vertex v of
P, labeling its two incident boundary edges as T and 77 ; and letting 77 be the diagonal
such that Ty, 771 and T form a triangle in the orientation as shown in Figure 15 (the
upper-left triangle).

Suppose that the diagonal T; (i € [1,n — 1]) is drawn. The diagonal T;;; is obtained by
rotating 7; in the counterclockwise direction if §; = 0, in the clockwise direction if §; = 1.
The boundary edge between T; and T;; is labeled T; ;4.

When ¢ = n then T}, is the boundary edge clockwise from 7;, and T}, is the boundary
edge counterclockwise from 7;,. Denote the common vertex of 7, o and 7,1 by to.

We can view both the snake diagram and the triangulation 7" as graphs. Then there is a

natural graph homomorphism p between them satisfying
(9.1) oI =Ty p(Tig) =Ty

(for any 4, j that the equalities make sense). It is easy to check that the image of each vertex
is uniquely determined using the requirement that a triangle in the snake diagram (with all
the main diagonals added) must send to a triangle in T'; so if the images of the three sides of
a triangle are determined, the images of the three vertices are also determined (see Figures
6 and 7).
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v Ty
30 2, Gr g
T, ro
T; T
,I;,i-i-l ’FH_I E—&-l T;,i—&-l
0, =0 9; =1

F1GURE 15. Boundary edges and diagonals of an initial triangulation

In [9], Fomin and Zelevinsky showed that the cluster variables of A(Q) are in bijection
with the diagonals of the polygon P where the set of initial cluster variables {zi,...,z,}
corresponds to {T1,...,T,}.

Let M, , be the diagonal connecting v and tv, thus crossing the diagonals 71, ...,7,,. For
€ [1,n], let p; be the intersection of M, and T;.

Definition 9.1. [19] A T-path « from b to w is the sequence

Ty Ti, Til(a)
=Wy —> Wy —> -+ —> Wi(a)

such that
1) v = wo,wy,...,wya) = o are vertices of P.

2) ix € {0,1,...,2n + 2} such that T;, connects the vertices wy_; and wy for each k =
L2,... l(«a).
3) i, # iy if j £ k.
4) I(«) is odd.
5) T;, crosses M, if k is even.
)

6) If j < k and both T;; and T;, cross M then p;; is closer to v than p;, is to v.

Let P be the set of all T-path from v to to. For any a € P, let

(9.2) (o) = H T, H z;

k odd k even
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Let a = (ay,...,ay) € {0,1}" such that a; = 1 if and only if i € Q. The following formula
of the cluster variable z[a] is proved in [19]:

(9.3) rla] =) z(a)

acP
Definition 9.2. We define a map ¢gp : G — P by sending {S;,} € G to the T-path «
obtained by first constructing a path o/ ¢4 . .. ah, ,; from v to w where af; = T; for i € [1,n],
T if (1Sl [Si2l) = (05,1 — 64)
Tivr, if ([Sial,[Si2]) = (1 =64, 6:)
E,i—‘,—la if (lSi,1|7 |SZ,2|) = (07 0)

/ J—
Qgip1 =

for i € [1,n — 1], and

o — Tiop if |Sia46,| =1— 01, o Tho if|Sn—12-6, 1] = On-1,
! T11 otherwise, n+l 1,1 otherwise,

then define a to be the path obtained from o’ by canceling duplicate pairs.
We define ¢p g := w(;%) : P — G. (As shown in the theorem below, ¢g p is a bijection.)

Theorem 9.3. The maps Vg p is a well-defined bijection. Moreover, for a = g p({Si,}),

thus g p induces a bijective proof of Theorem 4.6 using (9.3).

Proof. In order to prove Theorem 9.3, we shall show that all maps below are bijective, and
that their composition is g p:

G "% M -5 {complete T-paths from v to 10} "+ P.

