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Abstract

We provide new examples of Cayley graphs on which the quantum walks reach
uniform mixing. Our first result is a complete characterization of all 2(d+2)-regular
Cayley graphs over Zg that admit uniform mixing at time 27/9. Our second result
shows that for every integer k£ > 3, we can construct Cayley graphs over Zg that
admit uniform mixing at time 27 /¢, where ¢ = 3, 4.

We also find the first family of irregular graphs, the Cartesian powers of the star
K1 3, that admit uniform mixing.
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1 Introduction

A continuous-time quantum walk on a graph X is defined by the transition matrix

i k
U(t) .= exp(itA) = Z %,

k>0

where A is the adjacency matrix of X. The probability that at time ¢, the quantum walk
with initial state represented by w is in the state represented by v is

U ()

We say X admits uniform mizing at time t if the above probability is the same for all
vertices u and v. A weaker version of uniform mixing, called local uniform mixing, occurs
if the probability distribution given by a column of U(t) is uniform.

Uniform mixing on graphs is rare, and almost all the known examples are Cayley
graphs. The current list of Cayley graphs contains the complete graphs K5, K3 and Ky

THE ELECTRONIC JOURNAL OF COMBINATORICS 24(3) (2017), #P3.20 1



[1], the Hamming graphs H(d,2), H(d,3) and H(d,4) [2, 8], the Paley graph of order nine
[6], some strongly regular graphs from regular symmetric Hadamard matrices [6], some
linear Cayley graphs over ZJ, Z% and Z¢ [3, 9], and the Cartesian product of graphs which
admit uniform mixing at the same time. These graphs share the following features.

(a) They are Cayley graphs over abelian groups;
(b) They have integer eigenvalues;

(¢) Their mixing times are rational multiples of 7.

That being said, a graph that admits uniform mixing is not necessarily vertex-transitive
or even regular. As we will see in Section 11, the star K 3 admits uniform mixing at time
27 /4/27. The Cartesian powers of K 3 are so far the only family of irregular graphs found
to admit uniform mixing, and the only family to which none of the above features applies.

Although characterizing uniform mixing in general seems daunting, the problem can
be reduced if we require some regularity on the graphs. The vertex transitive graphs,
which provide most of the known examples, satisfy the property that for any two vertices
u and v, there is a graph automorphism that maps u to v. The transition matrix of a
vertex-transitive graph is entirely determined by one of its rows. Therefore for all Cayley
graphs, uniform mixing is equivalent to local uniform mixing.

In this paper, we provide new examples of Cayley graphs over Zg that admit uniform
mixing. Our examples contain both an infinite family of Cayley graphs on which mix-
ing occurs at time 27 /9, and infinite families of Cayley graphs on which mixing occurs
arbitrarily faster. Theorem 10 provides a complete characterization of 2(d + 2)-regular
Cayley graphs over Zg that admit uniform mixing at time 27/9. Theorem 20, Theorem
21 and Theorem 22 show that, for an arbitrarily large integer k, we can construct families
of Cayley graphs over Zg that admit uniform mixing at time 27 /¢*, where ¢ = 3,4. These
examples extend the results of Mullin [9] and Chan [3].

2 Quotients of Hamming Graphs

A Cayley graph over the additive group Z¢ is a graph with vertex set Z¢ and edge set

{(g,h) :h—geC}

for some subset C' of ZZ. We will follow Godsil and Royle [7] and denote this graph by
X (Zg, (), and call C' the connection set. Further, we assume C' is inverse-closed and does
not contain the identity element, so that X (Zg, () is a simple graph. Note here ¢ is not
necessarily a prime power — we will think of the vertex set Zg as a module in this paper.

While no extra algebraic structure of Zg is needed to define a Cayley graph, it is often
convenient to view the underlying group Zg as a Zqs-module. Two easy observations follow.
First, if ¢ is a module automorphism of Zg, then the two Cayley graphs X (Zg, ') and
X(Z¢,¢(C)) are isomorphic. Second, X (Z¢,C) is connected if and only if its connection
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set contains a basis of Zg. An example of connected Cayley graphs over Zg is the Hamming
graph H(d,q), whose connection set consists of non-zero multiples of the standard basis
{er,e9,... eq} of Z.

We will pay special attention to the quotient graphs of Hamming graphs, as they form
an important family of Cayley graphs over Zg. The Hamming distance of two elements in
Zg is the number of coordinates in which they differ. Consider a submodule I' of Zg with
Hamming distance at least three. The partition of Zg by the cosets of I' satisfies three
properties:

(i) every coset is a coclique;
(i) every vertex is adjacent to at most one vertex in a coset;

(iii) if some vertex in the coset g + I is adjacent to a vertex in another coset h 4 I'; then
there is a matching between g +I" and h +I'.

The quotient graph of H(d,q) induced by I', denoted H(d, q)/T, is a graph with a vertex
for each coset of I', such that two vertices are adjacent if there is a matching between the
two associated cosets. We note that every quotient graph of H(d, q) is a Cayley graph for
a quotient module of Z{.

Lemma 1. Let C be the connection set of the Hamming graph H(d,q). For a submodule
I' of Zg with Hamming distance at least three, let

C/l'={c+T:ceC}.

Then
H(d,q)/T = X(Z/T,C/T).

Proof. Let g+T and h+T be two vertices of X (ZJ,C)/T. They are adjacent if and only
if there exist z,y € I" and ¢ € C such that (¢ + x) — (h 4+ y) = ¢, or equivalently,

(g+T)—(h+T)=c+T eC+T. O

3 Linear Cayley Graphs

A Hamming graph H(d, ¢q) is known to admit uniform mixing if and only if ¢ € {2, 3,4}.
As uniform mixing on H(d, ¢) implies uniform mixing on some of its quotient graphs, for
our interest it is important to understand which Cayley graphs are quotients of H(d, q).
In this section, we show that quotient graphs of H(d,q) are exactly the linear Cayley
graphs over Zg, that is, graphs X (Z;l, (") for which C'U {0} is closed under multiplication
by Zg.

