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Abstract

In this paper, polynomial ideal theory is used to deal with the problem of the S-
packing coloring of a finite undirected and unweighted graph by introducing a family
of polynomials encoding the problem. A method to find the S-packing colorings of
the graph is presented and illustrated by examples.
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1 Introduction

Graph coloring has many applications like scheduling problems [17], register allocation [6],
pattern matching [22] among others. In its simplest form, it is a way of coloring the vertices
of a graph such that no two adjacent vertices share the same color; this is called a vertex
coloring. Similarly, an edge coloring assigns a color to each edge so that no two adjacent
edges share the same color. This kind of coloring is called a proper coloring.

Problems like the frequency assignment problem, which is to assign a frequency to
a given group of televisions or radio transmitters so that interfering transmitters are
assigned a frequency with at least a minimum allowed separation, have inspired a variety
of graphical coloring problems that generalize the notion of a proper coloring. One can
see [13] or [21] for a survey of frequency assignment problems.

Goddard et al. [14] generalizes the ordinary colorings and some other coloring param-
eters such as the broadcast chromatic number to an S-packing k-coloring.

An S-packing k-coloring of an undirected and unweighted graph G is a mapping c
from V(G), the set of vertices, to {0,...,k — 1} such that any two vertices with color
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i are at mutual distance greater than a; for 0 < ¢ < k — 1, where S = (ag,a,...) is a
non-decreasing sequence of positive integers. That is,

Vu#veV(G)? Vie{0,...,k—1}, c(u) = c(v) = i = dist(u,v) > a;

where dist(u,v) is the distance between the vertices v and v. So, a (1,1,...)-packing
k-coloring is just the usual proper coloring. The S-packing chromatic number xs(G) of
G is the smallest integer k such that G has an S-packing k-coloring. When the graph is
finite, the S-packing chromatic number ys(G) never exceeds n = |V(G)| since, with n
different colors, one can always assign a different color to each vertex.

In this paper, we use the polynomial ideal theory to study the S-packing k-coloring
problem of a finite graph G. We profit from the algorithmic aspect of this theory and
especially the Grobner basis tool to decide whether the graph G has an S-packing k-
coloring for a given k and to determine the S-packing chromatic number xs(G) of G.
This can be done by modeling the problem of the S-packing k-coloring by a radical and
zero-dimensional polynomial ideal of a specific polynomial ring. The important geometric
and algebraic properties of the modeling polynomial ideal of being zero-dimensional and
radical allow us to find effectively an S-packing k-coloring of the graph G

In the particular case of a proper coloring, this problem has been studied, (see e.g.
[1], [18] and [19]), through the following polynomials:

xf—l for 0<j<n—-1

- (1)
£ for (vj,v) € E,

XTj—Typ

where (v;,v,) € E means that v; and v, are adjacent vertices, and the ideal Jj, generated
by these polynomials is in the polynomial ring R = F|xq, ..., z,_1] for some field F. The
graph G is of course finite and V(G) = {wp,...,v,_1} is its set of vertices. A proper
k-coloring of the graph G is determined by a zero of the ideal 7 in some algebraic closure
F of F. So, in order to determine the k-colorings of the graph G, one needs to work in the
extension field F. The Grobner basis tool can be used to decide whether the ideal J. has
zeros in F. Many other properties of the graph can be studied through these polynomials.
One can survey [18], [19] and references therein.

The same idea is used here to study the problem of an S-packing k-coloring of the
graph G through a different combinatorial encoding;:

k—1
-1+ Tipri for 0<j<n—1,
; +kj J (2)
TithiTqtkj for 0<i<g<k—-1,0<5<n—1,
together with:
{ TiyhiTivke for 0<i<k—1,0<j<{<n—1anddist(v;,v) < a,. (3)

The polynomials (2) and (3) in the polynomial ring R = F[zo, ..., Tg,—1] generate the
modeling ideal J(S). It will shown, Theorem 13 page 8, that the existence of an S-
packing k-coloring of the graph G is equivalent to the fact that the ideal Jj(S) has zeros
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in F and there will be no need to use an extension field; the zeros of the ideal J(95),
when they exist, have components 0 or 1 and the correspondence between these zeros and
the S-packing k-colorings of the graph G is one-to-one. The Grobner basis method, with
respect to a lexicographical ordering, and the Shape Lemma will be used to provide a
method to find the S-packing k-colorings of the graph G. It is true that lexicographical
orderings are not a good choice for computing Grobner bases, but for zero-dimensional
ideals like the ideal J(S) there are efficient algorithms [8] which transform a Grébner
basis of a zero-dimensional ideal with respect to any given ordering into a Grébner basis
with respect to any other ordering.

2 Preliminaries

The main purpose of this section is to provide a necessary description of the basic notions
in polynomial ideal theory. Namely, the powerful tool of Grobner basis which was invented
by Bruno Buchberger in 1965. For more details, one can see [2], [3], [4], [5], [7] or [16].

Let F be a field and R = F[xzq,. .., x,] be the ring of polynomials in z1, ..., z, over F.
A term order or monomial ordering on R is a total order < on the set of all monomials
x* = 7' -+ - 2% which has the following two properties:

o 2% <z implies %%¢ < 2°%¢ for all a, b, c € N”, that is < is multiplicative.
o 1 < 2% for all @ € N™\ {0}, that is the constant monomial is the smallest.

