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Abstract

In this paper, we give new constructions of disjoint difference families from Galois
rings. The constructions are based on choosing cosets of the unit group of a subring
in the Galois ring GR(p?, p**). Two infinite families of disjoint difference families
are obtained from the Galois rings GR(p?, p*?) and GR(22,2%°).
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1 Introduction

Let G be an additively written abelian group of order v, and let D;, ¢« = 1,2,...,b, be
disjoint k-subsets of G. We call {D; : i = 1,2,...,b} a disjoint difference family in G
with parameters (v, k, A\, b) if the multiset

{r—y:z,y€ Djx#y,i=12,...,b}

covers every nonzero element of G exactly A times. If b = 1, it is called a (v, k, \) difference
set in G. If D;’s form a partition of G (or G \ {0}), it is called partition type (or nearly-
partition type, respectively) following the terminologies of [13]. It is clear that a disjoint
difference family with bk = v is of partition type. Furthermore, a disjoint difference family
with bk = v — 1 can be transformed to be of nearly-partition type by taking a translation.

For XY C G and a € G, define multisets X +Y :={x+y : 2 € X,y € Y} and
X +a:={r+a:z € X} Given disjoint subsets D;’s of G form a disjoint difference
family if and only if Zle |D; N (D; 4+ a)| = A for every nonzero element a of G.

Disjoint difference families have rich applications to coding theory, communications
and information security. For these connections, we refer the reader to [13] and references
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therein. Disjoint difference families are closely related to other combinatorial objects such
as external difference families (or perfect difference systems of sets) and zero-difference
balanced functions [3, 4, 12]. A zero-difference balanced function is equivalent to a parti-
tion type disjoint difference family. A disjoint difference family such that the union of D;’s
forms a difference set in GG is an external difference family. In this sense, a lot of construc-
tions of disjoint difference families have been known [2, 3, 4, 5, 6, 7, 8,9, 12, 16, 17, 18].
Most of the constructions are based on finite fields, in particular, cyclotomic cosets and
trace functions of finite fields.

In this paper, we are inspired by the following well-known construction of disjoint
difference families. Let I, be the finite field of order ¢ and C' be a multiplicative subgroup
of index e. Then, the family of all cosets of C' in the multiplicative group F; of F, forms
a disjoint difference family in (F,, +). The proof is as follows. We compute Zf:_é v'C' N
(7'C + a)| for each a € F}, where 7 is a primitive element of F,. Since the equation
viz = vy + a is reformulated as zy~! = ay "'y~ + 1, where 2,y € C, we have

e—1 e—1
S HCAGC+a) =0 (e C + 1) = O (F + 1),
i=0 1=0
which is constant not depending on a. Hence, {+'C :i=10,1,...,e — 1} forms a disjoint

difference family in (F,, +).

In this paper, we consider an analogy of this construction. More precisely, we consider
cosets of the unit group of a subring of the Galois ring GR(p?, p**). Then, we choose
carefully some of the cosets and take the union together with the maximal ideal of the
subring removing the zero. Then, we have a family of subsets of the Galois ring by
multiplying the union by some elements in the Teichmiiller set. Our new construction
yields disjoint difference families of nearly-partition type. In particular, we obtain two
infinite families of disjoint difference families in the additive groups of the Galois rings
GR(p?, p™) and GR(2%,2%) with parameters (v,k,\,b) = (p*, (p*" + 1)(p™ — 1),p" —
PP+ pt — 2,p" + 1) and (22%,2° + 1,2%,2° — 1), respectively. In addition, we find one
example of a disjoint difference family with parameters (v, k, A, b) = (729, 56, 55, 13) from
GR(32%, 39).