(1) We first define £, which is exactly the folding map in [16, §4.3]. As defined in [16, 21],
a complete T-path « from v to to is similar to a T-path from v to to defined in Definition
9.1, in the sense that we require 1), 2), and

5') the 2j-th edge T3,, = T} (i.e., ig; = j),
6') T, <Tp, <---,
where we use the order

(94) Tl,O < Tl,l <7 < TLQ <T5 < T2,3 <--.<T, < Tn,(] < Tn,l‘
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Note that we do not require edges in a to be distinct. It is easy to see that a complete
T-path has length 2n + 1. For simplicity, we denote « using its edge sequence. For v € M,
we define (recall that p is defined in (9.1)):

(95) ﬁ(’y) = L1L2 s L2n+17 where ng = 7} for j € []_,TL], L2j+1 = p(’yj) fOI‘j € [O,TL]

Note that the starting point of each L; is determined by L; --- L;_;. The union of a perfect
matching v with all the diagonals of tiles form a path o/ in the snake diagram. If we
consider the quotient map from the snake diagram to the triangulation of P, by identifying
the diagonal edge i with 7 and identifying diagonal edge i + 1 with Ti(fl, then the image
of o, is the complete T-path L(7).

(i) We show that £ has a well-defined inverse map £~! (which is the unfolding map in
[16, §4.5]), thus L is bijective. Indeed, £7! sends a complete T-path § = L;--- Lo,y to
v = {v1,%2; - - -, Yn}, Where 7; is the unique edge in PIY) Np~t(Laj41), that is, v = Ly, y, =
Lopy1, and vy = Tj(j) (resp. Tj(i)l, Tj 1) if Lojq is T (vesp. Tjiq, T j+q) for j € [1,n —1].

Next we show that v is indeed a perfect matching, it suffices to prove that the edges in
are disjoint, because it has the correct number (= n + 1) of edges.

For j,j € [0,n — 2] with j < j’, 7; and ~; are disjoint if j/ > j + 1 because PIV) and
PLU") are disjoint. So we assume j/ = j 4+ 1. We shall only discuss the case 0; =0;41 =0
since other cases can be proved similarly. The subpath Lg;i1Laji0Loj 1300514 of L(c) is one

(j+1)

Tj+1

. j+2
T j+1 ”
T3t Tji1,5+2
S
3 ah (+1)
Tji1542 J ¢ L T

)
F1GURE 16. Parts of the polygon and the snake diagram corresponding to the

subquiver j = j+1— j+2

of the following:
Tl T Ty, T T 42 540, ThgnTinTieeTje, TinTin T T .
By looking at Figure 16, we see that v; and 7,4, are disjoint in each case.

(iii) We show that 7 is bijective by giving its inverse 7~ *. Suppose that a = T}, T}, - - - T,

(a)
is a T-path from v to w. If n = 1, then « is already a complete T-path, so we define
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7 1(a) = a. Now assume n > 1. The sequence 7 1(a) = L = L1 Ly -+ Lo, is obtained as
a result of the following algorithm.
(1) Initialize L := a.
(2) Let j run from 1 to n: if Ly; # Tj, then insert T;7; to L so that the resulting L is
nondecreasing with the order given in (9.4).

(3) Define 7 '(a) := L.

We claim that L is a complete T-path. Conditions 1) 2) 6’) are obviously satisfied, and 5’)
can be proved by induction.

Combining (i)(ii)(iii) and Theorem 5.4, we have proved that ¢g p is bijective.

Finally, we show that [[_, z; ' [\, % = 2(«). By the construction of 7—(«a) in (iii),
z(a) remains unchanged if we replace « by the complete T-path 7= (a) = T;,T;, - - - T, 11
this is because each time we insert the pair 7,7}, the extra contribution to the product (9.2)
is xjxj’l = 1. So it suffices to show

[ T = 11« 11 =i

i=1 i=0 keven  kodd
By 5'), [1j even %3, = 1112y @7 ', so it suffices to show [Ty = [, oaq @i, Or to show that
Yj = Tiy,,, for j € [0,n]. Indeed, Tj,,,, = Loji1 = p(7;) by (9.5), thus 4, = w(vy;) by the
definition of the weight w in (5.1). Moreover, Theorem 5.4 asserts that w(y;) = y;. Thus
Yi = Ligjpa- O

Example 9.4. With the T-path a = TyT\TyTyT};, the complete T-path is 7 '(a) =
T T ToT5T5TyTyThy. Then ¢vpg(a) = ((1,0),(1,0), (0,0)) as you can see in Figure 17.

€ T2 T4

X2 T3 xs3

FIGURE 17. An example of the map ¥p g
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