As an example of monomial orderings, we recall the one that will be used in our examples;
the lexicographical ordering >. If a = (ay,...,a,) and b = (by,...,b,) are in N" then,
2% > z¥ if and only if there is 1 < i < n such that a; > b; and bj =a;forl <j<i—1. For
a given monomial ordering, every non-zero polynomial f has a unique leading monomial
LM(f) = z* that is the largest monomial x* which occurs with a nonzero coefficient in
the expansion of f. If Z is an ideal of R, its monomial ideal LM(Z) is the ideal generated
by the leading monomials of all the polynomials in Z; LM(Z) = (LM(f); f € Z) . A finite
set [ of generators of an ideal Z is said to be a Grobner basis of Z with respect to some
monomial ordering if the leading monomials of the elements in F' generate the monomial
ideal LM(Z); LM(Z) = (LM(F)) . If, in addition, the coefficient of LM(f) is equal to 1
and no monomial in f lies in (LM(F \ {f})) for every f € F, then F is called a reduced
Grobner basis of the ideal 7.

Proposition 1 ([7]). Let Z be a non-zero polynomial ideal. Then, for a given monomial
ordering, T has a unique reduced Grobner basis.

Among the numerous applications of Grobner basis, one can cite the ideal membership
problem; that is whether a given polynomial g belongs to some ideal Z. When g = 1,
this problem is related to the celebrated weak Nullstellensatz theorem, which identifies

exactly which ideals correspond to the empty variety. Recall that the variety of an ideal
Z of R in some extension field I of I is the subset V,(Z) of L™ defined by: VL.(Z) = {£ =

(&1,...,&) €L f(&) =0 for all feT}.
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Theorem 2 ([7]). If F is algebraically closed and T is an ideal of R, then the variety
Vr(Z) is empty if and only if the ideal T is unit, that is T = R.

One way to test whether a given ideal is unit is the use of the Grobner basis tool. In
fact, in practice an ideal Z is always given by some finite basis F'. One can compute the
Grobner basis G of Z from F' with respect to some monomial ordering, using Buchberger’s
algorithm or new algorithms like Faugere’s algorithm [9] or [10]. Then, the ideal Z is unit
if and only if GNF # @.

When dealing with radical ideals (multiplicity-free) and zero-dimensional ideals (finite
variety), many arguments in algebraic geometry and commutative algebra are simplified.
The ideals in this paper are not an exception and we are interested in finding their zeros.
In this regard, we recall the following definition:

Definition 3 ([2],[16]). An ideal Z is said to be in normal position with respect to some
variable z; or in normal z;-position if the z;-components of the zeros of Z in F are pairwise
different.

The last definition can equivalently be stated as: The ideal Z is in normal x;-position
if the map m; @ (&1,...,&,) = & from V&(Z) into F is injective. It may happen that an
ideal is not in normal position with respect to any variable like the ideal J generated by
the polynomials z3 — z; and 22 — x5 in Flxy, o] since V&(J) = {(0,0), (0,1), (1,0), (1,1)}
and the maps m; and 7, are not injective. In this situation, a suitable linear change of
coordinates transforms the ideal into an ideal in normal position with respect to some
new variable.

Proposition 4 ([2],[16]). Suppose that T is a zero-dimensional ideal of R, let d =

dim (R/Z) and assume that F contains more than ( d ) elements. Then there exists

2
a tuple (o, ..., ) € F™ such that the linear change of coordinates x; — x; fori <n—1
and x, — o1xy + -+ + a,x, such that for any two different zeros & = (&1,...,&,) and
v=(v1,...,v,) of Z, one has
iy + o+ @ #F i+t (4)
Proof. See [16] Proposition 3.7.22 page 255. O

Together with Grobner basis tool, the following theorem, which is known as the Shape
Lemma, can help to find the zeros of a zero-dimensional radical ideal. The field F is
supposed to be perfect; every irreducible polynomial over F has distinct roots. Note that
fields of characteristic zero or finite fields are perfect.

Theorem 5 ([2],[12],[16]). Suppose that F is a perfect field, let T be a zero-dimensional
radical ideal of R in normal x,-position, let g, be the monic generator of ZNF|x,] and let
d be its degree. Then, the reduced Grobner basis according to the lexicographical ordering
x1 > -+ > x, has always the following form:

{z1—g1(wn), -, Tn-1 = Gn1(Tn), gu(an)} (5)
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where g; € Flx,], deg(g;) < d for i < n. The polynomial g, has distinct zeros z1, ..., zq

in the algebraic closure F of F and

VF<I> = {(gl(zi), NP 7gn—1<zi>7 Zz) | 1= ]_, c. ,d}
Proof. See [16] Theorem 3.7.25 page 257. O

We have already seen above that the ideal J = (x3 — x1, 23 — o) in Flzy, x5] is not
normal position with respect to any variable. For scalars oy and as in F, the augmented
ideal Z = (23 — @, 23 — T9, T3 — Q1] — Qax2) in Flxy, 29, 23] is in normal zz-position if
and only if a; # 0, as # 0, ay # as and a; # —ay since

Va(Z) = {(0,0,0), (0,1, a0), (1,0, 1), (1, 1, a1 + cta)} .