Since Zs has only one non-zero element, the connection set of every Cayley graph over
74 is trivially closed under multiplication of the non-zero elements of Z,. Similarly, for
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Cayley graphs over Zg, since we assume the connection set is inverse-closed, it is closed
under multiplication of the only two non-zero elements of Zs. Thus, all Cayley graphs
over Z3 or Z¢ are linear, and we can characterize uniform mixing on them in terms of the
submodules that induce the quotients.

Theorem 2. Let X(Z;, C) be a connected linear Cayley graph with valency d(q—1). Then
X(Zy, C) is isomorphic to a quotient graph H(d, q)/T for some submodule I' of ZZ, where
IT| = ¢" and T has Hamming distance at least three.

Proof. Let C be the connection set of X. We can partition C' into cells C7,Cs, ..., Cy
such that two elements lie in the same cell if and only if they are multiples of each other,
and the first r cells contains a basis of Zg. Since Cj is a cyclic group, we may assume
C; = (v;). Define a module homomorphism from C' to Z} x ZI~" by

£(0;) (v;,0), ifveC;forje{l,2,-,r}

vj) =

j (vj,0)+¢;, ifvjeCjforje{r+1,r+2,---,d},
where {ey, e, ..., €4} is the standard basis of ZZ. Let

C' = {f(v):veC)

Then C” consists of all non-zero multiples of a basis of Z; x Zf]l*’". Thus, X(Zg,C") is
isomorphic to the Hamming graph H(d,q). Let ¢ be a module automorphism of Zg that
maps a basis in C” to the standard basis. Let I be the submodule of Zg generated by
{€r41,€r42,...,€q}, and T the image of I” under ¢. Clearly |T'| = ¢". By Lemma 1,

H(d,q)/T = X(Z2,C")/T" = X(Z;,C).

Since we started with a simple Cayley graph, I' must have Hamming distance at least
three. O

Conversely, for any quotient graph H(d, q)/I", where I has minimum distance at least
three, we can find a connection set of the linear Cayley graph isomorphic to H(d, q)/T.

Theorem 3. Let I' be a submodule of ZZ with size ¢ and Hamming distance at least
three. Let () be a parity check matriz of I', and C' the set of non-zero multiples of the
columns of Q. Then H(d,q)/T is isomorphic to the d(q — 1)-regular graph X(Z,C').

Proof. Without loss of generality, we may assume I is generated by the columns of the
following block matrix
R
(5)

where S is square and invertible over Z,. Let

I —RS™!
-y )
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We have
R 0
r(5)= (1)

that is, P defines a module automorphism ¢ of Z‘; that maps I to the submodule generated
by {€,11,€r49,...,€eq4}. Note that the partitioned matrix

Q= ( —RS™)

is a parity check matrix of I'. If D is the connection set of H(d, q) and C' the multiples of
columns of @), then by Lemma 1,

H(d,q)/T = X(Zg/r, D/T)

= X(Z2/6(), 6(D) /()
=~ X(Z2,C).

Finally, since the minimum distance of I' is the minimum number of linearly dependent

columns of its parity check matrix (), no two columns of () are multiples of each other.
It follows that X(Z, C') has valency d(q — 1). O

The quotient approach provides a convenient way to characterize uniform mixing on
linear Cayley graphs. If X = H(d, q)/T’, the vertices of X are cosets I'+wv of the subgroup,
and each entry of Ux(t) is a block sum of the entries of Ugq,q)(t). More specifically, the
(0,v)-entry of Ux(t) can be expressed as follows. For more details, see Mullin’s thesis [9,

Ch g].
Theorem 4 (Mullin). Let X = H(d,q)/T". We have

et d ' '
Ut)op = ( ) Z (e? 4 q — 1>d—wt(a)(eqzt _ 1)Wt(a)'

q acl'+v

For each coset I' + v, let W, (x,y) denote its homogeneous weight enumerator. Note
that the right hand side of the above equation is

W,(e? +q—1,e% —1).
For the (0, 0)-entry, MacWilliams’ identity simplifies the expression to

6fzt

Uttoo = < q

d
) ID|Wro (e 1).

Thus we have a necessary condition for uniform mixing.

Corollary 5. If H(d,q)/T admits uniform mizing at time t, then

Wre (e, 1)]* = [T,
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We already know that uniform mixing occurs on H(d,2), H(d,3) and H(d,4) at time
7w/4,2m/9 and 7 /4, respectively. It is natural to see if their quotients also admit uniform
mixing at these special times.

Corollary 6. (a) H(d,2)/T" admits uniform mizing at time 7/4 if and only if for each
coset I' + v,
SV 2
W@, DI = [T

(b) H(d,3)/T" admits uniform mizing at time 2w /9 if and only if for each coset T + v,
W (2™, 1) = [T;

(¢) H(d,4)/T" admits uniform mizing at time 7 /4 if and only if for each coset I' + v,
W, (=1, 1)]" = L.

Consider the binary [17,9, 5]-quadratic code. A numerical check on the weight distri-
butions of its cosets shows that it admits uniform mixing at time 7 /4.

4 Quotient Graphs with One Generator

For a quotient graph H(d,q)/T", the entries of its transition matrix are block sums of the
transition matrix of H(d,q). As functions of the time ¢, these block sums can be greatly
simplified if we plug in the time 7, when H(d, ¢) admits uniform mixing. Thus, at the
specific time 7,, whether uniform mixing occurs on H(d, q)/T" is fully determined by the
weight distributions of the cosets of I'. For details see Mullin’s Ph.D. thesis [9, Ch §].

The Hamming weight wt(a) of an element a in ZZ is the number of non-zero entries
of a. In this section, we characterize quotients H(d, q)/(a) that admit uniform mixing at
time 7,, where the submodule is generated by one element a with Hamming weight wt(a)
at least three. As a special case, the “folded” Hamming graphs H(d,q)/(1) have been
studied in [9]. In general, Theorem 3 gives the matrix () representing the connection set
of H(d,q)/{a). By row reduction, column permutation, and column scaling of @, it is
not hard to see that H(d, q)/(a) is a Cartesian product of a Hamming graph and a folded
Hamming graph. Combining this observation and the results on the folded Hamming
graphs, we give the following characterization.