Note that disjoint difference families with the same parameters above can be con-
structed by using the cosets of the multiplicative subgroups of order (p** + 1)(p" — 1) and
2% + 1 of the finite field of order p** and 2%, respectively, as described above while the
groups are distinct; the difference families obtained by the construction using finite fields
are in the groups Zé" and Z2°, and our new difference families are in the groups ZZQ and

52. Furthermore, as far as the author knows, there has been no construction of disjoint
difference families with the parameters above in Galois rings. This will be explained in
the last section.
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2 Preliminaries

In this section, we introduce notations about Galois rings used throughout this paper.
See [15] for general background of Galois rings.

Let p be a prime and let g(x) € Z,2[z] be a primitive basic irreducible polynomial
of degree s and denote a root of order p* — 1 of g(x) by £ Then Zy[z]/{(g(x)) is
called a Galois ring of characteristic p? and of an extension degree s, and denoted by
GR(p? p*). The algebraic extension of Z,» obtained by adjoining ¢ is isomorphic to
Z,2[z]/{g(x)). GR(p* p**) has a unique maximal ideal Z,s = pGR(p?, p**) and the residue
ring GR(p?,p**)/Z,s is isomorphic to F,s. We take T, = {0,1,&,...,7 72} as a set
of representatives of GR(p?, p*)/Z,s, called the Teichmiiller set. An arbitrary element
a € GR(p?, p*) is uniquely represented as a = ag + pay, ag, aq € Tps. We denote the set
of all units in GR(p?, p**) by GR(p?, p**)* and also denote T := Zps \ {0}.

We define the map 7 : GR(p? p*)* = T:(:= Tps \ {0}) as 7(a) = o#". The kernel
of 7 is the group P,s of principal units, which are elements of the form 1+ p3, 3 € T,
ie., Py =147, =1+ pT,. By noting that (1 + pa)(1+pB) = 1+ pla+ B) € Py
for any o, 8 € T,s, Py is isomorphic to the additive group of F,: by the isomorphism
1+ pa € Pps —> a+ pTps € GR(P?, p*)/Zys. Tt is clear that GR(p?, p**)* is the direct
product of P,s and the cyclic group 7: of order p* — 1. In other words, every element of
GR(p?, p**)* is uniquely represented as ag(1 + pay), ag, a1 € Tps, g # 0.

In Section 3, we treat the case where s is even, say, s = 2n. In Section 4, we treat the
case where p = 2 and s an arbitrary positive integer.

3 Disjoint difference families from GR.(p?, p*")

In this section, we follow the notations of Section 2. In particular, we set s = 2n and
consider the unique subring GR(p?, p**) of GR(p?, p*").
Recall that

7;2" = {07 1757627 cee ’§p2"—2}’

which is a system of representatives for GR(p?, p*")/Z,2n. Hence,
GR(p*, p") = {s+1t : s € Tpen,t € Lppn}.
On the other hand, any element of GR(p?, p?") can be uniquely expressed as
ap + a1, ag, a; € GR(p?, p™),

i.e., GR(p? p'™) is an extension ring of GR(p?, p*") obtained by adjoining £. Define a
subset of Tan:
T = 40,1, griL g2+ 7§(p"—2)(p”+1)}7

which is the Teichmiiller set of the subring GR(p?, p**) [15, Corollary 14.28]. Hence,

Ryn ={a(1+pb) : a €Ty, b€ Tpn}
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is the unit group GR(p? p*")* of GR(p? p*"), and pT,» is the maximal ideal Z,» of
GR(p?, p™").

Note that the additive group of . is isomorphic to (Fy2n,+). Let pS be a system
of representatives for Zon /Tpn (=~ Fpon /Fyn). Since Zpon = pTen and Iy = pTpn, each
element of pS can be written as px for x € Tpen, i.e., pS = {pr : x € S} for some subset
S of Tpen. Write S ={z; : i =0,1,...,p" — 1} C T,2n. Define

P={pgd®" " i =0,1,...,p" —2}.
Then, P = " Z%, = p&”" T, that is, a coset of Z, in UACHS
Theorem 1. Let
pr—1
D;=¢ (PU (U g(1 +pxj)an)>, 0<i<p. (1)
j=0

Then, {Dqy, D1, ..., Dy} forms a disjoint difference family in (GR(p? p*™™),+) with pa-
rameters (v, k, \,b) = (p*, (P> + 1)(p" — 1), p" — p* +p" — 2,p" + 1).