According to the lexicographical ordering x; > x5 > 3, the reduced Grébner basis of 7
is formed by the following polynomials

By = x5 —2(aq + a2)73 + (Bayan + af + a2) 22 — aan(ag + ag)zs
= I3 <I3 — Oél) (Ig — 042) (ZE3 — (v — 062) s
By = z1—q ($3) )

Bs = x5 — g2 (x3),

where

2 3 ooy + 3a
gi(z) = 2 2 ® — z? + 2{ 22 21)x7
041(042 —ajf) 041(042 - 041) al(% —af)
2 3 3 2 ozl(ozl —|—3a2)
xr) = xr — T
92( ) 042(04% - 04%) 042(041 - @2) 042(04% - 04%)

Recall that an ideal of R is radical if it contains every element of R whenever it contains
some positive power of this element. A sufficient condition for a zero-dimensional ideal of
R to be radical is given by Seidenberg’s Lemma:

Lemma 6 ([2]). Let Z be a zero-dimensional ideal of R and assume that for 1 <i<n,Z
contains a polynomial f; € Flx;| with ged(fi, f) = 1. Then T is an intersection of finitely
many mazximal ideals. In particular, T is radical.

Proof. See [2] Lemma 8.13 page 341. O

3 Main results

Let S = (ag,aq,...) be a non-decreasing sequence of positive integers. Let G be a finite
undirected and unweighted graph with V(G) = {vo, ..., v,_1} the set of its vertices and let
k be a positive integer. Let also J;(S) be the ideal of the polynomial ring Flzo, . . ., Txn_1]
generated by the polynomials:

k—1
—l—l—Zkaj for 0<j<n—1,

i=0 (6)
TigkjTqtkj for 0<i<g<k—-1,0<j<n—1,
TithjTitht for 0<i<k—1,0<j<l<n—1anddist(v;,v) < a,
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where F is an arbitrary field and dist(v;, v¢) is the distance between the vertices v; and vy
which is the length of the smallest path joining the two vertices.

Before establishing the link between the ideal J(S) and the S-packing k-coloring of
the graph, we give some useful algebraic properties of this ideal.

Proposition 7. The ideal Ji(S) is either the polynomial ring R or a zero-dimensional
tdeal of R.

Proof. Let t be any index from 0 to nk — 1. There are unique ¢ and j such that t =i+ kj
and 0 < i< k—1and 0 < j < n—1 that are respectively the remainder and the quotient
of the integer division of ¢ by k. Since the ideal J;(S) contains ;. ;;jzq4x; for ¢ # i and
-1+ Z’;;é Zg4kj, it also contains the nonzero polynomial

k—1

2 _ E E

T —x = w3 | -1+ Tgikj | — T4 gtky-
q=0

q7Fi

This shows that J.(S) N Flx;] # {0} and then the ideal J;(S) is either the polynomial
ring R or a zero-dimensional ideal of R. Additionally this shows that if (&, &1, ..., &k—1)
is a zero of the ideal J;(S), then &; € {0,1}. O

Proposition 8. The ideal Ji(S) is radical.

Proof. 1f the ideal J;(S) is not unit, it is zero-dimensional. From the proof of Proposi-
tion 7, we know that the ideal J;(S) contains polynomial z? — z; for each ¢. From another
hand, the greatest common divisor of this polynomial and its derivative 2z, — 1 is one.
According to Seidenberg’s Lemma 6, we conclude that the ideal J(S) is radical. O]

Remark 9. In the examples, we will be interested in finding S-packing k-colorings of
some graphs. In this regard, Theorem 5 and Proposition 4 will be used to achieve this
goal. In fact, when choosing a suitable change of coordinates as in Proposition 4, one can
introduce a new variable x, and add the new polynomial xy, — apxg — -+ — Qpn_1Trn_1
to the generators of Ji(S) to get an extended ideal, say J/(S), of the polynomial ring
Flxo, ..., Zk,). This new ideal is zero-dimensional, radical and in normal xy,-position.
By Theorem 5 and Proposition 4, the reduced Grébner basis of J/(S), according to the
lexicographical ordering

Tog > 0 > Thn—1 > Tkn, (7)

has always the following form:

{330 - go(ﬂﬁkn), O s gkn—l(fkn)a gkn(xkn)} . (8)

The zeros of the ideal Jj(S) will then be recovered from the distinct roots of the univariate
polynomial gg,. The challenging problem is to find a suitable change of coordinates.
In [12], methods to find such change of coordinates are proposed. These methods are
based on factorization of polynomials or on random choices of ayg, ..., ag,_1.
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In the following result, we propose a suitable change of coordinates:

Theorem 10. Suppose that the ideal Ji(S) is not unit and that the field F is of character-
istic zero orp = k™. Then the ideal J\(S) defined in Remark 9 is in normal position with
respect to the variable Ty, if we take oy = 7(t)k?®, where q(t) and r(t) are respectively
the quotient and the remainder of the division of t by k for allt =0,... kn — 1.