Theorem 7. Let a be a vector in Zg with wt(a) > 3, where ¢ = 2,3,4. Then
(a) Uniform mizing occurs on H(d,2)/{a) at time 7o = 7/4 if and only if wt(a) is odd;

(b) Uniform mizing occurs on H(d,3)/(a) at time 5 = 27/9 if and only if wt(a) is not
divisible by three;

(c) Uniform mizing occurs on H(d,4)/{(a) at time 7y = 7/4 if and only if wt(a) is odd.

This theorem takes care of all the connected (d+ 1)(q — 1)-regular Cayley graphs over
Z%, which admit uniform mixing at 7,, for ¢ € {2,3,4}.
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5 Quotient Graphs with Two (Generators

We move on to the quotients of Hamming graphs where the submodules are generated
by two elements. Our goal is to characterize the 2(d + 2)-regular Cayley graphs over Z$
that admit uniform mixing at time 27/9, as given in Theorem 10. The tool we use is the
weight distribution of a code, that is, the sequence

(040,0417062,"')

where «; is the number of of codewords with Hamming weight j. To begin, we need the
following conditions on the cosets of I' from [9, Ch 8].

Theorem 8 (Mullin). Let I' be a submodule of Z3 with Hamming distance at least three
such that |I'| = 3°. For any coset of I', let n; be the number of elements in it with weight j
modulo three. Uniform mizing occurs on H(d,q)/T at time 27/9 if and only if the weight
distribution of every coset of I' satisfies

NoNny1 + Nghe + NiNe = 32571 — 3871.

Since we have to examine the weight distribution of every coset of I', it helps to
understand the relation between the weights of I and the weights of I + ¢ for each vector
c. Suppose I' is generated by s elements, and let M be the matrix with the generators of
I' as its columns. Then each element in I can be written as My for some vector y € Z3,
and is uniquely associated to an element My + c in the coset I' + c¢. We will refer to

wt (My + ¢) — wt (My)

as the weight change of the element My with respect to ¢. The following gives the
necessary condition on the weight changes for both I' and T" + ¢ to satisfy the weight
distribution condition in Theorem 8.

Lemma 9. Let T be a submodule of Z3 with size 3° and minimum distance three, and let
I'+c be a coset of I'. For j =0,1,2, let I'; denote the set of elements in I' with weight
congruent to j modulo three. Let m; be the number of elements in I'; whose weight change
with respect to ¢ is one modulo three. If both I' and I' + ¢ satisfy the weight distribution
condition in Theorem 8, then either m; = 0 for all j, or m; satisfies the following:

mo+ M1 + Mo = 3571

(mono +ming + mg’ng) + 3(m0m1 + mimo + momg) = 328_1 - 325_2.

Proof. We will calculate the weights over Zs. Let My be an element in I'. Notice that

wt(My +c) = (My + ¢)' (My + ¢) = wt(My) + wt(c) + 2¢" My.
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Since wt(c) depends only on ¢, and the condition in Theorem 8 is symmetric on ng, ny, n,
we may assume without loss of generality that wt(c) = 0. If ¢/ M = 0, then the weight
change of each element in I' is zero. Otherwise, there are exactly 3°~! vectors y such that

2" My = 1.

Therefore
mo + M1 + Mo = 3871.

Notice that for each solution y to 2¢” My = 1, the vector 2y is a solution to 2¢T My = 2.
Thus there are equal number of elements in I'; with weight change one and weight change
two. It follows that in the coset I + ¢, the number of elements with weight j is

n; =n; 2mj + mji_1 + mjyq,

where the subcripts are calculated modulo three. Since I' 4 ¢ satisfies the weight distri-
bution conditon in Theorem 8§,

nyny + nynh + ninh = 3% — 3571
This together with the fact that
nony + nong + ning = 3% — 3571
yields
(mono + ming + many) + 3(memy + mimg + memy) = 3% — 32572, O

With the above observation, we characterize the quotient graphs H(d,q)/(a,b) that
admit uniform mixing at time 27/9 in terms of the generators a and b.

Theorem 10. Uniform mizing occurs on H(d,3)/{a,b) at time 27/9 if and only if one
of the following holds:

(i) a™> =0 (mod 3), wt(a) Z 0 (mod 3), and wt(b) £ 0 (mod 3),

(ii) a®b # 0 (mod 3), and wt(a) # wt(b) (mod 3) unless wt(a) = wt(b) =0 (mod 3).
Proof. For notational convenience, we define the weight structure of the coset I 4+ ¢ to be
the tuple with coordinates ng, n1, ne in non-descending order, denoted by W(I' 4+ ¢). By

Theorem 8, the quotient graph H(d, 3)/{a,b) admits uniform mixing at time 27/9 if and
only if the weight distribution of every coset I' 4 ¢ satisfies

noN1 + NgNg + NNy = 24
Ng + N1 +ng = 9
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which holds if and only if for all ¢,
W+ o) € {(1,4,4),(2,2,5)}.

We first show that W(I') lies in the above set if and only if one of the conditions (i)
and (ii) holds. Let
M = (a b)

= (31)

be a vector in Z3. The weight of My is

be a matrix and let

wt(My) = y" MT My = wt(y;) wt(a) + wt(yo) wt(b) + 2y192a” b.

Thus the weights of the elements in I' are

label weight multiplicity
Wo 0 1
wy wt(a) 2
Wy wt(b) 2
wsy | wt(a) + wt(b) +a'b 2
wy | wt(a) + wt(b) + 2a’b 2

Since I' is a group of order nine, ng is odd and ny, ny are even. We consider two cases.

(a) Suppose
W(T) = (1,4,4).