It is clear that 7, &P = U, {'Zy. = I, Furthermore,

U U EH(1+ prj)Rpn = (U i p’2> <U (1+pz;)(1 +p7§w)>

i=0 j=0 i=0 §=0

=T (1 +p(S + Tpn)) = GR(p?, p™")".
Hence, D;, i = 0,1,...,p", partition GR(p?, p*) \ {0}.

Example 2. Consider the case where p = 3 and n = 1. The polynomial 2>+4x+8 € Zg[z]
is a monic basic irreducible polynomial having a root £ of order 32 — 1 = 8. Then,

7;9 = {07 17 57 627 ’537 547 557 567 67}

Let
S =1{0,¢¢%.

Then, 1+ pS forms a system of representatives for P32 /IP3. Define
RS = {17 25 47 57 77 8}(: Z;)

and
P = {36%,3¢7}.
Then, the sets

D; =& (R UE(1+36)Ry U (1 4+ 3¢6%)Ry U P), 0 <i <3,

form a disjoint difference family in (GR(3% 3%),+) ~ Z3 with parameters (v,k,\,b) =
(81,20, 19, 4).
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3.1 Proof of Theorem 1

It is clear that |D;| = p*™(p" — 1) + (p" — 1) = (p*™ + 1)(p" — 1). We expect that
A= p?" — p?" + p" — 2. So, we show that for any nonzero a € GR(p?, p'")

7

p
> IDiN (Di+ @) = A =p*" = p* 4 p =2 )
=0

by a series of lemmas below.

Lemma 3. If *(1 +py) & Ryn and € & Ty,

Ry + (14 py) Rpr = GR(p*, p"") \ (L U {u(1+pv) : w € T, v € Tpon}
U{&u(l+pv) : ue Th, veETpe}).

Proof. 1t is clear that
Ryn + (1 4 py) Rpn = GR(p*,p™) \ ((Ipn + " (1 + py))
On the other hand, we have

Iy +Zpn& (1 + py) ={pu + pv&" : u,v € Tpn}
:{p(u+v€x> : uav S 7;”} - IPQTL.

Furthermore, we have

Ryn + Ly &"(1+ py) ={u(l +pc) +pdf” : u € Tp,c,d € Tyn}
={u(l+plc+d€")) : ue T c,de Ty}
={u(l+pv) : u€Tn,v €Ty}

and
Ly + Bpn&"(L+py) =A{pd +u(l+pc)S" (1 +py) : uw € T, ¢;d € Tpn}
={ug"(L+plc+y+ds™) cueTh, ¢;d€ T}
={ug"(L+pv) : u€Th, v €Ty}
This completes the proof of the lemma. O

Lemma 4. For j,j' =0,1,...,p" — 1 with j # j' and any a € GR(p?, p*")*,
> 6 (14 pay) Rpn OV (€7 (1 + payr) Ryr + a)| = p" — 1.
i=0
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Proof. Tt is enough to compute the frequency of an element a € GR(p?, p*")* appearing
in the multiset

(e

A= U (§Z+J(1 -f-pxj)an - £i+j/(1 —I—p"L‘j/>an)-

i=0
Then, since Ryn = —R,n, we have
o
A= & ((1 4 pr;) Ry + & (1 + py) Ryr). (3)
i=0
Furthermore, since £/, ¢ = 0,1,...,p", form a system of representatives for 7;571/ T
the right hand side of (3) is rewritten as
o
U &1 + pz;) (Rp” + <fjlij(1 +plzy — mj))Rp")' (4)
=0

Since j'—j # 0 and &'~ (1+p(xj —x;)) & Ry, continuing from (3), we have by Lemma 3
that

'

p
A= € (GREA P\ (T U{u(l+po) : we Ty, v € Ty}

=0

U{& Tu(l4+p) : ue Tons v E 7;%}))

Hence, each element a € GR(p?, p*")* appears in A exactly p" — 1 times. O

Lemma 5. For any nonzero element a € GR(p?, p'"),

p" p"—1 9 ) .
. L n n_1> ZfCLEIQn
z+]1+ [Ean z+]1_|_ an+a :{p (p ) . P21y .