Proof. Let & = (&, .. .,&kn) be a zero of J/(S). Then

kn—1 n—1 k—1
gkn = Z ( kq(t)ft ZZUk gu-i-kv
t=0 v=0 u=0
since ¢ is a zero of xy, — apro — +*+ — Qgp_1ZTgn—1. Moreover, for any v in {0,...,n — 1},
there is a unique w in {0,...,k — 1} such that &, 14, = 1 and &4k, = 0 for ' # u since
(&0, -+, &kn—1) 18 a zero of Ji(S). Then we can look at &, as an element of F or as a

natural integer. When we look at it as a natural integer, a bound of it is

n—1 k—1
G = D> Uk ik
v= u'=0
< (k—l)k“:k:"—l.
v=0

So, with this bound and under the assumption that the field F is of characteristic zero
or p > k™, we can treat &, just as natural integer. Let now v = (v, ..., V,) be a zero
of J/(9) different from £. In order to show that &, # vk, and thus the ideal J/(S) is in
normal xy,-position, we introduce the following integer:

J = max{q(t) such that & # vy and 0 <t < kn — 1}.

There are unique integers ¢ and s such that & 5; = 1 and v4y4; = 1. From the definition
of j, one has i # s. Now

n—1 k—1
- gkn = Z Z Ukv(l/u+kv - €u+kv)
7
— Z Z Ukv(Vu—Hw - éu—&—kv)
v=0 u=0
_ =1 k—1
= Z UkJ(Vqukj - 5u+kj + Z Z Ukv Vu+kv - £u+kv)
u=0 v=0 u=0
-1
= k’j(S—l) +ZA1;7
v=0

where A, = Zﬁ;é uk? (Vys ko — Eusko). For fixed v in {0,...,j — 1}, there are unique y
and z in {0,...,k — 1} such that £, =1 and v,4y, = 1. Since A, = k¥(2 —y) and y, =
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are in {0,...,k — 1}, we shall have A, € {k*(1 — k),...,k"(k — 1)} and then

j—1 = -1
“H 1= K-k <Y A<D K(k-1) =k -1
v=0

v

—_
.

I
o
I
o

(2

However, since s # i, we get (s — i)k € {(1 —k)k,..., =K} U{k?,... (k—1)k?’}. This
shows that vy, # &n. O

In order to illustrate Theorem 10, let us consider following simple example.

Example 11. Let G be the triangle (vov1v,) which can be seen as the complete graph G
of three vertices vy, v; and v,. Recall that it is an undirected and unweighted graph in
which every pair of distinct vertices is connected by a unique edge. We know that n = 3
and since the graph G is complete, we shall have £ = 3. Let also S be the S-packing
(1,2,3,...). In the polynomial ring Flzy, ..., 9|, where F = Zsg, the extended ideal
J4(9) is generated by the generators of J3(S) and the polynomial

g = T9g — Qoo — - — (gTg
= ZL‘g-l’l—21‘2—31'4—6]75—9{E7+11178

described in Theorem 10. According to the lexicographical ordering xoy > --- > xg, the
reduced Grobner basis of J4(.5) is formed by the following polynomials:

ro — 132 + 9xg — x5 — 1323 + 629 + 11, 11 — 102§ — 223 — 625 — 979 — 4,

Ty + 1325 + xg + 33 — 1023 + 329 — 8, 3 — 223 — 8x§ + 623 + Hx + dwg + 2,
rq — 14ag + 3x3 — 623 + 1229 — 4, x5+ 2w — Twg — 923 + 23 + 1329 + 1,
Tg — 14m8 — :vg — 5x3 + 8$3 — 1029 — 14, ;7 — 5x3 — a:S + 12x§ — 329+ 7,

Tg + 142y + 628 + 623 + 922 + 13w + 6, x§ + 925 — Sg + 9w — Tad + 229 + 1.

The choice of F = Zsg is motived by the constraint p = 29 > k™ = 27 in Theorem 10
which ensures that the ideal J3(S) is in normal x¢-position. However, one can verify that
this ideal is still in normal zg-position for any choice of F = Z, for all prime numbers
p = 11. The constraint p > k™ will also be violated especially in Example 16 and in
Example 17 once the ideal J/(S) is in normal z,-position.

Remark 12. Since the zeros of the ideal J;(S) have components zero or one, they all lie
in F¥". So, there is no need to use the algebraic closure of F.
The following result establishes the connection between the zeros of the ideal Ji(.S)

and the S-packing k-colorings of the graph G.

Theorem 13. The ideal Ji(S) is zero-dimensional if and only if there is an S-packing
k-coloring of the graph G. Moreover, the correspondence between the zeros of the ideal
Ji(S) and the S-packing k-colorings of the graph G is one-to-one.
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Proof. The only if condition: Suppose that c is an S-packing k-coloring of the graph G.
To the mapping ¢, corresponds € = (&, . .., &ur—1) € F¥ defined for all t € {0,... ,nk — 1}

by:
6 - 1 if c(vy) =1,
P71 0 otherwise,

such that t =i+ kj, 0 <i< k—1and 0 < j<n—1. Let p be a polynomial from (6).
Ifp=—-1+ Z’;;é Tgipe for some ¢ € {0,...,n — 1}, we denote s = ¢(vy). Then

k—1
p&) = =1+ &
q=0

= _1+€s+k€
= 0.