Then half of {wy, ws, ws,w,} are one, and the rest are two.

e wt(a) = wt(b) # 0. Then w3 = wy ¢ {0,w,} if and only if a”b = 0.

o wt(a) = 2wt(b) # 0. Then wz = a’b = 2w4. It follows that two of the four
elements {wy, wy, w3, w,} are one and the others are two if and only if a’b # 0.

(b) Suppose
W(T) =(2,2,5).

Then half of {wy, ws, ws,w,} are zero, and the rest are one and two respectively.

e wt(a) = wt(b) = 0. Then wz = a’b = 2w,. Thus {ws,ws} = {1,2} if and only
if aTh # 0.

e wt(a) = 2wt(b) # 0. Then wy = a’b = 2w,. Tt follows that w3 = wy = 0 if and
only if b = 0.
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Summarizing the above yields the conditions (i) and (ii).
Next we show that if
W) € {(1,4,4), (2,2,5)}

then
W(T +¢) =W(D),

for all ¢ € Z4. By Lemma 9, the weight changes mg, m;, my are either zero, or satisfy

mo +my + mg = 3,

(mono + ming + mang) + 3(memy + mems + mem)s = 18. (1)
In the latter case, the weight changes are either
Mo =M1 = Mo = 1

or
{mo, mq, mz} = {0, ]., 2}

It is easy to see that if my = my = mge = 1, then W(I' + ¢) = W(I"). Suppose
{mo, mq, mg} = {0, 1, 2}
Then by Equation (1), when W(I") = (1,4, 4), we have

Ng = 1, ny = ng = 4
mo = O, {ml,mg} = {1, 2}

and when W(I") = (2,2,5), we have
Ng =29, Ny="Ng =2
mo =2, {my,my}={0,1}.
Since the weight distribution of I' + ¢ is
ny=nj —2m; +mj_1 + mjn
again we have W(I" 4+ ¢) = W(I). O

It is perhaps surprising that in all the characterizations discussed so far, the condition
for a quotient graph H(d, q)/I" to admit uniform mixing only relies on the group genera-
tors, although Theorem 8 suggests checking the weight distribution of every coset of this
group. It would reduce the problem of checking uniform mixing on H(d,q)/I" at time 7,
considerably if this was true in general.
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6 Hamming Schemes

In this section, we construct Cayley graphs over ZZ that admit uniform mixing earlier than
the complete graph K,. The construction is based on the association scheme which spans
the adjacency algebra of a Hamming graph, called the Hamming scheme. We introduce
the basic concepts of association schemes and some useful results on the eigenvalues of
Hamming schemes.

An association scheme with d classes is a set A = {Ag, A1, ..., Aq} of 0l-matrices that
satisfies the following conditions:

o Ay—1.

o > A=

e AT e Aforr=0,1,--- ,n.
o A A, = A A, €span(A).

The association scheme A generates an algebra over C, which is referred to as the Bose-
Mesner algebra of A. This algebra has an orthogonal basis of idempotents Ey, E1, ..., Ey.
Thus for each matrix A, in the scheme, there are scalars p,(nd)(s) such that

d
A, = prnd)(s)Es.
s=0

These scalars are called the eigenvalues of the scheme A. When d is clear from the
context, we drop the superscript and write p,(s). The following theorem due to Chan [3]
shows that whether a graph admits uniform mixing depends only on its spectrum and the
eigenvalues of the Bose-Mesner algebra containing its adjacency matrix.

Theorem 11 (Chan). Let X be a graph on v vertices whose adjacency matriz belongs to
the Bose-Mesner algebra of A. Let pj(s) be the eigenvalues of A. Suppose the spectral
decomposition of A(X) is

AX) =) 6,E,.

The continuous quantum walk of X is uniform mixing at time 7, if and only if there exist
scalars tg, ty,...,tq such that

o [to| = [ta] = --- = [tal = 1,
° \/Eeiqus - Z;‘l:[)pj(s)tj for s=0,1,--- ,d.

A Hamming scheme H(d, q) is an association scheme constructed from the Hamming
graph H(d,q). The matrix A; is the adjacency matrix of the r-th distance graph of

THE ELECTRONIC JOURNAL OF COMBINATORICS 24(3) (2017), #P3.20 11



H(d, q), which has the same vertex set as H(d, q) such that two vertices are adjacent if
they are at distance r in H(d,q). The eigenvalues of the scheme H(d, q) satisfy

P (s) = [2")(1+ (¢ = D) *(1 = 2)”, (2)

for s = 0,1,---,d. These are called the Krawtchouk polynomials. They satisfy the
following properties.

Lemma 12. Let p.(s) be the eigenvalues of the Hamming scheme H(d,q). Then
. nfd—hY\ (s
@) o9 =S-ata - (1) (1),
(”) pr(s) _pr<s - 1) + (q - 1)p7"—1(3) +pr—1(3 - 1) =0.

(iii) p(s) — P (s + 1) = p'?, (s).
() If ¢ = 2, then

Proi(s) = prols +2) = 4;“2” (d B Z) (h)

Proof. By Equation (2),

d—h\ (s
_ N\ - r—h
-Seoa-v(T20())
h
Properties (ii) and (iii) follow from Equation (2), and Property (iv) follows from the above

three properties for ¢ = 2. O

We will use property (iii) frequently, so we rephrase it in the matrix form. Let P(@
be the eigenvalue matrix for the scheme H(d, q). Let

0O 1 0 - 0
0 0 1 - 0

Cp= |- o e
0 0 0 - 1
1 0 0

be an d X d circulant matrix. Then Property (iii) is equivalent to

Ior O @ (La-1 O\ _ -1
("4 0) - (" 0) < ap )
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7 Sufficient Conditions for Uniform Mixing in Hamming Schemes

A graph on n vertices admits uniform mixing at time ¢ if and only if \/nU(¢) is equal to a
complex Hadamard matrix. For notational convenience, let 5(¢q) denote the Bose-Mesner
algebra of the Hamming scheme H(d,q). For q € {2,3,4}, we can construct complex
Hadamard matrices in B(q) from a primitive g-th roots of unity.