2 2 €V pn) Ry O pr) o+l = ) ip GRS iy,

where L%, = Lyen \ {0}
Proof. We consider the following set:
{€H (1 +prj)xr — (1 +pay)y : 2,y € Rpnyx #£y,i=0,1,...,p",i=0,1,...,p" — 1}.
(5)
If  and y have the form z = £*(1 + ps) and y = £“(1 + pt) with s # ¢, respectively, we
(1 +paj)r — (1 + pay)y = p€ 7T (s — 1) € L.
Hence, each element of 77, appears in the multiset (5) exactly p?"(p™ — 1) times.
If x and y have the form = = £“(1 + ps) and y = (1 + pt) with u # v, respectively,
we have
EM (1 +prj)r — €M (1 +pay)y = €77(1 + pay) (€"(1 +ps) — €'(1 + pt)) € GR(p*,p™)".

Since £“(1+ps), £Y(1+pt) € GR(p?, p*)*, the differences £“(1+ ps) — £Y(1 + pt) represent
every element of GR(p?, p*")* exactly p"(p™ — 2) times. O
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Lemma 6. For any a € GR(p?, p*")*,

Z Z ‘fzﬂ(l +px;)Rpn N (P + a)‘ =p" -1

i=0 j=0
Proof. We compute the frequency of an element a € GR(p?, p")* appearing in the multiset

p" p"—1

B:=JJ P +pz)Ry —EP).

i=0 j=0
Let u € Tpn and &%, v € T . Since
EHT L+ pay) (1 + pu) — pu€™P" = €5 (L4 p(ay +u — v 7)),

we have

EHV (1 +prj)Rpn — &P = {7 +plaj+u—vg" 7)) : £ eTh uveTpn}

{7 (L4 plzj+u) : & € T, u € Ton } -
Since £&7" 7775 & T, we have
{p(u —v€""77%) : u,v € Tyn} = pTpon.
Hence,
{1+ p(x; +u— vEP" I L €5 € Tor w0 € Ty b= 5“”7”‘ (1 4+ pTpen).

It is clear that R

U U €970+ pTpen)

i=0 j=0
contains every element of GR(p?, p'™)* exactly p" times. On the other hand, we have
pn

=0

o
U {€ A +p(x;+u) : € €T, ue Ty}
7=0

=Ty (J {4 pz; +w) s we T},

bS]

p"—1
=0

which contains every element of GR(p?, p')* exactly once. Hence, B contains every
element of GR(p?, p*)* exactly p" — 1 times. O

Lemma 7. For any a € L.,
pn . .
S IEPN(EP +a) =p" —2.
i=0
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Proof. We consider the multiset
pn . .
C = U{Sz-&—pnpg(pn—i-l)s o §z+pnp€(p"+1)t cst=0,1,....p" — 2,5 7& t}
=0

Since the multiset {p(£P"+1)s —¢@E"+DH) - s ¢ =0,1,...,p"—2,5 # t} covers every element
of Z). exactly p" — 2 times, C' covers every element of Lon exactly p” — 2 times. O]

We are now ready for proving Theorem 1.