Suppose that p = @4 4;Tg4k; for some 0 <71 < g<k—-1and 0 < j <n—1 Itisclear
that p(§) = 0 since the vertex v; cannot be colored using two different colors ¢ and gq.
Now suppose that p = x; ik for some 0 <7 < k—1,0 < j < < n—1such that
dist(v;, v¢) < a;. According to the definition of the S-packing k-coloring of G and since
dist(v;, v¢) < @;, one should have c(v;) # @ or c(v;) # 4, that is & = 0 or &1 = 0 and
then p(§) = 0. The corresponding variety is then non empty and the ideal [J;(S) is zero
dimensional.

The if condition: Suppose the ideal J;(S) is zero dimensional and choose a zero § =
(€05 -+ &nn1) € FF™ of the ideal J;(S). We define the mapping c as follows: for j such
that 0 < j <n— 1,

k—1
c(v) = i
i=0
that is c¢(v;) is the unique s such that {4; = 1. If now v; and v, are two distinct

vertices with the same color 4, then & 4;&i+xe = 1. Since £ is a zero of the ideal Jj(95),
TivkiTivke € Jr(S) and we shall get dist(v;, v;) > a;. This shows that ¢ is an S-packing
k-coloring of the graph G. O

The Grobner basis tool, with respect to any monomial ordering, can now be used to
test whether the ideal Jj(S) is unit or again if the graph G has an S-packing k-coloring.
The following algorithm computes the S-packing chromatic number of the graph G.

Algorithm: S-chromatic:
INPUT: A finite undirected and unweighted graph and an S-packing (ag, ay,...).
OutpuT: The S-chromatic number of G.

1. Set k =1,
2. Form the generators of J(S) from (6).
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3. Compute a Grobner basis By, of the ideal J;(S) with respect to some monomial
ordering.

4. If ByNF # @, then kK = k+ 1 and go to 2.
5. Return k.

The correctness of the algorithm S-chromatic is a consequence of Theorem 13 and its
termination comes from the fact that the S-packing chromatic number of the graph G
never exceeds n.

Example 14. Let G be the classical Petersen graph, Figure 1, and the S-packing S =
(1,2,2,2,...). We choose the field F to be Zy = Z/27 and the lexicographical ordering

Vo

V1 Vg

‘»‘«'

Figure 1: Petersen graph.

3

To > -+ > Tyop—1. For the values of k = 1,2, 3 or 4, the corresponding reduced Groébner
basis By is unit; 1 € Bj. The reduced Grobner basis for k£ = 5 is not unit and contains
602 polynomials. So, the S-chromatic number of the Petersen Graph is k£ = 5.

In order to have an idea about the complexity of the algorithm S-chromatic, let us
introduce the ideal Zy(.S) generated by the polynomials:

x?—xt for 0<t<kn—1,
TithjTorr; for 0<i<g<k—-1,0<j<n—1, 9)
TivkiTivke for 0<i<k—1,0<j</l<n—1anddist(v;,v) < a;.

Buchberger’s criterion (see [7] for example) states that a basis G of an ideal Z is a Grébner
basis of Z if and only if for all pairs f # g from G, the remainder on division of the S-
polynomial S(f,g) by G is zero. So, using this criterion, one can easily see that the
polynomials in (9) form the reduced Grébner basis Gy of the ideal Z(S) with respect to
any monomial ordering.

The ideal Ji(S) is then obtained from the ideal Z;.(S) by adding the polynomials:

k-1
Pj:—l—f—Zkaj for 0<j<n—1. (10)
=0
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That is Ji(S) = Zx(S) + (Fo, ..., P,—1). Let us now denote Z; ;(S) the ideal Z;(S) +
(Py, ..., P;). The step 3 in the algorithm S-chromatic can be performed by the following
procedure:

Algorithm: S-Grobner:

INPUT: A positive integer k, a finite undirected and unweighted graph and an
S-packing (ag, ay, ... ).

OuTPUT: a Grobner basis By of the ideal Jj(.5).

1. Set By = Gy (the set of polynomials described in (9))
2. For j from 0 to n — 1 do:

(a) compute a Grobner basis By of the ideal Zj ;(.S) by incrementing the al-
ready computed Grobner basis By, by F;.

(b) If By, = {1}, then go to 3.
3. Return B;,.

Correctness and termination of this algorithm are obvious, we only insist on step 2a. For
this, we refer to the following result:

Theorem 15. [11] Let F be any field and suppose that T is a zero-dimensional ideal in R =
Flxy,...,z,). Let N be the number of common solutions of Z over the algebraic closure
of F, counting multiplicities. Then, given a Grébner basis for T (under any monomial
ordering) and a polynomial g € R, Grébner bases for (Z,g) and (Z : g) can be computed
deterministically using O ((nN)?) operations in F.