Lemma 13. Let {, be a primitive g-th root of unity. For q € {2,3,4}, the matriz
ezﬂ(]q + Go—q(Jg — Iq))®d
is a complex Hadamard matriz in B(q).

Proof. First note that I, + (s_4(J; — I;) is a complex Hadamard matrix of order ¢ for
q € {2,3,4}. In fact, it is a scalar multiple of Uk, (7,) for some mixing time 7, of K.
Now if H; and H, are both complex Hadamard matrices of order ¢, then H; ® Hs is flat
and thus a complex Hadamard matrix of order ¢?. Lastly, a unimodular scalar multiple
of a complex Hadamard matrix is again a complex Hadamard matrix. O

The following generalizes Lemma 3.2 in [3].

Lemma 14. Let X be a graph in B(q) with eigenvalues 0y, 01, . ..,0,4, and let e € {1,—1}.
Suppose k > 2.

(i) If ¢ = 2, and
0, — 0y = 2" 15 (mod 2811,

for s =0,1,--- ,d, then X admits uniform mizing at time /2"

(ii) If ¢ =3, and
0 — 0y = e3" s (mod 3%),

for s =0,1,--- ,d, then X admits uniform mizing at time 2w /3".

(i1i) If g =4, and
0, — 0y = 2"s  (mod 2811,

for s =0,1,--- ,d, then X admits uniform mizing at time /2"

Proof. Suppose q € {2,3,4}. Let

H, = ew(Iq + Co—q(Jg — [q))®d

= e (04 = 06oms) (5) + 0= o) (1 - éJ))

Suppose A € B(q) has spectral decomposition

THE ELECTRONIC JOURNAL OF COMBINATORICS 24(3) (2017), #P3.20 13



By Equation (4.2) in [5, Sec 4],

d

Hq = 6i5 Z(CG—(])TAM

r=0

where A, is the adjacency matrix of the r-distance graph of H(d,q). Hence the condition

\/E eitA — H,

is equivalent to ' '
V qdelQSt =" (1+(¢— 1)C6fq)dis (1= Go—q)”
for s =0,1,---,d. It follows that

V@™ = (1 + (g = 1)Ge_y)’ (4)
and I—¢ i

i(0s—60)t _ — 56—¢

‘ () ®)

for s =0,1,--- ,d.
(i) For ¢ = 2, Equation (5) reduces to

2k
= (0, — Op)t = €2¥"'s  (mod 2M1).
T

(ii) For ¢ = 3, Equation (5) reduces to

k
;—(95 —0)t = €35 (mod 3F).
7T

(iii) For ¢ = 4, Equation (5) reduces to
2k
?(05 —0)t =2%s  (mod 2F1).

Thus, for ¢ € {2, 3,4}, if 6; — 0, satisfies the corresponding condition in the lemma, then
there exist ¢, 5 € R that satisfy Equation 4 and 5. That is, X admits uniform mixing at
time ¢. []

Equation 3 tells us that we can check the above conditions by looking at the eigenvalues

of B(g—1).
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Corollary 15. Let X be a graph in B(q) with adjacency matrix
ap + arAy + -+ agAa.
If g =2 and there is € € {1, —1} such that

a1
P(d—l) R — er_21 (mod Qk),
aq

then X admits uniform mizing at time 7/2%. If g = 3 or ¢ = 4, and there is € € {1, —1}

such that
a1

pla-H ... ] = eqk_Q]_ (mOd qk_1)7
aq

then X admits uniform mizing at time 27 /q~.

8 Faster Uniform Mixing on Distance Graphs

We apply the sufficient conditions developed in the last section to the distance graphs of
Hamming graphs, as their eigenvalues are known. In Lemma 3.3 of [3], Chan derived a
more accessible condition for uniform mixing in H(d, 2) using Property (iv) in Lemma 12.
However, this property holds only for ¢ = 2. To extend her result, we need more general
properties for ¢ € {2,3,4}. The first one is a corollary to Lemma 14.

Corollary 16. Suppose d > 1, r > 1 and k > 2. Let X, be the r-distance graph of the
Hamming graph H(d,q), and let € € {1, —1}.

(i) If g =2, and
pf,d:ll)(s) =e2"?  (mod 2%),
for s =0,1,---,d—1, then X, admits uniform mizing at time m/2".
(i) If ¢ =3, and
PV(s) = €3¥ 2 (mod 3+,
fors=0,1,---,d—1, then X, admits uniform mizing at time 2 /3".
(i11) If g =4, and
p"(s) =257 (mod 27,

for s=0,1,---,d— 1, then X, admits uniform mixing at time 7 /2.
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Proof. We prove this for ¢ = 2; the other two cases are similar.
Suppose
P (s) =2 (mod 2Y),

for s =0,1,--- ,d — 1. By Property (iii) in Lemma 12, this implies
pr(s+1) —pe(s) = —2"1  (mod 2F*1).
It follows that
pr(s) = pr(0) = pr(s) —pr(s — 1) + -+ + (1) — pr(0)
= —es2"1 (mod 2F1h).
By Lemma 14, X, admits uniform mixing at time /2%, O

With the help from the smaller scheme H(d — 1, q), we are able to construct examples
in H(d,q) that admit faster uniform mixing. It turns out that the conditions on the
eigenvalues can be further simplified using Lemma 12. From now on, we focus on the
Hamming schemes #H(d, 3) and H(d,4), as the examples in H(d, 2) are given in [3].

Lemma 17. Ford > 1, r > 1 and k > 2, if there exists ¢ € {—1,1} such that the
following holds

(i) 2771 (92}) = €3¥2 (mod 3*F71),
(i) 3"V divides ("171) forh=1,2,-+ k-2,

then the distance graphs X, and X4_,y1 in the Hamming scheme H(d,3) admit uniform
mizing at time 27 /3".