Proof of Theorem 1. For any nonzero a € GR(p?, p'™), by Lemmas 4-7, we have

s T

P pt—1 P

dNIDin(Di+a)= Y D [ET A+ pz;) Ry OV (€ (1 + paj) Ry + a)

i=0 3#3'3,4'=0 =0

p" ph-1

+ DD 1€ 4 pry) Ryn 0 (E7(1 4 paj) Ryn + a))|
i=0 ;=0

+3 N € (1 + pr)Rpr N (EP + a)
i=0 j=0

+Y N EP AT (L4 pr) Ry + )] + D IEP N (EP + a)
i=0 j=0 i=0

_ { Pt —1) +p" -2, if a € Ton,

prp" = D)(p" = 1) +p"(p" = 2) +2(p" — 1), if GR(p? p™")",

:p3n_p2n+pn_2

This completes the proof of Theorem 1. O

4 Disjoint difference families from GR/(2?,22%)

In this section, we follow the notations of Section 2. In particular, we treat the case
where p = 2 and s an arbitrary positive integer. We present an infinite family of disjoint
difference families from GR/(22,22%) by using cosets of the unit group {1, 3} of the subring
GR(22,2?).

4.1 A bijection between Fa: /F2 and a (2° — 1,2°71,2572) difference set in F%,

We begin with finding a “good” bijection from Fys /Fy to a (25 — 1,271 2572) difference
set in F3,.

Let r be a fixed element of Fys such that Tras)o(r) = 1, where Trys /s is the trace
function from Fos to Fy. It is clear that

{x:Trespp(x) =L,z €Fa} ={B°+B+71: B €Fa}. (6)
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Note that the set (6) forms a difference set in Fj. [14, Theorem 2.1.1]. Then, we consider
the following bijection g from Fys /Fy to the (25 — 1,251 2572) difference set D := {z~!:
Tros o(x) = 1,2 € 3. }:

9(B+T) = (B°+p+r)""

Put f := ¢g~!. Let v be a fixed primitive element of Fys. For each 4%, 1 < i < 2% — 2,
there are 2572 pairs (u,v) € D? such that uv™ = +*. Let P; be the set of such pairs, i.e.,
Pi:={(u,v) € D* : wv™t =4}

Lemma 8. The bijection f: D — Fos /Fy defined above satisfies that for each 1,

U (F@n' + f(v) = Fa. (7)

(u,0)EP;

Proof. We compute the frequency of each element ¢ € Fos appearing in the multiset
Utwwyer, (f ()7 + f(v)). This number can be described in terms of characters as follows:

% YD Wby +a+ )8+ B+r)y = (@°+a+7))

z,y€Fss a,fEFys

- 2% DD w(@a® + o+ ya)b(xB>y + 28y + yBy ) (yt + ary + 1),

z,y€Fys a,BEFys
where 1 is the canonical additive character of Fos. Here,

2 o 257 1f$2<$+y)2,
Z Y(za” + za+ya) = { 0, otherwise,

a€lFys

and . , ‘
25 if vyt = (2" + yy)?,
0, otherwise.

> p@fy +apy +ypy) =
BEFys

2

By noting that i # 0, since z = (z + y)? and 7' = (27" + y7")? can not happen

simultaneously except for the trivial case x = y = 0, we have
1 i i i i
o O D v(@e® o+ ya)(aBiy +ufy' +yBy )yt +ary' +ra) = 1.
z,y€Fys a,BEFys
This completes the proof of the lemma. n
Lemma 9. The bijection f: D — Fos /Fy satisfies that

U () —u") = Fa. (8)

ueD

Proof. The assertion follows from the following transformation:

U@ —u)y={8-(8+8+r): B€Fs}={f+r:B€Fp}=Fp. O

ueD
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4.2 Construction and proof

The bijection f : D — Fys /IFy defined in the previous subsection also induces a bijection

*

between a difference set X in 75: and Zys /Z, via the following maps: oy : F5. — Tt
defined by o,(v") = &' and 0y : Fos /Fy — Zys /T, defined by oo(y + Fy) = 2(€ + T3). Let
h be the induced map from X to Zys /Z,.

Consider the set

Di:§i<Pu<Ux(1+h(x)))>, 0<i<2 -2, (9)

where P = {2}.