In [11], a method to compute effectively Grobner bases for the ideals (Z, g) and (Z : g)
is described. This method can be applied in our situation since the ideal Zy(S) is zero-
dimensional and the ideals Zj ;(S) are either zero-dimensional or unit. So according to
Theorem 15, a Grobner basis of the ideal J;(S) can be computed deterministically using

O ((WhNYP) + O (0kNof) + -+ + 0 ((nhN, )

operations in IF, where N is the number of common solutions of Z;(.S) over the algebraic
closure of F and NN, is the number of common solutions of Z;, ;(S) over the algebraic closure
of F. These common solutions lie in F and there is no need to use its algebraic closure.
Moreover, we have N > Ny > -+ > N, since Zy(S) C Zyo(S) C -+ C Ti(S). Then,
a Grobner basis of the ideal J;(S) can be computed deterministically using O ((n?kN)?)
operations in F.

The method described in Remark 9 can also be used to test whether the ideal J(.S)
is unit and also to find the zeros of J;(S). From these zeros, we know how to recover the
corresponding S-packing k-colorings of the graph G. This is explained in the following
algorithm S-color that returns the S-packing k-colorings of a given finite undirected and
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unweighted graph. The field F is supposed to be of characteristic zero or of character-
istic p > k™. The same argument as in the S-chromatic algorithm is used to ensure its
termination. Theorem 5 and 10 are the arguments for its correctness.

Algorithm: S-color:
INPUT: A finite undirected and unweighted graph and an S-packing (ag, ay, .. .).

OutpuT: The list of the S-packing k-colorings of the graph G where k is the
S-chromatic number of G.
1. Set k=1,
2. Form the generators of Jj(S) from (6).
3. Compute the polynomial P = xy,, — Ef:g ! 7(t)k9®z, described in Theorem 10.
4

. Compute the Grobner basis By of the ideal J;(S) + (P) with respect to the
lexicographical ordering x¢g > x1 > -+ > Tpp_1 > Tgp.

5. If By NF # @, then k = k+ 1 and go to 2.
6. Denote z1, ..., z4 the roots of gx,(xy,) such that
By, = (350 - go(xlm), vy Tpp—1 — glm—1(33kn), gkn(l"kn))

7. Return the list ¢y, ..., cq of the S-packing k-colorings of the graph G where,
for any j € {0,...,n—1} and £ € {1,...,d},

k—1
co(vy) = igipri(ze).
=0

In the examples below, an S-packing k-coloring of the graph G will be represented by
the list:

(30, 0), (i1, 1), .., (in_1,n — 1)].

By any pair (i;,j) from the list above, we mean that the color i; is assigned to the vertex
vj. We shall recall that such an S-packing k-coloring is obtained from a root z of gy (k)
and in this situation we have

k—1
i =) Uguiri(2). (11)
u=0

Example 16. In this example, we are interested in a proper coloring of the graph G
represented by the Figure 2. It is taken from [15] in which an algebraic characterization
of a uniquely colorable graph is discussed. It represents a graph of 12 vertices without
triangles that is 3-colorable in a unique way, up to permutation of the colors. The field
F used in this example is Z,, the number of vertices is n = 12 and the number of colors
is k = 3. The change of coordinates is the one proposed in Theorem 10, where p is an
appropriate prime number. According to Theorem 10 the prime number p should be at
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Vo U1

Vg Us

(%4 V4

Us V11

Vg U10

U3 V2

Figure 2: A uniquely 3-colorable graph.

least k™ = 531441. This last constraint is only a sufficient condition for the extended
ideal 7, (S) to be in normal z,-position. However, we have verified that this ideal is still
in normal xy,-position for small prime numbers like 13, 19, 29, 31 or 37. We choose for
example p = 13 and we add the polynomial:

T3 — Z?il oy — T3¢ — L1 — 21’2 — 31‘4 — 61’5 + 41‘7 — 51’8 — T10 — 21‘11
—3x13 — 614 + 4216 — D17 — T19 — 290 — 3T22 — B3
+4£C25 — 55626 — Xog — 23729 — 356'31 — 65632 -+ 41’34 — 51’35.
to the generators of J3(S) according to the change of coordinates described in Theorem 10.

The resulting Grobner basis B3 according to the lexicographical ordering zog > -+ > x34
has the desired form as in Remark 9 and contains the 36 polynomials

Ty — 4a3g — dage — 3wdg + 313 + w36 — 6,  for t =0, 18,27, 33,

Ty — Hrhs — 6135 — 2, for t =1,19, 28,34,

Ty + 4ady — 4ZL’§6 + 3x3g + 323 — 136 — 6, for t = 2,20,29, 35,

Ty — 225 — Axhg + 5 + w36 — 3, for t = 3,15, 24, 30,

Ty — Srags + 5, for t = 4,16, 25, 31, (12)
Ty + 205 — 4xhg — Bads — 3136 — 3, for t = 5,17, 26, 32,

Ty + 6255 — bags — 2055 — w3 — dwsg — 5, for t =6,9,12,21,

Ty — 34 + 6235 — 4, for t = 7,10, 13,22,

Ty — 6135 — DTag + 2055 — 3136 + 436 — 5, for t =8, 11,14,23,
together with the polynomial

g36(w36) = w85 — 3wzs — a3 +3
= (1‘36 — 1) . (1'36 + 1) . (ZE36 + 4) . (1'36 + 5) . ({E36 — 5) . (I36 — 4)
Now, from the six roots of the polynomial gs¢(x36), we recover the corresponding proper