Proof. From Lemma 12, we have

d—h—-1
pfqd l1)( ) = (_3)h2r7h71 L 1) <S (mod 3k71>

and condition (ii), when s > 1,

(d-1) (@1 g)hgr—h-1 d—h—=1\/(s k1
piY(s) = pl, +Z 2 (r—h—l)(h) (mod 3°71)

= 3872 (mod 3k .
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It follows from Corollary 16 that X, in H(d, 3) admit uniform mixing at time 27/3*. For
X4_ry1, first note that condition (i) is symmetric on 7 and d — r + 1. By condition (ii),

3k=h=1 divides
d—h\ (d—h—1\ (d—h—1
r—nh r—h—1/ r—h )’

for h=1,2,--- ,k — 2. It follows that 3*~"=2 divides

(-G -(000)

for h =1,2,--- ,k — 2. Continuing this procedure, we see that 3*~"=¢ divides

()

for h=1,2,---  k—2and ¢ =1,2,--- ,k — 2. Taking h = 1 for all ¢ shows that 3¥=¢!

divides
d—0—1Y\ d—0¢—1
r—1 ) \d—r+1)—(-1)

for ¢ =1,2,--- , k—2, which is exactly condition (ii) with r replaced by d —r + 1. Hence,
X4_ri1 admits uniform mixing at time 27 /3% as well. O

With a similar argument, we can reduce the conditions for faster uniform mixing in

H(d,4) to the following.
Lemma 18. Ford > 1,r > 1 and k > 2, if the following two conditions hold
(i) 371 (Y7]) =22 (mod 2°71),

(ii) 2F=2h=1 divides (f:h_l) forh=1,2,--- |k/2] — 1,

h—1

then the distance graphs X, and X4, 41 in the Hamming scheme H(d,4) admit uniform
mizing at time 7 /2F.

The above observations imply that our potential examples rely heavily on the divis-
ibility of a binomial coefficient by some prime power. In fact, this is closely related to
the base p representation of the binomial coefficients, where p is prime. To find the pairs
(d,r) that satisfy the divisibility conditions, we need the following number theory result
due to Kummer [4, Ch 9].

Theorem 19 (Kummer). Let p be a prime number. The largest integer k such that
p* divides (]\]\;) is the number of carries in the addition of N — M and M in base p

representation.

For our purposes, we look at the ternary representations of d —r and r — h — 1 for
H(d, 3), and their binary representations for #(d,4). The following are our new examples
of distance graphs that admit uniform mixing at times earlier than the Hamming graphs.
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Theorem 20. For k > 2 andr € {3 — 1,3k —4,3%* — 7}, the r-distance graphs X, of the
Hamming graph H(2 - 3% —9,3) admit uniform mizing at time 27 /3%,

Proof. Let d =2-3F —9 and r = 3¥ — 1. Then

d—r=2-3"14+2.3"24+...42.324+0-3" +1.3°
r—1—h=2-3"142.3"24...42.3242.3" +1.3°—p,

When i = 0, since (d —7) + (r — 1) has exactly k — 2 carries, (“_]) is divisible by 3*~2

but not divisible by 3*71. Then there exists ¢ € {—1,1} such that
d—1
2r-1 <7“ B 1) =e3"?  (mod 3F71h).

For h = 1, the number of carries in (d —r) + (r — 2) is still 2872, When h =2,--- |k — 2,
the number of carries in (d —r) + (r —h + 1) drops by at most one as h increases by one.

Therefore (d—1)+ (r —h+1) has at least k—h — 1 carries, and so 3*~"~1 divides (", )).

By Theorem 17, X4t and Xgx_; in H(2-3% — 9, 3) admit uniform mixing at time 27 /3"
Similar argument applies to Xar_y. [
Some new examples in H(d,4) can be obtained in a similar way.

Theorem 21. For k > 2, the distance graph Xyx—2> of the Hamming graph H (21 —1,4),
and the distance graphs Xor-—1_1, Xox—1 of the Hamming graph H (2% —2,4) admit uniform
mizing at time 7 /2F.

9 Faster Mixing in Schemes

In this section, we give another family of graphs in H(d, ¢) that have faster uniform mixing.
These are unions of some distance graphs of the Hamming graph H(d, q). Compared to
the examples obtained in the last section, these graphs have smaller sizes.

Theorem 22. In the Hamming scheme H(2k + 1,3), the graph with adjacency matriz
Z Azeyi
¢

has uniform mizing at time 27 /3".

Proof. By Corollary 15, it suffices to show that for each : = 0, 1,2 and the vector

a = E €30+,

4

there is € € {1, —1} such that

P Vg =3k (mod 3%).
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Also, Equation 2 indicates that the eigenvalues pfn%)(s) for H(2k, q) are the coefficients in
fo(x) = (1 +22)*75(1 — 2)°.
Let ¢ = €?>™/3. We have

£.0) = {3d’ )

0, s#0
fi(Q) = =3¢
£i(¢%) = =3¢
Then
()4 )+ 2] 4+ )7 (@) = 5(F1) + F(Q) + F(C)
B {32'” —2.31 =0
31 5#£0

=311 (mod 3").

Similar computations can be carried out for

([#'] + [2Y] + [2T] + - ) f(x) = é(f(l) + P f(CQ) + CF(¢%),
and

(%] + [2°] + [2] + - ) f(2) = %(f(l) +CF(O) + (). a

10 Mixing Times

The eigenvalues and eigenvectors of an abelian Cayley graph are determined by the group
characters. For linear Cayley graphs over ZZ, there is a simple expression of its eigenvalues
in terms of the connection set C'. With these observations, we derive a necessary and
sufficient condition for uniform mixing to occur on linear Cayley graphs over Zg. This
extends the result in [10, Ch 5] on the case where ¢ = 3. Throughout this section, the
inner product (-,-) is taken over Z,.

Lemma 23. Let X be a Cayley graph over ZZ with connection set C. For an element
a € Zg, let 1, - Zg — C be the map given by

wa (fﬂ) _ eQﬂ'i(a,x)/q.