Theorem 10. Let h be the bijection from X to Iys /Iy defined above. Then, the sets D,
i =0,1,...,2° — 2, defined in (9) form a disjoint difference family in (GR(22,2%),+)
with parameters (v, k, N\, b) = (225,25 +1,25,25 — 1).

It is clear that |J7_ ;&P = Tj.. Furthermore, since U,ex (1 + h(z)) = Pys by the
definition of h, we have

U U €201+ h(x)) = (U 5") (U(l+h(m)))

i=0 xeX =0 reX
= TPy = GR(2%,2%)*.

Hence, D;, i = 0,1,...,2° — 2, partition GR(2%,2%) \ {0}.
We now prove this theorem by the following two lemmas.

Lemma 11. Let P! := {(z,y) € X?: 2y ' =¢&}. For eachi=1,2,...,2° — 2,

| @@+ @) +y(1+ h(y) = GR(2%,2%)".
(z,y)EP;
Proof. Note that
T | @O+n@)+yd+nw) =T |J 0 +h@)+1+hy).

(z,y)EP; (z,y)€P;

Write h(z) = 2(2'+T3) and h(y) = 2(y' +T2). Then, £(1+h(z))+ (1+h(y)) is expressed
as
S 422" +2T) + (1+2y +2T) =& + 1+ 26 (@' + T) + ¢ + Ta).

Put & + 1 = &ki(1 + 2¢;). Then,

E+1+2E (@ +T)+y +T) =1 +20; + 5@ +T)+y +Tz))).
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We now consider the set {J, ,cp: 2(&(2" 4+ T2) + v + Tz). By the isomorphism o from Z,s
to Fys mapping 26° to 7%, 0 <1 < 2° — 2, and 0 € Zys to 0 € Fys, we have

o |J 2@ +T)+y+ )= [ (O f)+ f(v)

(xvy)epl{ (’U,,'U)E’PZ‘
By Lemma 8, this set coincides with Fa.. In other words, |, W)EP! 2062+ Th)+y'+Ts)) =
Tss. This completes the proof of the lemma. m
Lemma 12. [t holds that
> | @1+ k(@) + P) = GR(2%,2*)".

zeX

Proof. Write h(z) = 2(2' 4+ 72). Then, T5: U, cx(@(1 + h(z)) 4+ P) is expressed as
s +20@ + 2 —a).

zeX

We now consider the set |J, .y 2(2' + 72 —2~'). By the isomorphism o, we have

o(lJ 26" + T =) = [J(flw) —u).

zeX ueD
By Lemma 9, this set coincides with Fys. In other words, (J,cy 2(z' + T2 — ) = Iy,
This completes the proof of the lemma. n

We are now ready for proving our main theorem of this section.

Proof of Theorem 10. For each nonzero a € GR(22,2%%), we compute the number

25-2

> DN (D; +a)l.
1=0

By Lemma 11, for each a € GR(2?,2%%)*, we have

252
N (& 21+ h(x)) +a)

1=0 zeX zeX

On the other hand, since the number of elements in Z;, occurring as differences between
elements in xh(z) is two, for each a € Z3,

259
r(1+h@) N (& 21+ k() +a)| = 2°.
= zeX rzeX

Finally, by Lemma 12, for each a € GR(22,22%)*, we have

252 252

Z )5% U 2(1+ iz (§ZP+a)] +3 |epn(e | x(l—l—h(x))—l—a)’ —2.

zeX i=0 zeX

This completes the proof of Theorem 10. O
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z e T/ Ty NS T | T S Ty¢"
h(x) € Iss [Ty || 36T + I3 | 365 + T3 | 32+ T3 | 36Y° + T3 | 3¢ + I3

= 32/73* 7;*58 7;,*610 75*611 75*512
h(lf) € I33/I3 358 + Ig 355 + Ig 35 + Ig Ig

Table 1: A bijection between a (13,9, 6) difference set in 735 /75" and Zss /T

5 Disjoint difference families from GR(32, 3%)

In this section, we consider a generalization of the construction of disjoint difference
families given in Section 4. Let p be a prime and s, n be positive integers such that n | s.
Let X be a (;’3_1 p°", p* " (p" — 1)) difference set on 75 /7,5 and set Y = Zs /Tn. Let

n_19

h be a bijection from X to Y. Consider the set

l%zﬁ(PU<Uxﬂ+M@0>,Oéiéiiﬁ, (10)

rzeX

where P = pT..