3-colorings of the graph G using the polynomials (12). For example, when we specialize
the variable x3¢ to the root 4 of gsg(z36), we get the zero

§ - (507 s 7535)
= (1,0,0,0,1,0,0,0,1,0,0,1,0,0,1,0,1,0,1,0,0,0,0,1,0,1,0,1,0,0,0,1,0,1,0,0)
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of the ideal J5(5), where & is the zero of the corresponding polynomial in (12) for any

t=0,...,35. To & corresponds the proper coloration
[(0,0),(1,1),(2,2),(2,3),(2,4),(1,5),(0,6),(2,7),(1,8),(0,9), (1,10), (0, 11)]

where every pair (i,7) from this last coloration is computed by formula (11).

To the

remaining zeros —1, —4, —5 and 5 of the polynomial gss(236) correspond respectively the

proper colorations:

Y

)

): (1
): (1
); (0
); (0
): (2

)

S N N N
AN N AN N N
= s e e e
S N N N
AN N N N N

)

Example 17. Consider the simple graph G as the path of ten vertices vy, ..

., Vg and the

S-packing S = (1,2,3,...). The number of vertices is n = 10. We use the field F = Z3
as in Example 16. The ideals J1(5) and J»(.S) are unit which can be tested by computing
Grobner bases of such ideals with respect to any monomial ordering. Let now k& = 3. As

in Example 16, we add the polynomial:

29
T30 — Zt:l oGy — T30 — L1 — 2I2 - 3ZE4 — 6.735 + 41’7 — 5I8 — T10
—2x11 — 3113 — 6214 + 416 — Sw17 — T19 — 220
—3ZE22 — 61‘23 + 4[[’25 — 52?26 — T98 — 21’29.

to the generators of J3(5) according to the change of coordinates described in Theorem 10
to get the extended ideal 7, (S) which is in normal xso-position. The resulting Grobner
basis Bs of \7,;(8 ) according to the lexicographical ordering xy > - -+ > x3p has the desired

form as in Remark 9 and contains the 30 polynomials

Ty + 21:;0 — 6x§0 + 4x§0 — 2x§0 + 5x?2)0 + 6x39 + 1, fort =2,7,14,19, 26,

Ty — 227;0 + 6x§0 — 4x§0 — 5x§0 — x%o — 6$§0 — 339 — 2,

for t = 5,10, 17, 22, 29,

xy + 4aly — 328, + 4agy — 33y + w3y — 4xdy + w30 — 4,  for t = 8,13, 20,
xy — daly — 38, + 623 + 4agy + 225, + drdg — dwzg + 4, for t = 11,16,23,
xy — 63l + 325 + 225, — w3y + 25y — 2% + 6130 + 2, for t = 6,12, 18,
xy + 628y — a5, — 225 + a5y — xd) + 13, — 6w30 — 3, for t = 9,15, 21,

zo + 4xky + Taly — 425y + 4o, + Srdy + 323, + dwze — 1,
xy — 62l + 625, — 375, + by — 373, + H5xdy + 330 — 1,
x5 + brly + 625, + 33, + 4ad, + 4k, — dazo — 6,

x4 — 3wy + 15 + x5, + 223, — 3x3, + 222, — 6230 — 6,
Toq + xhy + 225 + 625 + 625 — dad, + bad, + 4wso,

Tos — 3xLy — 2x5) + 33 + 623y + 32, + 3w30 — 2,

T — 4xly + 625 + 15, — 3x3, — 223, — 223, + 630 — 6,
Tog + 625y + x5y + 325, — by + 3x3, — 5, — 3xz0 — 6,
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together with the polynomial

g30(w30) = $30 55”30 + x30 + 33730 + 35”30

= (30 +2) - (w30 +3) - (x30 +4) - (3330 +5)
(w30 +6) - (w30 = 5) - (z30 — 4) - (T30 — 3).

As in Example 16, we recover the eight possible S-packing 3-colorings of the path graph

G from the 30 polynomials above and from the roots —2, —3, —4,

, —6, 5, 4 and 3 of

the polynomial gso(x39). These S-packing 3-colorings are listed below in the same order

of appearance of the corresponding roots:

[(2,0),(0,1), (1,2),(0,3),(2,4),(0,5), (1,6), (0,7), (
[(270),(0;1)7(172)7(073);(274),(0;5)7(176)7(077)7(
[(0,0), (1,1),(2,2),(0,3), (1,4),(0,5), (2,6), (0, 7), (
[(070)7(]"]‘)’(072)7(27?))’(074)7(175)’(076)7(277)7<
[(1,0),(0,1),(2,2),(0,3),(1,4), (0,5), (2,6), (0,7), (
[(1,0),(2,1),(0,2),(1,3),(0,4),(2,5), (0,6), (1,7), (
[(0,0),(2,1),(0,2),(1,3),(0,4),(2,5), (0,6), (1,7), (
[(0,0), (1,1),(0,2),(2,3),(0,4), (1,5), (0,6), (2,7

oo 00 OO0 OO OO0 Co o
— N N

© © © © © © © O

co o1

OO = OO =

AN TN N N N N N

), (1,8

According to Theorem 10 the prime number p should be at least £ = 59049 to ensure
that the extended ideal 7, (S) is in normal xso-position. However, we have verified that

this ideal is still in normal z3p-position for small prime numbers like 13, 29 or 31.