Then 1, is an eigenvector for A(X) with eigenvalue 1,(C). Moreover, the eigenvectors
defined above are pairwise orthogonal, and they form a group isomorphic to the additive
group Zg. Finally, if X s linear, the eigenvalues are integers and can be computed as
follows

4(C) = —alC e[ = IC), ()
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We apply the spectral decomposition to Cayley graphs over Zg. Since Cayley graphs
are vertex transitive, it suffices to look at the first row of the transition matrix.

Lemma 24. Let g € Zg. The 0g-entry of the transition matriz of X(Zg, C) is

Z
0’9 d E ia (C

acZd

Proof. By Lemma 23,

1
Vo =4 —=v, :9,(C) =10

is an orthonormal basis of the eigenspace of 6. Hence the idempotents representing the
projection onto the eigenspace of 0 is

Ey = id Z %1/12-

By the spectral decomposition of Ux(t), we have
1 )
Ux(t) = — Z Ve Olap oz,
q a€’Zd

Lastly note that

Ya(0)14(9) = ¥alg) = ¥-al9)- =
In the rest of this section, we will denote the eigenvalues of X (Zle, C) by
0, := 1, (C).

For linear Cayley graphs, we can characterize uniform mixing as follows.

Lemma 25. Let X be a linear Cayley graph over Zg with connection set C'. Uniform
mizing occurs on X at time t if and only if for all g € ZZ,

Z ei(Ga—Gb)t _ qd'
a,b:(a—b,g)=0

Proof. The condition
1

Ux (t)o,q]” = 7

is equivalent to

qd _ Z eiﬁatei27r<a,g)/q

aEZd

_ Z 6 Bb)t i2m{a— b,g)/9 (7)

a bGZ
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Now partition pairs (a,b) of group elements into ¢ classes

Ky ={(a,b) - {a = b,g) = A},

where X € Z,. Note that for any A # 0, we have (a,b) € K; if and only if (Aa, Ab) € K.
Further, by the formula in Lemma 23,

0o — Op = Oxq — O

Therefore Equation 7 reduces to

¢l = Z oi(6a—0,)t _l_ei(Ga—Gb)tZeiQﬂ)\/q

(a,b)eKo A#0
— Z ei(ea—eb)t _ Z ei(ea_eb)t' (8)
(a,b)eKp (a,b)eK1

Applying 8 to the 00-entry of the transition matrix, we have
qd — Z 6i(9a—9b)t _ Z e’i(ea—eb)t + <q _ 1) Z ei(ea—gb)t. (9)
ab (a,b)EKop (a,b)eKy
Combining 8 and 9 yields the desired condition. O]

By Lemma 23, the difference between two eigenvalues of X (Z¢, C) is
0, — 0 = Ll (ICnat| - |Ccnbh)
q p—

which is divisible by q. Let
0, — O
Meap = .
q

We define a rational function in z over the integers by

Fy(x) := Z g™ | — gf. (10)

a,b:(a—b,g)

Note that by symmetry in a and b, this is a palindromic polynomial divided by some
power of z. The mixing times of X (Zg, (') are determined by the roots of these rational
functions.

d . . . . . . . ,Lt .
Theorem 26. X(Zg, C) admits uniform mizing at time t if and only if e?* is a zero of

ged{Fy : g € Z}.
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Proof. By Lemma 25, uniform mixing occurs at time ¢ if and only if ¢ satisfies

Z ei(0a=0)t — (d

a,b:(a—b,g)=0

for all g, or equivalently, if and only if

a,b:(a—b,g)=0
which is exactly Fy(e?*) = 0, for all g. O

For an application of the above result, consider the linear Cayley graph X (ij,C),
where C' consists of all non-zero multiples of {ej,es,...,eq4,1}. It is isomorphic to the
quotient graph H(d+ 1,q)/(1).

Theorem 27. If H(d+ 1,q)/(1) admits uniform mizing at time t, then either
(i) ¢q=2,4 and t = kn/4 for some odd k, or
(i1) ¢ =3 and t = 2kn /9 for some k not divisible by 3.

Proof. We compute the function Fy(z). By Theorem 23, the eigenvalue 6, is determined
by |C Nat|. Since the elements in C' are non-zero multiples of {e;, ey, ..., eq, 1}, we have

5 _ Jla=Dd—gwi(a) +(g—1). if(a,1)=0
" lg-1Dd—gwt(a) —1, i (a,1) #0.

Now let ; be the number of elements in (1)* with weight j. Since
Wi(z,y) =2+ (¢ — 1)y’

by MacWilliams’ identity,

Wi == ((x+(g— 1))+ (¢ — V(= —y)%).

| =

Therefore

0 - 1(4) ((a— 1Y + (~1¥(g—1)).

qa\Jj

To compute the weights of the other elements in Zg, note that for each \ # 0, there is a
one-to-one correspondence between {g : (g,1) = A} and {g: (g,1) = 1}, so it suffices to
compute the number of elements in

{9:(9,1) =1}
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with weight j, denoted ;. Since the total number of elements in Zg with weight j is

(j) (¢ — 1),

we have (1), = (;i) (q—1) — B,
that is,

5 = é(j) ((g = 1) = (-=1)%))
Hence,

Fl((I}) _ meab _ qd
a,b

_ Z xwt(a)fwt(b) + (q - 1) xwt(a)fwt(b) _ qd
ab:(a,1)=(b,1)=1 a,b:(a,1)=(b,1)=1
=> ) (ajon+ (g — BB’ — ¢
J k
1 d\ (d . | N
= EZZ (j) (k) ((C] _ 1)]+k + (_1)]+k(q _ 1)) 7’ k qd
ik

1 1 ) g—1 n\*
=—|@g-D(z+—-)+@-1) " +1)+—(2—|z+— —q"~.
q z q x
Now let z = x + 1/z. Recall that o = €% for some t, so —2 < z < 2. Substitute z into
Fi(z) and we have
qg—1

Fi(z) = g«q Dt @- 1P+ )+ e -

The derivative of Fj(z) is positive if and only if
(=124 (=1 + 1) > (22"
Notice that the expression in the brackets of the left hand side is at least
—20¢ -1+ (@@-1)*+1=(-2?*>0,
so Fj(z) > 0 if and only if
(q—Dz+(g—1)*+1>2—z,
that is, z > 2 — ¢. It follows that for ¢ > 4,
Fi(2) < F1(2) = ¢* ' —¢? <.