Problem 13. Find a bijection h such that {Dg, D1,. .., Dgs_pny/pn-1)} forms a disjoint
difference family in (GR(p?, p*), +).

We checked by computer that such a disjoint difference family exists in the case where
(p,s,n) = (3,3,1). The polynomial 2> 4+ 222 + 3 + 1 € Zg|x] is a monic basic irreducible
polynomial having a root & of order 3> — 1 = 26. Then, 73 = {0,1,§,,...,£%} and
P ={3,6}. Let

S = {0,6,€2, 64,65, 65 ¢5,613 ¢17).

Then, 1+ 35S forms a system of representatives for P33 /P3. Furthermore, the set
X = T{€%,61,6°,6%,67, 65,60, 61 ¢}

is a (13,9,6) difference set in 733/75". Define the map h : X — T3s /T3 as in Table 1.
Then, the sets

Dp%%PU(UxO+M@D)O<i<H,

zeX

form a disjoint difference family in (GR(3% 3°%),+) ~ Z3 with parameters (v,k, \,b) =
(729, 56,55, 13).

Remark 14. We could not generalize this example into an infinite family. When we try
to generalize the example, it is natural to consider the equality

{z €Fp : Trpeppn(z) = 1} = {67 —B+r:BelF,},
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where 7 is a fixed element of F)s satisfying Trps jpn () = 1, similarly to (6). Then, analogous
to the construction given in Section 4, we can consider the map g from F,. /F,» to the
difference set {z7'F}, : Trysjpn(2) = 1,2 € Fpe } C F /F3, defined by

9(B+TFp) = (8" = B+1)'Fpn.

However, this map does not yield a disjoint difference family in (GR(3?,3%),+). Hence,
we need a modification of this construction. We leave this as an open problem to the
readers.

6 Concluding remarks

In this paper, we give two constructions of disjoint difference families from Galois rings
by carefully choosing cosets of the unit group of a subring. In this section, we explain
how our constructions are related to known constructions of disjoint difference families in
finite rings.

As far as the author knows, two general constructions of disjoint difference families
in finite rings (not finite fields) have been known; one is a recursive construction using
difference matrices, and the other is a construction using cosets of a unit subgroup of the
ring similarly to our construction. However, both of the constructions can not fit with
our constructions as explained below.

A typical recursive construction given in [1] assumes the existence of two difference
families in groups of order u and u/, respectively, with the same block size k < u, v’ and a
combinatorial object, called a difference matriz. Then, the resulting difference family is
of order v = uu’ and with block size k. In this case, it is clear that v > k2. On the other
hand, our new difference families satisfy that v < k2. Hence, our difference families can
not be obtained from the recursive construction.

Also, the following basic construction of disjoint difference families in finite rings was
given in [11, Theorem 3.7] (see also [10, Theorem 3.3]). Let R be a finite commutative ring
with an identity and B be a subgroup of the unit group U of R such that the differences
occurring in B are all in U. Define a relation “x ~ y” for x,y € R\{0} by B = yB, which
gives an equivalence relation. Let S be a system of representatives for the equivalence
classes modulo B in R\ {0}. Then, {sB : s € S} forms a disjoint difference family in
(R,+). On the other hand, each block of our difference family is a union of cosets of
the unit group of a subgring together with a coset of the maximal ideal of the subring
removing the zero. Hence, the known construction can not fit with our new construction.
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