Acknowledgements

The author would like to sincerely thank the anonymous referee for her/his helpful com-

ments and suggestions.

References

[1] D. A. Bayer. The Division Algorithm and the Hilbert Scheme. Ph.D Thesis, Harvard

Unwversity, 1982.

[2] T. Becker, V. Weispfenning. Grobner Bases: A Computational Approach to Com-
mutative Algebra. Graduate Texts in Math Springer-Verlag, New York, (141), 1993.
[3] B. Buchberger. Ein Algorithmus zum Auffinden der Basiselemente des Restklassen-
ringes nach einem nulldimensionalen Polynomideal. Dissertation University of Inns-

bruck, 1965.

[4] B. Buchberger. An Algorithmic Criterion for the Solvability of Algebraic Systems of

Equations. Aequationes Math. (in German), 4:374-383, 1970.

[5] B. Buchberger. Grobner bases: an algorithmic method in polynomial ideal theory,
in Multidimensional Systems Theory. edited by N. K. Bose, D. Reidel Publishing

Company, Dordrecht, 184-232, 1985.

[6] G. Chaitin. Register allocation and spilling via graph coloring. SIGPLAN Not.,

39(4): 66-74, 2004.

THE ELECTRONIC JOURNAL OF COMBINATORICS 24(3) (2017), #P3.33

15



[7]

[21]

22]

D. Cox, J. Little, D. O’Shea Ideals, Varieties and Algorithms. An Introduction to
Computational Algebraic Geometry and Commutative Algebra, second ed. Under-
graduate Texts in Mathematics, (Springer-Verlag, New York), 1997.

J. C. Faugere, P. Gianni, D. Lazard, T. Mora. Efficient Computation of Zero-
dimensional Grobner Bases by Change of Ordering. Journal of Symbolic Compu-
tation, 16(4):329-344, 1993.

J. Faugere. A new efficient algorithm for computing Grobner bases (F4). Journal of
Pure and Applied Algebra, 139(1):61-88, 1999.

J. Faugere. A new efficient algorithm for computing Grobner bases without reduction
to zero (F5). Proceedings of the international symposium on symbolic and algebraic
computation (ISSAC) (ACM Press), 75-83, 2002.

S. Gao, Y. Guan, F. Volny. A new incremental algorithm for computing Grobner
bases. Proceedings of the International Symposium on Symbolic and Algebraic Com-
putation, ISSAC, 13-19, 2010.

P. Gianni, T. Mora. Algebraic Solution of Systems of Polynomial Equations Using
Grobner Bases. Proceeding AAECC-5 Proceedings of the 5th International Conference
on Applied Algebra, Algebraic Algorithms and Error-Correcting Codes, 247-257, 1987.
G. J. Chang, D. Kuo. The L(2,1)-Labeling Problem on Graphs. SIAM J. Discrete
Math., (9):309-316, 1996.

W. Goddard, H. Xu. The S-Packing chromatic number of a graph. Discussiones
Mathematicae, Graph Theory, 32(4):795-806, 2012.

C. J. Hillar, T. Windfeldt. Algebraic characterization of uniquely vertex colorable
graphs. Journal of Combinatorial Theory, Series B, 98(2):400-414, 2008.

M. Kreuzer, L. Robbiano. Computational Commutative Algebra 1. Springer Heidel-
berg, 2000.

F. T. Leighton. A Graph Coloring Algorithm for Large Scheduling Problems. Journal
of Research of the National Bureau of Standards, vol. 84(6): 489-506, 1979.

J. A. De Loera. Beitrage zur Algebra und Geometrie. Contributions to Algebra and
Geometry, 36(1):89-96, 1995.

J. A. De Loera, C. Hillar, P. N. Malkin, M. Omar. Recognizing Graph Theoretic
Properties with Polynomial Ideals. FElectronic Journal of Combinatorics, 17 (2010),
#R114.

J. A. De Loera, J. Lee, P. N. Malkin, S. Margulies. Hilbert’s Nullstellensatz and
an Algorithm for Proving Combinatorial Infeasibility. ISSAC ’08 Proceedings of the
twenty-first international symposium on Symbolic and algebraic computation, 197—
206, 2008.

R. A. Murphey, P. M. Pardalos, M. G. C. Resende. Frequency assignment problems.
Handbook of combinatorial optimization, Supplement Vol. A, Kluwer Acad. Publ,
295-377, 1999.

H. Ogawa. Labeled Point Pattern Matching by Delaunay Triangulation and Maximal
Cliques. Pattern Recogn., 19(1): 35-40, 1986.

THE ELECTRONIC JOURNAL OF COMBINATORICS 24(3) (2017), #P3.33 16



	Introduction
	Preliminaries
	Main results