Hence H(d,q)/(1) does not admit uniform mixing when g > 4. For ¢ € {2,3,4}, we see
that z = 2 — ¢ is the stationary point and the only zero in the interval [—2,2]. Therefore
uniform mixing must occur at time ¢ for which 2 cos(qit) = 2 — q. O]
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For all the Cayley graphs over Z, known to admit uniform mixing, the mixing time
is of the form 27 /gn for some integer n. As a second consequence of Theorem 26, the
degree of such a graph must be large enough for mixing to occur at time 27 /gn.

Corollary 28. Let ¢(n) be the Euler’s totient function. If uniform mizing occurs on

X(Z¢,C) at time 27 /qn, then

€1 > 2 (om) 9 - 1)

Proof. Let g € C. For a,b € ZZ such that (a — b,g) =0,
ICNnat|—|CNYH < |C) -2
Hence

deg(fg) < |C| —q+ 1L

If X(ZZ,C) admits uniform mixing at 27 /qn, then Fy is divisible by the n-th cyclotomic
polynomial ®,(n) with degree ¢(n). Thus

() < (11 = g+ ). 0

11 Local and Global Uniform Mixing on Stars

For irregular graphs, local uniform mixing may be a better choice to start with. We follow
Carlson et al [2] and show that the star K, admits local uniform mixing. In particular,
uniform mixing in the global sense occurs on the claw K 3.

We apply spectral decomposition to the adjacency matrix A of the star K;,. The
eigenvalues of K, are 6y = 0, 6; = y/n and 6, = —y/n. Denote the projections onto
these eigenspaces by FEy, F4 and E;. We have

0 o
(o1 71)

E—i n  /nlt
1—2n \/ﬁl J ’

B — 1 n  —y/nl?
2 2n —\/ﬁl J ’

where J denotes the all-ones matrix. It follows that the transition matrix of K, is

U(t) = GO.itEO + e\/ﬁitEl + e_ﬁitEg

_ [ cos (v/nt) \/LE sin (y/nt) 1
\/Lﬁsin(\/ﬁt) 1 7+ % (cos(y/nt) —1)J "

THE ELECTRONIC JOURNAL OF COMBINATORICS 24(3) (2017), #P3.20 24



The quantum walk starting with the central vertex is uniform mixing at time ¢ if and only

if
|cos (\/ﬁt)| _ sm(\/ﬁt)‘

NG

or equivalently,
tan (v/nt) = +v/n. (11)

Thus, the star K, admits local uniform mixing at time

n arctan (y/n)

N + kT

for all integers k.
For uniform mixing, one additional condition from the lower right block of U(t) is

1
n

1+ cos (vnt) - 1)‘ _ ' (cos (Viit) — 1)

or equivalently,
n
cos (vnt) =1 — 5" (12)

Combining Equation (11) and Equation (12), we see that the only solution is

2
n=3 t=+—" 1%k

V271

for all integers k. Plugging this into U(t) yields a flat matrix. We conclude that the
only star that admits uniform mixing is the claw K 3, with earliest mixing time 27/ V21,
The Cartesian powers of K 3 then form an infinite family of irregular graphs that admit
uniform mixing.

12 Open Problems

There are a number of open problems on unifom mixing, ranging across characterizing
graphs that admit uniform mixing in some common family, determining the mixing times
of a given graph, and constructing new examples. Following our notation in Section 4, we
let 7, denote the earliest time at which the complete graph K, admits uniform mixing.

1. Question: To determine whether uniform mixing occurs on the quotient graph
H(d,q)/I' at time 7,, we have to check the weight distribution of every coset of
I'. Is it sufficient to just check the weight distribution of I'?

For groups with one or two generators, the weight distribution of any coset I' + ¢ is
merely a permutation of the weight distribution of I'. For an example see Theorem
10. If this were true in general, it would be helpful in characterizing linear Cayley
graphs with higher degrees.
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2. Question: Is there a characterization of uniform mixing on non-linear Cayley graphs
over Z17

This is one thing that the weight distribution condition does not tell. For ¢ > 4, a
Cayley graph over Z;l may not be linear, and thus may not be a quotient graph of
H(d,q). It is desirable to find another approach for these non-linear Cayley graphs.

3. Question: If a Cayley graph over ZZ admits uniform mixing, must its eigenvalues
be integral?

As we mentioned in Section 1, all the known Cayley graphs that admit uniform
mixing have integer eigenvalues. It is unclear if this is a necessary condition. The
first place to find a counterexample might be the Cayley graphs over Z¢, as the
eigenvalues are no longer guaranteed to be integral.

4. Question: If a Cayley graph over Zg admits uniform mixing at time ¢, must ¢ be a
rational multiple of 77

Again this is true for all the known examples. However, it may only apply to graphs
with integer eigenvalues. Even for this smaller class of graphs, it would be interesting
to confirm such an algebraic property of the mixing times.

5. Question: How fast can a Cayley graph over Zfll admit uniform mixing?

So far, the best examples that admit uniform mixing earlier than 7, are the distance
graphs of H(d,2) found in [3], and the distance graphs of H(d,3) and H(d,4) found
in Section 8 of this paper. These families provide arbitrarily faster uniform mixing,
although at the cost of larger vertex sets. In an effort to construct new examples
with faster uniform mixing, a question arises as to whether there is a lower bound
on the mixing time of a given graph.

6. Question: Are there more irregular graphs that admit uniform mixing?

The star K3 and its Cartesian powers suggest that there could be other irregular
graphs that admit uniform mixing. As we did in Section 11, one may look at local
uniform mixing on some common families of irregular graphs, and then impose more
conditions for global uniform mixing.
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